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It is known (E.L. Green (1997), O. Post (2003)) that for an arbi-
trary m € N one can construct a periodic non-compact Riemannian
manifold M with at least m gaps in the spectrum of the corre-
sponding Laplace-Beltrami operator —Ay. In this work we want
not only to produce a new type of periodic manifolds with spec-
tral gaps but also to control the edges of these gaps. The main
result of the paper is as follows: for arbitrary pairwise disjoint in-
tervals (aj, Bj) C [0,00), j=1,...,m (m e N), for an arbitrarily
small § > 0 and for an arbitrarily large L > 0 we construct a pe-
riodic non-compact Riemannian manifold M with at least m gaps
in the spectrum of the operator —Aj;, moreover the edges of the
first m gaps belong to §-neighbourhoods of the edges of the inter-
vals («j, Bj), while the remaining gaps (if any) are located outside
the interval [0, L].

© 2011 Elsevier Inc. All rights reserved.

0. Introduction

In this paper we deal with non-compact periodic manifolds. The n-dimensional Riemannian mani-
fold M is called periodic if there is a discrete finitely generated abelian group I" acting isometrically,
properly discontinuously and co-compactly on M. Roughly speaking M is glued from countably many
copies of some compact manifold M (period cell) and each y € I maps M to one of these copies.

Let M be an n-dimensional periodic Riemannian manifold. We denote by —Ajy; the Laplace-
Beltrami operator on M. It is known (see e.g. [23]) that the spectrum o (—Ayp) of the operator —Apy

has band-gap structure, that is
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o(—am =J &M, (01)

k=1

where J,(M) = [ay, bi] C [0, 00) are compact intervals called bands, a, b, , oo, a; =0. In general
k—o00

the bands may overlap. The open interval (o, g) is called a gap if (o,8)No(—Am)=2 and a, B €
o(—Apm).

The existence of gaps in the spectrum is not guaranteed: for instance the spectrum of the operator
—Apn=—)"14 82/8x? in R" coincides with [0, 00). It is easy to see (cf. [6]) that in 1-dimensional
case any periodic Laplace-Beltrami operator has no gaps. However in the case n > 2 we have essen-
tially another situation. Namely, E.B. Davies and E.M. Harrell II [6] considered the manifold M = R"
(n > 2) with a periodic conformally flat metric g;j = aé;;, where a =a(x) is a periodic strictly positive
smooth function. The authors proved that a(x) can be chosen in such a way that at least one gap in
the spectrum of the operator — Ay, exists.

Further, E.L. Green [12] for any m € N constructed a periodic conformally flat metric in R? such
that the corresponding Laplace-Beltrami operator has at least m gaps in the spectrum.

Manifolds of another type were studied by O. Post in [24], where the author considered two differ-
ent constructions: first, he constructed a periodic manifold M¢ (¢ > 0 is a small parameter) starting
from countably many copies of a fixed compact manifold connected by small cylinders (the parameter
& characterizes a size of the cylinders), in the second construction he started from a periodic mani-
fold which further is conformally deformed (the parameter ¢ characterizes sizes of domains where the
metric is deformed). For any m € N the existence of m gaps is proved for & small enough. These re-
sults were generalized by F. Lledo and O. Post [21] to the case of periodic manifolds with non-abelian
group I.

Also P. Exner and O. Post [7] proved the existence of gaps for some graph-like manifolds, i.e. the
manifolds which shrink with respect to an appropriate parameter to a graph.

We remark that a similar problem (i.e. the existence of gaps in the spectrum) was studied in [8,11,
14,30] for periodic divergence type elliptic operators in R", in [13] for periodic magnetic Schrodinger
operator, and in [9,10] for periodic Maxwell operator. In these works the gaps in the spectrum are
the consequence of a high contrast in the coefficients. We refer to the overview [15] where these and
other related questions are discussed in detail.

In the present work we want not only to construct a new type of periodic Riemannian manifolds
with gaps in the spectrum of the Laplace-Beltrami operator but also be able to control the edges of
these gaps. Namely the goal of the work is to solve the following problem: for an arbitrary finite
set of pairwise disjoint finite intervals on the positive semi-axis to construct a periodic Riemannian
manifolds M with at least m gaps in the spectrum of —Ajy; (here m is the number of the preassigned
intervals), moreover the first m gaps have to be “close” to the preassigned intervals, and the remaining
gaps (if any) have to be “close” to infinity.

Let us formulate the main result of the paper.

Theorem 0.1 (Main theorem). Let («j, Bj) C [0,00) (j =1, ...,m, m € N) be arbitrary pairwise disjoint finite
intervals. Let § > 0 be an arbitrarily small number, L > 0 be an arbitrarily large number. Letn € N\ {1}.

Then there exists an n-dimensional periodic Riemannian manifold M, which can be constructed in the
explicit form, such that

m

o (=Am) =1[0,00) \ (U(af,ﬁ?)), m<m < oo, (0.2)

j=1
where (ot?, ﬂ?) C [0, oo) are pairwise disjoint finite intervals satisfying

| —aj| + |8} — Bj| <8, j=1.....m,
(@ B)) c(l.oo), j=m+1,....m. (0.3)
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Fig. 1. The manifold M¢ (m = 2). The period cell Mf’ is tinted in more dark colour.

Remark 0.1. In 1987 Y. Colin de Verdiére obtained the following remarkable result [4]: for arbitrary
numbers 0 =11 <Ay <--- <Ay (MmeN) and n € N\ {1} there exists an n-dimensional compact Rie-
mannian manifold M such that the first m eigenvalues of the corresponding Laplace-Beltrami operator
—Apy are exactly {A; T=1- Our main theorem can be regarded as an analogue of this result for the
case of non-compact periodic Riemannian manifolds.

Remark 0.2. Obviously it is sufficient to prove Theorem 0.1 only for such intervals («j, 8;) that are
nonvoid and their closures are pairwise disjoint and belong to (0, co). For definiteness we renumber
the intervals in the increasing order, i.e.

0<0[1, Olj</3j<aj+1, j:l,m—l, Om <ﬂm<oo. (0.4)
Proving Theorem 0.1 we suppose that the intervals («j, 8;) satisfy (0.4).

The idea how to construct the manifold M comes from one of the directions in the theory of
homogenization of PDE’s (for classical problems of the homogenization theory we refer e.g. to the
monographs [22,27,29]). This direction deals with problems of the following type. Let M¢ be a Rie-
mannian manifold depending on a small parameter ¢: it consists of one or several copies of some
fixed manifold (we call it “basic manifold”) with many attached small surfaces whose number tends
to infinity as € — 0. On M¢ some PDE (heat equation, wave equation, Maxwell equations etc.) is con-
sidered. The problem is to describe the behaviour of its solutions as € — 0. More exactly the problem
is to find the equation on the basic manifold (so-called “homogenized equation”) whose solutions
approximate the solutions of the pre-limit equation as € — 0.

Firstly the problem of this type was studied by L. Boutet de Monvel and E.Ya. Khruslov in [2] where
the behaviour of the diffusion equation was investigated. The asymptotic behaviour of the spectrum
of the Laplace-Beltrami operator was studied in [5,17-20], in these works only compact manifolds
were considered.

Let us describe briefly the construction of the manifold M solving our main problem. We denote
by £2¢ (e is a small parameter) a non-compact domain which is obtained by removing from R" a
countable set of pairwise disjoint balls ij (ieZ", j=1,...,m). It is supposed that D‘fj = ng + &i
and Df,j C¥ ={xeR" 0<x, <&, Ya}. We denote by df the radius of the ball ij Let ij (ieZm,
j=1,...,m) be an n-dimensional surface (we call it “bubble”) obtained by removing a small segment
from the n-dimensional sphere of the radius b?. Identifying the points of anj and 3ij we glue the
bubbles ij (ieZ", j=1,...,m) to the domain £2¢ and obtain the n-dimensional manifold M¢:

MSZ.Q’SU(UCJB%).

ieZ j=1

The manifold M¢ (for m = 2) is presented on Fig. 1.
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We equip M¢ with the Riemannian metric g which coincides with the flat Euclidean metric in
£2¢ and coincides with the spherical metric on the bubbles ij
The manifold M¢ is periodic, the set

m m
M¢ = Ff U (UB%), where F{ =[§ \ (Ung) +&i
j=1

j=1

is a period cell (for any i € Z").

We set d? :djeﬁ if n > 2 and d? :exp(—dj17) ifn=2, b"J’T =bje. Here dj, bj (j=1,...,m) are
some positive constants which will be chosen later.

We prove (see Theorem 2.1) that the spectrum o (—Ape) of the operator —Ape has at least m gaps
when ¢ is small enough (i.e. when ¢ is less than some &o). We denote by (o}, %) (j=1,...,m) the
first m gaps, by J¢ we denote the union of the remaining gaps (if any):

o(—Ape) =0, 00) \ |:<U(of,u,§)> Uj£:|. (0.5)

j=1

Then
. L e . e
Vi=1,...,m: 8111})01._0], g%uj_u], (0.6)
lim inf 7% = oo, (0.7)
e—0

where the numbers o}, 4; depend in a special way on dj, b; and satisfy the conditions

0< o1, Oj<Mj<0jy1, j=1,m-1, Om < Um < 00.

The set [0, c0) \ (UT:1 (0}, 4j)) coincides with the spectrum of some operator A acting in the Hilbert
space H = L,(R™) @j=1,_m Ly(R", pjdx), where p; (j=1,...,m) are some positive constant weights,
by dx we denote the density of the Lebesgue measure.

Remark 0.3. In the case when £2¢ is obtained by removing a system of balls from some compact
domain 2 and m =1 (i.e. the removed balls are equivalent, the attached bubbles are also equivalent)
the behaviour of the spectrum of the Laplace-Beltrami operator with Dirichlet boundary conditions
on dM?® = 02 was studied in [17], also it was studied in [19] for another size of the removed balls,
namely e & d? <« ¢ if n>2 and exp(—#) < d? « ¢ (Va > 0) if n =2. The same manifolds
were also considered in [3] where the behaviour of attractors for semi-linear parabolic equations was
investigated.

It was proved in [17] that the spectrum of the operator —A,\D/,g (here P means the Dirichlet bound-
ary conditions) converges in the Hausdorff sense (see the definition at the beginning of Section 3) to
the spectrum of some self-adjoint operator AP acting in the space L(£2) @ L2(£2, pdx), where p > 0
is some constant weight. The spectrum o (A) of the operator AP has the form

o(AP)={o)u{a) k=123, Ju{a) T k=1,2,3,...},
where o > 0 is a point of the essential spectrum, the nondecreasing sequences Af‘f. Al?‘Jr belong to

the discrete spectrum, moreover limy_, o )»,?’_ =o0, limk_wo)\,?’Jr =00 and A?‘* > |4, Where 4 =0 +
op. Thus, (o, ) No (AP) = @, and, therefore, for an arbitrarily small § > 0 the interval (o +8, it — §8)
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does not intersect with the spectrum of the operator —A,’e,,g when ¢ = ¢(8) is small enough. A similar
result is valid for the Neumann Laplacian —AAN,,S: the spectrum of the corresponding limit operator
AN consists of the point ¢ and two nondecreasing sequences A,’:”_, AICH such that limy_, oo k,’j’_ =o0,

limy_s o0 A,C"* = 00. Moreover A?”* = . It is important that o, p are independent of the shape of the
domain £2 and the type of the boundary conditions. These facts suggest that in the case 2 =R" the
spectrum o (—Ape) has a gap when ¢ is small enough, and this gap is close to the interval (o, w).

The proof of Theorem 2.1 consists of three steps. Firstly we prove that the set [0,00) \
(UT:l (0, tj)) coincides with the spectrum o (A) of the operator A. Then we make the main step:
we show that for an arbitrary L ¢ UT:l{H'j} the set o (—Ape) N[0, L] converges in the Hausdorff
sense to the set 6 (A) N[0, L] as € — 0. Finally, we prove that within an arbitrary finite interval [0, L]
the spectrum o (—Ape) has at most m gaps when ¢ is small enough. Together with the Hausdorff
convergence this fact will imply the properties (0.5)-(0.7) (see Proposition 3.1 at the beginning of
Section 3).

We note that the metric g is continuous but piecewise-smooth. However one can approximate it
by a smooth metric g’ that differs from g® only in a small p-neighbourhoods of 8ij. Moreover
when p = p(¢) is sufficiently small then the spectra of the operator —Aye gsy and the opera-
tor —Apye have the same limit as & — 0 (here —Aye gery is the Laplace-Beltrami operator on M*
equipped with the metric g®”). For precise statement see Remark 4.2 at the end of the paper.

In order to omit cumbersome calculations further we will work with the metric g°.

Now, let § > 0 be arbitrarily small number, L > 0 be arbitrarily large number. It follows from
Theorem 2.1 that there is such small & = &(8, L) that the structure of the spectrum o (—Ape) is as
follows: o (—Ape) has m gaps whose edges are located in §-neighbourhoods of the edges of some
fixed intervals (o, ;) (j=1,...,m) while the remaining gaps (if any) belong to (L, c0). So we set
M = M¢, e = ¢(8, L). In order to continue the proof of Theorem 0.1 we have to prove that for arbitrary
preassigned intervals (o, B;) satisfying (0.4) it is possible to choose such d;, b; that

oj=aj  Mj=Bj, j=1m. (0.8)

We will prove this fact and present the exact formulae for the constants d;, b; (see Theorem 4.1).

The paper is organized as follows. In Section 1 we recall some definitions and facts from the
spectral theory for the Laplace-Beltrami operator. In Section 2 we construct the manifold M¢ and
formulate Theorem 2.1 describing the behaviour of o (—Ape¢) as € — 0. Theorem 2.1 is proved in
Section 3. And, finally, in Section 4 we present the formulae for the parameter dj, b;.

1. Theoretical background

In this section we present the definitions and some well-known results related to the Laplace-
Beltrami operator and periodic manifolds. For more details on the Laplace-Beltrami operator see
e.g. 28], for more details on periodic manifolds we refer to [23].

Let M be an n-dimensional Riemannian manifold with the metric g. By gys we denote the com-
ponents of g in local coordinates (x1, ..., Xp).

As usual we denote by L(M) the Hilbert space of square integrable (with respect to Riemannian
measure) functions on M. The scalar product and norm are defined by

W, V)L, M) Z/U\_/dV, Nl oy =/ WU, Wiy,

M

where dV = ,/det gdx; ...dx, is the density of the Riemannian measure on M.
By C°°(M) (resp. Cg°(M)) we denote the space of smooth (resp. smooth and compactly supported)
functions on M.
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If the manifold M (possibly non-compact) has an empty boundary then we define the Laplace-
Beltrami operator —Ap on M in the following way. By 1y [u, v] we denote the closure of the sesquilin-
ear form ny[u, v] defined by the formula:

ﬁ[\/][U,V]=(VU,VV)L2(M) Ef(VU,VV)dV (]])

with dom(ny) = C3°(M). Here (Vu, VV) is the scalar product of the vectors Vu and Vv with respect
to the metric g: in local coordinates (Vu,Vv) = ngﬂ:] g ﬁé)axi ;X‘;, where g% are the compo-
nents of the tensor inverse to gyg. The form 7 is densely defined, closed and positive (by the way
dom(fjy) = H' (M) = {u € L(M): Vu € Ly(M)}). Then there exists the unique self-adjoint and positive
operator —Ay; associated with the form ny[u, v], ie.

(=Amu, V), = umlu, vl forallu e dom(Apy), v e dom(ijm).

For a smooth function u the Laplace-Beltrami operator is given in local coordinates by the formula

ou
—Apmu= detg— ). 1.2
. aﬂzl y/detg 0% < gaxﬂ> )

If M is a compact manifold with a piecewise smooth boundary dM we define the Laplace-Beltrami
operator with Neumann (resp. Dirichlet) boundary conditions —Am (resp. —A,\D/,) as the operator associ-
ated with the sesquilinear form 7, (resp. 775) which is the closure of the form n, (resp. nb,) defined
by formula (1.1) and by the definitional domain dom(z}) = C*°(M) (resp. dom(nk) = C5°(M)).

The spectra of the operators fA% and fAf\j, are purely discrete. We denote by {)»,’:’ (M) }ken (resp.
{k,’f (M) }ken) the sequence of eigenvalues of —A,\N,, (resp. —A,\D/,) written in the increasing order and
repeated according to their multiplicity.

Now we present the concept of periodic Riemannian manifolds.

We say that the group I" acts on the manifold M if there is a map I' x M — M (denoted (y,x)
y -x) such that Vyy, v, € I', Vx € M one has (y1 *¥2) -x = y1 - (¥2 - X), where % is the group operation,
and Vx € M one has id - x = x, where id is the identity element of I".

The Riemannian manifold M is called periodic (or more precisely I"-periodic) if a discrete finitely
generated abelian group I" acts on M, moreover

e [ acts isometrically on M, i.e. Vy € I': y- is the isometrical map,

e I acts properly discontinuously on M, i.e. for each x € M there exists a neighbourhood Uy such
that the sets y - Uy (y € I') are pairwise disjoint,

e [ acts co-compactly on M, i.e. the quotient space M/I" is compact.

A compact subset M C M is called a period sell if Uyer y -M=M and M is a closure of an open
connected domain D such that Vy e I', y #id: DNy -D=@.

For convenience throughout our work we will use the same notation y for the element y € I and
the corresponding map y-: M — M.

By I” we denote the dual group of I, i.e. the group of homomorphism from I" into S!. We remark
that if I" is isomorphic to Z" (as for the manifold M¢, which will be considered in the next section)
then [ is isomorphic to the n-dimensional torus T" = {6 = (61, ...,6;) € C": Va, |04 =1}.

Let 6 € [". We define the Laplace-Beltrami operator with 8-periodic boundary conditions —AQM in the
following way. By Cg°(M) we denote the space of functions u € C*°(M) satisfying

u(yx) =0(y)u(x)
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for each x € 9M and for each y € I such that yx € dM. Then we define the operator —Aﬁ,l as the
operator associated with the form r'),%l which is the closure of the form nf,[ defined by formula (1.1)
(with M instead of M) and by the definitional domain dom(nf,l) =Cp°(M).

The operator —AGM has purely discrete spectrum. We denote by {A,f (M) }ren the sequence of eigen-
values of —Aﬁ,l written in the increasing order and repeated according to their multiplicity.

For any 0 € I the following inequality holds:

A (M) < A7 (M) < AL (). (13)

It turns out that analysis of the spectrum o (—A};) of the operator —Ajy; on the perjodic manifold
M can be reduced to analysis of the spectra U(—Afﬂ) of the operators a(—Aﬁd), 0 € I'. Namely one
has the following fundamental result.

Theorem. Let M be I"-periodic manifold with a period cell M. Then

o(—am = am, (14)
keN

where J,(M) = {A,f (M): 6 e f}, k € N are compact intervals.
2. Construction of the manifold

In this section we construct the manifold M® and describe the behaviour of the spectrum
o (—Apye) of the Laplace-Beltrami operator —Ape as € — 0.

Let {Disj: ieZ", j=1,...,m} be the system of pairwise disjoint balls in R" (n > 2) depending on
small parameter & > 0. We suppose that:

(1) the balls DEJ., j=1,...,m belong to the cube (0§ = {x e R": 0 < xq < &, Va};
(2) Vj=1,...,m: ke < dist(ng, 3005 U (Uizj D)), where the constant « > 0 is independent of ¢;
(3)VieZ'Vj=1,...,m: D%:ng—i-ei.

By ij we denote the centre of ij by dj we denote the radius of ij (the third condition above
implies that the radius of D‘fj depends only on the index j).

We denote by B‘fj the truncated n-dimensional sphere (we call it “bubble”) of the radius b§ :

B ={(61,62,...,60): 61 €[0,27), 6 €[0,7), k=2,....n—1, 6, € [OF, 7]}
de
Here @f = arcsin(gz), where b? (j=1,...,m) are positive numbers satisfying b§ > d*]?.
J

Let us introduce in £2¢ the spherical coordinates (61, ..., 8y, ) with the origin at xf] Here r is the
distance to xfj Identifying the points (91,...,9n_1,d§) € 8ij and (01,...,6h_1, (~)f) € Bij we glue
the bubbles Bisj to the perforated domain £2¢ and obtain an n-dimensional manifold M¢:

m
M’?:QEU(UUB%). (2.1)
icR" j=1

The manifold M?¢ is presented on Fig. 1. By X we denote the points of M?. If the point X belongs to
£2¢ sometimes we will write x instead of X having in mind a corresponding point in R".
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Clearly M¢ can be covered by a system of charts and suitable local coordinates (xq,...,X;) —
X € M? can be introduced. In particular in a small neighbourhood of BBisj we introduce them in the

following way (below by Ufj we denote this neighbourhood):

Xk=6k, k=1,...,n—1,
& v — & &
% r—dj, )~<_(91,...,9n_1,r)e.9 OUU, (22)
—bE (O — OF), X=(01,...,60-1,6) € B N UE,

(that is anj ={(X1,...,Xn): Xn =0}).
We equip M¢ with the Riemannian metric g that coincides with the flat Euclidean metric on
£2¢ and coincides with the spherical metric on the bubbles Bf] This last means that in the spherical

coordinates (6q, ..., 6,) the components ggﬁ of the metric g¢ have the form
8ap = Sap (b 1_[ sin’ 6, a,p=1.n
k=a+1

(for e =n we set [[p_o. sin? 6 := 1). Here 8,5 is the Kronecker delta.
The metric g is continuous and piecewise smooth: in the coordinates (xi, ..., X;), which are in-
troduced above in the neighbourhood of Bij by formulae (2.2), the components g("flﬁ = ggﬁ(xl, .oy Xn)

of the metric g have the form:

gi— ’ Xn>O, D ——T
& __ af — —
go{ﬂ_{gaaﬁ’ xn<0, avﬁ_]vn_la gnﬂ—(snﬂ (23)

where

g+ _(Saﬂ xn—i-d 1_[ sin® 6y,
k=a+1

giaﬁ :(Saﬂ(bi)z sin (M—i-() ) 1_[ sin? 6. (2.4)

k=a+1

It is clear that as x, =0 (i.e. on anj) the coefficients gf‘;ﬂ lose smoothness.

Remark that g® can be approximated by a smooth metric g that differs from g€ only in a small
p-neighbourhood of E)ij, moreover when p = p(¢) is sufficiently small then the spectra o (—Apye)
and o (—Ams,gery) have the same limit as ¢ — 0 (for more precise statement see Remark 4.2). How-
ever in order to omit cumbersome calculations further we will work with the metric g°.

Remark 2.1. It is easy to see that the manifold M¢ can be immersed into the space R"*! via the
following map F¢ : M® — M® c R™*! (below x e R", ze R, (x,2) e R™1):

- if x=x € 2° then FE(X) = (x,0),
- ifi:(91,...,9n)erj then F&(X) = (x1,..., Xn, z), where

n n
x1 = (), + b5 Hsin@l, Xk = (Xi;), + b’ cosby 4 nsinel (k=2,n),
1=1 1=k

z= b? (cos @f — cosby).
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Note: one should not confuse (x1, ..., x;) with the local coordinates introduced above in a neighbour-
hood of anj.

Thus, F¢ maps Bg onto the surface §"’" which is obtained by removing from the sphere B;? =
{(x,2) e R |x — x5, |2 +(z — b5 cos ©F 82 — (bS)z} the segment {(x, z) € BE. z <0}.

The map Feis a local homeomorphlsm i.e. for any x € M® there is a nelghbourhood Ux) C Afe
such that F‘Elu(x) is a homeomorphism (and even diffeomorphism if X ¢ J; ; 838) If the surfaces ij
(ieZ", j=1,...,m) are pairwise disjoint (e.g. if bf < d? +ke/2) then Feisa global homeomorphism.

Furthermore F? is an isometric map: if g° is a metric on Mé which is generated by the Euclidean
metric in R™1 then g coincides with the pull-back (F¢)*&®

Let the group I'® = 7" act on M® by the following rule (below by y?Z, k € Z" we denote the
elements of I'¢):

- if X=x e £2° then y£ maps ¥ into the point ¥ X =x + ke € 22¢,
- ifX=(01,...,6n) € ij then y’ maps X into the point y°x € B, ; with the same angle coordi-
nates (61, ...,6p).

Obviously M¢ is I'®-periodic Riemannian manifold. For an arbitrary i € Z" the set

M =Ff U (UB), whereFf:[ieﬂg:x—eiemg\(UD8j>} (2.5)
j=1

is a period cell.
We assume that the radii of the holes and bubbles are the following:

o dj&‘%, n>2, (2 6)
e :
b?:bjé‘ (2.7)

where dj, b; (j=1,...,m) are some positive constants (we choose them later in Section 4).
We will use the following notations:

s Ke
Rfj:{xefzsz d§<|x—xigj|<d§+7},

GS =R;; uij,

e _ )3 E. | _ A€ Ke — &
Sij_{xe.Q : |x—xij|—dj+7 =Gy,
wy, is the volume of n-dimensional unit sphere.

According to the notations introduced above in Section 1 we denote by {A (GE )}ken the sequence
of the eigenvalues of the operator —ADE which is the Laplace-Beltrami operator in ij with Dirichlet

boundary conditions on Sfj It is clear that {A{f(ij)}keN depends only on the index j.
One can prove (see Lemma 3.2 below) that

Vi=1,...,m Eligqoxl(cfj):gj
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where
d.
w7 n=2,
J
= _ 2.8
] ne2 dl} 20)”71 ( )
7 T, 0 2

Note that in spite of the fact that the diameter of ij converges to zero as € — 0, Aq (ij) does not
blow up as & — 0. This is due to a weak connection between B‘fj and Rfj

We assume that the coefficients d; and b; are such that o; # o if i # j. For definiteness we
suppose that o; <0ojyq, j=1,....,n—1.

We introduce the Hilbert space

H=L,(R") L>(R", pjdx)

j=1,m
where by dx we denote the density of the Lebesgue measure, the constant weights pj, j=1,...,m
are defined by the formula
pj = (b)) wn. (2.9)

Since limsao(di /b?) =0, then pj =limg_o 8*”|B,.5j| (here by | - | we denote the Riemannian volume).
And, finally, let us consider the following equation (with unknown A € R):

m
OjpPj

FM)=1+ ———=0. 2.10
) > p— (2.10)

j=1
It is easy to obtain (see the proof of Theorem 2.1) that this equation has exactly m roots wu; (j =

1,...,m), moreover one can renumber them in such a way that
Oj<Mj<0jy1, j=1,m-1, Om < Um < 00.

By the way if m =1 then @ =01 + 0101 (cf. Remark 0.3).
Now we are able to formulate the theorem describing the behaviour of o (—Ape).

Theorem 2.1. The spectrum o (—Ape) of the operator —Aye has the following structure when ¢ is small
enough (i.e. when € < &g):

0(—AM£)=[0,OO)\|:<U(0f,u§))Uj£:|. (2.11)

j=1

Here J¢ is a union of some open finite intervals (possibly [J¢ = @) and

0<of, o*f<u§<6f+l, j=1,m—-1, of < ug, <inf 78,
Moreover
. o e . e
Vi=1,...,m: ggrbaj_a], gli%“f—“f’ (212)
lim inf 7¢ = oc. (2.13)

e—0
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The set [0, 00) \ (U'};l (0}, 4j)) coincides with the spectrum o (A) of the self-adjoint operator A which
acts in H and is defined by the formulae

—Apnu+ 3L 0jpj(u —uj) u
o1(uy —u) uq
AU = oz(uy —u) , U=| uy | edom(A), (2.14)
om(Um —u) Um
dom(A) = dom(Agn) @) L2(R". pjdx). (2.15)
j=T,m

We prove this theorem in the next section. In the last section we present the formulae for d;, b;
which will ensure the fulfilment of the equalities (0.8).

3. Proof of Theorem 2.1

Before we prove the result in full detail we will sketch the main ideas of the proof.
At first (Section 3.1) we prove the equality

m

a(A)zto,oon(U(aj,m)). (31)
j=1

In the main part of the proof (Sections 3.2-3.3) we show that

foran arbitrary L > 0, L ¢ U'}; {1} the set o (—Ape) N0, L] converges in the Hausdorff sense to the set
o(A)N[0,L]ase — 0.

Let us recall the definition of Hausdorff convergence.

Definition 3.1. The set 3¢ C R converges in the Hausdorff sense to the set B C R as &€ — 0 if the
following conditions (A) and (B) hold:

if ¢ € B® and lirr}) A& =X then A € B, (A)
E—
for any A € B there exists A € B° such that lirr}) A=A (B)
E—>

Property (A) is verified in Section 3.2, property (B) is verified in Section 3.3.

In the last part of the proof (Section 3.4) we show that within an arbitrary finite interval [0, L]
the spectrum o (—Apye) has at most m gaps when ¢ is small enough (i.e. when ¢ < gg). This fact and
the Hausdorff convergence of o (—Ape) N[0, L] to o (A) N[0, L] =[0,L]\ (U'}’:l(aj, ;) imply the
properties (2.11)-(2.13). Indeed one can easily prove the following simple proposition.

Proposition 3.1. Let B¢ =[0, L]\ (UT; (af, /Sf)), B=[0,L]\ (U’}L1 (aj, Bj)), where L < oo and

&€ & &€ & : 1 e 1 &€
0< oy, aj<ﬂj<aj+1, j=1,mé¢ —1, e <L,
0<wq, Olj<ﬂj<0[j+], j:l,m—l, am <L,
mé <m.

Suppose that the set 3% converges to the set 3 in the Hausdorff sense as & — 0.
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Then m® = m when & becomes small (i.e. when ¢ is less than some &) and

Vi=1,...,m: limaf=qa;, lim B¢ = B;.
J g0 J J £~>Oﬂ] ﬂ]

3.1. Structure of o (A)

Let & € C\ UL, (o). Let

f
F= fl € im(A — AD),
fm
i.e. there is
u
U= u1 € dom(A)
Um
satisfying AU — AU = F. Then u; = %j{/ and
— Apntl — AF (U= f + i 9ipifj (32)
s oj—A
where F(2) is defined by (2.10). Equality (3.2) implies that
m
reo\|Jloj) <= AFG) eo(—Am) =[0,00). (33)

j=1

At first we study the function AF (1) on the real line. It is easy to see that A (}) is a strictly in-
creasing function on the intervals (—oo, 01), (O, ), (0j,0j41), j=1,...,m—=1, lim_, 150 AF(X) =
+00, limy 5;£0 AF (A) = Foo, furthermore there are the points uj, j=1,...,m, such that

F(uj)=0, j=1,....m—1,

oj<pj<0ojy1, j=1,...,m, Om < Um < 00,

m m—1
reR\ | Jlo): 2F0) = 0} =[0,01) U ( U[lij’ajﬂ)) Ul ftm, 00).

j=1 j=1

Let us consider the equation AF(A) =a, where a € [0, c0). One the one hand it is equivalent to
the equation (HTzl("j — 1)) '"Ppmy1(1) =0, where Py, is a polynomial of the degree m + 1, and,
therefore, in C this equation has at most m 4+ 1 roots. On the other hand it is easy to see that on
[0, c0) the equation AF(A) =a has m+ 1 roots (if a =0 then these roots are 0, 1, ..., iUm). Hence
we obtain that the set {A € C: AF (1) > 0} belongs to [0, c0).

The graph of the function AF (1), A € R is presented on Fig. 2.

Thus, we conclude that 1 € o(A) \ U}, {0y} iff A € [0,01) U (UT;1 [ij, 0j+1)) U [fm, 00). Since
the spectrum o (A) is a closed set, then the points o (j=1,...,m) also belong to o (A). Equality
(3.1) is proved.
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o fu of [n o [, A

Fig. 2. The graph of the function A (1) (for m = 3). The bold intervals are the components of o (A).

(=]

3.2. Property (A) of Hausdorff convergence

We present the proof for the case n > 3 only. For the case n =2 the proof is repeated word-by-
word with small modifications in some estimates.

Let A € 0(—=Ape) N[0, L] and limg_,g A% = A. Obviously A € [0, L], thus, we have to prove that A
belongs to o (A). If A € UT:1{O'j} then this statement follows from (3.1). Therefore, we can focus on
the case A ¢ Uj_,{oj).

Let us consider the sequence ey C &, where ey = % N=1,2,3,.... For convenience we preserve
the same notation & having in mind the sequence &y.

We introduce the following cubes in R":

={xeR" 0<xy <1, Var},

O
O = {x e R"™: eiq <X <&(ig + 1), Yo}, i=(1,....in) €Z".
Since ¢! € N, then O = ;.7 Of, where

If={ieZ" 0<ig < (¢7' = 1), Var}.

Also we introduce the following set in M¢:

MSZUMf

ieZ®

where M; is defined by formulae (2.5).

In Section 2 we concluded that M? is I"®-periodic manifold, the set M{ is a corresponding periodic
cell. On the other hand since £~! € N, then M? is also I'-periodic manifold on which the group
' =7Z" acts by the following rule (below by ¥, k € Z" we denote the elements of I"):

- if x=x € £2¢ then y}, maps X into the point yx = x + k € £2°,
- ifX=(@01,...,6n) € B‘fj then y, maps X into the point y;X € Bjke—,j With the same angle coor-
dinates (61, ...,6n).

The set M¢ is a period cell. The boundary of M¢ is independent of &: IM® = {x € £2°: x € 0(J}.
Roughly speaking if e~! € N then M¢ is not only “s-periodic” manifold but also “1-periodic” man-
ifold. To prove property (A) of the Hausdorff convergence it is more convenient to look at M¢ as
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I'-periodic manifold (and to work with period cell M?) since in this case we are able to utilize some
ideas and methods developed in [2,3,17,19,20].
By My (@ =1,...,2n) we denote the components of dM¢:

My ={X€ R xy=0and0<xs <1, VB#a} ifa=1,...n,

My ={X€Q° Xqn=1and0<xg <1, VB#a —n} ifa=n+1,...,2n.

The faces My and My 4, (@0 =1,...,n) are parallel to each other and

YeuMa =My, a=1,...,n, whereey, =(0,0,...,1,...,0). (34)
T

a-th place

Also we denote by M,, the corresponding faces ofABD.

Since A® € o (—Ape), then there exists ¢ € I' such that A® € G(—Aﬁ,l’g). Since I' is isomorphic
to Z", then the dual group I is isomorphic to T" = {0 = (61, ...,6;) € C": Va, |6y| = 1}. For conve-
nience hereafter by 6° we will understand a corresponding element (6%, ...,6%) € T".

We extract a subsequence (still denoted by &) such that

0 — =(01,...,0;) €T".
e—>0

&

Let ué ¢ dom(A”Mgg) be the eigenfunction corresponding to A%, i.e. —AGMgus = Afu®, u® #£0. We nor-
malize u® by the condition ||u®||r,(ve) = 1, then ||Vu5\|%2(Me) =5,

In order to describe the behaviour of u® as ¢ — 0 we need some special operators. From now on
by C we denote a generic constant independent of €.

We denote

QE:[&GQS:XGD\(U CJD%)]

ieZ¢ j=1
and introduce an extension operator I7¢ : H'(M¢) — H!(O) such that for each u € H1 (M¢):

fu(x)=u(x) forxe 2§, (3.5)

HHEUHHI(D) <C||u||H1(Q£D) (36)

It is known (see e.g. [22, Chapter 4]) that such an operator exists.

By (u)p we denote the average value of the function u over the domain B Cc M¢ (|B| # 0), i.e.
(u)g = |17| [gudV®, where dV*¢ is the density of the Riemannian measure on M?. The same notation
remains for B C R".

If ¥ c M? is a (n — 1)-dimensional submanifold then g° induces on X the Riemannian metric and
measure. We denote by dS¢ the density of this measure. Again by (u)sx we denote the average value
of the function u over X, ie. (u)p = |17| JxudS® (here |X| = [y dS?).

We introduce the operators 17]‘? :Ly(M®) — Ly(@) (j=1,...,m) by the formula:

i€ xelf: Mju) =({u’).
ij
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Recall that O = J;cz- 0. Using the Cauchy inequality and (2.7) we obtain

&
”Hj u ” LO) S C”u”’-z(UieIe Ui B 3.7
In view of (3.6), (3.7) the norms [[77°u® |41 ), ||Hfu8||L2(D) (j=1,...,m) are bounded uniformly

in &. Using the embedding theorem (see e.g. [28, Chapter 4]) we obtain that the sub-sequence (still
denoted by ¢), the functions u € H!(O), ujely@)), j=1,...,m exist such that

méu® oL weakly in H'(0) and strongly in Ly (0)), Hfu‘8 =W weakly in Ly (CJ).
E— E—

Moreover due to the trace theorem (see e.g. [28, Chapter 4]) IT¢u®, u € L,(30J) and

IT¢u® — u strongly in L, (300). (3.8)
e—0

Since uf € dom(Aﬁ;), then in view of (3.4)

U (x+eq) =05ué(x), XeMy, a=1,...,n.
Therefore,
u(x+eq) =04ux), xeMy, a=1,...,n.
Thus, u € dom(ﬁ%). Recall (see Section 1) that ﬁQD is the sesquilinear form which generates the oper-
ator —Aﬁ;g.

We also need some auxiliary lemmas.

Lemma 3.1. Forany j=1,...,m:

. 2
811_13)8"“ }(ua)sij = lull}, - (3.9)
ieZ®

Proof. We denote Rfj ={XeR°: d? + & <x— x;“?j| < d? + ££}. One has the inequalities:

0< | mou |7, ey — €"|(Tuf) e [* < CE?|VIToUP |} ) i€ TF, (310)
(70 = (e | < CI VU [ o 8" i€ T (3.11)

i ij i
[(u)s: (us);z;;f <€ IIVuSIIZQ;j)sz‘”v eI’ (312)

which are valid for any u® € H1(QE), j=1,...,m. Inequality (3.10) is the Poincaré inequality, the
inequality (3.11) follows directly from [19, Lemma 2.1], and the inequality (3.12) can be proved in the
same way as inequality (2.2) from [20].!

Equality (3.9) follows directly from (3.10)-(3.12). The lemma is proved. O

! In [20] inequality (3.12) with Bﬁfj \ Sfj instead of Sfj was proved. For Sfj the proof is similar. We remark that in the case
n =2 inequality (3.12) is valid with |Ing| instead of £2~".
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Lemma3.2.2Forj=1,...,m:

lim A7 (G§) =0

e—0
where oj is defined by formula (2.8).

Proof. Let vfj S dom(A y) be the eigenfunction corresponding to Aq (Gs) such that (vj )Bs =1. In-

stead of calculating vfj m the exact form we construct a convenient approximation Vu for it.
We introduce the notations:

B ={X=(61.....00) € Bj: O € [0F,7/2]},
GS _B‘8 uRf],
§5={x=(61,...,600) € Bfj: 6y =1/2} =0B;\ 0B

Let the function v be the solution of the following boundary value problem:

AGFV» 0 1ntj, (3.13)

Vij|sfj=0’ Pe ] =1. (3.14)

Here by Acg we denote the operator which is defined by the operation (1.2) and the definitional
domain dom(AGg) ={u: u= v|cg, v € dom(Apye)}. For convenience from now on we use the nota-
tion —A instead of AAE It is easy to see that the function vj is smooth in R*’ and Bf], the limiting
values of v v,] in the domams Re and Bg coincide on 8Bf], the normal derivatives satisfy the condition
3\75 a\‘/fj

-+ bs 3o, = 0-

Due to the symmetry of ij one can easily calculate f/fj (recall that we consider the case n > 3):

u? . (3.15)

A¢|x — x5 |> " +BE, xeRE:
=1 Y
u CSF(0n) +1, X=(61,...,6n) € Bj;

where F(6,) = j;f”/z(sinl‘” Y¥)dy and the constants A, ij, C‘j‘? are defined by the formulae

AS _ (d‘;{)n_z
j_l Zdi n—2 NF(OF dj n—2,
— G2 = (- DF@(D)
A€ AE
_ J _
Bf?——(%ﬁ’ CG=m-2) (bS)n - (3.16)

We redefine vg by 1 in Bg \B preserving the same notation.

2 This result was given in [17] without a justification. In the current work we present a complete proof.
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Direct calculations lead to the following asymptotics as € — 0:
vy ||2 ~oipie" [v¢ H ieh (3.17)
ijl L) ™ OiPIE ijllLac) ~ P .

where o, p; are defined by formulae (2.8), (2.9).
We define the function v;; € dom(Agg.) by the formula
ij

ij xeRf],
ViR =11+ 5@ - DO @), X=®.... ,6n) € BE, (3.18)
1, xeBs\B

Here @ (6,) is a twice continuously differentiable non-negative function on [0, o0) equal to 1 as 0 <
6n <1 /4 and equal to 0 as 6, > /2. We have the following asymptotics as € — 0:

o2 o2 2
”V"u “LZ(GS HVVU “Lz(ij)’ ”"z; “Lz(cf ”"ij ||L2(c§].)’ I Avj; HLZ(ij) =0(e"). (319)
o 2
Elgnoe n(“"fj -1 ”LZ(B:?J.) + vaj”Lz(Rfj)) =0. (3.20)

It follows from the min-max principle (see e.g. [26]) that

IVVEIE, ) ||W?||%2(Gs
m(Gh) = —— < - (3.21)
llv ,,||L2(Gg I lle(ce

Note, that this automatically gives the inequality limg_ ¢ M(G‘fj) <o

We present the eigenfunction v¢, i in the form

Vij = Vij + wij- (3.22)

Let us estimate the remainder w?, i One has the following estimates for the eigenfunction v (for the
proof see [3, Lemma 4.2]):

1vi1Zacce) = 1§,z + O (67+2) = B+ 0 ("+2). (323)

[ vE < Ce 2, (3.24)

ij ”LZ(RE

Using (3.20), (3.23), (3.24) we obtain

e ”W “LZ(GS <2 (”Vu ”LZ(R‘C) + ”"u ”LZ(RS
+ Hl—v‘fjHLZ(B%)+”v%—lHLZ(B%))SjOO. (3.25)
Substituting (3.22) into (3.21) and integrating by parts we get
[V 12 ) < 21(AV5 W) | + 19951 (Mq) (3.26)
ijllL2 (G5 ij* 7 ) L5(GE) L2 (G5 ”"%”Lz(ij)
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Taking into account (3.17), (3.19), (3.23), (3.25) we conclude that (3.26) implies

— 0. (3.27)

eIl =

|i2(cg)
It follows from (3.17), (3.19), (3.25), (3.27) that lim._.¢ kf(ij) =0j. The lemma is proved. O
Lemma3.3.For j=1,...,m:
8“2% 2D (Gf]) = oo.
Proof. Let Gj? be an n-dimensional surface embedded into R™*! (below x € R", z € R):
G? = R? U B‘j»

where

R ={(x2) ¢ R a”dﬁ <Ixl<k/2, z=0},

B ={(x2) ¢ R |x)? + (2 — bjcos@f)2 = (bj)*, z>0}.

We equip G? with the Riemannian metric induced by the Euclidean metric in R™*!. By dV we denote
the density of the Riemannian measure on Gﬁ. Thus, G§ is the £~!-homothetic image of ij
Evidently one has the following relation between the spectra of —A2. and —AJ,:
1 ]

VkeN: A2 (G5) =10 (GF). (3.28)
We denote
R={(x2) eR"™": |x| <k/2, z=0}, Bj={(x.20eR"™: |x?+2* = (b)?}.
Further we will prove that
VkeN: AP (GS A 3.29
£ (G)) = M (3.29)

where {Ai}ken are the eigenvalues of the operator £; which acts in the space Ly(R) @ L>(B;) and is
defined by the formula
D
Lj=— Ag 0 .
0 Ag

Here the eigenvalues are renumbered in the increasing order and with account of their multiplicity.

One has A1 = A(Bj) =0, A = min{k?(R),Az(Bj)} > 0. Therefore, in view of (3.28)-(3.29)
limg_o A?(ij) = o0o. Thus, to complete the proof of the lemma we have to prove (3.29). For that
we use the abstract scheme proposed in the work [16].

Theorem. (See [16].) Let HE, H° be separable Hilbert spaces, let A : HE — HE, A?: HO — HO be linear
continuous operators, im A° c V < H°, where V is a subspace in H°.



A. Khrabustovskyi / ]. Differential Equations 252 (2012) 2339-2369 2357

Suppose that the following conditions C1-C4 hold:

C1. The linear bounded operators R : H® — H* exist such that ||R® |3, et VI f1I3,0 forany f € V. Here

y > 0is a constant.
C;. Operators A¢, A° are positive, compact and self-adjoint. The norms || A% || £(He) are bounded uniformly
ine.
C3. Forany f € V: || A®RE f — R A0 f || 34e —>00.
E—
C4. For any sequence f¢ € H® such that sup, || f¢|2e < oo the subsequence ¢’ C & and w € V exist such

that || A% f¢ — REw| e —> O.
e=¢'—>0

Then forany k e N
My = [k
k e—0

where {,u,f},‘jil and {ui}p2, are the eigenvalues of the operators A® and A°, which are renumbered in the
increasing order and with account of their multiplicity.

Let us apply this theorem. We set H* = L»(G5), HO=L,(R) & Lr(B)), A° = (=AL +D7', A% =
)
(L;+ D71, Y ="H" We introduce the operator R® : H® — H¢ by the formula:

R, (x,0) €RE,

_ R B 0 __ .
FBx 2~ b cos ), (x2) < BE, f=(fR B e’ = LR @ L2(B)).

[R‘Ef](x,Z):{

We also denote Hj(R) = {u € H'(R): ulsr =0}, H{(6%) = {u € H'(G): ulyg; =0}, H' = Hi®R) &
H'(Bj) c H° and introduce the operator Q° : H} (G5) — H! satisfying the properties that are similar
to those of the operator I7¢ (see above):

Ve >0, Vv e Hy(G5): R°Q°v=v, 1@V < ClVIyye)- (3.30)

Evidently conditions C; (with ¥y =1) and C, hold. We verify condition Cs3. Let f € H*. We set
fe=REf, vé = A°f¢ V& = Q°v®. One has

/((va, Vw®) +utw® — few®)dV =0, Vw® € Hy(G). (3.31)
G
Clearly the norms | v¢ ||ill(cg) are bounded uniformly in &. Taking into account (3.30) we conclude
0(&j

that the subsequence (still denoted by &) and v = (vR, vB) e H! exist such that
Ve = (0°R, 9°B) =V weakly in #! and strongly in H°.
£

Let w e H' = {w = (wR, wB) e H': supp fR C R\ {(0,0)}, supp fB C B;\ {(0, =b))}}, i.e. wR =0
in a neighbourhood of {(0,0)}, w8 =0 in a neighbourhood of {(0, —bj)}. We set w® = R®w. Then,
when ¢ is small enough, wé =0 in some neighbourhood of 8B§ and wf ¢ H})(Gi). Substituting w?
into (3.31) we obtain (¢ is small enough):
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/((VOSR, VwR) + DERwWR — FRWR) dx
R

+/((V\7€B,Vw )+ v Bw® — fBwP)dv =o. (3.32)
Bj
Passing to the limit in (3.32) as € — 0 and taking into account that the space H' is dense in H! (see
e.g. [25]), we obtain the equality 4% f = v that obviously implies the fulfilment of Cs.

Finally, condition C4 follows from the fact that if sup, || f¢|l+4= < oo then the norms ||Q%A°® f¢ |4
are bounded uniformly in ¢ and, therefore, the subsequence ¢ C ¢ and w € H! exist such that

QA f¢ — oW weakly in %! and strongly in H°.
e=¢'—

Thus, the eigenvalues i of the operator .A° converge to the eigenvalues uy of the operator A°
as € — 0. But 1 G = (f)™' =1, A= ()~ — 1 that implies (3.29). The lemma is proved. O

Lemma34.For j=1,...,m:

. 2 o Oj
Lim Z w1 e) = £ <U] =~
ieZ®

2
A) ull?, - (333)

Proof. For X € ij we denote [°(X) = distge (X, 58) where by distge (-,-) we denote the distance with
respect to the metric g€. We introduce the set

SARES {7e G F(M) =1 ®}.
Obviously 58 [x] is a (n — 1)-dimensional sphere (in particular if x € E)Bg then I¢(x) = k&/2 and

SEIX1 = 9B, )
We deﬁne the function ufj(i) by the formula:

uf(®) = <u8)5?jlf<J’ X e G
Using the Poincaré inequality (for the spheres S;;[X]) we get

3 fu - UyLz(Gg CZmax (diam S5 [%1)° | Vu® ”Lz(cf <Ce2|VUl|] ey (334)
ieZ® ie IS

We denote uJ = uj (u g)sgj. Clearly ufj € dom(Agg) and
i ij

D ¢ £, _ 1E/,,E
_AG;?juij_)‘ uj =1 (u >Sfj'

In view of Lemmas 3.2, 3.3 and since X ¢ UT:l{‘fj}v Af ¢ a(—Agg) when ¢ is small enough. Therefore,
ij
the following expansion is valid:
D(G*?.) ( iV P(GE )La(GE)
D
v (GZ)IIL @) (4 (G —2%)

21 (), where I{i(e) = (3.35)
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J

{4 (GiYL; and such that (vi) (G{). vP (G, =0 if k #L.
We denote A® = max;_i; MaX,_y [A° — A7 (G2 Thus, it follows from Lemma 3.3 that
limg_, 9 A® = 0. Therefore, taking into account (2.7) and using Lemma 3.1 we obtain

Here fl.? = )Ls(us)slgj, {vl’?((?;?.)};(":1 is a system of the eigenfunctions of —Agigj corresponding to

2
o
2 2 2
Z > I <A$Z|| ,.§||L2(Gg)<c(x8) A€Z|(u8)sg] " =,0 (336)
i€Z¢ k=2 Lz(ij) ieZ® ieZ¢

As in Lemma 3.2 we denote vfj = v?(ij). We normalize vfj by the condition (ij)glgj = 1. Using
the estimates (3.23), (3.24) and Lemma 3.2 we obtain that

2 2
Aepjetlu)se1* A2 pjlullg, o

2
L@ gey ~ (3.37)
i; ” ij H L2(Bjj) i; (O—j — )\)2 (O—j — )\)2
as &€ — 0. Thus, it follows from (3.35)-(3.37) that
Apjlull? o
im Y ug]? e, = ———2D 338
s_)oigzzs ” ij ”LZ(BE.) (O-j _ )\)2 ( )

Finally, using (3.35), (3.36), (3.38) and Lemma 3.1 we get

2 2 ~ 2
51y = 3 (1 Uy + 2y [ wioave + el 155 )

ieZ® ieZ®
B

Mpj . 2hp 2 9\
i =pi| —— . 3.39
8:)0|:(O‘j—)\)2 +O_j_)L+p] ”u”Lz(D) p](o_j_)\) ”u”Lz(D) ( )

Then (3.33) follows from (3.34) and (3.39). The lemma is proved. O

Lemma 3.5. For any w € C3°(0) the function w® e C*° (D) exists such that:

w+ W e €52 (0), (3.40)

max|w®(x)| + max|Vw®(x)| — 0. 3.41
xe\:!’ ()’ xeD} ( )}8—>0 ( )
Proof. We define the function 1¢ € C*°(R") by the following recurrent formulae:

1°(x1, ..., %) = An(X1, ..., Xa—1)Xn + Ba(X1, ..., Xn—1),
Bo (X1, ..., Xq—1) = Ag—1(X1, ..., Xg—2)Xq—1 + Ba—1(X1, ..., Xq—2),
Ag (X1, ..o Xg—1) = (95/904 - 1)Ba(X1,...,Xa71),

Bi=1, A1=6{/6;—1.

a=2,...,n {
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It is easy to see that maXye |16 (x) — 1| + maxyer V18 (%)| —>00 and 1¢ € ng/e (0), where 0¢/0 :=
E—
(67 /61,...,65/6y). Then we set

wo=(1° —1)w.
Obviously the function W? satisfies the conditions (3.40), (3.41). The lemma is proved. O
We continue the proof of Theorem 2.1. For an arbitrary w® € dom(7jue) we have
/((Vus,ng)g —2*ufw®)dve =0 (3.42)
ME

where (Vué, Vw?), is the scalar product of the vectors Vué and Vw? with respect to the metric g°.

We substitute into (3.42) the test function w® of a special type. Namely, let w be an arbitrary
function from C5°(0), w® € C*°(0) be the function satisfying (3.40), (3.41). Let wj, j=1,...,m be
arbitrary functions from C°([J). Let & (r) be a twice continuously differentiable non-negative function
equal to 1 as 0 <r<1/4 and equal to 0 as r > 1/2. We set

N |x—xfj|—d§ |x—xfj|—d§
Fo(BITNY gy g (M)
j

Then we set w® =w? + §%, where

w(x), x € 25\ Ujezs UL RY).
| W+ (W) — w)PE (%)
wh(X) = & y & Y & = &
+ (Wj(xij) - w(xij))v%(x)<1‘)ij(x), Xe RU’

W) + (W) — wilxi) (1 —vi;(X), X € Byj,
W(x), xe 25\ (Ujere UT:1 Rfj)’

85 = | WE() + (WE (xf)) — WE ()P (). % e RE, (343)
Wg(xfj), Xe ij

Here the function vfj is defined by (3.18), (3.15), (3.16). It follows from (3.40) that w® € dom(7jme).
Substituting this w? into (3.42) and integrating by parts we obtain

/(—u’“’Aws —2Futw®)dve + / v[w]u ds® +/((Vu’3,V88)8 —Afuf5%)dve =0, (3.44)

Mé aMeé Mmé

where v is the outward normal vector field on dM®.

In view of (2.6)-(2.7) and the Cauchy inequality, the last term in (3.44) is estimated by
C|\u€||H1(Mg)\/maxxe|:] |[W(X)|2 + maxyey | VW(X)|? and tends to zero as & — 0 in view of (3.41).

In view of (3.8) the second term tends to fal] v[w]uds as € — 0, where v is the outward normal
vector field on d0J, ds is the density of the Lebesgue measure on a[.
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Now let us investigate the first term. Firstly we study the integrals over .ij. Integrating by parts
we get

S [~alwes) - weo)Feohur wave

ieZ? j=1
] Rl_sj

= Zi( / (V{(w(x) — wx) P} (x)},Vgﬂsus(x))dx—fAWng‘gdx>

ieTf j=1 ‘e’ e
] R,UDS; D;

<Cw) - [T | 1 ) - ZZ|D Usupp[ V]| — o. (3.45)
ieZ¢ j=1

Hereafter by C(w) we denote a constant depending only on w.
Let us prove that the function £¢ € Ly (1),

5 (x) = p Z] 1~ AWK — wx)IVE ()DL ()}, x € R, )
0, x € 0\ Ujeze Ujz1 Rjj

converges weakly in Ly(J) to the function ZT:1 ojpj(w —wj). Indeed using the properties of v;?}

|2 n—|al

XeRj: AV;(x) =0, |D°‘v‘9(x)| Ce"|x— X , a=0,1

and the enclosure supp(D“d‘Jf) ClxeRf: ke/a<|x— x‘fj| <ke/2} (a #0) we obtain

/y—A{(wj(xfj)—w( 0VE 0P (x)}\ dx < C(w)e". (3.46)

Hence the norms ||£%||, o) are bounded uniformly in ¢. Taking into account (3.46) we obtain for an
arbitrary f € C*°(0d) (below v¢ is the normal vector field on anj directed outward Rfj):

Do [ —a{(wilx) - wh))viees ) fdve
ieTe j=1pe
ij

= 32 Fl) (wl) = wilo)) [ v [wlds +500)

ieZ® j=1 BDf-

= Z Zf u WJ(X ))ojpje"

ieZ® j=1

+6(1)8:>020jpj/f(x)(w(x) — wj(x)) dx. (3.47)

j=1 0



2362 A. Khrabustovskyi / ]. Differential Equations 252 (2012) 2339-2369

Here we have used the following computations (below r = |x — xfj|):

Elwé & BVZ

E)ij

- 1
(df)n "on1 ~ 7@n-1 (n-2) d?’zen =ojpje", &—0. (348)

— A€
rfdj

Since C>°(0) = Lo (0), then &% converges weakly in Ly(0J) to ZT:1 ojpj(w—wj) as £ — 0.
Using this, (3.5), (3.6) and (3.45) we conclude that

m
lim [ —Aw*u®dV® = / (—Awu + ZU]pj(W - w;)u) dx. (3.49)

e—0 -
28 O =1

In the same way (using the estimate (3.20)) one can prove that

lim | Awfufdv® :/kwu dx. (3.50)
e—0
O

£
2nh

Now, we investigate the behaviour of the integrals in (3.42) over Ul i B"3 Using (3.19) (the last
asymptotics), (3.48) and the Poincaré inequality we get

ZZ/ (x5) = wi(x) (1 = vi;®) Ju® Ry dv*

ieZ® j=1
ij

= 30 Dl (wi) — i) [ v las” +a0)

&
aDij

=Z<7]p]/[w] W) u® (x) dx

j=1 0
m
+0o(1) o Zaj,oj /(wj(x) — wX))uj(x)dx, (3.51)
j=1 0
where [w] w] € Ly(0O) is a step function: [wl wlx) = Wj(xfj) - w(x;’?j), xef, ieZ® itis clear

that [wj — w] converges to wj — w strongly in Lp(CJ) as € — 0.
In a similar manner we obtain

m m
li AEwlufdveE =2 i iu;idx. 3.52
8111022/ wu jzlp]/w]u]x ( )
= O

ieZ¢ j=1
] ij

Thus, from (3.49)-(3.52) we obtain that the functions u € dom(ﬁf:l), ujelyD (j=1,...,m)
satisfy the equality:



A. Khrabustovskyi / ]. Differential Equations 252 (2012) 2339-2369 2363

m m
/|:—Awu + Zo*jpju(w - wj)+ Zajpjuj(wj — w):| dx
O

j=1 j=1
m
+/v[w]uds—k/|:uw+2pjujwj:| dx=0 (3.53)
a0 O j=1

for arbitrary w € C°(0), wj e C*°() (j=1,...,m).
Substituting w =0, w; =0, j#k into (3.53) we obtain

oru
Ok — A’

U = k=1,....,m. (3.54)

Then substituting into (3.53) w; = 0 (V}), integrating by parts and taking into account (3.54), we
conclude that u € dom(f]‘l’j) satisfies the equality

/[(Vu, Vw) — AF(Muw]dx=0, Yw e Cy*(0)
O

where F()) is defined by (2.10). Hence u € dom(AGD) and
—ALu = rFMu.

In view of Lemma 3.4 u # 0. Then AF (1) € o (—Agn) and, therefore, due to (3.3) A € 6(A)\ UT:1 {oj}.
The fulfilment of property (A) is proved.

3.3. Property (B) of Hausdorff convergence

Let Aeca(A)NI[O,L], L ¢ U?:l{ﬂj}. We have to prove that there exists A° € 0 (—Apme) N[0, L] such
that A¢ — A.

e—0
At first we prove property (B) for the case A < L.
We assume the opposite: the subsequence (still denoted by &) and § > 0 exist such that

diSt()u, G(—AMS)) > 4. (355)

Since A € o (A), then the function

f
F= f{ eH
fm
exists such that
F ¢ im(A — Al), where I is the identity operator. (3.56)

Let f¢(X) € L,(M?) be defined by the formula

f), xe2f,

fr&= { (fj)\];?, Xe ij
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It follows from the Cauchy inequality and (2.7) that the norms || f®||;,(ve) are bounded uniformly
in e.

Inequality (3.55) implies that A € R\ o (—Ape). Then im(—Ape — Al) = Lo(M?) and thus, the
unique u® € dom(Aye) exists satisfying

—Apeuf —auf = fE. (3.57)
In consequence of (3.55) u® satisfies the inequality
Ju®| LMe) S 57! Ire]l Lmey S €
Furthermore
2 2
| vu® ”LZ(MS) < s ”Lz(Ms) ‘ ”uS”Lz(Ms) + 1A [u® ”LZ(MS) <C
Then there exists a subsequence (still denoted by ¢) such that

MTu® — u e H'(R") weakly in H' (R") and strongly in L>(G) for any compact set G C R",

Hfug — ujeL(R") weaklyin L(R") (j=1,...,m)

where IT¢, I'[f (j=1,...,m) are the extension operators introduced in the previous subsection.
For an arbitrary function w® e Cg°(M?®) we have

/((vsuﬂ VW), —autw® — few)dv® =0. (3.58)
M&‘
Let w e C°(R"), wj € C°(R™) (j=1,...,m) be arbitrary functions. Using them we construct the

test-function w® by formula (3.43) (but with R" instead of £2f and with Z" instead of Z*) and
substitute it into (3.58). Performing the same calculations as in the previous subsection we obtain

/[(Vu, Vw) + Zajpju(w - wj)+ Zaj,ojuj(wj —w)

Rn j=1 j=1

m m
—)»(uW‘i‘Z,Oju]'Wj)—(fW+ijfjo>:|dX:O (3.59)
j=1 j=1
for arbitrary w € C5°(R"), w; € C°(R"™) (j=1,...,m). It follows from (3.59) that
u
U=|""|edom) and AU-AU=F.

Um

We obtain a contradiction with (3.56). Then there is A® € o (—Ape¢) such that limg_g A% = A. Since
A <L, then A < L when ¢ is small enough.

Finally, we verify the fulfilment of property (B) for the case A = L. Since L ¢ UT=1{“§}' then (3.1)
implies that (L —§,L —§/2) C o (A) when § is small enough. Let A5 € (L — 8, L — §/2). We have just
proved that if € < £(8) then A% € o0 (—Ape) exists such that |[A — As| < §/2. Then A € (L —38/2,L)
as € < &(8) that obviously implies the fulfilment of property (B).
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3.4. End of the proof
In the proof of the Hausdorff convergence we used the fact that M¢ is I"-periodic manifold, M¢ is

a period cell. Now let us recall that M® is also I"®-periodic manifold, M is a corresponding period
cell (i is arbitrary, so from now on we consider i = 0). Then

o0
o(—Apme) = U[a;f, bi],
k=1
where [af, bf] = (A} (M5), 6 € T"}.
Lemma 3.6. lim._.¢ bﬁHI = 0o0.

Proof. As usual by )LLV (Mg) we denote the k-th eigenvalue of the operator —Al’:,’lg, which is the
0
Laplace-Beltrami operator on M{ with Neumann boundary conditions.

Using the same idea as in the proof of Lemma 3.3 (i.e. ¢~ !-homothetic image of Mj), we get
1in})gzxk(Mg):xk, k=1,2,3,..., (3.60)
e—

where {\;}ken are the eigenvalues of the operator £ which acts in the space L, () @j=1,_m L (Bj)
and is defined by the operation

N
AD o - 0
0 Ap, - 0
L=—] . )
0 0 --- A,
Recall that O is the unit cube in R", B; is the n-dimensional sphere of the radius b; (j=1,...,m).

One has Aj=A1(Bj)) =0, j=1,...,m, Amy1 =AY (@) =0, and
Am+2 = min{AY (), 22(Bj), j=1,....m} > 0.

Thus, in view of (3.60) limg_oA}_ ,(M§) = co. Due to inequality (1.3) AN, ,(M§) < af_,. Thus,
limg_,o afn+2 = 00.
Suppose that there exists a subsequence (still denoted by &) such that the numbers b 4q are

bounded uniformly in ¢. Let L > max;_s7 uj and L > by .. Let Ly > L. Since a; ., 0% then

afn+2 > L1 when ¢ is small enough. Hence o(—Apme) N[L,L1] = @ when ¢ is small enough. But

this contradicts to property (B) of the Hausdorff convergence. Hence bSHl —>0 oo. The lemma is
E—

proved. O

It follows from Lemma 3.6 that within an arbitrary finite interval [0, L] the spectrum o (—Ape)
has at most m gaps when ¢ is small enough, i.e.

mE

o (=Aw) N[0, L1=[0, L1\ | (o7, 15) (3.61)
j=1

where (of, ,u?) C [0, L] are some pairwise disjoint intervals, m®* < m. Here we renumber the intervals
in the increasing order.
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Let L > max;_yo i be arbitrarily large number. We have just proved that as ¢ — 0O the set

o (—Ape) N[0, L] converges to the set o (A) N[0, L]1=[0, L]\ (UT:1(UJ» (1)) in the Hausdorff sense.
Then by Proposition 3.1 m® =m when ¢ is small enough and

Vi=1,...,m: limo?!{ =0, lim ué=pu;.
e—0 J y e—0 J J

Finally, we denote by 7¢ the union of the remaining gaps (if any). Since bﬁH_l —>0 oo and ban <
E—
inf 7¢, then
inf7¢ > 1L
when ¢ is small enough. This concludes the proof of Theorem 2.1.

Remark 3.1. Actually, we have proved a slightly strong result: lim._.¢ alﬁ 1= Mo limg_, 0 bi =0y, k=
1,...,m, limg_g b,ﬁhq = 00, i.e. the first m gaps of the spectrum o (—Apye) (¢ is small enough) are
located exactly between the first (m + 1) bands.

4. End of the proof of Theorem 0.1: choice of the constants d, b; and conclusive remarks

In order to complete the proof of Theorem 0.1, we have to choose the constants dj, b; in (2.6),
(2.7) such that equalities (0.8) hold.

Theorem 4.1. Let («j, Bj) (j=1,...,m, m € N) be arbitrary intervals satisfying (0.4). Let M® (¢ > 0) be an
n-dimensional periodic Riemannian manifolds of the form (2.1).
Then (0.8) holds if we choose

2(8j—)) Bi=ttj il
e Hictmiz (G2 n> 2, 1)
I Bi—e) _— (ﬁi—aj) n=>2 )
T i=1,mli#j\aj—oj -
1
,3' — o /g — o n
m:{iz4 I1 jtj . (42)
n®j - \&i j
i=1,m|i#j
Remark 4.1. Since the intervals («}, 8;) satisfy (0.4), then
Vi aj < By, Vi# j: sign(B; — aj) = sign(a; — o) #0.
Therefore, the expressions (8; — O‘j)ni:mu#(%)v j=1,...,m are positive and thus the choice

of dj and bj is correct.
Proof of Theorem 4.1. Substituting d;, b; (4.1), (4.2) into (2.8) we get
oj=aj,
i.e. the first equality in (0.8) holds. Furthermore substituting b; (4.2) into (2.9) we obtain

_Bi—aj Bi —a;
PIm [1 (ai_“j) 43

i=1,m|i#j
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It remains to prove that w; = B;. Recall that the numbers w; (j=1,...,m) are the roots of
Eq. (2.10). Therefore, in order to prove the equality uj = f;, we have to show that

_ _%ipj
Vk=1,.. Z PR (4.4)

Let us consider (4.4) as the linear algebraic system of m equations with unknowns p; (j =
1,...,m). In order to end the proof of theorem we have to prove the following

Lemma 4.1. The system (4.4) has the unique solution p1, ..., pm Which is defined by (4.3).

Proof. We prove the lemma by induction. For m = 1 its validity is obvious. Suppose that we have
proved it for m =N — 1 and let us prove it for m = N.

Multiplying the k-th equation in (4.4) (k=1,...,N) by By — any and then subtracting the N-th
equation from the first N — 1 equations we obtain

N—1 ~
ajpj
Vk=1,...,N—1: I
Zl ﬂk_
where the new variables p;, j=1,..., N —1 are expressed in terms of p; by the formula
N — O .
,0]_,0],87] j=1,...,N—1. (4.5)

Thus, the numbers p; satisfy the system (4.4) with m = N — 1. Therefore, by the induction

L Bi—qj Pi—aj
Pi==0 I1 (Oli _aj) (4.6)

i=T,N—1]i#]

It follows from (4.5), (4.6) that pj, j=1,...,N — 1, satisfy formula (4.3). The validity of this formula
for py follows from the symmetry of the system.
Lemma 4.1 and Theorem 4.1 are proved. This completes the proof of the main theorem. O

Remark 4.2. We noted above that the metric g° of the manifold M¢ is continuous but piecewise-
smooth (see formulae (2.3)-(2.4)). However one can approximate g by a smooth metric gé¢ which
differs from g only in small p-neighbourhoods of anj and moreover the corresponding Laplace-

Beltrami operator has the same spectral properties as € — 0.
Namely, in a small neighbourhood US of anj we introduce the local coordinates (xq,...,xp) by

formulae (2.2) and define g/ by the formula

Sap X1y X)) =85, (1, X)X/ P) + 85 (%1, xn) (1 = 9 (Xn /)

where ¢(r), r € R, is a smooth p051t1ve function equal to 1 as r > 1, equal to 0 as r < —1 and positive
as —1 <r < 1, the coefficients giaﬂ are defined by (2.4). Outside U;,; ij we set gér = gb.

It is easy to see that A% g® < g < BPg®, where A%, B®P are positive constants depending on ¢
and p in such a way that for fixed ¢

lim A% = lim B®* =1. (4.7)

p—0 p—0



2368 A. Khrabustovskyi / ]. Differential Equations 252 (2012) 2339-2369

Using the min-max principle one can obtain that

(A&‘p)n/Z (Bsp)n/z

VkeN, Vo € T": A (MF) < A (ME, %) <

O, AL (ME). (4.8)

(AEP)1+1/2 k

Here Aﬁ (M7, g°°) is the k-th eigenvalue of the Laplace-Beltrami operator with #-periodic boundary
conditions on the manifold M{ equipped with the metric g° . This inequality is proved in [1, Chap-
ter A] for manifolds without a boundary, for our case the proof is completely analogous.

Let 81 > 0, L1 > 0. We have just proved (see Theorems 2.1, 4.1) that there are such & = &(81, L1)
and such d;, b; that the manifold M = M? satisfies (0.2)-(0.3) with § =8¢, L =L;.

So let us fix € = &(L1, §1). Then it follows from (4.7), (4.8) that

VO e T", Vke N:  |af(Mf) — Af (ME, g°°))| faell (4.9)

uniformly in (8, k) from T" x G, where G is any compact subset of N. Then using (1.4), (4.9) and tak-
ing into account Remark 3.1 we conclude: there is such p = p(e(81, L1)) that the manifold (M?, g*°)
satisfies (0.2)-(0.3) with § =281, L=1L1 — é3.

Now, let § > 0, L > 0. Setting §; =§/2, L1 = L + /2 we conclude that the manifold M = (M¢, g®),
where ¢ =¢(81, L1), p = p(e(81, L1)), satisfies (0.2)-(0.3).
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