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Abstract

The aim of this paper is developing conditions that guarantee the existence of a
solution to a toppled system of differential equations of noninteger order with
fractional integral boundary conditions where the nonlinear functions involved in the
considered system are continuous and satisfy some growth conditions. We convert
the system of differential equations to a system of fixed point problems for
condensing mapping. With the help of techniques of the topological degree theory,
we establish adequate conditions that ensure the existence and uniqueness of
positive solutions to a toppled system under consideration. Moreover, some
conditions are also developed for the Hyers-Ullam stability of the solution to the
system under consideration. Finally, to demonstrate the obtained results, we provide
an example.

MSC: 34A08; 35R11

Keywords: coupled systems; integral boundary conditions; non-integer order
differential equations; Hyers-Ullam stability; topological degree method

1 Introduction

In last few decades, the area devoted to the study of classical and partial differential equa-
tions of arbitrary order has received much attention due to the fact that they exactly
describe many nonlinear phenomenons in different disciplines of applied sciences like
physics, chemistry, biology, viscoelasticity, control theory, fluid dynamics, hydrodynam-
ics, aerodynamics, computer networking, signal and image processing, and so on. The
interest in the study of differential equations of noninteger order is due to the fact that the
models involve fractional-order derivatives are more realistic and accurate as compared
to the models that involve classical derivatives. For the respective applications, we refer
to [1-8]. Therefore, researchers study various aspects of the differential equations of ar-
bitrary order. One of the most important area is devoted to the existence theory, which
has been very well studied, and plenty of research articles and books are available on it;
we refer, for example, to [9-15]. In all these articles, sufficient conditions for the existence
of solutions to the corresponding problems are obtained by using classical fixed point
theory. Using the classical fixed point theory often required stronger conditions, which
shorten the applicability to a small number of applied problems and very particular sys-
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tems of boundary value problems (BVPs). To use less restrictive conditions in order to
extend tools to more classes of BVPs, researchers need to look for some other refined
tools of functional analysis. One of the powerful tools is the degree approach of topol-
ogy. The topological degree method proved to be a dominant tool in the study of many
mathematical models that arise in applied nonlinear analysis. The concerned method, also
called the prior estimate method, has been used by many researchers of mathematics to
study the existence of solutions to both nonlinear ordinary and nonlinear partial differen-
tial equations. Mawhim [16] used the aforesaid method coupled with the degree theory of

condensing mapping and showed that, under special assumptions, the problems

u'(t) +0(tut),u'(t) =0, tel=[0,x],

u(t)| =0 = u(®)|s=x = 0,
and

u' () +0(t,u®)=0, 0<t<l,

u(t)|s=0 = u(t) |1,

admit solutions. Isaia [17], used the technique of degree method to develop some condi-
tions that ensure the existence of solutions to the following nonlinear integral equations:

b
u(t) = H(t, u(t)) + / IC(t,s, u(s)) ds, tela,b],

where H : [a,b] x R - Rand K : [a,b] X [a,b] x R — R are continues functions obeying
some growth conditions.

In the same fashion, with the help of degree theory, Wang et al. [18] studied the existence
and uniqueness of solutions to a class of nonlocal Cauchy problems given by

Diy(t) -0(t,u®) =0, 0<t<T,

u(t)| =0 + uo = g(u),

where D is the Caputo fractional derivative of order g € (0,1], up € R, and 0 € ([0, T] x
R, R). The same problem was studied subject to multipoint boundary value problems by
Khan and Shah [19]

Diu(t)-0(tut)=0, qe(1,2],0<t<1,
M(t)|t:0 zg(u)r u(t)|t:1 = h(u) + ZZIZ Ai”(ﬂi)r )Vi’ ni € (O’ ]-)1

where g,/ : ([0,1],R) — R and 6 : [0,1] x R — R. In the same line, by using topological
degree theory Shah and Khan [20] studied the toppled system with nonlinear conditions
provided as

DPu(t) — 61(t, u(t),v(t)) = 0, DTy(t) — 0y (¢, u(t),v(t)) =0, 0<t<l,
Mu(B)]e=0 — V11(E) | p=y — p124(t) | i=1 — P(u) = 0,
haV(B)le=0 — Vov(®)li=g — pav(t)liz1 — ¥ (v) = 0,
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where p,q,1,&€ € (0,1) and 6,6, € [0,1] x R?> — R, and the nonlocal functions ¢, :
[0,1] x R — R. Inspired by the aforesaid work, we use the coincidence degree method
to study the following toppled system with fractional integral boundary conditions of the

form

DPu(t) = 6,(¢,v(t)), te]=1[0,1],

DIVE) = Oyt u(t)),  te]=10,1],

Wt)lizo =0, ()l = olig(w) = 15 [y (T =) g(u(s)) ds,
VOl =0, V)it = ol3h(V) = s o (T =) h(v(s)) s,

where p,q,8,y € (1,2], °D denotes the Caputo fractional derivative, g,# € L[0,1] are
boundary functions, and the nonlinear functions 6,6, : J x R — R. We develop sufficient
conditions for the existence and uniqueness and also study the Hyers-Ullam stability of the
system. The study of stability for fractional-order system is quite recent. There are various
methods available in the literature to study stability, one of which is the Lyapunov method
that suffers from the difficulties of derivation of Lyapunov functions. Another important
method to obtain stability for such a system is the Hyers-Ullam stability introduced by
Ullam [21] in 1940, which was answered by Hyers [22] in 1941. Wang [23] was the first
mathematician who investigated the Hyers-Ullam stability for the impulsive ordinary dif-
ferential equations in 2012. In the same line, he also obtained the aforesaid stability for
the evolution equations [24]. For more detail about the Hyers-Ullam stability, we refer to
[25-27]. Urs [28], studied the Hyers-Ullam stability to the following system of periodic
boundary value problems:

u’(t) = 61(t, u(2)) = 02(¢, v(2)),
V'(£) = 01(£,v(9)) = 628, u(2)),

u(t)|i=0 = u(t)e=1, V()0 = v(t)i=T.

We study the Hyers-Ullam stability to the toppled system (1) under consideration. We also
give an example to verify the applicability of our results.

2 Background materials and auxiliary results
This section is concerned with some basic definitions, important theorems of general cal-
culus, and topological degree theory; see [9, 10, 16, 29-31].

Definition 2.1 The noninteger-order integral of a function 6 € L'([a, b], R) is provided as

PUTNINE S AP
Ioﬁ(t)-r(p)/a (t—s)yY—0(s)ds.

Definition 2.2 The noninteger-order derivative in the Caputo sense of a function 6 over
the interval [a, b] is defined as

1

“Tm-p) / t(t —5)" P79 (s) ds,

D600 = o —

where m = [p] +1, and [p] is the integer part of p.
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Theorem 2.3 The general solution to the differential equation of fractional order
IP[DPG(t)] =9y(t), n-l<g<mn,

is given by
I”[D”H(t)] =y(t) +co + it +Cot? -+ Cpgt™ !

for arbitrary c;eR,i=0,1,2,...,m—-1.

The spaces for all continuous functions u,v: [0,1] — R are denoted by U = C([0,1],R),
V = C([0,1],R). Under the topological norms, they are Banach spaces. The respective
norms can be defined as ||| = sup{|u(¢)] : 0 < ¢ <1} and ||v|| = sup{|v(¢)| : 0 < ¢ < 1}.
Moreover, £ = U x V is also a Banach space under the norms ||(u,v)| = |lu|| + ||v|| and
|(26, v)| = max{]|u, [vI|}.

Consider the class of all bounded set of P(€) denoted by B. Then, we review the following
notions of [30].

Definition 2.4 The Kuratowski measure of noncompactness is the mapping o : B —
(0,00) defined by

0(B) =inf{d > 0 : B admits a finite cover by sets of diameter < d}

for Be B.

Proposition 2.1 The measure defined in Definition 2.4 for o satisfies the following char-
acteristics:
(i) For a relative compact B, the Kuratowski measure o(B) = 0;
(i) o is a seminorm, that is, o(AB) = |A|o(B), A € R, and o(B; + By) < 0(Bq) + 0(By);
(ili) Bi C By yields 0(B1) < 0(Ba); 0(B1 U By) = sup{o(B1), 0(Ba)};
(iv) o(convB) = o(B);
(v) o(B) = o(B).

Definition 2.5 Assume that F : ® — U is a bounded and continuous map such that
® C U. Then F is p-Lipschitz with K > 0 such that

o(F(B)) <Kg(B) forall bounded B C ©.
Also, F is a strict p-contraction if K < 1.
Definition 2.6 A function F is p-condensing if

o(F(B)) <o(B) for all bounded B C © with ¢(B) > 0.
In other words, o(F(B)) > o(B) yields o(B) = 0.

We denote the family of all strict o-contractions IF : ® — U by ¥ C,(®) and the family
of all g-condensing mappings F: © — U by C,(0).
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Remark 1 9 C,(®) C Cy(0), and every F € C,(®) is o-Lipschitz such that K = 1.
Further, we recall that F : ® — U is Lipschitz in the presence of K > 0 such that
||IF(u) - IE‘(:Z)” <Kl|u-u| foralluuec®.

Also, under the condition K < 1, FF is a strict contraction. We recall the following proposi-
tions in [15].

Proposition 2.2 The sum of the two operators F,G : © — U is o-Lipschitz with constants
K; + Ky if and only if F,G : ® — U are o-Lipschitz with constants K;, Ky, respectively.

Proposition 2.3 The mapping I is o-Lipschitz with constant K = 0 if and only if F: ® —
U is compact.

Proposition 2.4 The operator F is o-Lipschitz with constant K if and only if F: ®@ — U is
Lipschitz with constant K.

The next theorem of Isaia [17] plays an important role in achieving our main result.
Theorem 2.7 Let F:E — & be a o-contraction, and
W = {z € & : there exists 0 < A <1 such that z = A\Fz}.
If U C & is a bounded set with r > 0 such that W C B,(0), then the degree
deg(I - AF,B,(0),0) =1 for every A € [0,1].

Therefore, F has at least one fixed point (which is the corresponding solution of the consid-
ered system), and the set of the fixed points of F lies in B,(0).

The following assumptions are needed in the sequel.

(C1) The nonlocal functions g, & for x,u,y,v, € R satisfy
g@) —g)| < Kglx—ul,  [h(y)-hW)| <Kuly—vl with Ky, Kj, € [0,1).

(Cy) With the given constants Cq, Cy, My, My, > 0, and gy € [0,1), for u,v € R, the nonlocal
functions g, & satisfy the following growth conditions:

g@0)] < Colul™ + My, [BOV)| < CulvI™ + M.

(C3) In the presence of constants a, b, My, My,, and ¢ € [0,1), for u,v € R, the nonlinear

functions 64, 6, satisfy the following growth conditions:

|91(t, V)| = a|V|q2 + MHI»

|02(2, )| < blu|™ + M,
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(C4) There exist positive constants Lg,, Lg, such that, for all x,u,y,v € R,

’91(75:}’) - gl(t! V)| S L91 |y - V|1
|92(t)x) - 92(1:; M)| = L92 |9C - Ll|.
3 Main results
The current section is concerned to establish adequate conditions to the toppled sys-

tem (1).

Theorem 3.1 Let6 :] — R be a p times integrable function. Then the solution of the linear

boundary value problem

DPu(t)=06(t), te]=[0,1],pe(1,2],

1 T (2)
Um0 =0, u(®)le1 =0 I7g(u) = —— / (T - 5)" g (u(s)) ds,
I'(y) Jo
is provided by
1 T 1
u(t) = — / (T —s)”flg(u(s)) ds + / G,(t,s)0(s)ds, tel0,1], (3)
I'(y) Jo 0
where G,(t,s) is the Green’s function given by
1 |@E=-spt—td-spl, 0<s<t<l,
Gp(tss) = = — (4)
L@) |1 -sp, 0<s<t<l.
Proof Applying I on D?u(t) = 6(t), by Theorem 2.3 we get
u(t) = co + c1t + IP6(¢), (5)

where co, ¢; are real constants. The conditions u(£);-o = 0, u(£);-1 =0 I-g(u) yield that ¢g = 0

and ¢1 =9 I;.g(u) — IP6(1). Hence, we get
u(t) =t Ig(u) - 1P6(1)] + 76 (2),

-1 1
F(y)/ -5 g s)) S_F—(p)_/ 1 -s)P"0(s)ds

+ F—(p)/o (£ —s)P10(s) ds,

which after rearranging can be written as

T 1
u(t) = %}/) fo (T - 5" g(uls)) ds + /0 G, (t,)6(s) ds. 0
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By Theorem 3.1 the corresponding toppled system of Hammerstein-type integral equa-
tions to the toppled systems (1) is provided by

u(t) = w5 fo (T =) g(u(s)) ds + [ Gy(t,5)61(s, v(s)) ds, ©
v(t) = fo (T = s)*Th(v(s)) ds + fo (£,5)04(s, u(s)) ds,
where G,(t,s) is defined by
Gy(t,5) = 1 |@-s)1T-t1-5)0"1 0<s<t<l, @)
T(@) |1 -s)r, 0<s<t<l
Clearly,
ntlgjx‘G ts)| (1;(2;7_1, ntlgjx‘Gq(t,s)’ = (1;(2:_1, se]j. (8)

Define the operators Fy : U — U, Fy: V — V by

RO - 1 / (T - 51 (1)) ds,

Fy(v)(t) = ﬁ /0 (T - )" h(v(s)) ds

and Gy,Gy: € — £ by

1 1
Ga)(0) = / Gyt (5 V) ds  Galu)(t) = / Gylt,5)0 (5, u(s)) di
0 0
Hence, we have F(u,v) = (F1,F2)(u,v), G, v) = (Gy,Gy)(u,v), and T(u,v) = F(u,v) +
G(u,v). So, the equivalent operator equation to the toppled system of Hammerstein-type
integral equations (6) is given by
(r,v) = T(u,v) = F(ur, v) + G(u, v). 9)

Thus the solutions of system (6) are the fixed points of operator equation (9).

Theorem 3.2 [n view of hypotheses (Cy) and (C,), the operator I is Lipschitz and satisfies
the growth condition given by

||F(u, V) || <Cr ||(u, V) ||q1 + My forall (u,v) e€. (10)

Proof Thanks to hypothesis (C,), we obtain

1 T
|F1(@)(2) - F1(@)(0)| ‘T)’),/o (T -9)" " gw) - g(@)] ds



Ali et al. Boundary Value Problems (2017) 2017:16 Page 8 of 13

which implies that ||F1(u) —TFi(a) || < ngu -ul,

_ KT
where K, = € [0,1).
I'(y+1)
To obtain growth condition, consider
-1 1 ! 1
—8)" " g(u(s)) ds| < —/ (T =) |g(uls))| ds, (11)
‘rm D] =575 ), ()]

which implies that

Y
Foull, < ——[C,llu||? +M,].
(1T 22| _F(y+1)[ ellullt + g]
Similarly, we have
o)
Fyul|, < CulvI® + My,).
IFull, < F(5+1)[ VI + My
Now
T)’ q ’ q
F(u, T [Cul™ + M CulvIe + M
|F@v)|, < F(y+1)[ el + g]+r(8+l)[ VI + My
(I L)+ (LM, TMy
—C||lu||Zt + 1% +
=\ +1) "™ Tp@Ey e Ty+1) TG+1)
< Ce[lul ™ + V7] + My = Cr | (u,v) | + M,
where
TY T8 "M T° My,
c,, Cut =G d Myp-= £ )
max{r(yn) CTG+1) h} FOA TG D TTe O

Theorem 3.3 In view of hypothesis (Cs), the operator G is continuous and satisfies the
growth condition given by

||(G(u, v)|| < Q”(u, V) ||q2 +7Y foreach (u,v) €€, (12)
where Q =n(a +b), n = max{r(pﬂ) @D q+1 } T = n(Mp, + Ms,).
Proof Consider the bounded set B, = {(x,v) € £ : ||(4,v)|| < r} with a sequence (u,,V,)

converging to (#,v) in B,. We have to show that ||G(u,, v,,) — G(u,v)|| — 0 as n — o0o. Let
us take

(1) - G0 < [ [ =9 o) - 16519 s
1
+ f 1= )7 |61(s, va(s)) — 01(s, v(5)) | dsi|.
0

The continuity of 0 yields that 6, (s, v,(s)) — 61(s, v(s)) as n — oo. Thanks to the Lebesgue
dominated convergence theorem, we have fot(t —8)P701(s,v,,) — 61(s,v)| ds — 0 as n — oo.
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Similarly, the same result can be also proved for the other terms. This implies that

||G1(v,,)(t) - Gl(v)(t)H — 0 asn— oo, (13)
and in the same way, we can show that

||(G2(un)(t) - Gz(u)(t)n —0 asun— oo. (14)
Thus, from (13) and (14) it follows that

||(G(u,,, V) (8) = G(u, v)(2) || — 0 asun— oo.

To compute (12) for G, using hypothesis (C3) and (8), we get

1
|G1(V)(t)| = ’/(; Gp(t,s)el(s, v(s)) ds| < l"(p1+ D (a||v||’12 +M91)
and
1
|G (u)(2)| = /0 Gy(t,5)0(s, u(s)) ds| < PR (bllull® + Ms,).

Therefore, we get

|G = [Gm)] + G2
< n(allvl|?> + Mg,) + n(bllu«||> + Ms,)

< nla+b)(IIVI? + 1l ) + (Mg, + Mp,) = 2| @, v)|| + Y. O
Theorem 3.4 The operator G : £ — £ is compact and o-Lipschitz with constant zero.

Proof Consider a bounded set D with a sequence {(u,,v,)} such that D C B, C £. Then,
in view of (12), we have

|G v)| < 2|, v)| + T for each (u,v) €&,

which yields that G is bounded. For each (u,,v,) € D, we claim that, for any £, t, € [0,1],

1

1
/ Gy(t1,5)01 (s, V(s)) ds — / Gy(t2, )6 (s, v(s)) ds
0 0

1 1
/ Gp(t1,8) — / Gp(tz,S)] |91 (S, v(s)) | ds
L Jo 0

|G1Vn(tl) - len(t2)|

IA

[(h-t) [ el ] pa
T /0(1 s ds (a||u|| +M91)

IA

+ Fi(p)[/otl(tl —syHds - fotz(tz -y ds} (allull® + Ma,).
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By simplifying we have

(h-t) # -15)
Fp+l) T(p+1)

|Grva(tr) = Grva(ta)| < |: i|(a||u||q2 +Mg,). (15)

Similarly,

(ti-t) @ -t])
I'g+1) T(g+1)

|Gautn(t1) — Gotn(t2)| < |: :|(19||V||q2 +Mg,). (16)

Now, if f; — £, the right-hand sides of both (15) and (16) tend to 0. Thus, G, G, are
equicontinuous, and therefore G = (G, G,) is equicontinuous on D.

Hence, thanks to the Arzela-Ascoli theorem, G(D) is compact. Also, by Proposition 2.3,
G is o-Lipschitz with constant 0. O

Theorem 3.5 Under hypotheses (C1)-(C3) with Q + Cg < 1, the toppled system (1) has at

least one solution (u,v) € £. Moreover, the set of the solutions W is bounded in £.

Proof By Theorem 3.2, F is o-Lipschitz with constant Cy € [0,1), and by Theorem 3.4 G
is o-Lipschitz with constant 0. Therefore, by Proposition 2.2, T is strictly o-condensing
with constant K. Define

B= {(u, v) € € : there exists A € [0,1] such that (z,v) = AT(u, v)}.
We have to prove that B is bounded in £. Let us consider

|@w)] = [AT@w)] < [T@w)] < (|Fev)| + |G n])
< Cﬂz”(u,v)”ql + Mp + Q”(u,v)“q2 +7T

= (Cr+ Q)| @ v)|® + Mz + Y, where g3 = max{q1,¢>}.

Clearly, ||(#,v)] is bounded. If not, choose ||(%,v)|| = R such that R — oo and 0 < g5 < 1.
Then

||(u, V) || <(Cr+9Q) || (22, v) ||q3 ||(u, V) || +Mp+ 7,

|G, v) |3 JMe+ Y
Il @)l
(C]F + Q)Rq3 M]F +T

1<(Cr+Q)

1< )
S )
Cr+Q Mp+ 7T
5(7§1J_rq3)+ Fé -0 asR— oo,

which is a contradiction. Thus, B is bounded. Therefore, by Theorem 2.7 the operator T
has at least one fixed point, which is the corresponding solution to (1), and the set of the

solutions is bounded in £. O
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Theorem 3.6 Assume that hypotheses (C1)-(Cy) hold. Then the toppled system (1) has a
unique solution if and only if A <1, where

K T” K, T° Ly
= +
C(y +1)

+ L Lo,
ré+1) TIp+1) TI(g+1)

Proof Let (u,v) and (1, V) € € be two solutions. Then

|']I‘(u, v) —T(u, 17)| = }[IF(M, v) + G(u, v)] - []F(L_t, v) + G(u, 17)]|
< |F(u,v) - F(@, V)| + |G(u,v) - G(@, V)

which implies on simplification that

| T (e, v) = T(at, )

K, T” K, T Ly, Ly,
< + + +
y+1) T@B+1) T+l Tg+1)
which in turn implies that ||'JI‘(u, v) = T(i, V) H <A H (u,v) — (1, 7) || 17)

’

) H (u,v) = (i1, 7)

Therefore, the operator T is a contraction. Hence, the uniqueness of a solution to the
toppled system (1) follows by the Banach fixed point theorem. O

4 Hyers-Ullam stability of toppled system (1)
This section is devoted to the investigation of the Hyers-Ullam stability of our proposed
system. We recall the definition of the Hyers-Ullam stability.

Definition 4.1 The system of Hammerstein-type integral equation

() = w5 fo (T =977 gluls) ds + [y Gyt )01 (s, v(s)) s,

t T §5—1 1 (18)
v(t) = 15 Jo (T =97 h(v(s)) ds + [, G4(t,)6a(s, u(s)) ds,

is said to be Hyers-Ullam stable if there exist D; > 0 (i = 1,2, 3,4) such that, forall 1;, 1, > 0
and for every solution (u*,v*) to the system of inequations

|u*(6) - 705 [T =) g (s)) ds + [, Gp(t, )61 (s, v*(s)) ds| <

(19)
VA (E) - s ST (T = 8P h(v(s)) s + [ Gy(t,9)0a(s, w(s)) dis| < o,
there exists a unique solution (x, y) of (18) such that
|x(t) — u*(£)| < D1y + Dy,
(20)

|[y(£) = v¥(£)| < Dshy + Dahs.
Theorem 4.2 Under assumptions (C1)-(Cy), the toppled system (1) is Hyers-Ullam stable.

Proof Thanks to Theorem 3.6 and Definition 4.1, let (x,y) be the exact solution, and
(u*,v*) be any other solution of toppled system (6). Then from the first equation of (6)
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we have

t

T
* -1 *

1
+ / G,(t,s) (91 (s,y(s)) — (s, v* (S))) ds
0

T7K, . Ly,
<ol === ly-v]
I'(y +1) F(p +1)
TV K, L
< Di€1 + Dyey, where D; = £ ,Dy = b . (21)
I'(y +1) F'p+1)
By the same method we can obtain that
T°K; L
|y(£) = v*(¢)| < Ds€1 + Dses,  where D = h b2 (22)

rG+1) ' T(g+1)

Hence, in view of (21) and (22), the toppled system of integral equations (6) is Hyers-Ullam
stable, and, consequently, the toppled system (1) is Hyers-Ullam stable. d

5 Example
Example 1 Consider the following toppled system:

D3 u(t) = =3 COs lv(¥)|, te]l0,1],

CD2v(t) s1n|u( ), te€][0,1],

2 23
uB)l0=0,  u(t)e = ;% ) ﬂﬁfﬁ ds, (23)

5+t

1
1 (1-5)2s
V(t)|t:0 = 0; 3 0 S 4 dS

Thenwe obviously see that C, = Cj, :I( =Ky = l s Mg =My =My =My, =0,a=b=Lg =

Lg, = . It is easy to prove that A = <1 Hence, by Theorem 3.6 the toppled system

15f
(23) has a unique solution. Further, it is also straightforward to prove the conditions of

Theorem 3.5. Also, by Theorem 4.2 the solution of the toppled system (23) is Hyers-Ullam
stable.
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