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1. Introduction
1.1. p-Adic mathematical physics

According to the well-known Ostrovsky theorem, any nontrivial valuation on the field of the rational numbers Q is equivalent
either to the real valuation | - | or to one of the p-adic valuations | - |,, where p is any prime number. This p-adic norm |- |, is
defined as follows: if an arbitrary rational number x # 0 is represented as x = py%, where y = y(x) € Z and the integers
m, n are not divisible by p, then

Klp=p7". x#0. [0],=0.
The norm | - |, satisfies the strong triangle inequality

X+ ylp < max(|xlp, |ylp) (1.1)

and is non-Archimedean. Consequently, it is possible to construct a completion of Q only with respect to the real valuation
|- | or to one of the p-adic valuations |- |p. The field Q, of p-adic numbers is defined as the completion of the field of
rational numbers Q with respect to the norm | - |,.

Thus there are two equal in rights universes: the “real universe” and the “p-adic one.” The latter universe is non-
Archimedean, and in consequence of this has some specific and surprising properties. This leads to interesting deviations
from the classical “real universe.”
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As is well known, during a few hundred years theoretical physics has been developed on the basis of real (and later also
complex) numbers. However, in the last 20 years the field of p-adic numbers Q, (as well as its algebraic extensions) has
been intensively used in theoretical and mathematical physics, stochastics, psychology, cognitive and social sciences, biology,
image analysis (see [5,20-22,24,31-34] and references therein). Thus, notwithstanding the fact that the p-adic numbers were
discovered by K. Hensel around the end of the nineteenth century, the theory of p-adic numbers has already penetrated
into several areas of mathematics and applied researches.

Since p-adic analysis and p-adic mathematical physics are young areas there are many unsolved problems, which have
been solved in standard real setting. Since “p-adic universe” is in a sense dual to the “real universe,” solving such type of
problems is important.

Recall that in the usual (R) case there is a theory of so-called oscillating integrals, which have the form /]'Rn eltf® e (x) dx.
These integrals frequently occur in applied and mathematical physics. The classical problem related to oscillating integrals
is to investigate their asymptotical behavior when the parameter t tends to infinity ([6,14], [18, 7.8]). In the p-adic setting
oscillating integrals were studied in [17,36].

In particular, there are many problems where solutions are obtained as Fourier integrals which cannot be evaluated
exactly. Nevertheless, these solutions are not less important because it is often possible to study the asymptotic behavior of
these integrals [19, 9]. The problem of the asymptotical behavior of the Fourier integrals is related to the well-known Erdélyi
lemma [11,12]. In the one-dimensional case this lemma describes the asymptotics of the Fourier transforms of functions
f(x) defined on R and having singularities of the type x"i‘_l log™ x+@(x), where o > 0 and @(x) is sufficiently smooth [14,
Ch. III, §1]. There are multidimensional generalizations of this lemma ([14, Ch. III], [6, Ch. II, §7], [35]). The above-mentioned
problems are close to the problem of constructing asymptotics of the Fourier transform of distributions

(x £i0)*1 log"(x £i0)p(x), m=0,1,2..., aeC,

where ¢(x) € D(R) and (x % i0)*~1 log™(x & i0) are quasi associated homogeneous distributions of degree oo — 1 and order m
(see [16, Ch. I, §4], and Remark 4.1). These asymptotics were constructed in [7,9,10] (see also [14, Ch. III, §1.6, §8]). In these
papers the following asymptotical formulas were derived:

T(a—1)

_—— A
. dqm—k +i=5 log® |t
(x £ i0)%! 1ogm(xii0)e”xw(x)2nzda%k( ¢ ) g ltl y  —o. (12)
k=0

F(—a+1)/) [t
(x£i0)* log"(x £ i0)e"™ = o(|t| "), t— oo, (13)

for any N € N, where o ¢ N. Some particular cases of these formulas were studied in [19, 9]. In [26], the asymptotic behavior
of singular Fourier integrals of pseudo-functions having power and logarithmic singularities are studied.

In p-adic analysis the last problem have not been studied so far. However, taking into account that p-adic mathematical
physics is intensively developed, studying these type of problems in the p-adic setting is very important.

1.2. Contents of the paper

In this paper the asymptotical behavior of the p-adic singular Fourier integrals
Jna,m;(p(t) = <fna;m(X)Xp(Xt)7 (P(X)> = F[fna;m(/’](t)v [t|p — oo, (1.4)

is studied, where fr,.m € D'(Qp) is a quasi associated homogeneous distribution of degree 7y (x) = |x|‘l’3“1m (x) and order m,
m=0,1,2..., a € C (see Definitions 2.1, 2.2 and Theorem 2.2), ¢ € D(Qy), F is the Fourier transform; 7wy (x), 71(x), and
Xp () are a multiplicative (2.4), a normed multiplicative (2.5), and an additive characters of the field Q,, respectively.

Remark 1.1. (i) Let us note that the linear span of set of distributions mentioned above

AHo(R) = span{(x £i0)* log" (x +i0): @ € C, m € No}
=span{x‘ilogkxi, P(x;"logm’]xi): aeC, a#-1,-2,...,—n,...; n,meN, ke No} CD'(R)

constitutes a class important for application in mathematical physics, Ny = {0} U N. Recall that this class was first intro-
duced and studied in the book [16, Ch. I, §4] as a class of the so-called associated homogeneous distributions. Later associated
homogeneous distributions were studied in the book [13]. Unfortunately, results on associated homogeneous distribution from
the books [13,16] are not quite consistent and have self-contradictory (for details, see [27]). The problems of introducing
of the concept of associated homogeneous distribution for D'(R™) and relating mathematics were studied in [27]. According
to [27], direct transfer of the notion of an associated eigenvector to the case of distributions is impossible for the order m > 2.
Thus there exist only associated homogeneous distributions of order m = 0, i.e., homogeneous distributions (see Definition [16,
Ch. I, §3.11, (1)], [18, 3.2]) and of order m = 1 (see Definition [16, Ch. I, §4.1, (1), (2)]). Moreover, in [27], a definition of
quasi associated homogeneous distribution which is a natural generalization of the notion of associated homogeneous distribu-
tion was introduced and a mathematical description of all quasi associated homogeneous distributions was given. It was
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proved in [27] that the class of quasi associated homogeneous distributions coincides with the class of distributions AHo(R)
introduced in [16, Ch. I, §4] as the class of associated homogeneous distributions.

By adaptation of definitions from [27] to the case of the field Q, (instead of the real field), a notion of the p-adic
quasi associated homogeneous distribution was introduced in [1,2] by Definition 2.2. (In [1,2] these new distributions were
named as associated homogeneous distributions.) In [1,2] a mathematical description of all p-adic quasi associated homogeneous
distributions fr,.m was given (see Theorem 2.2 and formulas (2.9), (2.12)).

(ii) Note that associated homogeneous distributions from D’(R) are parametrized by o € C and m € Ny, while associ-
ated homogeneous distributions from D’(Qp) are parametrized by « € C, m1(x), and m € Ng (cf. [27, Definition 3.3] and
Definition 2.2).

In Section 2, some facts from p-adic theory of distributions are presented. In particular, the results on quasi associ-
ated homogeneous distributions [1,2] are given in Section 2.2. In Section 3, a definition of the stable p-adic asymptotical
expansion is introduced. This concept is relevant for p-adic asymptotic analysis (see below). In Sections 4, 5, we prove
Theorems 4.1, 4.2, 5.1 which describe the asymptotical behavior of the p-adic singular Fourier integrals (1.4). Here the
sequence

{Itel, % logh ¥ [tlp: k=0,1,2,....m}, |t], —> oo

is an asymptotic sequence, and any coefficient of the asymptotic expansion is proportional to the Dirac delta function. Here
we note that, although statement of Theorem 4.1 can be obtained as a corollary of Theorem 5.1, we prove these theorems
separately to demonstrate different methods for calculating p-adic asymptotics. In Section 6, by Corollary 6.1 a p-adic
version of the well-known Erdélyi lemma is given. This lemma is a direct consequence of Theorems 4.1, 5.1 for the case
Rea > 0. In Section 7, auxiliary lemmas are proved.

The asymptotical formulas (4.1)-(4.4), (4.15)-(4.18), (5.1)-(5.4) obtained by Theorems 4.1, 4.2, 5.1 are p-adic analogs of
formulas (1.2), (1.3). However, in contrast to (1.2), (1.3), p-adic asymptotical formulas (4.1)-(4.4), (4.15)-(4.18), (5.1)-(5.4)
have a specific property of the stabilization. Namely, the left- and right-hand sides of these formulas are exact equalities for
sufficiently big |t|, > s(¢), where s(¢) is the stabilization parameter (see Definition 3.3 and Remark 4.1). The stabilization
parameter s(¢) depends on the parameter of constancy of the function ¢ (see (2.1)) and the rank of the character mq(x)
(see (2.6)). Asymptotics of this type we call stable asymptotical expansions (see Definitions 3.1-3.3). This p-adic phenomenon
is quite different from the “real asymptotic properties.” It was first discovered in our paper [3, Theorem 5.1], where some
weak asymptotics were calculated.

This asymptotic stabilization property is similar to another p-adic phenomenon: if lim,_, oo Xy = X, Xn, X € Qp, |X|p # O, then
limp— o0 [Xnlp = |X|p and the sequence of norm {|x,|p: n € N} must be stabilize for sufficiently large n. Indeed, since |x, —x|p < |X|p
for sufficiently large n, according to the strong triangle inequality (1.1), we have

[Xalp =|(xa — ) +x]p = max(|x, — X|p, [X|p) = |x|, for sufficiently large n.

It may well be that stabilization is a typical property of p-adic asymptotics.

It remains to note that Theorems 4.1, 4.2, 5.1 are the Abelian type theorems. Theorems of this type are inverse to the
Tauberian theorems (see [30] and the references therein). For the p-adic case Tauberian theorems for distributions were first
proved in [4,23]. In this paper we study the asymptotical behavior of the singular Fourier integrals [z, m;o(t) = F[g2(X)](t),
where the functions g(x) = |x|‘;,“l logg' |x|p71(X)@(x) admit the estimate g(x) = O(|x|‘;§‘1 log’;’ [X[p), 1x]p = 0. If @ # 0, ac-
cording to Theorems 4.1, 5.1, we have

Jreg.m:p(®) = O(It];% logy It1p), It]p — oo,

This connection between asymptotical behavior of g(x) and Jx, m;,(t) is a typical Abelian type theorem.

The results of this paper allow a development of an area of p-adic harmonic analysis which has not been studied so far.
In addition, a new technique of constructing p-adic weak asymptotics is developed. Moreover, a new effect of the p-adic
asymptotic stabilization is observed.

Since the asymptotical formulas for the Fourier transform of quasi associated homogeneous distributions from D’(R)
have many applications (see, for example [10,28,35]), we hope that their p-adic versions may be also useful in the p-adic
mathematical physics.

2. Preliminary results in p-adic analysis
2.1. p-Adic functions and distributions

We shall use intensively the notations and results from [31]. Denote by N, Z, C the sets of positive integers, integers,
complex numbers, respectively, and set No = 0U N. Denote by Q} = Qp \ {0} the multiplicative group of the field Qp.

Denote by By (a) ={x € Qp: |x —alp < p”} the ball of radius p” with center at a point a € Qp and by S, (a) = {x € Qp:
|x—alp =p”} =By (a)\ By_1(a) its boundary (sphere), y € Z. For a=0 we set B,,(0) =B, and S, (0)=S,,.

On Q, one can define the Haar measure, i.e., a positive measure dx which is invariant with respect to shifts, d(x+a) = dx,
and normalized by the equality f\s\pgl dx=1.
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A complex-valued function f defined on Q, is called locally-constant if for any x € Q, there exists an integer I(x) € Z
such that

fx+x)=f®, X €By.

Let £(Qp) and D(Qp) be the linear spaces of locally-constant C-valued functions on Q, and locally-constant C-valued
functions with compact supports (so-called test functions), respectively. According to Lemma 1 from [31, VI1], for any
¢ € D(Qp) there exists | € Z, such that

ox+x)=¢x), X e€B, xeQp. (2.1)

The largest number [ = I(¢) for which the last relation holds is called the parameter of constancy of the function ¢. Let us
denote by Dg\l (Qp) the space of test functions from D(Qp) with supports in the disc By and with parameter of constancy

> I. The following embedding holds: D} (Qp) € Dk, (Qp), N < N’, [ > 1. Here D(Qp) = limy_, o ind Dn(Qp), Dn(Qp) =
lim_, _ ind Df\,((@p). Denote by D'(Q,) the set of all linear functionals on D(Q)).

Denote by Ag(x) c'=ef(2(p*"|x|p) the characteristic function of the ball By, k € Z, x € Qp, where

1, 0<t«<1,
0, t>1.

22t = {
If feD'(Qp), ¢ € D(Qp), then the convolution f ¢ € £(Qp) and [31, VII, (1.7)]

(f*) X =(f©). px—8)). (2.2)
The Fourier transform of a test function ¢ € D(Q)) is defined by the formula

F[‘P](f):/Xp(EX)‘P(X)dXv £e€Qp,

where the function xp(£x) = e?* 6% for every fixed & € Q, is an additive character of the field Qp, {£x}, is the fractional
part of the number &x [31, VIL2, VIL3].

Lemma 2.1. (See [29, 1lI, (3.2)], [31, VII.2].) Fourier transform is a linear isomorphism D(Qp) into D(Qp). Moreover,
9 eDyQp) iff Flple D' (@p). (23)

We define the Fourier transform F[f] of a distribution f € D'(Qp) by the relation [31, VIL3], (F[f1, ¢) = (f, Fle]) for
all ¢ € D(Qp).
Any multiplicative character (see [31, IIL.2]) m of the field Q, can be represented as

70 (0 = X2 T (0, xe Q. (2.4)
where 7 (p) = p'~% and 71 (x) is a normed multiplicative character such that

m@=mi(xlpx), mpE)=mD=1, |[mE|=1 (255)
We denote 7o = x|, .

Lemma 2.2. (See [29, 1.7], [31,1I, (2.2)].) Let Ao = So = {x € Qp: |x|p =1}, Ak=B_ (D) ={xe Qp: [x—1|p < p"‘}, keN. Ifmy is
a normed multiplicative character (2.5), then there exists k € Ng such that

Tix)=1, x¢€Ag. (2.6)
The smallest kg € Ny for which the equality (2.6) holds is called the rank of the normed multiplicative character 71 (x). There

is only one zero rank character, namely, 71(x) = 1.
Let us introduce the p-adic I'-functions (see [31, VIII, (2.2), (2.17)]):

e 1— a—1
rp(a)d:frp(mg—l):/|x|g—1xp(x)dx:$, 2.7)
Qp
rp ) & Flmad(1) = [ 13m0 0 . (28)
Qp

Here the integrals in the right-hand sides of (2.7), (2.8) are defined by means of analytic continuation with respect to «.
According to [29, IIl, Theorem (4.2)], I'-function (2.8) can be also defined as improper integral limy_, o fp’kg\xlpépk -dx.
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2.2. Homogeneous and quasi associated homogeneous distributions

Let us recall some facts on p-adic homogeneous and quasi associated homogeneous distributions.

Definition 2.1. (See [15, Ch. II, §2.3], [31, VIIL1].) Let m, be a multiplicative character (2.4) of the field Qp. A distribution
f € D'(Qp) is called homogeneous of degree m, if for all ¢ € D(Qp) we have

<f, w(’f)) =T Oltlp(f. @), VEeQ],
e, f(tx) =my () f(x), t € @;.
The following theorem gives a description of all homogeneous distributions.
Theorem 2.1. (See [15, Ch. II, §2.3], [31, VIIL1].) Every homogeneous distribution f € D'(Qp) of degree my has the form

(@) Crry if Ty # 70 = |x|;];
(b) Céifmy =m0 = \xl;l, where C is a constant.

Definition 2.2. (See [1,2].) A distribution f, € D'(Qp) is said to be quasi associated homogeneous of degree 7, and order m,
m € Ny, if for all ¢ € D(Q,) we have

m
X .
<fm, w(;)> =T O[]y @)+ Y Ta (OIt]p10g) It1p(fm—j @), VE€Qp,
j=1
where fp,_j € D'(Qp) is an associated homogeneous distribution of degree m, and order m— j, j=1,2,...,m, ie,
m .
fn(00) =70 (6) frn (0 + > 70 (t) 1083 |t]p fin—j ().
j=1

If m =0 we set that the above sum is empty.

The class of quasi associated homogeneous distributions of order m = 0 coincides with the class of homogeneous distribu-
tions.

Theorem 2.2. (See [1,2].) Every associated homogeneous distribution f € D'(Qp) of degree my (x) and order m € N (with accuracy
up to an associated homogeneous distribution of order < m — 1) has the form

(a) Crra(x)logy [X|p if o # 70 = |xI, 15
(b) CP(Ix|,! logZ“‘1 |XIp) if e = 770 = |X|,;!, where C is a constant.

According to the papers [1,2], an associated homogeneous distribution of degree my (x) = \xlg”n] (X) # mo(x) = |x|;1 and
order m € N is defined as

(e () I0g [X], 9 ) = f X171 () Tog! 1 (9 (9) — 9(0)) dx + / 1619171 (6) log!? |0 () dx

BO Qp\BO
0O [ 1m0 log] Iy . (2.9)
Bo
for all ¢ € D(Qp), where
_ d™lo(a) 0, mT1(x) #1,
S — 1 _ 0 _ ,
Io(a,m)_/|x|‘; m1(x) log' |x|p dx =log)' e T _logg‘e{(ﬁx_mm(}g_;)’ TR =1, (2.10)
Bo

where the integral

0, mTi(x) #1,
1

A
ﬁs mE) =1,

Io(d)z/le‘;”m(X)dX={ (2.11)
Bo
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is well defined for Rea > 0, and for o # oj = i je7 (211) is defined by means of analytlc continuation.

“Inp
According to the same papers, an associated homogeneous distribution of degree 7o (x) = ||, p and order me N is defined
as
logy " |x] logy ™" || logy " |x|
<P<P—") <p> = / ——P(p(x) — (0)) dx + / —2Pox)dx, (2:12)
Ixlp Ixlp Ixlp
Bo Qp\Bo

for all ¢ € D(Qp).
3. p-Adic stable distributional asymptotics

Let us introduce a definition of the distributional asymptotics [8] adapted to the case of Q,.

Definition 3.1. A sequence of continuous complex-valued functions (t) on the multiplicative group Qj is called an asymp-
totic sequence, as |t|, — 0o if Y1 () =o(Pi (), |t|p — oo forall k=1,2,....

Definition 3.2. Let f(x,t) € D'(Qp) be a distribution depending on t as a parameter, and Cy(x) € D'(Q)) be distributions,
k=1,2,.... We say that the relation

FD Y YD), Itlp — oo, (31)

k=1
is an asymptotical expansion of the distribution f(x,t), as |t|, — oo, with respect to an asymptotic sequence {(t)} if

oo

(Fx. 0. 0®)~ Y (C®). @@(®).  [tlp — 00, (32)

k=1
for any ¢ € D(Qp), i.e.,

N
(F.0.0@) = > (C®). @) = o(¥n (D). It — oo,
k=1
for any N.

Definition 3.3. Suppose that a distribution f(x,t) € D'(Qp) has the asymptotical expansion (3.1). If for any test function
¢(x) € D(Qp) there exists a number s(¢) depending on ¢ such that for all |t], > s(¢) relation (3.2) is an exact equality, we
say that the asymptotical expansion (3.1) is stable and write

F =Y Gy, |tl, — oo. (33)

k=1
A number s(¢) is called the stabilization parameter of the asymptotical expansion (3.1).

4. Asymptotic formulas for singular Fourier integrals (the case 71 (x) =1)
4.1. The case fr,.m(x) = |x|‘;,“1 log’;} |X|p, ¢ #0,m=0,1,2,...
Theorem 4.1. Let ¢ € Dﬂ\,((@p). Then the functional ]y, m.,(t) has the following asymptotical behavior:

(a) Ifm =0, then

Cp(a)
by

Jr. 00 (®) = (XI5 ™" xp (X0), (%)) = (0) ltlp>p~, (41)

the I'-function I"y () is given by (2.7), i.e., in the weak sense

Ip(@)

Itlp

XI5~ xp (%) = 8(x)

(b) Ifm=1,2,...,then

kT (@) logy el

ok T ltlp > p~, (43)
D

ot mip(®) = (XI5~ logy! X1 xp (%), 9 (%)) = 9 (0) ZC" logh e
k=
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i.e., in the weak sense

kT () logl ¥ It
dock kg

m
X1 logy |x]pxp(xt) =8(x) Y Ch logh e
k=0

|t]p — o0, (4.4)

with respect to an asymptotic sequence {|t|;°‘ logg"k [t|p: k=0,1,...,m}.

Thus for any ¢ € D(Qp), relations (4.1), (4.3) are exact equalities for sufficiently big |t|, > p~, i.e, these asymptotical expansions
are stable with the stabilization parameter s(¢) = p~L

Proof. Let Rea > 0. In this case |x|%~ " log] [x[,@(x) € £(Qp), and the integral

Jrtamip® = (IX15 7 logl) |X] xp (D), 9 (X)) = f Ix15 " logly x| xp (XD @ (x) dx
Qv
converges absolutely. Hence, according to the Riemann-Lebesque theorem [31, VIL3], Jz, m;o () — O, as |t|, — oo. More
precisely, since ¢(x) € Dl v (Qp) then, in view of Lemmas 7.1, 7.2,

Jnamtﬂ(t)—¢(0)|t| chl g* ogp “Itlp, Vit >p~. (4.5)
P k=0

Thus relations (4.1)-(4.4) hold.
Let Rea < 0. In this case we define the functional Jr, m;,(t) by the analytical continuation with respect to «. According
0 (2.9), (2.10):

Jrtamip@® = (IX15 7 logl)! |X] xp (x0), @ (%)

- f X1 Tog! [xl xp (40 ((X) — (0)) dx + / X1 log ] xp (XE)p (0 dx
Qp\Bo
00 [ 137" log] 1l 00 d, (46)
Bo

for all ¢ € D(Qp), where the last integral in (4.6) is defined by means of analytic continuation with respect to c.
Since ¢ € Df\,((@p), it is natural to rewrite functional (4.6) as the following sum:

Jaamip®© = I g @ + I g © + 90 3 1 (0), (47)
where
Proimeg ©= [ 145 108 15 1500 () = (00 (48)
S mo®© = f XI5~ logly Ix]p xp (XO@ (x) dx, (4.9)
Qp\B,
Jym® = / XI5~ log} [x] Xp (xt) dx. (410)
By

Here integral (4.10) is defined by means of analytic continuation with respect to «.
For Re > 0 and m = 0, according to (7.4), integral (4.10) is equal to

_ _ 1-p' (@)
I o =F[IxI5 " a0)]®) = / Xp@)[x|5 dx = TP A+ l" e (1-24.0). (4.11)
By b
For any o #aj = lzrfp’] j € Z we define jo .0(t) by means of analytic continuation with respect to «.

Differentiating relation (4.11) with respect to o, we obtain

dm
J 50 m® = F[IxI5 ™ og] xIp 41(0](©) = / Xp@0IXI5 ™ logy x|, dx=logy e~ T3 o(0)
By

a0 =P N iogretr(1-4 ) k1o ()l mk ¢ (412
= A0 -p7) o e oghe+(1— A0 ItI%Z i logy X Itlp, 12)
k=
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Note that by using formulas from [15, Ch. II, §2.2], [31, IV], relation (4.12) can be calculated explicitly.
According to (4.12), we have

o d T ()
19 n®=—5 TE Z Ch i logy~“Itlp, Itlp > p". (413)
Pk

Since ¢ € Df\,(Qp), it is clear that the functions

x5! log} 1] (9 (%) — ©(0)) A(x) =
X%~ log}y 1X]pp(x) (1 — AI(x)) € Dy (Qp).
Thus for their Fourier transforms, according to (2.3), we have
Jrmip® = f X%~ Tog [x1p Xp (x0) (9 () — 9(0)) dx =
By
Lo mp® = / X%~ logl)! |X] Xp (XD @ (x) dx =0, (4.14)
Qp\Bl
for all |t]p > p~L. Thus for Rea < O relations (4.7), (4.14), (4.13) imply (4.1)-(4.4). O

4.2. The case fry;m(X) = P(

log’,{'\x\p _
Ny )ym=0,1,2,...

Theorem 4.2. Let ¢ € D n (Qp). Then the functional ], m;,(t) has the following asymptotical behavior:
(a) Ifm=0, then

1
]no,o;go(t)=<1’<| 0 )xp(xo so(x)) "’(O)(_E_( —E)Iog,J(' "’)), ltlp > p~", (4.15)

i.e., in the weak sense

( ! )X (xt)_(S(x)(—l—(l—l)log (ﬂ)) [tlp, = 00 (4.16)
xlp )7 p p) P\pt)) TP T '

(b) Ifm=1,2,...,then

log? x|
Jno,m;¢(r)=<P< P ")xp<xt>,<p(x)>
x| p

1 m
=(0) { E(—l)’”“ (log, [t]p, — 1)

1 1
+ (1 — —) (( 1)m+1 (10gp+1 Itlp — (_l)m+1) _ (_l)mC}nHB] (logg ] — (—l)m)

p/m+1
m
+ Y (D)™ By (logh T e — (l)”””)) } ltlp > p~, (4.17)
r=2
where the Bernoulli numbers B, r =0, 1, ..., m are defined by (7.7), i.e., in the weak sense,

log}y |x| 1 "
P( p P>Xp(xt) =8(X){—E(—logp Itlp + 1)

1X]p

1 1
" (1 - E) +1 (( D™ (logh ™ it — (=D™) — (=1)™Cp 1By (logy [t], — (—=D™)

m
+Y (=™ By (logp f|t|p—(—l)r"+”)>}, It]p — oo, (418)
r=2

with respect to an asymptotic sequence {logg”rl’k tlp: k=0,1,...,m+1}.
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Thus for any ¢ € D(Qp), relations (4.15), (4.17) are exact equalities for sufficiently big |t|, > p~! i.e, these asymptotical expansions

are stable with the stabilization parameter s(p) = p~.

Proof. According to (2.12), we have

log}' |x|
Jromip(t) = <P("—‘“>xp (xt), ¢<x>>
1X|p
log™ log™
=/ Oﬁil‘xb((p(x)xp(xt)—go(O))dx+ / 0g|p||X|po(xt)go(x)dx, (4.19)
Bo P Qp\Bo P

for all ¢ € D(Qp), m=0,1,2,....
Since ¢ € Dﬁ\,((@p), it is natural to rewrite the functional ]y, m;,(t) in the form of the sum of integrals:

Jromip® = I3 g © + T2 s (O + 9(0) 5 (0, (4.20)
where
log} ||
Jromip® = f |” I 2 xp a6 (%) — 9(0)) dx, (4.21)
B b
log™ |x|
Loy me® = / g&' 2 Xp ()@ () dx, (4.22)
Qp\Bl P
log} ||
Bom®= [ =2 () — 1) (423)
p
By

Since ¢ € D (Qp), it is clear that

l m

%8 Xy (9(x) — 9(0)) A(x) =0,
1x]p

log™ ||
|f<|p 2o (1 - A(®) € DY(@Qp).

Thus as above, according to (2.3), for their Fourier transforms (4.21), (4.22) we have

Jomo® =12 mp® =0, Vitlp>p~. (4.24)

Let us calculate integral (4.23). Suppose that |t|, = M M > —I.
We start with the case m = 0. Taking into account that —M + 1 <, according to formulas from [15, Ch. II, §2.2], [31, IV],

we have

l
t) —1
J?m,om:fde: > p*Vf(xpoct)—l)dx

X
B lp y=-o Sy
d 1
— _pCMFD p=M+1-1 Z pY (1 _ _>py
y=—M+1 p
1 1 1 1 t
(1= Y= (12 (), s)
p p p p p~
Relations (4.24) and (4.25) imply that
1 1 Itlp _
Jmo0p(®) = (0><———<1——>log (—)) It > p. (4.26)
70,059 @ P D P\ p-1 p

Note that the last relation can also be proved if we use the representation of functional (4.19) in the form of convolution
Jromyp () = F[P(ﬁ)](t) * Flp(x)](t), and formula [31, IX, (2.8)]:

1
)—p”a(t).

F[(1—p~")log, xI,] () = —P(—
[tp
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In the case m=1,2,..., for |t|, = pM, M > —I, using formulas from [15, Ch. II, §2.2], [31, IV], we obtain

1 m
jgo,m(t) = / ng—lxlp(xp(xt) —1)dx

|X|p
B

1
= Z p‘Vym/(Xp(xt)—l)dx

=—00
v Sy

__p7(7M+1)(_M+])mp7M+171_ Z p yy ( ) 14

y=—M+1

:_%(_M+1)’"—<1——> Z y™ (4.27)

-M+1

Next, using formulas (7.8), (7.9), relation (4.27) can be easily transformed to the following form

1 1
Joom® = _E(_M + 1" - (1 - E)(Sm(l) —Sp(—M))

1
=——(C=M+1D"

p

1 1
+(1_E)m_—H<(_M)m+1_lm+1 C1+1B1(( M) _lm +Zcm+lBT(( M)m+1 r Im-H r))
r=2
_ 1 1™ (1 t 1)m 1 1 1 ]m+ll m+1t 1 m+1
—*E(*)(ngHp*) + *E po——T (=1 (ng |tlp —log, ™" p~ )
m
— (=1)"Cp,1B1 (logy [tlp —logy p~') + Y (=)™l By (logy ™ t], — logp ! p~ ’)), (4.28)

where the Bernoulli numbers B, r =0, 1,...,m are defined by (7.7), the polynomial Sy, ()p) is given by (7.8).
Relations (4.20), (4.24), (4.28) imply

1
Jrpmip (O = go(O){ (D" dog, lelp — )"

1 1
+(]_E>m+1<< 171 (log Il —log]™! p™) — (~1"C}, 1B (log el — log] p~)

m
+ Z(_])m—o—l—rcr lBr(logm+1 r |l'|p _ lOggH'l_rp_l)) }’ (4.29)

for all [t|, > p~!
Thus relations (4.17), (4.18) hold. O

Corollary 4.1. If « = 1, then relations (4.1), (2.7) imply the statement (2.3) of Lemma [31, VIL.2].

Remark 4.1. The asymptotical expansion (4.4) can be represented in the form

_ gy Itlp _ _
Ix[% 1log';;|x|pxp<xt>:a<> |r|“ ZAk(aﬂog “Itlp +o(log, N Itlp) ). Itlp — oo, (4.30)
p

where Ap() is an explicit computable constant, k =0, 1,.... Here a stabilization property is expressed be the following

assertion: for N > m and for enough large |t|, the remainder disappears and the asymptotic expansion turns to an exact equality .
The same remark is also true for the case of asymptotical expansions (4.18).

2 We emphasize the representation (4.30) after a remark of the anonymous referee of this paper.



180 A.Yu. Khrennikov, V.M. Shelkovich / J. Math. Anal. Appl. 350 (2009) 170-183

Remark 4.2. Since ¢ € Df\, (Qp), to calculate asymptotics of the functionals Jy, m;e(t) and Jzy m;e(t) (for the case m1(x) =1,
o #0), it is natural to represent these functionals as the sums of integrals (4.7) and (4.20), respectively. However, we can
represent these functionals as the sums of integrals

Ty mip®© = / XI5 ™" (%) log}y X1 xp (x0) (9 (%) — 9(0)) dx, 431)
BIO
P ®= [ 15 g Ixxp (0 (0 d. (4.32)
Qp\By,
12, m(© = [ 141508} Ity (x) d, (4.33)
BIO

where Iy € Z. For example, we can choose lp =0, as in the standard representations (4.6) and (4.19). In this case

IXI% " log 1, (0(%) — 9(0)) Ay (%) € DR (@),
XI9~ log |x| @ (0) (1 — A, () € D™ (@p).

and, as above, according to (2.3), Aj;a’m;w(t) = 7727a’m;g0(t) =0 for all [t|, > p™*(=L=h) Thus repeating the above calculations
almost word for word, we obtain the asymptotic formulas from Theorem 4.1. However, in this case the minimal stabilization
parameter is equal to s(p) = p™ax(-l.—lo),

The same remark is also true for the case of Theorems 4.2.

5. Asymptotic formulas for singular Fourier integrals (the case 71 (x) # 1)

Now we consider the case of distributions fr,.m(x) = |x|‘1’,‘*17'r1 (x) log’;1 [X]p, m=0,1,2,....

Theorem 5.1. Let ¢ € Dﬁv(@p), and let ko > 0 be the rank of the character 71(x). Then the functional ], m.,(t) has the following
asymptotical behavior:

(a) Ifm=0, then

U'p (7Ta)

T o, 5.1
dem@ 7P G-

Jr2.0:0(®) = (IXI5 ™1 701 (%) Xp (x0), (%)) = 9(0)

forallg e Df\, (Qp), where the I'-function I (1) is given by (2.8), i.e., in the weak sense

U'p(7Ta)

, ot . 5.2
e P (5:2)

XIS~ 701 (%) xp (XE) = 8(x)
(b) Ifm=1,2,..., then

Jrtamip®) = (X%~ 711 (0) logl} 1X]p xp (x0), @ (%)

m k m—k
d*Tp (7zq) logp " ltlp _
=(0) > Cplogye—"r2 P . |t]y > pHho, 5.3
o( )k:O mlogye— 7 971 (O [tlp>p (5.3)
forallp € Dg\l (Qp), i.e, in the weak sense
m k m—k
_ d*Tp (o) logp " Itlp
a—1 m _ K 1ok p o P
XI5~ r1(x) logy 1x]p xp (xt) = 8(x) kE_O Cmlogpe 1ok 870 |t]p = o0, (5.4)
with respect to an asymptotic sequence {7r0;1_1 ) logg_" tlp: k=0,1,...,m}.

Thus for any ¢ € D(Q)), relations (5.1), (5.3) are exact equalities for sufficiently big |t|, > p~ttko je, these asymptotical expan-
sions are stable with the stabilization parameter s(¢) = p~'tko,

Proof. Let m = 0. Taking into account formulas [31, VII, (3.10), (5.4)], the functional J, 0., (t) can be rewritten as a convo-
lution:

T 00 ®) = (XI5 11 (%) xp (x0). @) = F[[xI5 ™ 1 (09 ()] (6) = F[1X(9 ™ 1. (0] (0) % 9 (0). (5.5)



A.Yu. Khrennikov, V.M. Shelkovich / J. Math. Anal. Appl. 350 (2009) 170-183 181
where ¥ (§) = F[@(x)]1(§) and according to [31, VIII, (2.1)],

FIXIS ™ 1 (0](6) = Tp(ra)tl, * ;' (0). (56)

Since ¢(x) € DﬁV(Qp) then, in view of (2.3), ¥ (&) € D:IN(QP). If |t]p > p‘l, according to (5.6), (2.2), relation (5.5) can be
rewritten as

T 000 = Tp(T2) / It — £ (€ — £ (€) de. (5.7)
Qp

Since [t|p > p~!and £ € B_, the last integral is well defined for any «. Moreover, we have |t — &lp = |t]p for |t|p > p,
& € B_,. Thus relation (5.7) can be transformed to the form

Ja.0:0 (0 = Tp(IE T OW©), el >p~, (5.38)
where
lI/(t):/rr]_l(l - %)w(g)dg. (5.9)
By

Let ko be the rank of the character 71(x) # 1. In is clear that if |t|, > p~!*ko then the inequality |%|p < p~*o holds for

all & € B_y. Thus in view of (2.6), we see that 77 '(1 — %) =1 for all £ € B_; and ||, > p~"**o. Next, applying an analog
of the Lebesque theorem to limiting passage under the sign of an integral to (5.9), and taking into account that | (x)| =1
and

/w(é)d§=/1/f(5)d§=<ﬂ(0),

B—l Qp
we see that (5.8), (5.9) imply relations (5.1), (5.2) for all [t|, > p~ko,
Ifm=1,2,..., differentiating (5.8) with respect to «, we obtain
dm u d“rp () _ _ _
Jremip(©) =108y~ Jrg 020 (1) = > Chloghe #mp“ log ¥ |tlpm T (OW ©), Ity >p. (5.10)
k=0

Just as above, since ¥ (t) = ¢(0) for [t|, > p~'*ko, relation (5.10) implies (5.3), (5.4). O

The analogues of Remarks 4.1, 4.2 are also true for the case of Theorem 5.1.
6. p-Adic version of the Erdélyi lemma

Theorems 4.1, 5.1 for Rea > 0 imply the following p-adic version of the well-known Erdélyi lemma.
Corollary 6.1. Let ko be the rank of the character 71, and ¢ € Dﬁv(@p). Then forReae >0,m=0,1, 2, ..., we have

kT (1) logly ¥ It
dak  Jtlgm@©

m
f XI9~ 171 () logly [X]p xp (XD@(x) dx = (0) Y _ Ch logf e It > p~tHo.

Qp k=0

Moreover, for any ¢ € D(Qp), the last relation is a stable asymptotical expansion.
7. Some auxiliary lemmas
Lemma 7.1. Let ¢ (X) € Df\,((@p) and ¥ (t) = F[|x|‘;‘¢(x)](t), Rea > —1. Then

e D (@p), ltl, <p~,

_ 7.1
PO+ D, Ity >, (71)

1/f(t)={

where I'p () is given by formula (2.7).
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Proof. Since Rea > —1 the integral ¥ (t) converges absolutely. We rewrite it as the sum v (t) = ¥ (t) + ¥2(t), where

1o = [ teolgeed 0= [ xpeonerd

B Qp\B;

If x € Qp \ B; the function |x|‘; has a parameter of constancy >, i.e., |x|‘l’§¢(x) € va. Hence according to (2.3),

Ya(t) = F[IX% (1= 40)p®)]®) e D",
ie. Y2(t) =0 if [t|, > p~.
Since ¢(x) € Df\, (Qp), the function 1 (t) can be rewritten as
1© = [ @0l e dx =90 [ xpeolxigdx.
By By

Next, according to [31, VIL.2, Example 9] and (2.7), for Rea > —1 we have

1—p! Iyl +1)
F[IxI% A10](0) = f Xp(EOIXI dx = ﬁ_"wmp“w”mm +2 e (1-440).
p

By

To complete the proof of the lemma, it remains to use (7.2)-(7.4). O
Lemma 7.2. Let ¢(x) € Df\,((@p), Y (t) = F[|x|‘l’3‘ log’;1 [X|pp(®)](t), Rea > —1,m=1,2,.... Then
€D (@p), Ity <p~,

k _d" kT, (@+1) logh It] _
¢(0) XokLo Cpy logy ™ e=—oh5— |t|(x+1p7 Itlp > p~".

V()=

Proof. Since Rea > —1, by differentiating the identity (7.4) with respect to o, we derive the following identity:

F[IxI} logy [xIpA1(0)] () = f Xp (EX)|x|} logy x| p dx

By
dm pl(a+1)
=(1-p7")logy'e o m(m)A—'@

m m—k k

Iy +1) logy It
k m— k p p

+(1—A_l(f))§ Cpy logy dom—K atl
k=0 o Itlp

where Cfn are binomial coefficients, I'y () is given by formula (2.7).
Next, repeating the constructions of Lemma 7.1 practically word for word, we obtain the proof of Lemma 7.2.

Now we introduce the well-known relation, which we shall need to calculate some integrals.
Recall that the Bernoulli numbers are defined by the following recurrence relation

Bo=1, Zc;s;o.

g~

In particular, Bl_—— Byj—1=0,j=2,3,. BZ:%,B4:—

Proposition 7.1. (See [25].)

Ss(v0) = Zy = +1Zc+1sr v g

= 7 (0" - GBS + CBayg T o+ CuBivo), o> 1,

where B, are the Bernoulli numbers,r =0,1,...,s,5s=0,1,2,....

One can consider the right-hand side of Ss()p) as a polynomial with respect to yp.

(7.2)

(7.3)

(7.4)

(7.6)

O

(7.7)

(7.8)
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Lemma 7.3. (See [1,3].) If we consider Ss(p) as a polynomial with respect to yg then for yo < —1,5=0, 1,2, ..., we have

0
Y. v =-S(0). (7.9)
y=yo+1
Proof. To prove the lemma we rewrite the last sum by using relation (7.8) as

—v—1

Zy—(l)SZy

y=vo+1

= s+1(<yo+1)5“—( DCL B0+ 1D +C2Ba(yo + DS+ + (= 1°CS4Bs(o + 1)) (7.10)

Using (7.7), it is easy to see that the coefficients of y5+1, V5 yos_ in the last sum are equal to 1, Cs+1 + CS+1B1 =
CH]Bl, and CS“ +CS+1B1C +C5+1Bz = Cs+1B2' respectively. Taking into account relation (7.8) and the relation By,_; =0,

j=2,3,..., we calculate the coefficient of y -

- 1-j 1 ~j+1
Cs+1+csl+1Blcs T+ C2BaC T — OB o+ (DI BT T+ (- B

]+1 JHlp . il
Conn Z o +1Br + G Bjr = Gy By,

j=2,3,...,5s— 1. The coefficient of yé’ is equal to Zi:o B, = 0. The lemma is thus proved. O

s+1
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