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a b s t r a c t

Two families of finite element models of anisotropic, aluminum alloy, open-cell foams are developed and
their predictions of elastic properties and compressive strength are evaluated by direct comparison to
experimental results. In the first family of models, the foams are idealized as anisotropic Kelvin cells
loaded in the <100> direction and in the second family more realistic models, based on Surface Evolver
simulations of random soap froth with N3 cells are constructed. In both cases the ligaments are straight
but have nonuniform cross sectional area distributions that resemble those of the foams tested. The lig-
aments are modeled as shear deformable beams with elasto-plastic material behavior. The calculated
compressive response starts with a linearly elastic regime. At higher stress levels, inelastic action causes
a gradual reduction of the stiffness that eventually leads to a stress maximum, which represents the
strength of the material. The periodicity of the Kelvin cell enables calculation of the compressive response
up to the limit stress with just a single fully periodic characteristic cell. Beyond the limit stress, deforma-
tion localizes along the principal diagonals of the microstructure. Consequently beyond the limit stress
the response is evaluated using finite size 3-D domains that allow the localization to develop. The random
models consist of 3-D domains of 216, 512 or 1000 cells with periodicity conditions on the compressed
ends but free on the sides. The compressive response is also characterized by a limit load instability but
now the localization is disorganized resembling that observed in experiments. The foam elastic moduli
and strengths obtained from both families of models are generally in very good agreement with the cor-
responding measurements. The random foam models yield 5–10% stiffer elastic moduli and slightly
higher strengths than the Kelvin cell models. Necessary requirements for this high performance of the
models are accurate representation of the material distribution in the ligaments and correct modeling
of the nonlinear stress–strain response of the aluminum base material.

� 2010 Elsevier Ltd. All rights reserved.
1. Introduction

Open-cell foams have a complex microstructure consisting of an
interconnected network of ligaments that form along the edges of
randomly packed cells that evolve during the foaming process. As
reported in Matzke’s pioneering work on soap froth [1946], the
cells are irregular polyhedra with anywhere from 11 to 17 faces
when the foam is nearly monodisperse. In the case of solid foams,
the material is concentrated in the nearly straight edges of the
polyhedra and in the nodes where they intersect, usually four at
a time. This microstructure gives such foams unique mechanical,
thermal, acoustical and other properties (e.g., see Hilyard and
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Cunningham, 1994; Gibson and Ashby, 1997; Weaire and Hutzler,
1999; Ashby et al., 2000). Connecting the microstructure to these
properties is an enabling step in the design of solid foams. These
objectives have been pursued by detailed studies of a class of poly-
meric open-cell foams (Gong et al., 2005a; Gong and Kyriakides,
2005, 2006) and more recently of metallic foams (Jang and Kyriak-
ides, 2009I,II–referred to as J & K-09I and J & K-09II henceforth).
Here we will present additional results for metallic foams.

The foams under study are Aluminum (Al-6101-T6) Duocel�

open-cell foams manufactured by ERG with relative densities of
about 8%. A typical image of the microstructure of such foams gen-
erated with computed X-ray tomography is shown in Fig. 1. This
type of foam is thought to be made using polymeric foams as tem-
plates to generate a mold in which aluminum alloy is cast (see Sec-
tion 2.5 Ashby et al., 2000). Consequently it retains characteristics
such as cell size uniformity, type of polyhedra, ligament length dis-
tribution, etc., exhibited by commercially available polymeric
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Fig. 1. Computed tomography image of a 10-ppi Al foam (q*/q = 8.23%).
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foams (see comparison of geometric characteristics of polymeric
and Al foams in Jang et al. (2008)). The typical compressive stress-
(r11 = force/undeformed area) displacement (d1/H1) response of
such a foam is shown in Fig. 2. It consists of a nearly linear elastic
regime that terminates into a limit load (rI). This is followed by a
load plateau that extends to an average strain of about 50–55%, fol-
lowed by a second stiff branch (densification). The low initial stress
peak and extended load plateau are responsible for the superb en-
ergy absorption characteristics of such foams.

In our most recent work (J & K-09I and J & K-09II) the foam
microstructure was idealized using the 14-sided regular cell of Kel-
vin (Thompson, 1887). It was demonstrated that most aspects of
compressive response, such as the one in Fig. 2, can be reproduced
using suitable domains of this model foam. This was achieved by
assigning ligament and cell geometric properties representative
of those of the actual foam studied, along with the elasto-plastic
properties of the Al alloy base material, to the Kelvin cell foam.
The present results are a continuation of this work in which ran-
dom soap froth microstructures generated using the Surface Evolv-
er software (Brakke, 1992) are similarly modeled. The random
0

400

800

1200

0

4

8

0 10 20 30 40 50 60 70

11

(psi)

1
 / H

1
 (%)

11

(MPa)
H

1
1

Al 6101-T6    10-ppi 

= 8.48 %

I1

P1

P1

E*
1

Fig. 2. Typical compressive response of an Al alloy open-cell foam (crushing in the
rise direction).
foam models are used to establish the elastic properties and the
‘‘strength” of such foams. The results are evaluated by direct com-
parison to measured properties and are also critically compared to
corresponding results from the Kelvin cell models.

2. Background

2.1. Review of the morphology of aluminum foams

Computed X-ray tomography was used to characterize the foam
microstructure including cell size, distribution, anisotropy, liga-
ment length and cross sectional area distributions as described in
Jang et al. (2008). Here we will summarize the findings that are re-
quired in the modeling effort that follows. Three foams of the same
alloy and heat treatment with nominal cell sizes of 10-, 20- and 40-
ppi and respective average relative densities (q*/q) of 8.23%, 7.50%
and 7.54% were analyzed. As can be seen in the foam image in
Fig. 1, the polyhedral cells are elongated in the rise direction of
the polymeric foam template. Average anisotropy values k = h1/h2

of 1.27, 1.24 and 1.18 are reported in Table 1 (h1 and h2 defined
in cell image below Table 1 and �h1 is the average height of the
cells). Given in the table is also a measure of polydispersity based
on the ratio of one standard deviation of the average cell height
ðRh1 Þ normalized by �h1. The results range from 0.0707 to 0.0754
indicating that cell size variation is small in these foams (i.e.,
nearly monodisperse). Furthermore, from comparisons of the
microstructures of the three foams it was concluded that at least
to first order they scale with cell size (Fig. 5 in J & K-09I).

The irregular polyhedral nature of the cells is illustrated in
Fig. 1. As reported earlier the ligaments of these foams have round-
er convex boundaries (see Fig. 11 in Jang et al. (2008)). The areas of
many ligament cross sections A(n) were measured digitally as a
function of the axial position n = x/‘ and the results were fitted
with the following symmetric expression (Fig. 14 of Jang et al.
(2008)):

AðnÞ ¼ Aof ðnÞ ¼ Ao 36n4 þ n2 þ 1
� �

ð1Þ

Ao in turn was found to vary with ligament length in the manner
shown in Fig. 15 of Jang et al. (2008). (The normalizing values Ao

and �‘ for each foam and their standard deviations are listed in Ta-
ble 1.) The measurements were fitted as follows:

AoðgÞ ¼ AogðgÞ ¼ Ao 0:6633þ 0:2648g�2:5963� �
; g ¼ ‘=�‘ ð2Þ
2.2. Compression experiments

2.0 � 2.0 � 2.0 in (51 � 51 � 51 mm) specimens were extracted
from large blocks of foam using a computer operated wire EDM
system. The process minimizes distortion along the cut edges
and improves the parallelity of the two loaded surfaces. In order
to minimize the influence of the edges on the initial response, Al
alloy plates were bonded to the two surfaces that were subse-
quently loaded. The specimens were compressed between parallel
platens in a stiff electromechanical testing machine run under dis-
placement control. The typical displacement rate was _d=H ¼ 8:3�
10�4 s�1 (corresponds to the strain rate when the deformation is
homogeneous; H = height of the specimen). Because the foam den-
sity varied slightly within the mother foam blocks the relative den-
sities of individual specimens will be reported (see Tables 2 and 3).

Fig. 3 shows the early parts (d/H 6 0.12) of a pair of representa-
tive stress–displacement responses obtained from rise and trans-
verse direction compression tests on 10-ppi foam specimens. The
rise direction response is seen to exhibit an initial nearly linear
part during which the deformation is essentially homogeneous.
At approximately a stress of 300 psi (2.07 MPa) bending and



Table 1
Geometric parameters of Al-6101-T6 foams analyzed.

Foam ppi q�=q ð%Þ �h1 in (mm) h1jmin�max in (mm) Rh1
=�h1 k �‘ in (mm) R‘=�‘ Ao � 103 in2 (mm2) RAo =Ao

10 8.23 0.184
(4.683)

0.158–0.234
(4.013–5.944)

0.0754 1.27 0.070
(1.780)

0.263 0.459
(0.296)

0.261

20 7.50 0.141
(3.570)

0.120–0.170
(3.048–4.318)

0.0707 1.24 0.048
(1.22)

0.277 0.144
(0.0929)

0.235

40 7.54 0.115
(2.929)

0.087–0.136
(2.210–3.454)

0.0749 1.18 0.041
(1.04)

0.268 0.0648
(0.0418)

0.238

q = 0.0972 lb/in3 (2690 kg/m3).
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stretching cause plastification in some of the ligaments and the
material stiffness becomes progressively smaller. Indeed a stress
maximum develops at a stress of 396 psi (2.73 MPa) after which
the stress drops to a local minimum and then follows a relatively
flat stress plateau until the crushing has consumed the whole spec-
Table 2
Measured mechanical properties of Al-6101-T6 foams in the rise direction.

Exp. No. q�=q (%) E�1=E(%) rI1 psi (MPa)

(a)
10 ppi, k = 1.27
R10–1 8.33 0.865 396

(2.73)
R10–2 8.79 0.857 456

(3.14)
R10–3 8.63 0.863 446

(3.08)
R10–4 8.48 0.871 396

(2.73)

(b)
20 ppi, k = 1.24
R20–1 8.26 0.705 352

(2.43)
R20–2 7.47 0.677 283

(1.95)
R20–3 8.43 0.779 379

(2.61)
R20–4 8.37 0.857 369

(2.54)

(c)
40 ppi, k = 1.18
R40–1 7.98 0.660 339

(2.34)
R40–2 8.20 0.746 360

(2.48)
R40–3 8.24 0.780 393

(2.71)
R40–4 8.18 0.733 406

(2.80)

E = 104 ksi (69 GPa), m = 0.3.
imen or the material has densified (see Fig. 2). The stress maxi-
mum, henceforth called initiation stress (rI1) or the foam strength,
represents the onset of localized deformation associated with
buckling of ligaments in localized bands. This is demonstrated in
Fig. 4 that shows the undeformed ({) and two deformed images
obtained using X-ray tomography. The images show a slice of the
material approximately 6 mm thick in a neighborhood that devel-
ops an inclined band of initially buckled ligaments that later lead
to the collapse of the affected cells. Image r was taken at
d/H = 10% in order for the ligament buckling and cell crushing in
Table 3
Measured mechanical properties of Al-6101-T6 foams in the transverse direction.

Exp. No. q�=q (%) E�2=E (%) rI2 psi (MPa)

(a)
10 ppi, k = 1.27
T10–1 8.56 0.466 290

(2.00)
T10–2 8.48 0.493 298

(2.05)
T10–3 8.74 0.527 333

(2.30)

(b)
20 ppi, k = 1.24
T20–1 7.36 0.459 297

(2.05)
T20–2 7.67 0.426 308

(2.12)
T20–3 7.70 0.479 309

(2.13)

(c)
40 ppi, k = 1.18
T40–1 8.22 0.570 294

(2.03)
T40–2 8.03 0.506 323

(2.23)
T40–3 8.03 0.538 289

(1.99)

E = 104 ksi (69 GPa), m = 0.3.
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Fig. 3. Comparison of compressive responses in the rise and transverse directions.

Fig. 4. The initial and two deformed configurations corresponding to the rise
direction compressive response R10–4 shown in Fig. 3. Note the bending and
buckling of ligaments in configurations r and s.
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the middle to be visible. The band is inclined but has a fully three-
dimensional relief that is dictated by small imperfections in the
microstructure. In image s, taken at d/H = 17%, the banded crush-
ing is now fully developed affecting several cells. During the subse-
quent stress plateau the buckling and crushing gradually spread to
previously intact material (see J & K-09I for evolution of crushing).
At an average strain of 5% the specimen was unloaded and the
unloading response was used to measure the elastic modulus of
the material, E�1, as this was found to yield more accurate and
reproducible values of this variable than the initial elastic loading
part of the response. The variables E�1;rI1 are listed in Table 2 under
specimen R10–4 (see also Zhou et al., 2002; Zhou et al., 2004).

The response in the transverse direction is similar except the
elastic modulus, E�2, is smaller (0.00493E vs. 0.00871E where E is
the modulus of the Al alloy—104 ksi—69 GPa) and the rest of the re-
sponse traces lower stress levels. Thus, the initiation stress, rI2, is
now only 298 psi (2.05 MPa). However, as reported in J & K-09I
the events associated with this response are similar to those ob-
served for the rise direction. In other words, beyond the stress
maximum the deformation localizes in disorganized bands that
broaden gradually covering the whole specimen as the stress pla-
teau evolves.

A total of twelve crushing tests, four for each foam, were per-
formed in the rise direction and the results are summarized in Ta-
ble 2. As mentioned above, the density varied somewhat within
each foam block and this affected the measurements to the degree
shown in the Table. Fig. 5(a) shows responses from specimens with
different cell size chosen to have approximately the same density.
In these cases the responses are very similar supporting the pre-
mise that properties do not depend on cell size. The measured
strengths (rI1) are plotted against relative density in Fig. 6(a)
where, because of the narrow range of q* considered, they are seen
to follow nearly linear trajectories.

Nine compression experiments were also conducted in the
transverse direction and the results are summarized in Table 3.
Fig. 5(b) shows a comparison of three responses from foams of dif-
ferent cell size with a relative density of approximately 8.0%. They
are seen to be very similar supporting the previously made state-
ments. The strengths (rI2) are plotted against density in Fig. 6(b)
where once again they are seen to have a nearly linear trend (sim-
ilar plots of the elastic moduli E�1 and E�2 appear in Figs. 14(a) and
21(a) of J & K-09I respectively).

3. Modeling of the foams

The Al foams studied will be modeled first by adopting the per-
fectly ordered structure, based on Kelvin’s 14-sided cell shown in
Fig. 7 loaded in the <100> and <010> directions, henceforth re-
ferred to as ‘‘Kelvin” (also used in J & K-09II and previously by Gong
and Kyriakides (2005) and Gong et al. (2005b) in the modeling of
polymeric foams).

The second model used consists of clusters of Kelvin cells with
randomly perturbed vertices; it will be referred to as ‘‘perturbed
Kelvin.” Here the coordinates of all the nodes of a finite size do-
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main of Kelvin cells are perturbed as follows. The position vector in
the perturbed configuration, x, is given by:
x ¼ xo þ pn‘; 0 6 ni 6 0:5; i ¼ 1;3 ð3Þ

where xo is the initial position vector of a node, x is the perturbation
and p is a normally distributed random number between �0.5 and
0.5 (in the results that follow ni = no, i = 1,3). The disturbance ap-
plied to the nodes on opposite faces of the domain is chosen so as
to accommodate periodic boundary conditions (see Jang et al.,
2008 for more details).

The most realistic models analyzed are based on the micro-
structure of random spatially periodic soap froth simulated with
Brakke’s Surface Evolver (1992) (Kraynik et al., 2003), and is re-
ferred to as ‘‘random.” As reported in Jang et al. (2008), the process
generates a foam skeleton that is very representative of actual
foam microstructures as demonstrated in the cluster of cells shown
in Fig. 8(a). In other words, the types of polyhedra present in the
model, the distribution of different polygonal cell faces, and the
distribution of ligament lengths compare very well with measure-
ments made in polymeric foams. (Appendix A presents an outline
of the numerical steps involved in generating such random foams).
Details of the main geometric characteristics of the models follow.
3.1. Ligament geometry

The ligaments in all models will be assumed to have circular
cross sections (radius R) with the area distribution given in (1)
(see J & K-09II for justification).
3.2. Anisotropy

Anisotropy is introduced to the three model foams as follows.
All ligaments with a projection in the x1-direction are elongated
so that this projection is amplified by the factor k while the projec-
tions in the x2- and x3- directions remain the same. Thus, for exam-
ple, the Kelvin cell height becomes h1 ¼ 2

ffiffiffi
2
p

‘ tan a while the width
remains h2 ¼ 2

ffiffiffi
2
p

‘, where

h1

h2
¼ tan a ¼ k ð4Þ

as shown in Fig. 7 (see also Dement’ev and Tarakanov, 1970b; Gong
and Kyriakides, 2005). Fig. 8(b) shows how an anisotropy of k = 1.3
alters the cluster of random cells shown in Fig. 8(a).
3.3. Correction for the volume of material in the nodes

When ligaments are modeled as beams that connect four to
each node, the ends of the beams overlap. Jang et al. (2008) re-
moved the overlap material by cutting the ends of the beams
(see Refs. for details). With this correction, the relative density re-
lates to the ratio of the radius at mid-span of ligaments, Ro, and the
length, ‘, through

q�

q
¼ k

Ro

‘

� �n

ð5Þ

where n depends on the anisotropy (n – 2). Table 4 lists k and n for
anisotropy values 1 6 k 6 1.3.

For a foam of a required density and anisotropy Ro is evaluated
from Eq. (5) using the ligament length of the initial isotropic Kelvin
cell. Ao depends on ‘, which is introduced in the following approx-
imate manner. The average length of all ligaments ð�‘Þ in any model
is first calculated. The lengths are then grouped into those longer
and those shorter than �‘, and the average length of each category
ð�‘1; �‘2Þ is established. The two average lengths are then used in
Eq. (2) to establish corresponding values for Ao. The effect of this
change on the foam density, if any, is not considered.



Fig. 7. Cluster of anisotropic Kelvin cells.
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3.4. Discretization

The ligaments are discretized with finite elements within the
nonlinear code ABAQUS using the B32, 3-node quadratic space
beam element. Each ligament is represented by 8 elements of uni-
form cross sectional area that is based on A = Aof(n) as defined in
the empirical fit of the measurements in Eq. (1). The values of
f(n) used are listed in Table 5. B32 elements are shear deformable
as they include the strain energy due to transverse shear as follows
(see ABAQUS manual for details):

Us ¼
Z 1=2

�1=2
b

V2ðnÞ
2GA

‘dn where b ¼ A

I2
y

Z
z

Q2ðzÞ
bðzÞ dz ð6Þ

The second integral is over the cross section of the ligament (Fig. 5
in J & K-09II) with Q being the first moment of area about the y-axis
and b(z) the width; for circular cross sections b = 10/9 (V is the shear
force and Us the strain energy due to shear).

4. Results

We now use the three models outlined in Section 3 to predict
the initial compressive response in the rise and transverse direc-
tions. The calculations will be terminated soon after the expected
initial load maximum that represents the strength of the foam is
reached. The material is elasto-plastic with the stress–strain re-
sponse of the Al-6101-T6 alloy measured in a tensile test on a
rod cast together with the foams tested (Ramberg–Osgood fit
parameters E = 104 ksi (69 GPa), ry = 28 ksi (193 MPa), n = 48; see
also Fig. 2 in J & K-09I).

4.1. Kelvin cell model

As has been shown in the past, because of the regularity of this
idealized microstructure several of the mechanical properties of
interest can be evaluated by considering just the characteristic cell
(e.g., Dement’ev and Tarakanov, 1970a; Warren and Kraynik, 1997;
Zhu et al., 1997; Laroussi et al., 2002; Gong and Kyriakides, 2005;
Gong et al., 2005b; Mills, 2007; Jang et al., 2008). It is thus natural
to start by compressing the fully periodic characteristic cell shown
in Fig. 9 in which the ligaments have been assigned the geometric
characteristics described in Section 3. Furthermore, in the first cal-
culations a generic foam is considered with a relative density of
q*/q = 0.08 and an anisotropy of k = 1.2 both of which approxi-
mately represent the average values of the three foams tested.

The cell is first compressed in the rise direction by prescribing
incrementally the relative displacement (Dd1) between the upper
and lower periodic boundaries. The average stress r11 required to
produce this deformation is the force divided by the initial cross
sectional area of the cell (h2 � h2). Fig. 10(a) shows the calculated
stress-displacement response. The stress is normalized by the ini-
tial elastic modulus of the foam, E�1, and the shortening, d1, by the
height of the domain Nh1 (N = 1 for this case). The initial part of the
response is nearly linear with modulus E�1 which is in very good
agreement with measured values. The ligaments experience com-
bined axial compression and bending that eventually cause the
material to yield. Thus, in the neighborhood of point a inelastic ac-
tion causes the response to become progressively softer. The pro-
gressive reduction in stiffness eventually results in a load
maximum at point b (normalized stress and strain values
{5.06 � 10�3, 0.0161}). Beyond this point (bc’), the single cell re-
sponse has a negative slope indicating that localization may be
possible in a larger domain.

The corresponding cell response for a linearly elastic material is
drawn in the figure with a dashed line (oab’). It bifurcates into a
long wave mode at a stress of r1Ce ¼ 0:163E�1 and strain of 0.262,
values that are much higher than those of the limit stress (see
Fig. 7 in J & K-09-II).

By contrast, when the actual elasto-plastic stress–strain re-
sponse of the Al alloy is used in the calculations no bifurcation is



Fig. 8. (a) Skeletal drawing of a cluster of cells extracted from a random foam model. (b) The same cluster of cells after an anisotropy k = 1.30 is applied.

Table 4
Fit parameters for correcting the relative density of Al foams
with Eq. (5).

k n k

1.00 1.7072 2.0263
1.10 1.7131 1.9543
1.20 1.7189 1.8985
1.30 1.7250 1.8561

Table 5
Cross-sectional area of beam elements in the foam
ligaments.

na f(n)

0 6 jnj 6 0.2 1
0.2 < jnj 6 0.3 1.172
0.3 < jnj 6 0.4 1.663
0.4 < jnj 6 0.5 3.227

a �1/2 6 n(=x/‘) 6 1/2.
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detected between point a and the load maximum at b (the Bloch-
wave method is used to check for possible bifurcations—Gong
et al., 2005b). A limit load instability in the response of a character-
istic cell implies that in a larger domain localized modes of defor-
mation may be preferred. This possibility is investigated by
considering a larger domain that is one characteristic cell thick
and has 5 � 6 cells in the x1 � x2 plane. The domain has periodic
boundaries at the top and bottom as well as the front and back
but the two vertical sides are left free. The response of this domain,
drawn in red1 color in Fig. 10(a), coincides with that of the unit cell
up to the local load maximum (point b). At higher displacements it
traces a lower trajectory associated with localized shear buckling
of two diagonal bands as shown in the deformed configuration in
Fig. 10(b) (i) that corresponds to d1/5h1 = 0.05 (see similar results
in Luxner et al. (2007)). Although always along the diagonals, the
1 For interpretation of colour in figures, the reader is referred to the Web version of
is article.
th



Fig. 9. The Kelvin foam characteristic cell.

0

1

2

3

4

5

6

7

0 0.01 0.02 0.03 0.04 0.05

1
 / Nh

1

 = 1.20= 0.08

Elastic

Elastic-Plastic 5x6 CellsUnit Cell

11

E
1
*

x 103

o

a

b c'

c

b'a

b

(i)

(ii)

Fig. 10. (a) Calculated rise direction prebuckling and postbuckling stress-shorten-
ing responses. The prebuckling response comes from a single periodic cell and the
postbuckling from a finite size domain. (b) Two deformed configurations corre-

W.-Y. Jang et al. / International Journal of Solids and Structures 47 (2010) 2872–2883 2879
localization patterns were shown in J & K-09II to depend on the do-
main size. Fig. 10(b) (ii) shows the deformed configuration at the
same displacement (d1/6h1 = 0.05) for a 6 � 9 cells domain. Clearly
the localization patterns are different from those of the smaller do-
main in image (i). This difference does not affect the response up
to the limit load but was shown to affect to some degree the part
of the crushing response that immediately follows it. The behavior
observed has similarities to that of laterally loaded polymeric honey-
combs reported in Papka and Kyriakides (1998). A difference is that
in that problem the limit load was induced by a plastic bifurcation
that led to localized collapse of horizontal rows of cells (see also Tri-
antafyllidis and Schraad, 1998).

The unit cell was used to perform similar calculations for vari-
ous foam densities in the range of interest keeping the anisotropy
at k = 1.20 which is close to the average of the values of the foams
tested (see Table 1). Predictions of the strength (rI1) are included in
Fig. 6(a) where they are seen to be in good agreement with the
measured values.

Similar calculations were performed for compression in the
transverse direction. Because of the anisotropy the material stiff-
ness and strength are lower than those in the rise direction. How-
ever, the nature of the response is very similar and the strength can
again be predicted using the unit cell. Numerical values of the
transverse direction strength (rI2) are plotted in Fig. 6(b) where
they are seen to be in good agreement with the experimental re-
sults. In summary, as reported in J & K-09II, the strengths of this
Al foam can be evaluated with accuracy using the characteristic
Kelvin cell. In such calculations the strength of the material ap-
pears as an initial load maximum in the compressive response.
sponding to different domain sizes.
4.2. Perturbed Kelvin cell model

The perturbed Kelvin cell models that will be considered have
three-dimensional domains with {6 � 5 � 6} cells with periodic
boundaries at the top and bottom but free lateral sides. Such a do-
main is first generated using regular Kelvin cells with the required
anisotropy. The nodes of the cells are then perturbed randomly
(amplitude no) in the manner described in Section 3. Three-dimen-
sionality does not change the behavior in the early part of the re-
sponse but, as we reported in J & K-09II, affects the onset of
densification, which is beyond the scope of the current work. Cal-
culations were performed for models with the generic values of
relative density and anisotropy of q*/q = 0.08 and k = 1.2, and three
values of the perturbation amplitude no = 0.05, 0.10, 0.15. The cal-
culated rise direction stress-displacement responses are shown in
Fig. 11(a) together with the one from the perfect microstructure.
The responses are similar to those of the perfect structure. Interest-
ingly, the limit stress is quite insensitive to this geometric imper-
fection but the trough that follows and the subsequent stress



2880 W.-Y. Jang et al. / International Journal of Solids and Structures 47 (2010) 2872–2883
undulation are influenced by no. Increasing no reduces the depth of
the first trough as well as the amplitude of the undulations. (It is
pointed out that because of the randomness of the applied pertur-
bation, responses corresponding to the same no can differ slightly.)
A possible explanation for this change can be seen in the compar-
ison of the initial and two deformed configurations of the perfect
case with ones from a case with no = 0.15 in Fig. 11(b). The pertur-
bation of the nodes tends to break up the symmetry of the banded
collapse localization of the perfect case. Instead, cell buckling and
collapse are more randomly distributed and this tends to ‘‘smooth”
the response.

Compression of perturbed domains in the transverse direction
has similar effects on the calculated responses and consequently
specific responses will not be presented. Perturbed Kelvin domains
with no = 0.15 were used to evaluate the elastic moduli and
strengths of foams in both directions. It should be noted that be-
cause of the randomness of the perturbation such results vary
slightly from case to case. For this reason, the values that will be
quoted represent averages of 10 sets of calculations. The predicted
elastic moduli are slightly higher than the values predicted by the
regular Kelvin model (see comparisons in Jang et al. (2008)). Pre-
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Fig. 11. (a) Initial stress–displacement responses for domains with different amounts o
domain and one with no = 0.15.
dictions of the strengths in the two directions are included in
Fig. 6(a) and (b). In both directions they are just slightly higher
than the regular Kelvin model strengths.
4.3. Random foam model

The main random foam model that will be used has a cubical
domain with {8 � 8 � 8} cells. Anisotropy is introduced by elongat-
ing all cells in the x1-direction in the manner described in Sec-
tion 3.2. The ligaments are then ‘‘dressed” with solid beams in
the manner described in Section 3.4. For chosen values of density
and anisotropy and the average length of all ligaments in the mod-
el, the cross sectional area Ao at mid-span of each ligament is cal-
culated from Eq. (5). Subsequently the length dependence of Ao is
introduced using Eq. (2) and the scheme described in the last par-
agraph of Section 3.3. Guided by the behavior observed in the Kel-
vin cell model in calculations of the response including the
anticipated load maximum, the two surfaces of the block that are
compressed are made to be periodic while the four sides are left
free.
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The model is first evaluated by direct comparison to the re-
sponse from Exp. R40–4 in which the foam had a relative density
of 0.082 and an anisotropy of 1.18. Fig. 12(a) shows a comparison
of the measured stress–displacement response and the one calcu-
lated up to a value of d1/H1 = 10% (H1 is the height of the domain).
The predicted response follows the experimental one quite closely.
It exhibits a limit load at a stress and strain of {423 psi, 1.64%},
which compare with {406 psi, 1.65%} from the experiment. The
two responses also agree quite well beyond the limit load although
at values of average strain corresponding to the local minimum
and beyond the numerical results are no longer dependable as con-
tact of ligaments in the collapsing cells commences which is not in-
cluded in the random model calculations.

Fig. 12(b) shows two deformed configurations of the skeletal
version of the compressed model. The deformation measure found
to best represent the localization that develops is the magnitude of
the ‘‘rotation” of the beam ligaments. The rotation is calculated in
each node of the beams while between two nodes the values are
interpolated. The code stores the three components of a rotation
vector / for all nodes. The vector / is defined by amplitude /
= k/k and a rotation axis P = //k/k. The rotation vector / then con-
sists of a rotation / (radians) around the axis P. Drawn in color in
the deformed configurations is the magnitude of /. Configuration
r is a frontal view of the foam block analyzed at d1/H1 = 4.58%.
The rotation distribution indicates that localized deformation
along inclined directions has developed. The localization is more
pronounced in configuration s that corresponds to d1/H1 = 9.03%
(shown for illustrative purposes only as some ligament contact
would have commenced by this point). The localization is seen to
form along inclined directions but the patterns are disorganized
and vary through the depth of the block. The patterns seen differ
significantly from those in the Kelvin cell domain in Fig. 11(b); in-
deed they much more resemble crushing patterns seen in the
experiments reported in J & K-09I.

Since the vertical sides of the domain analyzed are free, the sen-
sitivity of such responses to the domain size must be considered. To
this end cubical random microstructure domains of different sizes
were generated in approximately the same manner. The skeletal
domains were first elongated in the x1-direction to an anisotropy
of k = 1.2 and made into foams with relative density of 8.0% by
dressing them with appropriate beams as described earlier. The
models were then compressed in the same manner as the case de-
scribed above. It must be pointed out that no two such random
microstructures are the same. Consequently, the responses of any
two such models of the same size are never the same. For this rea-
son several models of the same size were considered in order to
establish the trend. Fig. 13 shows a comparison of the compressive
responses from three representative models with {10 � 10 � 10},
{8 � 8 � 8} and {6 � 6 � 6} cells. The results show that there is a
stiffening effect as the domain size increases primarily because
the role of the free edges becomes less important as the domain vol-
ume increases. For the results shown, the elastic modulus E�1 for the
103 model is 3.1% higher than the 83 model while the value for the
63 model is 7.4% lower. The stress maximum, rI1, increases with
size also, so for the larger domain it is 5.6% higher than the 83 model
and for the smaller one it is 5.1% smaller. As pointed out these re-
sults can be viewed as averages of several runs for each domain size.

83 cell models are now used to conduct a limited parametric
study of random foams. In an effort to best represent an infinite
foam medium, when calculating the elastic moduli the cubical do-
main is made to be fully periodic (as was done in Jang et al. (2008)).
Thus, for example for q*/q = 8.0% this scheme yields E�1 and E�2 val-
ues that are respectively 10.9% and 12% higher than the corre-
sponding finite size domains. This difference tends to decrease as
the domain size considered increases. Predictions for the rise-
and transverse direction moduli for various relative density values
in the range of interest are included in Fig. 29 of Jang et al. (2008).
They are somewhat higher than the predictions from the Kelvin
cell model for both directions but lie within the scatter of the
experimental results.

Calculations of the initiation stresses were performed using the
same 83 cell models with the four lateral sides were left free.
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Results for the two foam directions as a function of relative density
are included in Fig. 6(a) and (b). The random foam models yield
slightly higher values of rI than the two Kelvin cell models for both
directions but the predictions remain close to the measurements.
5. Summary and conclusions

The microstructure of Al open-cell foams was previously char-
acterized using micro-computed X-ray tomography. The character-
ization includes measurement of cell size and anisotropy, ligament
length distribution and distribution of cross sectional area along
the length of the ligaments. Foams of three cell sizes were consid-
ered: 10, 20 and 40 ppi, with anisotropies in the range of 1.18–
1.27. The foam ligaments had rounded, convex cross sections and
a nearly symmetric distribution of material along the length with
the mid-span being the slimmest.

The measured geometric characteristics were used to build two
families of FE foam models. In the first family, the foams were ide-
alized as regular Kelvin cells loaded in the <100> and <010> direc-
tions. A derivative of the Kelvin cell model consists of N � N � N
Kelvin cells whose nodes have been randomly perturbed. The sec-
ond family of models consists of realistic random foam domains
that contain N3 cells generated with the Surface Evolver software.
In all models the cells are elongated in the <100> direction; the lig-
aments are assumed to be straight and to have circular cross sec-
tions with variable areas along the length. The ligaments were
discretized as shear deformable beams.

In all calculations the compressive response starts with a line-
arly elastic regime. At higher stress levels plastic action causes a
gradual reduction of the stiffness, which eventually leads to a
stress maximum that represents the strength of the material. The
periodicity of the Kelvin cell enables calculation of the compressive
response up to the limit stress with just a single fully periodic char-
acteristic cell. Beyond the limit stress, deformation localizes along
the principal diagonals of the microstructure and for this reason it
was evaluated using finite size 3-D domains that allow the locali-
zation to develop. The perturbed Kelvin models involved 83 cell do-
mains with periodic compressed ends but free on the sides. The
compressive response is also characterized by a limit load instabil-
ity but the localized buckling patterns are now less organized. The
elastic modulus and the limit stress were not sensitive to the do-
main size while the subsequent response was to some degree.
The random models had 63, 83 or 103 cells with similar boundary
conditions to the perturbed Kelvin models. The compressive re-
sponse is similar to that of the Kelvin models but now the localiza-
tion is totally disorganized resembling that observed in
experiments. In this case, both the elastic modulus and strength
increased somewhat as the domain became larger. For this reason
the elastic properties reported were calculated with fully periodic
boundaries.

The performance of the models was then compared to mea-
sured values of the elastic moduli and strengths in the rise and
transverse directions. The following observations can be made
from this comparison.

� Predictions of the elastic moduli from the three models
reported in Jang et al. (2008) compared well with measure-
ments for both directions.
� The three models yielded foam strengths that were close to

each other and also compared favorably to the experimental
results. This was the case despite the clearly different localiza-
tion patterns that develop after the limit stress in each model.

Thus, despite some differences in the post-limit load response
and the associated localization patterns produced by the three
types of models, they yield comparable elastic properties and com-
pressive strengths. In other words, a single periodic Kelvin cell and
a much larger domain occupied by a random foam yield compara-
ble results. This indicates that inelastic ligament bending is a major
player in the compressive response. Consequently, accurate repre-
sentation of the ligament bending rigidity and the base material re-
sponse are essential. By contrast, the randomness of the actual
microstructure in nearly monodisperse foams appears to play a
secondary role. Clearly, the simplicity of the Kelvin cell model
makes it an attractive engineering tool for estimating these foam
properties.
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Appendix A. Numerical generation of random foams

Random spatially periodic soap froth is generated using Brak-
ke’s Surface Evolver (1992) (Kraynik et al., 2003). A primitive
Voronoi froth with foam-like characteristics is first generated
from randomly packed monodisperse hard spheres using molec-
ular dynamics. Each Voronoi cell consists of all points that lie
closest to a random seed, i.e., the center of each sphere. The
Voronoi structure is then used as an initial condition in the Sur-
face Evolver to generate a ‘‘dry” foam in which the liquid volume
fraction is zero and the films can be modeled as two-dimensional
surfaces. The software minimizes energy and balances mechani-
cal forces by satisfying Plateau’s laws: I. the faces of cells are sur-
faces of constant mean curvature; II. three faces meet at equal
dihedral angles of 120�; and III. four edges meet at the tetrahedral
angle cos�1(�1/3) � 109.47�. For monodisperse foam the addi-
tional constraint that all cells have the same volume is also ap-
plied. The relaxation process requires a large number of
topological transitions that involve cell-neighbor switching. Since
the solution is a local energy minimum, the surface area can be
further reduced by subjecting the foam to large-deformation ten-
sion–compression cycles that provoke additional neighbor
switching (annealing). The resulting structures are in very good
agreement with Matzke’s experimental study (1946) of monodis-
perse soap froth regarding types of polyhedra, distribution of
polygonal sides, and ligament length distribution (see Kraynik,
2003; Kraynik et al., 2003, 2004, 2005, 2006). The skeletal
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versions of such random microstructures used in this study are
formed by joining the cell vertices with straight lines.
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