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1. Introduction

The first serious attempt to give a logical definition of a fractional derivative is due to Liouville. Now, the fractional
calculus topic is attracting growing interest from scientists and engineers; see [1-5] and references therein. Differential
equations of fractional order play a very important role in describing some real world problems. For example some problems
in physics, mechanics and other fields can be described with the help of fractional differential equations; see [1,5-9] and
references therein. The theory of differential equations of fractional order has recently received a lot of attention and now
constitutes a significant branch of nonlinear analysis. There are numerous research papers and monographs devoted to
fractional differential equations; for example see [2,4,10-12]. On the other hand, functional differential equations arise in
a variety of areas of biological, physical, and engineering applications; see, for example, the books of Kolmanovskii and
Myshkis [13] and Hale and Verduyn Lunel [14], and the references therein.

Recently the authors in [15] have established existence results for an initial value problem for fractional functional
differential equations of mixed type. More precisely, the initial value problem

DPx(t) =f(t,x"), te), 0<pB <1, (1.1)
x(t) =), —-rn =t=0, (1.2)
x(O)=y@), b<t<b+n (1.3)

was studied, where D? is the standard Riemann-Liouville fractional derivative, f : J x C([—ry, 2], R) — R is a given
function, ¢ € C([—rq, 0], R) with ¢(0) = 0, and v € C([b, b + r,], R) with ¥/(b) = 0. For any function x defined on
[—ri, b+ ;] and any t € J, we denote by x' the element of C([—r1, 2], R) defined by x'(8) = x(t + ) for —r; <0 <1y,
where rq, 1, > 0 are constants.

As remarked in [15]:

If r; = r, = 0 then we have an ordinary differential equation of fractional order.

If 1 > 0and r, = 0 then we have a retarded functional differential equation of fractional order.
If 1y = 0and r, > 0 then we have an advanced differential equation of fractional order.

Ifry > 0and r, > 0 then we have a mixed differential equation of fractional order.
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Our purpose here is to extend the results of [15] to the case of initial value problems for a mixed type functional
differential inclusion of fractional order. Furthermore, to encompass the full scope of our paper, we study the boundary
value problems for a mixed type fractional functional differential inclusion.

The structure of this paper is as follows. In Section 2, we collect some definitions and results which will be needed
throughout the paper. In Section 3, we consider the following initial value problem (IVP for short) for a mixed type functional
differential inclusion of fractional order, namely

DPx(t) e f(t,x"),t e, 0<pB <1, (1.4)
xt)=¢®), -n=<t=0, (1.5)
x(t) =¢({), b=<t=<b+rn, (1.6)

where D? is the standard Riemann-Liouville fractional derivative, F : | x C([—rq, 12], R) = £ (R) \ {#} is a multi-valued
map (£ (R) is the family of all nonempty subsets of R) and ¢ and v are as in problem (1.1)-(1.3).

There are few papers in which the authors consider the Dirichlet-type problem for linear and nonlinear ordinary
differential equations of fractional order; see for example [16-19]. In Section 4, we prove the existence of solutions to
boundary value problems (BVP for short) of a fractional functional differential equation of mixed type

—DPx(t) e F(t,x"), 0<t<1, 1<8 <2, (1.7)
x(t) =¢t), - =<t=0 (1.8)
x®)=v(@), 1=<t=<1+rn, (1.9)

where D? is the standard Riemann-Liouville fractional derivative. Here, F : [0, 1] x C([—r1, o], R)JPR) \ {#), ¢ €
C([—rq, 0], R) with ¢(0) = O0and ¢ € C([1,1 + r;], R) with (1) = 0. For any function x defined on [—ry, 1 4+ 13]
and any t € J, we denote by x! the element of C([—r1, 1], R) defined by x/(8) = x(t + 0) for —r; < 6 < r,, where
ry, 1 > 0 are constants.

The Banach fixed point theorem, the nonlinear alternative of the Leray-Schauder type and the Covitz and Nadler fixed
point theorem are the main tools to obtain our results.

2. Auxiliary facts and results

This section is devoted to collecting some definitions and results which will be needed throughout this paper.
By C := C([—r, r2], R) we denote the Banach space of all continuous functions from [—r, ] into E equipped with the
norm

@Il = sup{l¢(0)| : —r1 <6 <12}
and C(J, R) is endowed with norm ||x||o = sup{|x(t)| : t € J}. Also, let

IXllr,,r, = max{ sup [x(t)], lIxllo, sup [x()}.
—r1<t<0 b=<t<b+r;

We recall some facts from multi-valued analysis. Let (X, || - ||) be a Banach space.Let P (X) = {Y C X : Y # 0}, P, (X) =
{Y € P(X) : Y closed}, P, (X) = {Y € P(X) : Y compact}, £ (X) = {Y € £(X) : Y convex and compact}.

A multi-valued map G : X — £(X) has convex (closed) values if G(x) is convex (closed) for all x € X. We say that G
is bounded on bounded sets if G(B) is bounded in X for each bounded set B of X, i.e., sup,cg{sup{|ly|l : y € G(x)}} < (o0).
The map G is called upper semicontinuous (u.s.c.) on X if for each xy € X the set G(xp) is a nonempty, closed subset of
X, and if for each open set N of X containing G(xq), there exists an open neighborhood M of xy such that G(M) C N.
Also, G is said to be completely continuous if G(B) is relatively compact for every bounded subset B C X. If the multi-
valued map G is completely continuous with nonempty compact values, then G is u.s.c. if and only if G has a closed graph
(i.e., X, = X, Yn — Vs, Yn € G(x,) imply y, € G(x,)). Finally, we say that G has a fixed point if there exists x € X such that
x € G(x).

A multi-valued map G : ] — £ (X) is said to be measurable if for each x € E, the function Y : ] — X defined by

Y (t) = dist(x, G(t)) = inf{||x — z|| : z € G(t)},

is Lebesgue measurable.

Definition 2.1. A multi-valued map F : ] x C([—ry, 12], R) = £ (R) is said to be L'-Carathéodory if

(i) t — F(t, x) is measurable for eachx € C([—r1, 2], R),
(ii) x — F(t, x) is upper semicontinuous for almost all t € J, and
(iii) for each real number p > 0, there exists a function h, € L'(J, R*) such that

IF(t, W] = supf{lv| : v € F(t,u)} < h,(t), aete]
forallu € C([—ry, 2], R) with [lu]| < p.
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Let (X, d) be a metric space induced from the normed space (X, | - |). Consider Hy : $(X) x £(X) — R, U {00}, given
by

Hy(A, B) = max {sup d(a, 8), sup d(, b)} ,
aeA bes

where d(«4, b) = infyeqd(a,b), d(a, B) = infyegd(a, b). Then (£p.q(X), Hy) is a metric space and (Py(X), Hy) is a
generalized (complete) metric space.
Definition 2.2. A multi-valued operator G : X — £¢(X) is called
(a) y-Lipschitz if there exists y > 0 such that
Hy(G(x), G(y)) < yd(x,y), foreachx, yeX;
(b) a contraction if it is y-Lipschitz with y < 1.

For more details on multi-valued maps we refer to the books of Deimling [20], Gérniewicz [21], Hu and Papageorgiou [22]
and Tolstonogov [23].

Now, we recall some definitions and facts about fractional derivatives and fractional integrals of arbitrary orders; see
[2-5].

Definition 2.3. The fractional primitive of order 8 > 0 of a function g : (0, b] — R is defined by
1 t
B _ B—1
lhg(t) = 7/ (t — )" g(s)ds,
0 B Jo

provided the right hand side is pointwise defined on (0, b], where I" is the gamma function.

Note that I#g exists forall 8 > 0and g € C((0, b], R) N L'((0, b], R). Also, when g € C(J,R) then I’g € C(J,R) and
1g(0) = 0.

Definition 2.4. The fractional derivative of order 8 > 0 of a continuous function g : (0, b] — R is defined by

B d?
Dﬂo— gm

f (t — ) Pg(s)ds

rm—ﬁnu
_glﬂ
= dtl g(t).

Lemma 2.1 ([16]). Given h € C[0, 1] and 1 < « < 2, the unique solution of

Dlut) +g(t)=0, O0<t<1 (2.1
u(0) =u(1) =0, (2.2)
is
1
u(t) = f G(t, s)g(s)ds,
0
where

R R e

, fo<s<t<1,

_ I (B)
G(t,s) = [£(1 — 5)]F1 ' (2.3)
—_— fo<t<s<l1.
r)
Making use of (2.3) the unique solution u of (2.1) and (2.2) may be written as
1
mn:-FéS (t—sf g ®“+Féi P11 —s5)f1g(s)ds, te].

The considerations of this paper are based on the following fixed point theorems.

Theorem 2.1 (Nonlinear Alternative for Single-Valued Maps [24]). Let E be a Banach space, C a closed, convex subset of E, U an
open subset of C and O € U. Suppose that F : U — C is a continuous, compact (that is, F(U) is a relatively compact subset of C)
map. Then either

(i) F has a fixed point in U, or

(ii) thereisau € oU (the boundary of Uin C)and A € (0, 1) withu = AF(u).
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Theorem 2.2 (Nonlinear Alternative for Kakutani Maps [24]). Let E be a Banach space, C a closed convex subset of E, U an open
subset of C and 0 € U. Suppose that F : U — % ,(C) is an upper semicontinuous compact map; here %, ., (C) denotes the
family of nonempty, compact convex subsets of C. Then either

(i) F has a fixed point in U, or
(ii) thereisau € dU and A € (0, 1) withu € AF(u).

Next we state a selection theorem due to Bressan and Colombo.

Theorem 2.3 ([25]). Let Y be separable metric space and let N : Y — P (L'(J, E)) be a multi-valued operator which is lower
semicontinuous (Ls.c.) and has nonempty closed and decomposable values. Then N has a continuous selection, i.e. there exists a
continuous function (single-valued) f : Y — L'(J, E) such that f(x) € N(x) foreveryx €Y.

The next fixed point theorem is the well-known Covitz and Nadler fixed point theorem for multi-valued contractions
[26] (see also Deimling, [20] Theorem 11.1).

Lemma 2.2 (Covitz and Nadler [26]). Let (X, d) be a complete metric space. If G : X — P (X) is a contraction, then FixN # (.

3. Initial value problems for fractional functional differential inclusions

In this section we are concerned with the existence of solutions for the problem (1.4)-(1.6). We first give the definition
of its solution. For this section | = [0, b].

Definition 3.1. A functionx € C([—rq, b + r;], R) is said to be a solution of (1.4)-(1.6) if x(t) = ¢(t), t € [—r1, 0], x(t) =
¥ (t) on [b, b 4 r,] and there exists a function v € L!(J, R) such that
1

0= T3

t
/ (t —s)Plu(s)ds, te].
0
Theorem 3.1. Assume that the following conditions are satisfied:

(H1) F:J x C([—11, 2], R) = P p(R) isan L'-Carathéodory multi-valued map;
(H2) thereexist p € C(J, R) and 2 : [0, 0c0) — (0, o0) continuous and nondecreasing such that

IF(t, | = sup{lv] : v € F(t, w)} < p(t)2({Jull)

foralmostallt € Jandallu € C([—rq, 2], R);
(H3) there exists | € L'(J, R), withI?] < oo such that

Hy(F(t,u), F(t,u)) <It)|lu —u|| foreveryu,u e C([—r1,12], R),
and
d(0,F(0,u)) <I(t), forae.t €],
(H4) there exists a number Ky > 0 such that
Ko

B
Lolols 2 (Ko + max{ I, [1¥11)

> 1.

Then the IVP (1.4)-(1.6) has at least one solution on [—rq, b 4 13].

Proof. We transform the problem (1.4)—(1.6) into a fixed point problem. A solution to (1.4)-(1.6) is a fixed point of the
operator § : C([—~r1, b + 2], R) —> £ (C([—r1, b + 2], R)) defined by

heC(—ri,b+1r],R):

o(t), ift € [—ry,0],
— t
§0) = h(t) = %ﬁ)/ (t — )P Tu(s)ds, ift e],
), " ift e [b,b+ 1,

where
veESky={vel'(,R):v(t) € F(t,y") forae.t € J}.
Letu : [—rq, b+ ;] — R be a function defined by

¢(t), ifte[—r,0],
u(t):{O, iffe],
w(t), ifte[b,b+rl.
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For eachy € C(J, R) with y(0) = 0 we denote by z the function defined by
0, ift € [—rq, 0],
z(t) = (), ifte],
0, ift € [b,b+r].

If the function x satisfies the integral equation

t
x(t) = %,3)/0 (t — )’ Tu(s)ds

we can decompose the function x as x(t) = y(t) + u(t) for t € J. This implies that xX* = y* + uf for every t € J and the
function y satisfies

1 t f—1
y) = —/ (t — )P Tu(s)ds.
r'B) Jo
In what follows, let B = {y € C([—r{, b+ 2], R) : yo = 0} and let G : B — B be defined by

he C([—ri,b+1r],R) :
0, lfte[ r],O],

F(ﬂ)/(t—s)ﬂ Lu(s)ds, ift €],
ift e [b,b+r1].

Then the operator § having a fixed point is equivalent to the operator G having a fixed point. So we turn to proving that G
has a fixed point which is a solution of the problem (1.4)-(1.6).

Claim 1: G(y) is convex for eachy € C([—ry, b + 1], R).

Indeed, if hy, h, belongs to G(y), then there exist vy, v, € Sf, such that for each t € ] we have

hi(t) = F(ﬂ)/ (t — )P Tui(s)ds, i=1,2.

Let 0 < d < 1.Then, for each t € J, we have

1 t
(@h + (1= )0 = = [ =9 )+ (1 - a9l
re Jo
Since Sg y is convex (because F has convex values), we have
dh] + (1 — d)hz € G(y)

Claim 2: G sends bounded sets into bounded sets in C([—rq, b + r;], R).
It is enough to show that, for any o > 0, there exists a positive constant L such that, for each

Yy €By ={y € B: [I¥lli—ry.b4ry) < 0},
we have ||h|o < L. Fory € Band s € ] we have
dir= = max s+60) < max ) = _ =
1l =, max v+ < max YOI = 1Ylin s = Vin,
and

Iy +u'll < 170+ 1wl < Ayl + maxtlil, [y}
Lety € B,. Then for each h € G(y) there exists v € Sg, such that

h(t) = ;ft(t—s)ﬂ_lv(s)ds te]
T B Jo ' .

By (H2) we have for each t € ]

lh(®)] < F(ﬂ)/(t_s)ﬁ 1y(s)ds
= ﬁﬂ)/ p(s)2(ly* + Dt — )P 'ds
= 1“(1,3) (o + max{[i#], IIwII})/ p(s)(t — 5)P~1ds
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t
- ﬂ‘zg‘;mwmax{n(pu, IIWII})/O (t —5)P~'ds
b Il
< aPle e+ maxtlol. 1V )
Thus
b Il

lIhllo < TG+ )9(a+max{ll¢ll MDESS

Consequently, G maps bounded sets into bounded sets in B.

Claim 3: G sends bounded sets in C([—rq, b + 2], R) into equicontinuous sets.

We consider B, asin Claim 2 and leth € G(y) fory € B,.Lete > 0be given. Now let 71, 7, € J with 7, > 7. We consider
two cases 7y > eand 77 < €.

Case 1.1f t; > € then

1 t1—€
|h(t;) — h(ty)| < ﬁﬁ)/ [(tz = )71 = (t; — )P 71| [v(s)Ids

+7ﬁ) |(t2—5)ﬂ Lt -9 1}|u(s)|ds+F(IB)/ (& — 9P |u(s)lds

L 2 +maX{II¢II, (K410, (
B ()

t
/ [(t;=9P" = (61 — )P ] hy(s)ds| +
5]

—€

/ [t — )P — (& — )P, (s)ds
0

+

)
/ (tz —s)P""h,(s)ds
5]

).

Case 2. Let 11 < e€.Fort, — 71 < € we get

ty 5]
Ih(tz) — h(ty)| < . (t; — 9" Tv(s)ds — / (ty — )" v (s)ds
0 0

o $2(c + max{fi¢|l, [1¥1})
h ()

As a consequence of Claims 2, 3 and the Arzeld-Ascoli theorem we can conclude that G : B —> & (B) is completely
continuous.

Claim 4: G has closed graph.

Lety, — y«, h, € G(y,) and h, —> h,. We shall prove that h, € G(y.). Now h, € G(y,) means that there exists
Up € Sgy, such that

A

2¢ €
( (t; — )P 7'h,(s)ds + f (t —s)ﬂ_lhp(s)ds>.
0 0

ha(t) = / (t —s)P o, (s)ds, te].
r )
We must prove that there exists v, € Sgy, such that
he(t) = / (t —s)P v (s)ds, te].
r(B)

Since F(t, -) is upper semicontinuous, then for every € > 0, there exists ny(e) > 0 such that for every n > ngy, we have

va(t) € F(t, ¥, +u) CF(t, ¥, +u) +€B(0,1), aete].

Since F(-, -) has compact values, then there exists a subsequence vy, (-) such that
Uy (1) = v4(:) asm — oo

and
v(t) € F(t,y, +u), aete].

For every w € F(t,y" + u), we have
[Vny () = V(O] < Jvp, () — w] + |w — v (O)].

Then
[V (6) = V4(O)] < d(vn,, (£), F(t, ¥, +u")).
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By an analogous relation, obtained by interchanging the roles of vy, and v,, it follows that

|[Vny (6) = v (O] < Ha(F(t, y, +u"), F(t, ¥, +uD)) < 1Oy, — Vil

Then
t
Iha(6) — ha(0)] < %ﬂ) /O (£ = P oy (5) — v,(5)]ds
-1 t
<5 /0 (£ = 9P 1(5)lyn — y-llods.
Hence

1 t
hy — hill £ — t —s)f1 — Yullod 0, .
[ I < F(ﬂ)/o( )" (S)lyn = Yullods — asm — 00

Claim 5: Now, we show that the set
M :={yeC(-r;,b+1],E):y € AG(y) forsome 0 < A < 1}

is bounded.
Lety € M be such thaty € AG(y) for some A < 1. Then there exists v € Sg , such that

t
y(t) = A f(t—s)ﬂ”v(s)ds, te].
0

1
re
This implies by our assumptions that for each t € ] we have

-l t
ly®)| < Tﬁ)/ P2y + v Dt — )P ds
0

lIpllob”
rg+1

LAyl +max{lil. I¥lh, tel].

Then

- 1Y1lry,ry <1.
s 2l r, + max{ligl, 111}

By (H4), there exists M, such that ||y|l;,,r, # M.
Set

U= {y € C([_r]’ b +T2],R) : ||y||1’1,1’2 < M* + 1}

1259

From the choice of U there isnoy € 90U such thaty € AG(y) for A € (0, 1). As a consequence of the Leray-Schauder
Alternative for Kakutani maps [24] we deduce that G has a fixed point and therefore the problem (1.4)-(1.6) has at least one

solution. O

Next, we study the case where F is not necessarily convex valued. Our approach here is based on the Leray-Schauder
Alternative for single-valued maps combined with a selection theorem due to Bressan and Colombo [25] for lower

semicontinuous multi-valued operators with decomposable values.

Theorem 3.2. Suppose that:

(h1) F :J x C([—ry, 2], R) —> P (E) is a nonempty, compact-valued, multi-valued map such that:
(a) (t,u) — F(t,u) is £ ® B measurable;
(b) u +— F(t, u) is lower semicontinuous for a.e. t € J;

(h2) for each p > 0, there exists a function ¢, € L'(J, R*) such that

IFt, w =sup{lv|: v € F(t,u)} < ¢,(t) foraet €]
and for u € C([—ry, 121, E) with |lu| < p.
In addition suppose (H1) and (H4) are satisfied. Then the IVP (1.4)-(1.6) has at least one solution.

Proof. Assumptions (h1)and (h2)imply that F is of lower semicontinuous type. Then there exists [25] a continuous function

p:C(,E) — L'(J,R) such that p(y) € F(y) forally € C(J, E), where ¥ is the Nemitsky operator defined by

F@) ={wel'(,R): w(t) € F(t,y") forae.te]}).



1260 M.A. Darwish, S.K. Ntouyas / Computers and Mathematics with Applications 59 (2010) 1253-1265

Consider the problem

Dly(ty =p(y)(®),t €], 0<p<1, (3.1)

y&) =), -1 <t=<0, (32)

y&) =y (@), b=<t<b+n. (3.3)
It is obvious that if y € C(J, E) is a solution of the problem (3.1)—(3.3), then y is a solution to the problem (1.4)-(1.6).
Transform the problem (3.1) and (3.2) into a fixed point problem considering the operator N : C([—r1, b + 1], R) —

C([—r1, b + 3], R) defined by:

(t), ift € [-ry,0]
t
N)(©) = %ﬂ)/(t—s)ﬁ’lp(y)(s)ds, ift €],
¥ (), ’ ift e [b, b+ 1]

We prove that N : C([—ry, b+ 1], R) — C([—r1, b + 13], R) is continuous.
Let {y,} be a sequence such that y, — y in C([—rq, b 4+ 1], R). Then there is an integer q such that ||y,|| < q for all
neNand ||yl < q;s0y, € B;andy € B;. We have then by the dominated convergence theorem

INOW =N < F(ﬂ) sup [ / (t— )P 1|p(yn)—pcy>|ds] o0,

Thus N is continuous. Next we prove that N is completely continuous by proving, as in Theorem 3.1, that N maps bounded
sets into bounded sets in C([—r1, b + r,], R) and N maps bounded sets into equicontinuous sets of C([—ry, b + 2], R).
Finally, as in Theorem 3.1 we can show that the set

&N) ={yeC(-r,b+1r],R):y=AG(y), forsome0 < A < 1}

is bounded. As a consequence of the Leray-Schauder Alternative for single-valued maps we deduce that N has a fixed point
y which is a solution to problem (3.1)-(3.3). Then y is a solution to the IVP (1.4)-(1.6). O

We present now a result for the problem (1.4)-(1.6) with a nonconvex valued right hand side, by using the Covitz and
Nadler fixed point theorem.
Theorem 3.3. Suppose (H3) and the following hypothesis hold:

(h3) F : ] x C([-r1, 2], R) —> P, (R) has the property that F(-,y) : | —> P, (R) is measurable for each 'y €
C([—r1, 2], R).

If
I1Ppllo < 1
then the IVP (1.4)-(1.6) has at least one solution.
Remark 3.1. For eachy € C(J, E) the set Sg(y, is nonempty since by (h3) F has a measurable selection (see [27], Theorem
11L.6).

Proof. Transform the problem (1.4)-(1.6) into a fixed point problem. Let the multi-valued operator G : B — % (B) be
defined as in Theorem 3.1. We shall show that G satisfies the assumptions of Lemma 2.2. The proof will be given in two
steps.

Step 1: G(y) € P(B) foreachy € B.

Indeed, let (yn)n>0 € G(y) such thaty, —> ¥y in B. Theny € B and there exists g, € S¢, such that for each t € J

Yult) = —— f (= P g(s)ds
" re Jo e

Using the fact that F has compact values and from (H3), we may pass to a subsequence if necessary to get that g, converges
weakly to g in L'(J, R). An application of Mazur’s theorem implies that g, converges strongly to g and hence g € Sr,y- Then
foreacht €J

1 t
) — 50 = 15 /0 (t — 9P 'g(s)ds.

Soy € G(y).
Step 2: There exists y < 1, such that

Hy(GW), G¥) < yly —¥lr.r, foreachy,y e B.
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Lety,y € Band h € G(y). Then there exists g(t) € F(t,y' + u') such that for eacht € J

h(t) = F(ﬂ)/ (t —s)P g (s)ds.

From (H3) it follows that

Ha(F(t, y* +u), F(t, ¥ +u") < IOy —JIl, te].
Hence there is w € F(t,y, + u") such that

lg®) —wl =IOy —yIl, te].
Consider U : ] — £(E), given by

Ut) ={w e€kE:|gt)—wl <lOlly -y}

Since the multi-valued operator V(t) = U(t) N F(t,y" + u') is measurable (see Proposition 111.4 in [27]), there exists a
function g(t), which is a measurable selection for V. So, g (t) € F(t, ' + u') and

lgt) —g®)| <Ut)ly —yl, foreacht e].
Let us define for each t € |

h(t) = L tt— B=1%(5)d
()—ﬁﬂ)fo( $)77 g(s)ds.

Thenfort €]

(o) — ()] < F(ﬂ)/< £ — P g(s) — £(s)ds
< F(ﬁ)fa—s)ﬂ 1)y — Flds
- _ \B-1 _y
<5 fo (b= 9P U)LY = Flly ryds
< 1PUlolly = ¥llryry -

Then
lh =hllo < I1P1olly = Vllry.r,-
By an analogous relation, obtained by interchanging the roles of y and , it follows that
Ha(G), G@) < IIPlolly = Fliry.ry-
So, G is a contraction and thus, by Lemma 2.2, G has a fixed point y, which is a solution to (1.4)-(1.6). O

4. Boundary value problems for fractional functional differential inclusions

By a solution of (1.7)-(1.9) we mean a function x € C([—rq, 1+ 3], R) with x(t) = ¢(t), $(0) = 0 on [—rq, 0], x(t) =
¥ (t), ¥ (1) =0on[1, b+ ry] and there exists a function v € L'([0, 1], R) such that

1 1
x(t) = —/ G(t, s)v(s)ds.
e Jo
We mention that for this section ] = [0, 1].

Theorem 4.1. Suppose (H1) and (H3) hold. Moreover assume that the following conditions hold:
(A2) thereexist p € L'(J, R) and £2 : [0, co) — (0, 0o) continuous and nondecreasing such that
IFE, wll = sup{|v| : v € F(t,uw)} < p(©)2(lJul))

foralmostallt € Jand allu € C([—r1, 12], R);
(A3) there exists a number Ko > 0 such that

Ko
7y 2 (Ko + max{[| 4], IIWII})IIPIIU

Then the BVP (1.7)-(1.9) has at least one solution on the interval [—r{, 14 13].
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Proof. We transform the problem (1.7)-(1.9) into a fixed point problem. A solution to (1.7)-(1.9) is a fixed point of the
operator N : C([—r1, 1 + 1], R) —> P(C([—r1, 1+ 12], R)) defined by

he C([—ﬁ, 1+ Tz], R) :
d(t), ift € [—rq, 0],

h(t) = F(,B)f G(t,s)v(s)ds, ifte],
ift € [1,1+ 1],

N(X) =

where
veSpy={vel'(,R):v(t) € F(t,y") forae.t €J}.

Using the decomposition of Theorem 3.1, in what follows, let B = {y € C([—r;, 1+ 2], R) : yo = 0}andletN : B— B
be defined by

heC(—r, 14+l R):
0, ift € [—ry,0],

h(t) = 1"(,3)/ G(t,s)v(s)ds, ift e],
ift e[1,14+rn].

N@y) :=

Then the operator & having a fixed point is equivalent to the operator N having a fixed point. So we turn to proving that N
has a fixed point which is a solution of the problem (1.7)-(1.9).

Claim 1: N(y) is convex foreachy € C([—ry, 1+ 2], R).

This claim is obvious, since F has convex values (see also the proof of Step 1 of Theorem 3.1).

Claim 2: N sends bounded sets into bounded sets in C([—rq, 1 + 2], R). A

It is enough to show that, for any o > 0, there exists a positive constant L such that, for each

ye€By ={y€B:yl-r.14r) = a},
we have |h|o < L. Fory € Band s € | we have

1Y li=ry.ryy = max Iy(5+9)| < _max Iy(t)l = Y lli=r 14021 = Y-

Lety € B,. Then for each h € N(y) there exists v € S¢ , such that

1
h(t) :/ G(t,s)v(s)ds, te].
0

We have foreacht € J

Ih(t)| < %ﬁ)/o |t —s|f~ 1|v(s>|c1s+ﬁﬁ)/ 11— s "u(s)lds

! tt B=11h,(s)|d 1—s/#"Th,(s)d
@/ [t —s|”| (S)|S+T,3)/ [1—s| o(8)ds

1

1
F(ﬂ)/ [hp(s)ds + ——— 6 hp(s)ds:—r(ﬁ)f0 h,(s)ds.

Thus

lhllo < ——lhpllp =1
1"(/3) '
Consequently, N maps bounded sets into bounded sets in B.
Claim 3: N sends bounded sets in C([—rq, 1 + r3], R) into equicontinuous sets.
We consider B, as in Claim 2 and let h € N(y) fory € B,.Let € > 0 be given. Now let 71, 7, € J with 7, > 7;. Then we
have

1
|h(t2) — h(t)| = / [G(t2,5) — G(t1, 9)]v(s)ds
0

A

ty ty 1
< / [G(t2, 5) — G(t1, $)]v(s)ds +/ [G(t2, ) — G(t1, $)]v(s)ds + / [G(t2, 5) — G(t1, s)]v(s)ds
5]

3|
/7 — !

1
_)p-1
< ') ](; (1 =95 v(s)ds
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‘F(ﬂ)/ [t =971 = (t1 = )P " Tu(9)lds| +

tf=1

‘F(ﬂ)/ (& — )P |u(s)ds

< Tﬁ)/o (1 — )7, (s)ds

5]
+%,3)/0 (62 = 9" = (61 = 9 M hy(9)ds + ——~ / (& — )P 'h, (5)ds.

IN:))

As t; — t; the right hand side of the last inequality tends to zero.

As a consequence of Claims 2, 3 and the Arzela-Ascoli theorem we can conclude that N : B —> £(B) is completely
continuous.

Claim 4: N has closed graph.

This can be proven as in Step 4 of Theorem 3.1, and thus the details are omitted.

Claim 5: Now, we show that the set

={y e C([—r;,14+1r],E) : y € AN(y) for some A > 1}

is bounded.
Lety € M be such thaty € AN(y) for some A < 1. Then there exists v € S¢ , such that

1
y(t) = A/ G(t,s)v(s)ds, te].
0

This implies by our assumptions that for each t € ] we have

1
()] < f GGt 9)l|v(s)]ds
0

IA

1
/o sup{|G(t, )| : (¢, 5) €] x J}p(s) 2(|ly* + v’l)ds
< = 2 QUllry.r, + max{li@ll, ¥ IDIpll-
rp)
Then
¥ liy.r B
7 2 W llry.r, + max{ligll, ¥ I 1Pl
By (A3), there exists M, such that ||y||;, ,, # M,. Set
U={yeC(-r,1+nLR) Iy, <M+ 1}

From the choice of U there isnoy € oU such thaty € AN(y) for A € (0, 1). As a consequence of the Leray-Schauder
Alternative for Kakutani maps [24] we deduce that N has a fixed point and therefore the BVP (1.7)-(1.9) has at least one
solution. O

Next, we study the case where F is not necessarily convex valued. Our approach here is based on the Leray-Schauder
Alternative for single-valued maps combined with a selection theorem due to Bressan and Colombo [25] for lower
semicontinuous multi-valued operators with decomposable values.

Theorem 4.2. Suppose that (H1), (h1), (h2) and (A3) hold. Then the BVP (1.7)-(1.9) has at least one solution.

Proof. Assumptions (h1)and (h2)imply that F is of lower semicontinuous type. Then there exists [25] a continuous function
p:C(,E) — L'(J,R) such that p(y) € F(y) forally € C(J, E), where ¥ is the Nemitsky operator defined by

F) ={wel'(,R): w(t) € F(t,y") forae.t €J}.

Consider the problem

—DPy(t) = py)(t), te], 1<B <2, (4.1)
y() =), —r <t=<0, (4.2)
yO)=vy(), b<t<1+4rn. (4.3)

It is obvious that if y € C(J, R) is a solution of the problem (4.1)-(4.3), then y is a solution to the problem (1.7)-(1.9).
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Transform the problem (4.1)-(4.3) into a fixed point problem considering the operator N; : C([—r1, 1 + r2],R) —
C([—r1, 14 r2], R) defined by:

(1), ift € [-ry,0]
1
Ni)(t) = / G(t, s)p(y)(s)ds, ift e],
Iﬁo(t), ift € [1,14r,].

We prove that Ny : C([—r1, 1 + 1], R) — C([—r1, 1 4+ 3], R) is continuous.
Let {y,} be a sequence such thaty, —> y in C([—rq, 1 + r;], R). Then there is an integer g such that ||y,|| < q for all
neNand ||y, < ¢q;s0y, € B;andy € B;. We have then by the dominated convergence theorem

1
IN1(yn)(£) = N1 () (D) 5/ 1G(t, )P (s)) — p(y(s))[ds
0

2 1
< o /0 IPO(S)) — PY($))]ds.

Hence
INy3w) = N{(¥)|lg — 0 asn — oo.

Thus N; is continuous. Next we prove that N; is completely continuous by proving, as in Theorem 4.1, that N; maps
bounded sets into bounded sets in C([—rq, 1+1>], R) and N1 maps bounded sets into equicontinuous sets of C([—ry, 14+13], R).
Finally, as in Theorem 4.1 we can show that the set

&Ny ={yeC([-r,14+1r],R) : y = ANy(y), forsomeO < A < 1}

is bounded. As a consequence of the Leray-Schauder Alternative for single-valued maps we deduce that N; has a fixed point
y which is a solution to problem (4.1)-(4.3). Then y is a solution to the BVP (1.7)-(1.9). O

We present now a result for the problem (1.7)-(1.9) with a nonconvex valued right hand side, by using the Covitz and
Nadler fixed point theorem.
Theorem 4.3. Suppose that (h3) and (H3) hold. If
2
Il < 1,

rg)
then the BVP (1.7)-(1.9) has at least one solution.

Proof. Transform the problem (1.7)-(1.9) into a fixed point problem. Let the multi-valued operator N : B — % (B) be
defined as in Theorem 4.1. We shall show that N satisfies the assumptions of Lemma 2.2. The proof will be given in two
steps.

Step 1: N(y) € $y(B) foreachy € B.

Indeed, let (yn)n>0 € N(y) such thaty, —> y in B. Theny € B and there exists g, € Sr, such that for each t € J

1
Ya(t) =f G(t, $)gn(s)ds.
0

Using the fact that F has compact values and from (A2), we may pass to a subsequence if necessary to get that g,, converges
weakly to g in L'([0.1], R). An application of Mazur’s theorem implies that g, converges strongly to g and hence g SE@y)-
Then for eacht € J

1
Ya(t) —> §(O) = / G(t. $)2(5)ds.
0

Soy € N(y).
Step 2: There exists y < 1, such that

Ha(N@), N@)) < ylly —¥ln.r, foreachy,y € B.
Lety,y € Band h € N(y). Then there exists g(t) € F(t,y* + u') such that for each t € J

1 t
?ﬂ)/ (t — )P 1g(s)ds.
0
From (A2) it follows that

Ha(F(t,y" +uh), F(t, ¥ +uh) <I®)lly —yll, te].

h(t) =



M.A. Darwish, S.K. Ntouyas / Computers and Mathematics with Applications 59 (2010) 1253-1265 1265

Hence there is w € F(t, ¥* + u') such that
lg@®) —w| =IOy —yll, te].
Consider U : ] — #(E), given by
u) ={wekE:Igt)—wl IOy —¥yl}

Since the multi-valued operator V(t) = U(t) N F(t,y" + u') is measurable (see Proposition IIl.4 in [27]), there exists a
function g(t), which is a measurable selection for V. So, g(t) € F(t,y' + u') and

lgt) —g®] < l®)lly —yll, foreacht e].
Let us define foreach t € J

1
h(t) = / G(t, s)g(s)ds.
0

Thenfor t € ]

1
|h(t) — h(®)| S/ IG(t, 5)|1g(s) —&(s)|ds
0

1
/ 1G(t. 9ISy — Flds

=<
= l 1,7
< F(ﬂ) —— 1y = Yllrrp-
Then
h h l r1,r17
I lo < F(,B) ——— 1y = Yllryry-

By an analogous relation, obtained by interchanging the roles of y and y, it follows that

2
Hy(N(y), N(¥)) =< ﬁﬁ)lllllu 1y = ¥lirr,-

So, N is a contraction and thus, by Lemma 2.2, N has a fixed point y, which is a solution to (1.7)-(1.9). O
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