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1. Introduction

The first systematic classification of metrics admitting super-
covariantly constant spinors in Einstein-Maxwell theory was per-
formed many years ago by Tod in [1]. The analysis of Tod was to
some extent motivated by the results of Gibbons and Hull [2]. The
metrics found in [1] are bosonic solutions of minimal N =2 super-
gravity theory admitting half of the supersymmetry. In the context
of the supergravity theory, the Killing spinor equation represents
the vanishing of the gravitini supersymmetry transformation in a
bosonic background. The metrics with a time-like Killing vector are
the known Israel-Wilson-Perjés (IWP) metrics [3] with the static
limit given by the Majumdar-Papapetrou (MP) metrics [4]. The
second class of metrics with a null-Killing vector is given by plane-
wave space-times [5]. In recent years, a considerable amount of
research activities has been devoted to the understanding and the
systematic classification of supersymmetric solutions in ungauged,
gauged and fake (de Sitter) supergravity theories in various di-
mensions (see for example [6]). Fake de Sitter supergravity can be
obtained by analytic continuation of anti de Sitter supergravity. We
also note that de Sitter supergravities can also be obtained as gen-
uine low energy effective theories of the so called * theories of
[7]. For instance, a non-linear Kaluza Klein reduction arising of IIB*
string theory and M* theory produce four and five-dimensional de
Sitter supergravities with vector multiplets. However these theo-
ries have actions where some of the gauge fields kinetic terms
have the non-conventional sign [8]. Black hole solutions with anti
or phantom Maxwell fields' have been studied and analyzed in [9].
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! There anti or phantom Maxwell field refers to an electromagnetic field of the
opposite sign from usual.
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Black hole solutions with phantom fields and their relations to
astrophysics and dark matter were also considered by many au-
thors (see [10] and references therein). However, to our knowledge
phantom solutions with Killing spinors have not yet been dis-
cussed.

In our present work, we shall study metrics admitting Killing
spinors in gravitational theories with anti-Maxwell fields. We shall
only focus on the simplest theory of four-dimensional Einstein
gravity coupled to a Maxwell field as a first step for a future
study of supergravity theories with many anti-Maxwell and scalar
fields in various space-time dimensions. We will consider both the
Lorentzian and the Euclidean theory. The action of the theory is
given by

S=/d4xJ—_g (R+K2Fun ),

where F, is the U(1) gauge field strength. We have introduced a
parameter x which for ¥ =i, corresponds to the standard Einstein-
Maxwell theory and for k = 1 corresponds to the Einstein-anti-
Maxwell theory, i.e., where the Maxwell field kinetic term comes
with the wrong sign. The signature of the metric is taken to be
(—,+,+,+). For k =1, this action can be thought of as the
bosonic part of a fake minimal N = 2, D = 4 supergravity. The Ein-
stein and gauge field equations derived from (1.1) are

1
Ry = —k? <2FWFVP - ig,wFa,gFO‘ﬂ> ,

d«F=0.

(11)

(1.2)

Here F is the two form representing the gauge field strength F,.
The Killing spinor equation is given by

1 K
<3M+7wﬂ,ul,)2y”1”2 +—Fv1v2y"“’2y#>s:0. (13)
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where ¢ is a non-zero Dirac Killing spinor and @y y,v, are the spin
connections components. For k =i, the Killing spinor equation is
simply the vanishing of the gravitini supersymmetry transforma-
tion in a bosonic background of minimal N =2, D =4 supergrav-
ity.

We note that if one interchanges F by its Hodge dual * F in
the Lorentzian Einstein—-Maxwell equations, this simply maps so-
lutions to solutions as Lorentzian Maxwell stress energy tensor is
unchanged by this transformation. In the Euclidean case, however,
this is no longer the case and the stress energy tensor picks up a
minus sign. Therefore with Euclidean signatures, solutions for the-
ory with the wrong sign of the coupling of Maxwell field are those
for the theory with the “correct” sign of the coupling but with F
and * F interchanged [11]. This can also be seen from the inspec-
tion of the Killing spinor equations [12].

We shall use the spinorial geometry method which has proved
to be a very powerful method in the classification of geomet-
ric backgrounds admitting various fractions of supersymmetry in
supergravity theories. The isomorphism between Clifford algebras
and exterior algebras allows one to express the Killing spinor in
terms of differential forms. The canonical forms of the spinor are
basically representatives up to gauge transformations which pre-
serve the supercovariant connection (the reader can refer to [13]
for spin geometry as well as supersymmetric black holes classifi-
cations).

Following [13], Dirac spinors in four space-time dimensions can
be written as complexified forms on R?

e=A1+ pie! + pae? +oel'?, (14)

where e!, % are 1-forms on R? and e!?2 =e! A e2. The functions

A, ui and o are complex functions. The action of y-matrices on
these forms is given by

Yo=—e? A+i,,

vi=el A+,

Y2 =e> A +ig,

ya=ie! A—iz). (15)
and ys is defined by ys5 =iyp123 and satisfies

ys1=1, yse' - =e'”’, ysel =—el i=1,2. (1.6)
Following [14] we define
1 .
Ve = E(VZ +%0) = V2ig,
1
V-= ﬁ()/z —0) = V2e%A,
1 ) )
n="50+tir =V2i,,
1 )
vi=F0—ir) =v2e' A. (1.7)

In this basis the non-zero metric components are given by
g-=1gi=1

As has been demonstrated in [14], using Spin(3, 1) gauge trans-
formations, one finds the three canonical orbits:

g =e?, (1.8)

where 1 and p, are complex functions. Note that the first orbit
represents the Killing spinor for the IWP metric which has a time-
like Killing vector. The other two orbits correspond to plane-waves
with null Killing vector. In this letter we are interested in finding
phantom solutions for the Killing spinor & = 1+ pe?. Similarly we
consider the analogue solutions in the Euclidean case.

e=1+pue®, e=1+puqe’,

2. Phantom IWP solutions

For the orbit &€ = 1+ pe?, the integrability conditions of the
Killing spinor equation are consistent with the equations of mo-
tion. Any solution of the Killing spinor equation in which the gauge
field satisfies the Bianchi identity and Maxwell equation is auto-
matically a solution of Einstein equations of motion.

Our solution can be written in the form

ds2 =2ete” +2elel. (2.1)
Plugging &€ =1 + pe? in (1.3) and using (1.7), the Killing spinor

equations amounts to a set of sixteen algebraic and differential
equations:

—(@4 4+, 47) = V264 + Fi3) =0,
wi,-1=0,

oy + %(w+,+— —w, 17) =0,

Wi +1 +K«/§,uF+1 =0,

O y—+w_47= 0,

Hw— 1+ K\/EF,l =0,
K

5P =P =0,

n
_u+ E(a)_ﬁ_ —w_q7)+
w_ 4+1=0,
w1, 4- + w47 =0,
w1,-1=0,
7
ou+ §(w1,+— —w;47) =0,

w1,41 =0,

1
—E(COTQL, +wiﬁ) +K«/§,LLF77 =0,

K
por g+ 5 Fee = F) =0,
m
o+ 5(w1,+_ — w7 17) —i—K\/EF_H =0,
K
wi;}»l_ﬁM(F"'—_—i_F]i):O' (22)

The analysis of this system of equations gives the following re-
lations for the gauge field strength components

1 o
Fi_= —ﬁa, (KL +ikp),

1
Fr=———0_(kit — kW),
11 72 1% 1%

K oL
——=——S 01,
V2|
F K o (2.3)
1=——=01, .
+ /2
together with the relation

(a++/<2|u|23_)u=0. (2.4)

We also obtain for the spin connections
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Wy =K20_|u)*et — 0y log ue' — o5 log fie’,

w7 =K% u*0_log %eJr + 91 log jue! — 5 log jie!,

1 K2 _ i
= E WE)],LLe +8_Me . (25)

The equations (2.4) and (2.5) can be used to demonstrate that the
vector V,
V = |ul’et +x%e” = |u|Po_ + k%o, (2.6)

is a Killing vector which is space-like for k2 =1 and time-like for
k%=1
Moreover, the vanishing of the torsion, i.e.,

de? + w% Ae’ =0, (2.7)
implies the following relations

de! = —d (logt) Ael, (2.8)
and

2 .
det=(et— X e ) A (8 log j1e! + 35 log 'e])
- P2 1 1Rk

+o_logHel nel, (2.9)
I}

and

de” = —k23_ (lulz) et re” + (81 log we! + 3 logﬂei> Ae”

—K? (Uo—fu — ﬂa_m& el

— ket A ([Lawei + ualﬂe]) . (2.10)
Using these relations, it can be shown that (|u|?e™ — k2e~) satis-
fies
d(|,u|2e+ —Kze_) —0 2.11)
and thus is a total differential.?

The relations (2.6), (2.8) and (2.11) enable us to introduce the
real coordinates (t, x, y, z), such that

- _ 1 2 2

e __EQC dz — | (@t +)),

+=¥ d 2 2 dt
«/ilu|2<z+K il ( +¢)),
1

el = —— (dx+idy). (212)
A2 Y

Here ¢ is a one form independent of the coordinate t and
¢¢ = 0. Note that (2.4) implies that w is independent of t. The
metric is therefore given by

7 1
ds? =2ete” +2ele! =«?|u|? (dt +¢)* + st% (213)
where ds? = (—«2dz? + dx* + dy?). Moreover, substituting the re-
lations (2.12) into (2.9) or (2.10), one can derive the relation

2 Note that (|u|*e* +«2e”) and | (u|?e* — k2e™) are related to Hermitian inner
products by

«/E(WIZ«!+ - e*) = (Y0€, Ya€); «/E(WIZ«!+ + e*) = (o€, V5Ya).

2 _

dp = —— #3dlog -, (2.14)
[l M
where 3 is the Hodge dual with metric ds3.
Using (2.3), (2.12) and
| l? K? 3 ,
04 = , 0_ = ———=0z, 01 = —= (0x —idy), (2.15)
+ ﬁ 7 ﬁ z 1 \/E( X y)
we obtain for the gauge field strength two form
1, __ i _ _
F=—-dkp+xp)Adt+¢)— —= s3d(kpn—kpn). (2.16)
2 2|12
The dual gauge field strength two form is given by
[ 1 _ _
*F=—-d&p—Kkp)Adt+¢)— sd(Kpu+Kk).
2 2|12
Using (2.14), F and * F can be rewritten in the form
1 _ . _
F=od| (B v )are)|-Laa(E L),
2 K K 2 nw o
. _ 1 _
sF=td| (BB dr+¢) |- xd(E£+5). (217)
2 K K 2 mw o

Then Bianchi identity together with Maxwell equation imply that

2K K K K
v —— ==V —+ = =0»

T T
V2= (a,? +92 - Kzazz) . (218)

For k =i, the solution obtained is the IWP metric [3] where the
inverse of 1 is a complex harmonic function. For k¥ =1, we obtain
the new solutions in which the inverse of w satisfies the wave
equation in flat (2 4+ 1)-space-time. For k =1, u = 1, we obtain
the analogue of the electric MP solution [4]

1
ds® = /,detz +— (—dz2 +dx? + dyz) ,
1%
A = udt,

(92 + 03 —?02) (%) —0,

where A is the gauge field one form. For u =i«, we get the mag-
netic solution

(2.19)

1
ds? = o?dt* + — (—dz2 +dx> + dyz)
o

1
F:—*gd(—),
o
2 2 2q2 1
(ax+ay—;c 82)(E>:O'

2.1. Charged Kasner universe

(2.20)

As special interesting phantom metric examples, we take as a
solution to the wave equation in flat (2 + 1)-space-time,

q
== 2.21
m=: (2.21)
with constant q. The metric and the gauge field strength then take
the form
2 2 2
z z
ds? = Z—zdtz - a2+ 5 (dx2 +dy2) ,
q q

F=dA=——dzndt. (2.22)
V4
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Introducing the new coordinates

1 2, 3 q
T=— = [— = s =./=t, (2.23
o x! / X, x? l y X =] 5 (2.23)

then the metric takes the Kasner form [15]

ds® = —d7? + ZS: 2P (dxf)2

j=1

1
F=-— P 3/2dr /\dx

with the Kasner exponents
1 1
P1=p2= 2 p3 = 7
Note that here the Kasner exponents satisfy the conditions

S pi=1 ipz:i
Ty ,-=1’ 4

(2.24)

(2.25)

(2.26)

(2.27)

For u =i = 7 We get the solution

1\2
ds? = (E) dt? + (pz)? (—dz2 +dx* + dyz) ,

F = pdx Andy. (2.28)

This metric takes the Kasner form

2 2 2
ds? = —dt® + 1 (dx1> +T (dx2> +172 (dx3) :
F =dx! Andx2,
where we have introduced the coordinates
1

T= Epzz, x'=./2px,
x2:\/2py X = lt

) T

(2.29)

(2.30)

3. Euclidean solutions

As already mentioned, one does not get new exotic solutions
with phantom Euclidean Maxwell fields. The metric solution is in-
dependent of the sign of the coupling of the Maxwell field. For
the sake of completeness, we briefly present the solutions for both
couplings in a unified fashion. We take the metric to be of the
form [12]

ds? = 2e'el + 2e2e?. (3.1)

Dirac spinor is taken to be a linear combination of the complexi-
fied space of forms on RZ, with basis {1,eq, ez, e12 =e1 Aez). In
this basis, the action of the Dirac matrices )y, on the Dirac spinors
is given by

Yn=2ie,, Vi =2emA (3.2)
for m =1,2. We also define ys5 = y,,5. Euclidean version of the
IWP metric were found in [12] for the case k¥ =1, and orbit

e=Al+oeq, (3.3)

with real A and o. Keeping x as a parameter, then the analysis of
the Killing spinor equation for the orbit (3.3) gives the geometric
conditions

a)n_azlog e’ — 9;logore! — 35 logae + 07 logake

- o o -
W,5 =02 logkae2 — 05 logAJe2 + 01 log Ie1 — 0i log 1317

w1 = —2K> 3 log re! — 29, logkej,

w5, = —2k%d5logoe! — 23 logoe?, (34)

together with the condition
(31 +/<Zai)o = (31 +;<231)A=0. (3.5)

For the gauge field strength we get

1 22 o2 902 A2 5 :
Fy = [81 (——i—f)el—i—zfez—i—z—ez ne!
V210 K i i K

1 A2 9502 5
02A 2+2 e | Ael
fm K K

1 )\,2 2
+ o (- )e?ne?. (3.6)
V20 K K

For torsion free metric, the conditions (3.4) and (3.5) imply that
Aa( K281> is a total differential and that xic (e1 +«%el
is a Killing vector. This enables us to introduce the coordinates

(t,x,y,2) and write

elz%(—m; +1k (dr—i—qb)) e’ =

and the solution is given by

1
—— (dy+idz),
\/ixo(y )

_ 2 2
= (:0)? dT +¢) +( 7 (dx +dy? +dz)
2k2

A
*dlog —,
oy T %s
F=ld[<K202+A2)(dr+¢)] —*a ! K—2
2 2 o2)’

:-—d[( —KO’)(dT+¢)] —*d<;2 K—i) (3.7)

dg =

with A and o independent of 7. The Bianchi identity and Maxwell
equation imply the equations

1 K2 1 K2
2 2
v (;2 02) v ()»2 (72) 0, (3.8)

where V2 =97 + 95 4 9.

In summary, the method of spinorial geometry is used to find
IWP analogue solutions in four-dimensional Einstein-anti-Maxwell
theory admitting Killing spinors. The analysis of the Killing spinor
equation reveals the existence of a Killing vector and a total dif-
ferential which switch roles when one changes the coupling of
the Maxwell field. The phantom solutions found admit a space-
like Killing vector and constitute the time-dependent analogues of
the IWP metrics of the canonical Einstein-Maxwell theory. The so-
lutions are expressed in terms of a complex function satisfying the
wave equation in a flat (2 + 1)-space-time. As examples, electric
and magnetic Kasner spaces can be constructed by specializing to
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solutions that depend only on the time coordinate. The Kasner ex-
ponent sum rules of the vacuum Kasner solution get modified in
the presence of a phantom U (1) gauge field. Phantom Euclidean
solutions are also presented. In the Euclidean case, the phantom
metric is the same as in the ordinary Einstein-Maxwell theory but
with the roles of F and x F interchanged. Our analysis can be ex-
tended to theories with anti-scalars and anti-vector multiplets in
ungauged and gauged supergravity models in various dimensions.
Work in this direction is in progress.
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