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1. INTRODUCTION

Consider the simplest of hypergeometric integrals,
I(z, a, b) = j T = 2) dt.
0

It satisfies the differential equation

dl b—1
M o (ab)=""""" 1, a.b),
dz z
the difference equation
az
@ I(Z,a+1,b)=a+b1(z,a,b),
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and a similar difference equation with respect to b. Equations (1) and (2)
are clearly compatible. More general hypergeometric integrals appear in
conformal field theory as integral representations for conformal blocks; see
[Ch, CF, DF, Ma, SV, V]. It is known that the integrals satisfy the KZ
differential equations. The KZ equations are generalizations of (1). In
[TV] a system of difference equations, generalizing Eq. (2), is proposed.
The system, proposed in [TV], is compatible with the KZ equations. The
difference equations were called the dynamical equations. Both the KZ
differential equations and the dynamical difference equations are associated
to a given Lie algebra. It was conjectured in [TV] that the hypergeometric
integrals, which satisfy the KZ equations, also satisfy the dynamical equations.

In this paper we prove that the hypergeometric integrals solving the
(trigonometric) KZ equations associated to s/, also satisfy the the dynamical
equations.

The trigonometric KZ equations have a rational limit called the (standard)
rational KZ equations. Under this limiting procedure the dynamical difference
equations turn into a system of (dynamical) differential equations compa-
tible with the rational KZ equations. The dynamical differential equations
were introduced and studied in [FMTV]; see also [TL]. In [FMTV] it
was shown that the hypergeometric solutions of the rational KZ equations
also satisfy the dynamical differential equations.

The paper is organized as follows. In Sections 2 and 3 we introduce
notation and define the main objects of our study: the trigonometric and
rational KZ equations, the dynamical equations for the Lie algebra s/, .

In Section 4, following [Ma], we present a construction of hyper-
geometric solutions of the KZ equations with values in a tensor product of
highest weight s/, -modules.

The main result of the paper is Theorem 5.1. We give new formulae for
hypergeometric solutions related to special (normal) orders on the set of
positive roots of s/, in Sections 6 and 8, and new formulae for the dynam-
ical difference equations in terms of the Shapovalov form in Section 7.
Both results are used in the proof of Theorem 5.1, given in Section 9.

In Appendixes A and B we adapt a theorem from [Ma] and a theorem
from [EFK], respectively, to our setting. In Appendix C we give explicit
formulae illustrating the main objects of our study in the case of the Lie
algebra s/, .

2. RATIONAL AND TRIGONOMETRIC KZ EQUATIONS

2.1. Preliminaries. Let g be a simple complex Lie algebra with root
space decomposition g=h @ (P, s Ce,) where 2 = h* is the set of roots.
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Fix a system of simple roots a,, ..., a,. Let X', be the set of positive (nega-
tive) roots. Letn, =@, .5, g,. Theng=n, @h®n_.

Let (,) be an invariant bilinear form on g. The form gives rise to a
natural identification h — h*. We use this identification and make no dis-
tinction between h and h*. This identification allows us to define a scalar
product on h*. We use the same notation ( , ) for the pairing h ® h* — C.

We use the notation Q =@}_, Za,—r00t lattice; O =@ 1 Z;%;
QY =®}_, Zay—dual root lattice, where o =2a/(a,a); P={Ach]|
(4, ay) € Z}—weight lattice; P*={Aeh|(, af)eZ.,}—cone of domi-
nant integral weights; , € P*—fundamental weights: (w,,a)) =7, ,;
p =%Zuez+ a="_,wz; PY=@;_, Zw}—dual weight lattice, where
) —dual fundamental weights: (v} , &) =Jy ;.

Define a partial order on h putting u < Aif A—ue Q™.

For a € X' choose generators ¢, € g, so that (e,, e_,) =1. For any «, the
triple

2
Hllzav’ Eot= e(l’ F(x:e—a
(o, @)

forms an s/,-subalgebra in g, [H,, E,1=2E,,[H,,F,1=-2F,,[E,, F,]
=H,.

The Chevalley involution 7 of g is defined by E, — —F, , F, — —E,_,
H,6—-H,, k— 1,...,r. The antipode map A of g is defined by g —g
fOI‘gE{ o 2 onk3 }k=1‘

Let U(g) be the universal enveloping algebra of g. The Chevalley
involution, 7, extends to an involutive automorphism of U(g) which
permutes U(n,) and U(n_). The antipode map, A4, extends to an involutive
anti-automorphism of U(g) which preserves U(n, ) and U(n_).

Let s,: h > h denote the simple reflection s,(1) =A— (), 4) o, for all
A€h, and let W be the Weyl group, generated by s, ..., s,. For an element
we W, denote /(w) the length of the minimal (reduced) presentation of w
as a product of generators s,, ..., s, .

For any dual fundamental weight w; define an element wy;; = wywk e
W where , (respectively, w¥) is the longest element in W (respectively, in
W* generated by all simple reflections s, preserving ;).

Let Aeh be a weight. Let C, be the one-dimensional (h ® n, )-module
such that C;, = Cv, with Av, =A(h) v, for any Aeh and n, v; =0. The
Verma module with highest weight A1 is the induced module M, =
Ind§,¢,,,C;. M, is a free U(n_)-module and can be identified with U(n_)
as a linear space by the map U(n_) > M,, ur—>uv, for any ue U(n_). A
highest weight module of weight 1 is a quotient module of the Verma
module with highest weight 1. All the highest weight modules in this paper
are equipped with a distinguished generator, the highest vector.
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Let V, be a highest weight g-module with highest weight A and highest
weight vector v,. We have a weight decomposition V, =&, ., V;[v].
Define V; =®,, V,[v]* as the restricted dual module to V, with the
g-action {g¢, a) = —{¢, ga) for every geg, aeV,, peV;. Then V} is a
lowest weight g-module with the homogeneous lowest weight vector v},
such that (v}, v,> = 1.

The Shapovalov form S;(.,.) on V, is the unique symmetric bilinear
form such that

SA(U}n Ul) = 17 Si(gu’ U) = Si(ua (A ° T)(g) U),
Yu,veV,,Vge{E, ,F,}i_.

The form S;(.,.) is non-degenerate if and only if V), is irreducible. In
particular, it is non-degenerate for generic values of A.

2.2. KZ Equations. Let {x,} be any orthonormal basis of the Cartan
subalgebra h. Set

Q=Y x0x, Q=043 e®e, Q =0+73 e,@e,.
k

aely aeXy

Define the Casimir operator £2 and the trigonometric R-matrix r(z) by

o
Q=0'+0Q", ) =@.
—

Let V'=V® --- ®V,,,, where V; is a g-module. The rational KZ
operators, Vi, (i), acting on a function u(z, ..., z,,;) of n+1 complex
variables with values in V' are

0 Q)
3) Viz (k) =1 —— , i=1,...,n+1,

0z, ;5%:12i—z

where « is a complex parameter. The rational KZ equations are
@ Viz (k) u(zy, ..., 2,01) =0, i=1,..,n+1.

The rational KZ equations are compatible, [V, ,, Vi ;1=0. The KZ
operators commute with the g action on V’'. Thus, the KZ operators
preserve every subspace of V' consisting of all singular vectors of a given
weight.
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Let V=V, ® --- ®V,, where V; is a g-module. The trigonometric KZ
operators, V,(k, ), with parameters x € C and A€ h acting on a function
v(zy, ..., z,, 4) of n complex variables with values in V" are

©) Vi(x, 1) =kz; i—i(i)— Y r(z/z,) P, i=1,..,n

0z; INTT
The trigonometric KZ equations are
6) Vi(x, 1) v(zy, ..., 2z,, 1) =0, i=1,..,n

The trigonometric KZ equations are compatible, [V,;,V;]=0. The
trigonometric KZ operators commute with the h action on V. Thus,
the trigonometric KZ operators preserve every weight subspace of V.

2.3. A Relation between Rational KZ Equations and Trigonometric KZ
Equations. For every j=1,...,n+1, let V; be a highest weight g-module
with highest weight 4; and highest weight vector v;. Set V'=V; ® --- ®

Voopand V=V ® ---®V,.

Let V., be the dual module to ¥, ; with the homogeneous lowest
weight vector v}, ; . Define a multi-linear map |v),;>: V' >V byy, ® -+ ®
Yn ® Vi1 051> =<0t V1) 11 ® - ®y,, for any y, ® - ®yn ®
Vur1 €V

The following well known fact, see [EFK], for example, describes the
transition from rational KZ equations to trigonometric KZ equations.

ProrosiTION 2.1.  Fix a weight subspace V'[Vv']1< V', v/ = Z"“ A;—vy,
where vy € Q.. Let u: C"*' > V' be a solution of the rational KZ equations
with parameter k € C taking values in the subspace of V'[v'] consisting of all
singular vectors. Setv=737_; A

Then v(z,, ...,z,) =u(z,, ..., Z,, O) |v,,+1> [17_, 24 4+20% s q solution of
the trigonometric KZ equattons with values in the weight subspace V[v] = V with
parameter A = A, ., +p+5v € hand the same parameter x € C.

A proof is given in Appendix B.

3. DYNAMICAL DIFFERENCE EQUATIONS FOR g = s/, [TV]

3.1. Operators B} (1), B, ,(4). Let g be a simple complex Lie algebra.
Fix a root a € X', . Consider the s/, subalgebra of g with generators H = H,,
E=E, F=F,. ForteC, introduce

15! 1
(7 p(t; H,E,F)=Y FE*~[] ————
kz k! ]l_[o (t—H-j)

The series p(t, H, E, F) is an element of a suitable completion of U(sl,).
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Let V=V, ® --- ®V, be a tensor product of highest weight g-modules.
For a € 2, A €h, the linear operator B}, (1): ¥ — V is defined by the rule:
for any v e h, and any v € V[v], we have

By (1) v=p((A+3v,0")~1; H,, E,, F,) v.

For every simple reflection s, € W define B,, ,(4):V -V by B, (1) =
By (4). For every we W, such that /(w)>1, the operator B, (1) is
defined by the rule. If w=w,w,, where w,,w,e W and I(w,w,)=
I(w;)+1(w,), then

B,y (1) = w3 (B,, »(w,(4)) B,, »(1).

3.2. The Lie Algebra sly. Let {e; ;}.;, k,1=1,...,N, be the standard
generators of the Lie algebra gly, [e, ;. ey ] =0, e,y —0ir €, - The Lie
algebra s/ is the Lie subalgebra of g/, such that s/, =n, ® h® n_ where

n, = (‘B Cers, n_= ('B Ceps

1<k<I<N 1<k<I<N

andh={A=37_, Le |4 €C, Y7, 4 =0}

The invariant scalar product on s/y is defined by (e, ;, ey, ) = 04 10, -

The roots of sly are o, =e,,—e,;, k#I. The positive roots are
{1 }x<;- The simple roots are o, =€, —€y1 441, k=1,.., N—1. For a
positive root o ,, the elements H,  =e.,—e, ,, E, =e,, F, =e,
generate the s/, subalgebra associated with o ;.

We have a¥ = « for any root.

For any k£ </, we have

®) Fo =[Fy [ [Fys Fu 110

Define the standard linear order on the set of positive roots, o, ; > oy , if
andonly if /> /", or/=1["and k> k'.

The Weyl group W is the symmetric group SV permuting coordinates of
Aeh. The (dual) fundamental weights are w,=w{ =Y5_; (1-%)e,,
=Y i+1 5 ens, and the permutations wp) €SV have the form wp =

1 2 .. N—-k N—k+1 .. N _
(k+1 k+2 .. N 1 k)ak_la,N_l

3.3. Dynamical Difference Equations. The dynamical difference equa-
tions on a V-valued function v(z,, ..., z,, 4) for s, are

©) v(zy, .y 2y, A KDY
=K (z, ..., 2,, D) v(zy, ..., 2,, A), k=1,..,N—1,
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where

n

ANE)
Ki(zi, .oz, ) =[] 207 B, v (4).

j=1

The operators K,(z, A) preserve the weight decomposition of V.

THEOREM 3.1 (Theorem 17 in [TV]). The dynamical equations (9)
together with the trigonometric KZ equations (6) form a compatible system
of equations. Namely,

(10)
[Vi(x, 2), V;(x, 1)1 =0, Vi(x, A+xw] ) Ki(z, 1) = Ki(z, 1) V(k, ),

Ki(z, A+ ko)) Ki(z, 4) = K(z, A+ ko)) Ki(z, 1)

foralli,j=1,..,nandk,1=1,..., N—1.

4. HYPERGEOMETRIC SOLUTIONS OF THE TRIGONOMETRIC
KZ EQUATIONS FOR s/,

We use the construction in [Ma] of hypergeometric solutions of the
rational s/, KZ equations in a tensor product of lowest weight modules.
We modify this procedure in Appendix A to a construction of solutions of
the rational KZ equations in a tensor product of highest weight modules;
cf. [SV]. We present the result below. Then we use Proposition 2.1 to give
hypergeometric solutions of the trigonometric KZ equations.

There are different constructions of hypergeometric solutions of KZ
equations; cf. [Ch, CF, DF, Ma, SV, V]. One should expect that all of
them give the same result, but this was never checked off as far as we
know.

Let V'=V,® --- ®V,,, where V; is a highest weight s/, module with
highest weight 4; and highest weight vector v;. Fix a weight subspace
V'V]1eV, v =31 A4, -2 may, where Y771 muoy € QF. Set m=
Yot my and vo = TX7] myoy .

The function ®'. Consider complex spaces C"*! with coordinates z;,
<s Zys1, and C™ with coordinates 1, k=1,..,N—1,de S, ={1, ..., m;}.
Fix an order << on the set of coordinates in C”, (k, d) << (K, d') if and
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only if k<k', or k=k' and d<d'. Define a multi-valued function
P:CxCr > C

(an
o0 =]] G=z) " [] (@t =z) @ [] (@ =)o

i<j (k, d), j (k,d) < (l,d)

The standard PBW-basis. Any order on the set 2, of positive roots
of sl induces an order on the set { —e; ;},., which is a basis of n_, —e; ,
succeeds —e, ;. if and only if «, ; succeeds a, ,. The standard order > on
%, induces the standard order > on {—e,  }io;, —e > —epp if and
only if /> /', or [ =1' and k> k'. The corresponding (standard) PBW-basis
of U(n_) is

InN-1° It
where I, = {i, . },-, runs over all sequences of non-negative integers.
Let Fy, ..., F; ,, be elements of the standard PBW-basis, I, = {i},, ...,
iy y_1}. Set I =(1,, ..., I,;,). The corresponding “monomial” vector F,v =
Foo,® --- @ F v, liesin V'[V']if

n+1

h N
(12) 3 Y iy=m, forall h=1,..,N—1
k=1 I=h+1

j=1
Denote P(v,,n+1) as the set of all indices I corresponding to monomial
vectors in V'[v']. The set {F,v},. pw, .41y forms a basis of V'[v'] provided
the tensor factors of V' are Verma modules and generates V'[ V'] otherwise.

The rational function ¢'. For Ie P(vy,n+1) and h=1,..,N—1,
define two index sets,

S ={G, kL, |1<j<n+1,1<k<I<N,1<q<il,}

(13)
S ={s=(,k 1,9)eSUI) | k<h<I}.
Condition (12) implies |S,(I)|=m, forall A=1,..., N—1.
For every 4 fix a bijection f,(1): S,(I) — S,. For s=(j, k,1,q) e S(I),
define rational functions

12 1 1

) — ) — £
(14) f - H t BrD©) _ 4 By 1 (D)) > ¢ - f -1 D) _
h=k “h h+1 -1 J




108 MARKOV AND VARCHENKO

Set

(15) ¢(= 1] 49 ¢CE.n= 3 ¢U)Fo.

seS) IeP(vy,n+1)

ExampLES. Let g=sl5. Then {—e;,, —e;;, —e,} is a basis of n_. Let
n=0.

(@ V=4 —a—a,

1 1
€326, 1U; —
(@) =)@ —z))

!

(P =z —z)
b)) VvV =4,—20—0,,
1
(17 =) (5 =zt —z)

1 es
— €3, ——1;.
(1" —z) (P —z) (15’ —z)) 2

€310y .

¢ =

€316, 101

The integrals. Consider the integral with values in V'[v']
u@)=[ @0 E 0 dr,
7(2)

where dt =Ty 4 dty” and p(z’') in {z'} xC}" is a horizontal family of
m-dimensional cycles of the twisted homology defined by the multi-valued
function (®")"/*; see [Ma,SV, V].

For a positive integer m,, let 2, be the symmetric group on m,
elements. The group X(m,,...,my_)=2, X...x2,  acts on points
t={t¥k=1,..,N—1,deS,} of C™ permuting coordinates in each
group {1”|deS,}. Denote 2(z') as the union of hyperplanes
Uka. {8 =2} U Ukeay, wsr.ay {8 =11)} in C;'. We always make the
following assumption on y(z").

Assumption [Ma]. For any rational function ¢ with poles in Z(z') and
any permutation g € Z(m;, ..., my_,) we have [, &'(z',1)"/* ¢'(', 1) dt =
foe @' (2', at) /" §'(2', at) dt.

In other words we always assume that the cycle y(z') is skew symmetric
with respect to permutations in X(m,, ..., my_;).
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THEOREM 4.1 Theorem 2.4 in [Ma] and Corollary 10.3 of the present
paper). The function

u(z') = L(ZV) (2, ) §'(2, 1) dt

takes values in the subspace of singular vectors in V'[V'] and satisfies the
rational KZ equations with parameter k € C.

The function u is called a hypergeometric solution of the rational KZ
equation. Different solutions correspond to different choices of the
horizontal family y(z').

Remark. The assumption on the cycles of integration implies that the
function u(z") does not depend on the choice of bijections {f,(1)}.

LetV =V, ® --- ®V,. Fix a weight subspace V[v]cV,v=37_, 4;—v,.
Let z=(z, ..., z,) € C". Define a function

(16)
@(z, t ﬂ.) — n (Zi_zj)(Ai,Aj) 1‘[ (tl(cd)_zj)_(“k,/lj) l‘[ (tgcd)_tgd’))(“k,“l)

i<j (k,d), j (k,d)y<(,d)

n
% l—[ (t](cd))—(zxk,l—p—v/2)x 1—[ Z[(Ai,/l—v/2+A;/2).
(k, d) i=1

Define a rational function ¢(z, ¢) with values in the weight subspace V'[v],

¢zt)= ) ¢ Fo.

IeP(vy,n)
Consider the integral with values in V'[v], L(z) D(z, t; A)V* ¢(z, t) dt, where
y(z) in {z} xC™ is a horizontal family of m-dimensional cycles of the
twisted homology defined by the multi-valued function (®)'/*. Consider

the union of hyperplanes & = 9(z,, ..., z,,0) in C". We always make the
following assumption on y(z).

Assumption. For any rational function ¢ with poles in & and any
permutation o€ X(m,,...,my_,) we have [ ®(z,t; 1) ¢(z,t)dt=
fy0 (2,01 A)VV* §(z, o) dt.

COROLLARY 4.2. The function

o(z; A) = L(Z) &z, t; )V §(z, 1) dt
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takes values in the weight space V[v] and satisfies the trigonometric KZ
equations with parameters k € C and A € h.

Proof. The statement of the corollary follows from Theorem 4.1 and
Proposition 2.1. ]

The function v is called a hypergeometric solution of the trigonometric
KZ equation.

5. THE MAIN RESULT

For any ke {1, ..., N—1} we have
¢l /1 vy 2 (Aj,w,‘:) c: 1 ¢l . /1
Wz, t; A+ Kkw)) = 1_[1 z§ dnl_l;‘f” oz, t; A).
j= =

The product [T7, (¢£?)~! is a univalued function, which never vanishes.
Therefore, we can and will consider any horizontal family of m-dimensional
cycles, y(z) in {z} xC", of the twisted homology defined by the multi-
valued function (@(z,t; 1))/ as a horizontal family of m-dimensional
cycles of the twisted homology defined by the multi-valued function
(®(z, t; A+xw) ) . This identification implies that if we choose a
hypergeometric solution of the trigonometric KZ equation, v(z, )=
Sy(z) D(z, t; 1)/* ¢(z, t) dt for fixed A, we obtain a hypergeometric solutions
v(z, At Kkw”) = (o, Bz, t; A+kw")"/* §(z, t) dt for any w* € P".
The following theorem is the main result of this paper.

THEOREM 5.1. Let V=V, ® --- ®V, be a tensor product of highest
weight sl modules. Let v be a hypergeometric solution of the trigonometric
KZ equations (6) with values in a weight subspace V[v] <V, veh. Then the
function v also satisfies the dynamical equations (9),

v(z, A+kw)) =K, (z, 1) v(z, ), k=1,...,N—1.

The theorem is proved in Section 9.

ExampLE. Let g=s/, and n=1. Denote a as the positive root of s/,,
and let V; =L,, where p is a positive integer and L, is the (p+1)-
dimensional irreducible s/,-module with highest weight p3 and highest
weight vector v,. Consider a weight subspace L,[v] of L,, where v=
(p—2m) 5. Let v(z,, A) be a hypergeometric solution of the trigonometric



HYPERGEOMETRIC SOLUTIONS 111

KZ equation with parameters A € h, k € C, which takes values in L,[v]. Up
to a multiplicative constant, it has the form

17)

1 —2 1
oz, A) = 2= | (—;((,1, 0—1-2 > m>+1, —f,;> e,

where I ,(a, b, ¢) is the Selberg integral, see [ Me],

L,(a,b,c)= o t 1<]_[ tz‘l(l—tk)”“> [T @-n)*dt---d,
SH <<t < k=1

1<k<I<m
_l"ﬁ I'(1+c+je) I'(a+ je) I'(b+ jc)
ml o T(1+c) F(a+b+(m+j=1)¢)

The dynamical equation (9) reduces to the following equation satisfied by
the Selberg integral

i a+c(m—k)

L(a+1,b,c)= <kll a+b+c2m—k—1)

>Im(a, b, ¢).

Application to determinants. Let V be a finite dimensional s/, -module,
and V[v] a weight subspace. For a positive root « fix the s/, subalgebra in
sl generated by H,, E,, F,. Consider V as an s/, module. Let V[v], <V
be the s/,-submodule generated by V[v]. Let V[v], = @mez2 Wi ®L,,
be the decomposition into irreducible s/,-modules, where L, is the irre-
ducible module with highest weight v+ma and W, is the multiplicity
space. Set d;, = dim W}, and

d,,
)
sz, Vvl (/1) = ]___[ ]__[

m=0| j=1 F<1_£((},, oc)+%(v+j0(a ‘x)>>

where I is the standard gamma function.

Let V=V,® --- ®V, be a tensor product of finite dimensional s/,
modules. Set 4,(4) =tr,,;A?, ¢ ; =tr,,;Q"), y, =%, ;. & ;, where i, j =
1,...,n Set

LY NI &,
Dyy(zis oz, ) =[] 22O [T Gi=z)% [] Xeyp(.
i=1

I<i<j<n ey
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Fix a basis v, ..., v, in a weight subspace V'[v]. Suppose that u;(z, 1) =
Z?=1 u;, ;v;,i=1,...,d,is aset of V'[v] valued solutions of the trigonometric
KZ equations and the dynamical equations.

THEOREM 5.2 (Corollary 19 in [TV]).
det(ui,j)l <ij<d = CV[v] 4 Dy, (z, 4),

where Cy,,(4) is a function of A (depending also on 'V, ..., V,, v and k) such
that Cy,(4) is P -periodic, Cyp,1(A+Kkw") = Cy,1(A) for all ¥ € P".

Remark. Theorem 5.1 implies that Theorem 5.2 can be applied to
any set, u,, ..., u;, of hypergeometric solutions of the trigonometric KZ
equations, thus giving a formula for the determinant of hypergeometric
integrals.

Continuation of the Example. Forg=sl,,n=1,V; =L,, we have

1 14 .
s F<1_7;<(L oc)—§+m—]>> 40 (p=2m)(h @)
Xa,LP(){):n s =z

='r <1—1<(/1, oc)+£—m+j>>,
K 2

The determinant equals the complex function given as the expression
preceding e v, in formula (17). Denote this function u, ,. The explicit
formula for the Selberg integral in terms of gamma functions implies

(p—2m)(4, a)
z 2K
1
u =—_—
1,1 ! | |

1 . 1 p . j—p
r (1+;(1+J)>F <1—;<(/1, d)—§+m—1—1)>r <T>
r<1+1>r<1—1<(,1, oc)+£—j>>
K K 2

Therefore, CL1(p—2mya/2)] (A =(mH™! H;':ol I(1 +£ A+ rEHIa +%))71-

m—1

~.

X
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6. N—1SPECIAL NORMAL ORDERS ON THE SET
OF POSITIVE ROOTS OF s/

Matsuo’s construction of hypergeometric solutions uses a PBW-basis of
U(sly) corresponding to the standard order of positive roots. We rewrite
those solutions using PBW-bases of U(sly) corresponding to some new
N —1 special (normal) orders of positive roots. The special orders are
defined below.

6.1 Special Normal Orders. A linear order on the set of positive roots
2, of a simple Lie algebra g is called normal if for every triple of positive
roots o, a+ 8, f € X', we have either a > a+f > f, or f>a+ > a. The
standard order on the set of positive roots of s/, is a normal order.

Consider a linear order on X,. A permutation ¢ of X, is called an
elementary transformation if o is a reversal of a certain sub-system 2, c X',
where X, has rank 2 and all elements of X, are located side by side in the
system X, . An elementary transformation produces a new linear order. It
is known that every elementary transformation converts one normal order
into another, and that any two normal orders on 2, can be transformed
one into the other by a composition of elementary transformations; see
[AST, Z].

ExampLE. For a root system of type 4,, (s/,,,,) we have only two types
of elementary transformations,

AI@AI:”’aaaﬁ’"'q"‘aﬂﬂas'” lf a’+ﬂ¢2+a
Ay aatffo o ook foa o 0 atfeX,

We compute the change of a PBW-basis under a reversal of type 4, @ 4,
or 4,.

LemMma 6.1. Let g be a simple Lie algebra and let o and  be two positive
roots. Choose arbitrary f,e€g, and fgegs. Then for any triple of non-
negative integers we have the following two identities in U(n_),

a rb b ra
Al ®A1:(_l)a+b%%: (_1)a+b%%;
SELfus f1f ™@d fetp )
(= a+b+c_—_ﬂ= _1\¢ (_1)\a+b+c—p
AT T A, )

57 Uy [ f°
(b=p)' (c+p) (a—p"

Proof. The proof is a straightforward induction on a. ||
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Recall that the set X, of sly is {a; ,};.,. The standard order on X is
% >0y pifand only if / > /', or / =1"and k> k'

Forh=1, ..., N—1, define the index sets 4, = {0 ; }x<n<s> By = {0 s }1<n»
C, = {0 }s<r - Define a linear order >, on X, by the following rules.

e a>,o >,a" forallae 4,,a' €B,,a" €C,.

* The order within the index set A4, is defined by o, ; >, ;. , if and
onlyif/</!',orl=1"and k> k' for (k, 1), (k',]") € A,.

* The order within the index set B, is the standard one.

e The order within the index set C, is the opposite to the standard
one. That is oy, >, & , if and only if k<k’, or k=k" and [ <!’ for
(k, D), (K", I") € C,.

It is easy to see that >, is a normal order, and >, _, is the standard order.
See Figs. 1 and 2 for a pictorial description.

6.2. Hypergeometric Solutions Corresponding to the PBW-Basis of Type
>,. Fixhe{l, . ,N—1}.LetV'=V, ® --- ®V,,,, where V; is a highest
weight s/,-module with highest weight 4; and highest weight vector v;. Fix
a weight subspace V'[V]cV’', v=31_, 4,—3 7] muo,, where v,=
SVl mua, € QF. Consider the complex space C"*! with coordinates
Zy ey Znyt -

The PBW-basis of U(n_) corresponding to >,. For any positive root
% ;, set a; ;(h) equal to the number of integers p, k < p </, such that
% , >5 &, ;. The number a; ;(h) counts the 4, subsystems of the order >,
which have o, ; as their middle root and which are ordered oppositely to
the standard order. Set F, ,(h) = (—1)%® ¢, .. F(h)={—F,(h)}c<, is a
basis of n_ called the basis corresponding to >, . Order the basis according
to >, —F, ,(h) > —F, ;(h) if and only if o ; >, ,. The corresponding
PBW-basis of U(n_) is

Ingr,n! iy -1

a8 { R =(-nz T ()" FN_I,N(h)fN,Nn}’

where I, = {i; . }; -, runs over all sequences of positive integers.

A >B,>C,
B Cy

il

FIG. 1. General view of >,.
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(1 +h) (h+1,N)

(1, h+1)% % (1,N)
(h 2.0) (h+l B3 (N-2,N)
(e Lb+15 j (th)
(h, h+1 (h,N) Ch .
hh42 1,2 23 (h 1n) (h+1 h42)  (N2N-1) (N-LN)

FIG. 2. The order >, within 4,, B,, C,. Arrows show immediate predecessors.

Let {F; (h), ..., F, (h)} be elements of the PBW-basis of U(n_) corre-
sponding to >h Set I=(I,, -,1,.,) and F,(Wyv=F,(W) v, ® --- ®
F;.. (h) v,,,. The vector F;(h) v belongs to V'[v'] if I € P(v,, n+1).

The rational function ¢(z,t;h). For any Ie P(vy,n+1) and any
s=(J, k1, q) e S), set

I—1—h
¢(S)—f(”—(_1) if k<h<l
=T Emey S ,
h j
1
© _ £6 ~
(19) w =1 e - if k<i<h,
St zZ;
_l)l—l—k
© _ i L :
¢ =17 w5 if h<k<l,
Ly Z;

where {$,(I)}, is the set of bijections we fixed in the definition of f'*); see
Section 4. Set

o, my=[1 ¢°, =Y ¢ h) Fh)o.

seS(I) IeP(vy,n)

Notice that ¢(I, N—1) = ¢(1).

ExaMPLE. Let g=sl;, n=0. The basis F(1) ={—e;,, —(—e; ), —e,;}
of n_ corresponds to >, . If v/ = A4, —a; — 0, , then

1 1
€, 163 ,0; +
(1) —z)(#5" —z)) (25" =) (P —z))

Pz, 1) =

63’ 11.71 .

Ifv' = A, — 20, —a,, then
-1 es,
5 €320
(1) =zt —2z)(#5) —2) 2

-1
+
(@5 =) —z) (P —z))

=

€3,1€3,10; -
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The corresponding expressions for ¢'(z, ¢; 2) are given in the example in
Section 4, since >, is the standard order of positive roots of s/;. ||

The next theorem is our second main result.

THEOREM 6.2. For any h, we have ¢(z, t; h) = ¢(z, t).

The proof of the theorem is in Section 8.
As a corollary, we obtain new Matsuo’s type formulae for solutions of
the KZ equations.

COROLLARY 6.3. (a) Let u(z') be the hypergeometric solution of the
rational KZ equations with parameter k € C in the subspace of singular
vectors of V'[v'] indicated in Theorem 4.1. Then, for every h=1, ..., N—1,
we have

uz') = Lm ¢'(z’,t)1/"< Y 4 k) Fi(h) v’>dt.

IeP(vy,n+1)

(b) Let v(z, 1) be the hypergeometric solution of the trigonometric KZ
equation with parameters k € C and 1 € h taking values in the weight space
VIv] of V indicated in Corollary 4.2. For every h=1, ..., N—1, define a
Sfunction v(z, A; h)

o(z, A h) := L(z) &(z, t; ,1)1/'<< Y ¢, h) F,(h)v)dt.

IeP(vy,n)

Then v(z, 1) =v(z, A; h).

7. ADDITIVE FORM OF THE DYNAMICAL
DIFFERENCE OPERATORS

7.1. Statement of the Result. Consider a PBW-basis F = {F,}, of
U(n_). Let 2eh be generic, and let M, be the highest weight Verma
module with highest weight 1 and highest weight vector v, . The Shapovalov
form induces an isomorphism S;: M, > M. The set {F, v,}, is a basis of
M. Let {(F;,v;)*}, be the dual basis of M. For every I,, there exists a
unique element P, (F, A) € U(n_) such that P, (F, 1)) v, = S;l((F,Ov,l)*). By
definition, P, (F, A) is a (rational) function h —» U(n_), where A +— P, (F, 1).

Remark. P, (F, ) is characterized by the property, (P, (F, 1)) v; =
(FIOUA)*'
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The map S;' corresponds to an element of M, ® M. Identify S;' with
this element. In terms of the basis F we have S;' =3 n Fr,v, ® P (F, 2) v,.

ExaMPLE. Let g =sl,. Then F = {e% |}, is a basis of U(n_), and
k

€s1
(20) B (B D) = 0= . Gkt 1)

Explicit formula for the element S} for s/, is given in Appendix C.

Let V=V, ® --- ®V, be a tensor product of highest weight s/,, modules
and V[v]cV a weight subspace. Recall that 7: U(g) > U(g) is the
Chevalley involution, and 4: U(g) — U(g) is the antipode map.

The next theorem is our third main result.

THEOREM 7.1. Foreveryr=1, ..., N—1, and every v e V[v], we have

@1 Boy, v(A+p+iv)o=3 AF,(1) o(P,(F(r), 1) v,

Iye L(r)

where F(r) = {F;, (r)}, is the PBW-basis of U(n_) corresponding to the
order >,, and o (r) ={I, ={i;; }ix<i i, =0ifk>r, orl<r}.

Notice that A(F; (r)) e U(n_) and t(P,(F(r), A) € U(n,), while accord-
ing to the definition, given in Section 3, B,,,, » is a product of elements By
each of which contains U(n_) and U(n, ) terms. See Proposition 7.7 as well.

The theorem is proved in Section 7.4.

ExampLE. (a) Letg=sl,. Then B,y (4) = B*(A).
(b) Let g=s/;. By definition, we have B,; (1) = B***2(1) B*(4)
and B,y »(4) = B**2(A) B2(4). Set (4, a;) = 4;, for j=1,2, and p,(¢) =
t(t—1)...(t—k+1) e C[¢] for any k € N. Then, for any v € V'[v], we have

) [k
1 0 ek es k ejl,Zellc,_Bje;:g] <J>
B, H,)H)v:
W( 2 Z k!s! Eopm(zz)pkuz+zl+1)

)

. . [k
Jpi  ok—i,sti
o ks k (—1)32,3"1,391,2(].

1 e, e
B /1 2 _ 3,1%2,1
“’[1]"’< +p+2v>v s,kX;o Klst \ 2o poyj(A0) pi(A+ 4 +1)

7.2. The Universal Fusion Matrix. Let R(h) be the quotient field of the
algebra U(h). Then R(h) is isomorphic to the field of rational functions
over h, using the identification of the Cartan subalgebra h with its dual.
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Define algebras U;(h@n,)=Uh®n,) ® ;4 R(h). Consider the space
U;(h®n_) ® U;(h @ n, ), which is a formal series completion of U; (h ® n_) ®
Uy(h@n,). For any basis {ax ® bx}x of Un_) ® U(n, ), an element of
Uythen ) ®Uj(h@®n,) has the form X g axy, x ® bgy, x, where ¥, ,
Vs x € R(). )

Denote 7, as the natural projection U;(h®n_) ® U;(h®@n,) - R(h) ®
R(h). Let {x;} be an orthonormal basis of h.

THEOREM 7.2 (Proposition 1 in [ABRR]). For every A € h, there exists a
unique solution J(A) of the ABRR-equation

(22) [1@ <i+p—§§xﬁ>,](l)}=—< > e_a®ea>J(ﬂ.),

ey

such that J(A) belongs to Uj(h@n_ )®U;(h@®n,) and my;uy-1e:-
Moreover, F(A) is of weight zero, and has the expansion

I = 3 ax @ (boi(),

where axy e U(n_), by e U(n,), Yx € R(h), for all K, ay = by, = (1) = 1.

For technical reasons a proof of the theorem is given at the end of this
section.

The solution J(A) is called the universal fusion matrix of U(g).
Theorem 7.5 and equality (20) give a formula for the universal fusion
matrix of U(s/,). See Appendix C for a similar formula in the s/; case.

Set OQ'(A) =X k>0 A(ag) bg (), cf. [EV]. The element Q%(1) belongs
to a formal series completion of U(sly) ®yq, R(h). Its action is well defined
in a tensor product of highest weight s/,, modules.

THEOREM 7.3 (Theorem 34 in [EV]). Let w, be the longest element in
the Weyl group W. For any v € V[v], we have

B,y (A+p—3v)v=0'(1) .

Next, we present a connection between the Shapovalov form and the
universal fusion matrix.

THEOREM 7.4 (Proposition 13.1 in [ES]). We have S;' = ((1 ® 7) J(0))
(v, ®v,), where S;' is identified with the corresponding element of
M, &M,
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More explicitly, in terms of a basis F of U(n_), we have

(23) Y Fu®P(F, v, = < Y ax® T(bKlPK(O))) (v; ®v;).

K>0

Let F(4) be a rational function of A € h with values in R(h). Assume that
the A dependence in F(A) is through a finite number of inner products

{ B)}i-1s FA) = F((4, B1), - (4, Bi)), where By, ..., B € h. Set F, (1) =
F((A, )+ PBis -5 (4, Br)+ Br). The function F,(A) is a rational function
of A € h with values in R(h).

THEOREM 7.5. Let F ={F,}, be a homogeneous basis of U(n_). Set
J (D) =Xk ax ® (bx(Wg).(A)). Then J_ (1) is well defined, and

J,() =Y F, ® (P, (F, 1)).

Notice that, in particular, the theorem says that J, (1) takes values in
U(n_) ® U(n,) for any A € h. The proof of the theorem is given at the end
of this section.

We derive the following corollary from Theorems 7.3 and 7.5.

COROLLARY 7.6. Let w, be the longest element in the Weyl group W.
Then

B,y y (4 p+1v) o= <z A(F,) (P, (F, z))) v,

for any homogeneous basis F ={F,}, of U(n_), and any homogeneous
elementveV[v].

Indeed, by Theorem 7.3, we have

B,, y(A+p+iv)v=0'"A+v)v=Y A(ayx) bxyx(A+v)v.

K>0

Theorem 7.5 gives

J (D)= ) ax® (be(hx)s () =; Fi, ® ©(P,(F, ).

K=0
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Finally, the equality ((4, $)+B) v=((4, B)+ (v, B)) v=(A+v, B) v for any
4, B € h, implies

Y. Alay) b (A+v)v= 3, Alax) be(Yx), (D v

K=0 K>0

=IZ A(F,) o(Py(F, 2))v. 1

Proof of Theorem 7.2. Fix 1 eh. Denote wt(.) as the weight function
defined on homogeneous elements in U(g) with values in h. Fix a basis
{ax ® bx}x of U(n_) ® U(n,), such that ax and by, K >0, are homoge-
neous elements of U(n_) and U(n,.), respectively. Let J(A) = X x5 ax¥y x(4)
® b, k(1) where Y, (A), v, x(2) € R(h)

The ABRR equation (22) is

Q4 Y (axy¥ x(A) ® by, (D)1 @ ((A+p, wt(bx) — 3 (wt(bg), wi(by))

K=0

—wi(bg)))
= _< Z Z (e—zxaKlpl,K(i) ® eabKlpz,K(i)>'

«eZ, K>0

Equality (24) presents a system of recurrence relations for {y, ((1) ®
¥s k() }is0 = R(h) ® R(h). Together with the initial conditions ¥, ((1) =
Y, 0(4) = 1, they uniquely determine ¥, x(4) ® Y, x(4) for all K. Moreover,
the solution is such that ¥, x(4) = 1. Set Y, (1) =y, x(1). |

Proof of Theorem 1.5. Observe that (1) is a function of A with values
in R(h); it depends on A via the inner products {(4, wt(b. (1))}, 0 < wt(b, (1)
< wt(bg(1)). Thus, the shifted function (Y ), (4) is well defined for any K,
and J, () is well defined.

Write a system of recurrence relations for J, (1) by shifting the system of
reccurence relations (24). We have

25 Y (ax ® (be(x) s (DDA ® ((A+p, wi(by)) —3 (we(by), wi(by))))

K>0

= — z z (e_,ax ® (eabK(l/’K)+(j')))-

aeX, K>0

Equation (25) implies a system of reccurence relations for the functions
{(Wx).(A)}kso- The initial condition is (), (4) = 1. Therefore, for the
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unique solution, each (V). (4) is a complex-valued functions. The shifted
universal fusion matrix J, (1) takes values in U(n_) ® U(n,.).

Next we study J(0) which is connected to Y, F; ® (P, (F, 1)) by
Theorem 7.4. The ABRR reccurence relations (24) applied to J(0) give

26) ). (ax ® (bxyx(0))(1 ® ((p, wt(bx)) —3 (wt(by), wt(bx)) —wt(bk)))

K=0

== Y (e_ax ® (e,bxx(0))).

weZ, K>0

Consider (1 ® 1)(J(0)) =Y x50 ax ® (b (0)) e U(n_) ® U;(h @ n_). Its
action on the vector v, ® v, € M, ® M, defines an element of M, ® M.
Notice that 7((p, wt(bx)) —3 (wt(by), wi(bx)) —wit(bx)) = ((p, wt(bg)) —
3 (wt(bg), wt(bg)) +wt(by)), because t restricted to C is the identity and ©
restricted to h is multiplication by —1. Since wt(by) v, = (4, wt(bg)) v,
equality (26) implies

Q7N Y (ax, ® (b (0)) v;)((A+ p, wi(bg)) —3 (we(by), we(by)))

K>0

=— Z z e_,axgv; ® t(e,bxyx(0)) v;.

aeZ, K>0

For any K, define a complex-valued function (0, 1), such that
(Y (0)) v; =Yg (0, 1) v,. Therefore, we have (0, A)(axv, ® t(bg) v,) =
agv; @ 1(bxrk(0)) v,. Now (27) takes the form

(28) Y (axv, ® t(by) v;) Yx (0, D((A+ p, wi(by)) —3 (we(by), we(by)))

K>0

=— Z z (e_qaxv; ® 1(e,by) v;)) Y (0, 4).

aeXy K>=0

Equality (28) together with the isomorphism between M, and U(n_)
implies a system of recurrence relations for the functions {Yx(0, 4)}xs,
with initial condition ¥,(0, 1) =1. This system of recurrence relations
coincides with the systems of recurrence relations for {(Yx),(4)}iso. The
initial condition in both cases is the same. Therefore the solutions coincide,
e, for every K, (Yx); (A)=yx(0,4) and ax ® (bx(Yx),(4) =ax ®
(bxyx (0, 2)).

In our notation, Theorem 7.4 together with the linear isomorphism
between M, and U(n_) give, the following explicit formula, > x., ax ®
T(bg) Yx(0, 1) =X, Fy, ® P (F, A). Therefore, J, (A) =3, F;, ® (P (F, A)),
which is the statement of the corollary. |
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7.3. Normal Orders on the Set of Positive Roots and Multiplicative
Presentations of B, ,(4). Letw=s, ---s;, be areduced decomposition of
an element w e W. Set o' = o, , a” = s, s oy, forp=2,....m

ProposiTION 7.7 [TV]. B, , (1) =By (1)---BX (A).

Let w,=s;, ---s;, be a reduced decomposition of the longest element
wo € W. Then a” > --- >a, is a normal order on X, , and any normal
order corresponds to a reduced decomposition of the longest element;
see [Z].

COROLLARY 7.8. Ifa™> --- > o' is a normal order on X, , then

B, »(4) = By (A)--- B (4).

7.4. The Proof of Theorem 7.1. Fix re{l,..., N—1}. Recall that the
element y,; is defined by w(,; = wyw; € W, where w, (respectively, wg) is
the longest element in W (respectively, in W’ generated by all simple
reflections s, preserving the dual fundamental weight ;). The explicit
formof w) =3 _; (1—% ) €t — 2 r—,+1 % €« implies that W" is generated
by the simple reflections s;,...,8,_;,841,-..,Sy_;. Denote W, as the
subgroup of W generated by s,, ..., s,_; and denote W, as the subgroup of
W generated by s,,,, ..., Sy_;. Denote R, as the root system with base
o, ..., _;, and denote R, as the root system with base «, ., ..., ty_;.
Then W, is the Weyl group of R,, and W, is the Weyl group of R,, and
W= W, x W, .

Consider the normal order >,. Set m; =(N—r—1)(N—r)/2, m, =
(r—=Dr/2, my= r(N—r), m=m, +m, +m,. Write explicitly the order >,
on X, a">,--- >, a'. We have X, =4, U B, UC,. Moreover, A4, =
{a™, 1+’”2+’”1} B, is the set of positive roots for RZ, C, is the set of
pos1t1ve roots for R;, and 4, >, B, >, C,. Let w, =, ---s; be the reduced
decomposition of w, corresponding to >,. Denote w, —s Sy, 0y =
w;=s; . Clearly, w,w, = wy, w; = w[,]

lm2 +my sll+m ’ s’l+m +my

Let {f™,..., 8"} be the set of positive roots corresponding to the
reduced presentatlon Oy =83, Siyp - ThEn By (4) = B (4)--
Bﬁ (A). The definition of the correspondence between normal orders and
reduced presentations of w, implies that 4, = (wg)™" ({f™, ..., B'}) as

ordered sets. Thus, we have {™, ..., '} = wi({a™, ..., a'T™2+m}),

LemMA 7.9. The reflection o} reverses A,, wy(A,) = {a'™*™, o™}
Therefore,

() =B ") By (A).

a)[,] v
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The proof is a straightforward computation.

CoroLLARY 7.10. B, ,(1) =B, (1) B, (1) [EBH,[,],V(A).

Proof. Consider the normal order <" on X, reverse to >,. For any
«, Be X, we have a <’ if and only if « >, B. Notice that 4, <"B, <'C,
and the order <" within each of the sets 4,, B,, C, is reverse to >,.
Consider the presentation of B, ,(A) corresponding to <" given in
Corollary 7.8. Apply Lemma 7.9 to obtain the statement of the corollary. ||

Recall that F(r) = {F,(r)}, is the PBW-basis of U(n_) corresponding
to >,.

LemMa 7.11.  For any homogeneous vector v € V[v], we have
By, v(+p+iv) o= Y A(F, (1) 0y (F(r), Ao,
Iye AL(r)
where {Q, (F(r), 1)}, is a subset of homogeneous elements of U(n,.).

Proof. For every positive root a, every A € h, and every positive integer
s, set po,i.=1, and p ., ,=s((A+p,0)—1)...(A+p,a)—s)e C. Use
formula (7) to obtain

B;(},+p+%l}) v= z F;Ei(ps,i,a)_l
s=0

Since by definition 4, = {a, , 1, & _1 ;415 .- 0 x> %y}, se€ Fig. 2, Lemma 7.9
implies

o © s NEkl N oL Sl Bl
1 a 3 a, a,
(29) Bw[r]’V(/l'i‘p'i‘iV)U: Z Z LN 1N : r,r+l r,r+1 v
srr+1=0 51,8 =0 pSkLN,A,aLN Ds, 1. 005011

Next, we need to rearrange the right hand side of formula (29) by moving
all elements of type F; ; to the left through elements of type E, ;, using the

commutation relations of sl/y . Since E,, , = e, , and F, , =¢, ., we have
(@) [E,,  F, 1=E,,, if K<k
(®) [E,,.F,, 1= Fm, if k<Kk;
© [E,,.F,, 1=-E,, B if I<I;
@ [ ak,,ka,] F,,, if I'<l
© [E,,F,,1=H,;
(f) [E.,,F., 1=0, if k#k' and 1#1.
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The initial ordering of the product of E’s and F’s in formula (29) is
according to the >, ordering of 4,, Fy'Ey' is to the left of FJ ,
I'EY . I' if and only if o , >, ;. See Fig. 2 for the definition of >, on
A, . The set of indices {(k I )} is characterized by 1 <k <r</I<N.

We first move all F,, ,’s to the left through all E, s, then we move all
F,, ,’s and so on. The last step is to move all F, | s to the left through all

E’s resulting from the previous steps.
Claim. After each step we have:

(*) all F, ’s in the respective rearranged version of formula (29)
satisfy k <r </
(xx) ifk=k'<r<!l'<l,ork<k'<r<l!l =Ithen any E

w18 to the
right of any F,

[N

In the initial state represented in formula (29) the claim follows from the
definition of the order >,. Now, assume that the claim is valid after p
rearranging steps. Assume that we move F, , at the (p+ 1)st step.

If the (p+ 1)st step is of type (a) or (c), then we get an additional + E,, ,
with k' <!'<r or r <k’ <!'. E’s of this type do not affect the claim, so it
remains valid.

If the (p+1)st step is of type (b) or (d), then we get an additional +F, |,
with k <k’ <r<1I'<I. Other F’s are excluded because of condition (xx).
Moreover, a simple check up shows that condition (**) remains valid for
the additional summand.

Condition (xx) shows that the (p+ 1)st step cannot be of type (e), and
after a step of type (f) the claim is trivially satisfied.

Inductive argument shows that the claim is satisfied after each step of the
rearrangement. As a final result we get

) Baaprino= T o 3 (1 Fu )G

S r41=0 s;,n=0 \k<r<l!

where each Q{M}(l) is a homogeneous element of U(n, ). Finally, identify
the set {s,,€Z.0|1<k<r<I<N} with the set (r)={s.,€Z5,]|
I1<k<I<N,s,;=0if r<k, or I<r}. The relation (ITic,<; F3t') =
+(TLe<r<i .1V A(Fy, 3 (r)) together with equality (30) implies the
statement of the lemma.

Since w,; is the longest element in W(N —r—1) and w, is the longest
element in W(r—1) we can apply Corollary 7.6 to B,, , and B,, . Choose



HYPERGEOMETRIC SOLUTIONS 125

F(r)={F,(r)}, as the weighted PBW-basis of U(n_). Then, for every
veV[v], we have

Bo, v(A+p+3v) o=} AF, () (P, (F(r), D),

Ipe%(r)

B, v(A+p+3v)v=3 AF,(r) o(P,(F(r), 1) v,
Iy e B(r)
Whel’e (g(r) = {10 == {il,k}k<l | il,k = 0 if k< r}, and %(r) = {IO = {il,k}k<l I
i, =0if I >r}. It is easy to see that, for any I, € 4(r), I, € #(r), we have
[z(P, (F, A), A(F},)] = 0. Therefore,

(31
By, .v(A+p+3v) By, y(A+p+3v)v=3  A(F, (1) o(P,(F(r), 1)) v,
Iy € BE(r)
where B€(r) = {I, = {i, it }i <t | i, = 0if k<7 <1}
Apply Corollary 7.6 to the right hand side of Corollary 7.10, and

Lemma 7.11 and formula (31) to the left hand side of Corollary 7.10. For
any v € V, we obtain

(32) ; A(F,(r) ©(P, (F(r), A) v
= ;ﬂ ) A(F,(r) ©(Py, (F(r), 1) ) ZM( ) A(F, (1) Oy, (F(r), A) v.

Set V' = M, the Verma module with highest weight 1. Weight considerations
imply

(P (F(r), 1)) Fi (r) v, =0, Oy (F(r), A) F;(r) v,
=0 it wi(F, () v;) € wt(Fy, () v;).

The defining property of P, (F(r), A) gives
S, (T(P, (F(r), 2)) Fy (r) vy, v;) = S;(Fy, (r) vy, AP, (F(r), 1)) v;) = +0y, 4 -

Therefore 7( Py, (F(r), 1)) F;,(r) v; = tv,;, and ©(P, (F(r), A)) F,,(r) v; =0if
Jy # I, and wit(F; (r) v;) = wt(F (r) v;).

Finally, apply equality (32) to F; (r) v;, for I, € ./, and use induction on
the partialy ordered set {w¢(F; (r) v;)}, . » to obtain Q, (F(r), ) F,,(r) v; =
(P, (F(r), ) F;,(r) v;, for any J;, and thus Q, (F(r), 1) = (P, (F(r), 4)).
The last equality and Lemma 7.11 imply the statement of Theorem 7.1 ||
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8. PROOF OF THEOREM 6.2.

8.1. Sequence of Elementary Transformations Converting >, into
>,_1. Recall that he {l,..., N—1}. The following construction is very
important. Namely, there exists a sequence o of elementary transforma-
tions

(33) oc={01,...0u}

which converts the normal order >, into the normal order >, ;. The
sequence is such that, for every pair of positive integers (k,/),
k<h<I<N, the A, elementary transformation of type ---,a,,, %,
Qg "=" = ==, O, O, 0, -+ is used exactly once in this sequence and
all other elementary transformations in the sequence are of type A; @ 4, .
The sequence is given as follows.

The construction of . We have 2, =4, UB,C,=4,_,UB,_; U
C,_:,and
Ay > By >4 Chy Ay >4y Byoy >4-1 Ch_y - Moreover,

A, I_Ah+{(xkh}k i {“hl}z htls B,_,=B,— {(xkh}k . 1,
Cy_ 1—Ch+{°‘hl}1 h+ls

where {o ,}5=t"" = B,, {0, ,}iZ4.1 = A4,. The roots {0, ,}5=%"" are the

largest elements in B, according to >, and are the largest elements in A4, ,
according to >,_, . The linear order >, on the set {o, ,}5=}"" is the same
as the linear order >,_;. The roots {a, ,};=/,, are the largest elements in
C,_, according to >,_,. The linear order >, on the set {o, ,};=},, is the
same as the linear order >, ;.

The procedure changing the order >, into the order >, ; consists of
two parts described in detail below. In part one, we move the sequence of
roots {oy ,} k=h=1 < B, to the left through the set 4,. In part two, we move
the roots {a, ;}/=/.; < 4, to the right through the set B,_, . The result after
part two is the order >,_, .

Part one. The root «,_, , is the largest root in B,. Thus, it immedi-
ately succeeds the set of roots A, with respect to the order >,. On the
other hand, it is the highest element of the order >,_,. We need to move
o,_y1.,» through all elements of the set 4,. Make £—2 elementary transfor-
mations of type 4; ® 4, moving a,_, , OVer &, y, ..., &,_, x. Then perform

O N O N Ot hs T > T O hs Oy s O v, T 0. Again, make
h—2 elementary transformations of type A4, ® 4, moving «,_,, over
Oy N—15 - Oy_g y—1- Then perform -, o y_ 1,0 1 v 1,0 155 "= >

01 hs Oy N_1> O 1, . After N—h groups of steps of the above
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(h,h+1) (h.N)
1\
(Lh+1) (LN)

h-2,h+1 h-2,N
aziet) \d2 > B, > c,

(h-1,h+1) (h-1,N)

(Lh)
(h—z,mj
(h-1,h)

type the root o;,_, , is greater than any root of the set 4,. Now, the root
a5 is the largest root in B, —{a,_, ,} and it immediately succeeds the set
A, in the normal order resulting after the above N —# groups of steps.
Repeat the procedure for the root «,_,,, and then for the roots
®y_3. 4> ---» % 5. This is the end of part one. The resulting order after part
one is shown in Fig. 3. In part one we used exactly one A, clementary
transformation of type ---, &, ;, & 1, O g, =0 = = 0, O gy X gy Oy, -+ fOT
every pair of positive integers (k, /), 1 <k <h<I<N. All other elemen-
tary transformations in part one were of the type 4, @ 4, .

FIG. 3. The resulting order after part one.

Part two. 'We need to move the roots , y, ..., &, ;4 from 4, through
B,_, to put them in front of C,; see Fig. 3. We first move «,, , then «;, 5_,
and so on. It is easy to see that all elementary transformations we use in
this part are of type 4, @ 4,. |

8.2. Intermediate Normal Orders between >, and >,_,. Consider again
the sequence of elementary transformations ¢ = {0, ..., 5, }. Denote >7
the normal order we obtain from >, after applying oy,...,0,. Set
>"= >,. We have > = >, ,. From the construction of the sequence ¢
it follows that A, elementary transformations in ¢ are labeled by pairs

(k, D), 1<k <h<l< N.Namely, a pair (k, /) labels the transformation

s O gy Qg g Kp gy m Ty O s O gy Xy gy

For p=0,..., M, let X, be the set of pairs (k, /) which label 4, transfor-
mations in {0}, ...,0,}.

For every pair of integers (k,[), k<I, set F, ;(>?)=F,_,(h—1) for
(k,1)e X,, and F, ,( >") = F, (h) for (k,]) ¢ X,. The set { —F, ;( >},
is a basis of n_. Order it according to >?. The corresponding PBW-basis
of U(n_) is

Fi(>7) = -z T Tl =0

k<l UNS
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Let {F,(>7?),..., F, (>7?)} be elements of the PBW-basis of U(n_)
corresponding to >?. Set I =(I,,...,I,,,) and F,(>")v=F,(>")v,
® - ®F, (>")v,.,. The vector F;(>?)v belongs to V'[V'] if Ie
P(vy,n+1)

Introduce the rational function ¢(7; >7*) as

n+1 i ik
o =0 =1 (T TT om0 s 1 1] o),

j=1 \®.,1VeX, ¢-1 kD ¢Xp g=1

8.3. Geometric Interpretation of the Rational Functions ¢(I,h) and
¢(I; >?). For any pair of integers (/, k), 1 <k <I< N, let the string of
type (I, k) corresponding to >>, be the oriented graph with /—k vertices
labeled by positive integers %, ..., /—1 given in Figure 4, cases (a), (c), (e).
For any z € C, let the string of type (/, k) corresponding to >, grounded at
z be the oriented tree with labeled vertices given in Fig. 4, cases (b), (d), (f).

Let Iy={i,;}x, be a set of non-negative integers. Define the tree
T(l,, h, z) as the union of strings corresponding to >, grounded at z, such
that the string of type (/, k) grounded at z enters exactly i; , times and all
vertices z of all strings are then identified, see Fig. 5.

Define the tree T(I,, >7, z) as follows. For every (k,!)e X, take i, ,
strings of type (/, k) corresponding to >,_, and grounded at z, . For every
(k, 1) ¢ X, take i, , strings of type (/, k) corresponding to >, and grounded
at z,;. Let T(L,, >7?, z) be the union of all selected strings with all vertices
z, then identified.

Forany I = (1, ..., I,,,) € P(v,, n+1), let the forest T(I, h) = | |31} T(I;,
h,z;) be the disjoint union of trees, and let the forest T'(Z, >7)=

421 T, h, >") be the disjoint union of trees.

For any p=1,..., N—1, the number of vertices in the forest 7'(1, k)
labeled by p equals m,. For every p fix a bijection ﬁf;(] ): {the vertices of
T(I, h) labeled by p} — S,. To every oriented edge (w', w") from a vertex
w' labeled by an integer p’ to a vertex w” labeled by an integer p” assign the

k h-1 h  htl 11 k bl h  hel L1
O- =+ S0—30<—0¢ O e
@ »ﬁie« -0 ) k<h<l,
z
kK kel 12 L1 k kel 12 11
O_%_ ........ H H_ ........ k<lsh
(© @
¥4
ko kel 12 11 kK kel 2 Il
O<—0€ v v vne 00 . 00K rrrirees -0<—0 h<k<l
(e) ®
zZ

FIG. 4. Strings and grounded strings corresponding to >,,.
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ib-e-l b2

h+.1. .

FIG. 5. The tree T(1y, h, z).

function f(w',w")=1/ (tf,’?};’(’)(w')) —té’?z’(”(w"))). To every oriented edge
(w', w") from vertex w' labeled by an integer p’ to a vertex w" labeled by a
complex number z assign the function f(w',w")=1/(¥""")—z).
Define rational functions corresponding to a forest (respectively, a tree, a
grounded string, or a string) as the product of the functions f(w’, w") over
all edges (w', w") of the forest (respectively, the tree, the grounded string,
or the string). It is clear that the rational function corresponding to the
forest T'(Z, h) is exactly the function ¢(Z, &) defined in Section 6.

Define a rational function corresponding to the forest 7'(Z, >7)
analogously. The rational function corresponding to the forest 7'(Z, >?)
equals ¢(I, >7).

Consistency of the Definitions. Let W' e{h—1,h}. Since >°=>,,
>M =1, |, we have given two different definitions of the basis of n_
corresponding to >, , the rational function ¢(Z, /"), and the forest T'(Z, /"),
see Sections 6.2, 8.2, 8.3. We will show that these two definitions are
consistent.

In the case #'=h, we have X,= . Trivially, T(I,h) =TI, >°),
oI, h) =¢(I, >°), and F, ;(h) = F, ;( >°) for k<1.

In the case &' =h, we have X,, = {(k,])|1<k<h<I<N}. We start
with the basis of n_. Recall that F (k') =(—1)%" ¢, ,, for any A'. The
following five cases exhaust all possibilities.

e If k <h<I, then F,_ ;( >*) = F, ,(h—1) by definition.

e Ifk<I<h, then F, ,(>=")=F, (h), and a ,(h)=a, (h—1)=0.
Thus, F, ,(h) = F, ;(h—1) and F ,( >")=F, ,(h—1).

hd If k<l=h, then Fk,[( >M)=Fk’l(h), ak’l(h)=0, and ak’[(h_1)=
I—(h—1)—1. Thus, F, ,(h) = F, ;,(h—1) and F_ ,( >")=F, ;,(h—1).



130 MARKOV AND VARCHENKO

hd If h < k< l, then Fk,l( >'M) = Fk,l(h)5 ak’l(h) = ak’,(/’l— 1) = l_k_ 1.
Thus, Fk,l(h) = Fk,[(h_ 1) and Fk,l( >M) = Fk,l(h_ 1).

i Ifh = k< l, thCan’l( >M) = Fk,l(h)ﬂ ak’l(h) = l—h— 1, and ak’l(h— 1)
= l—k— 1. ThuS, Fk,[(h) =Fk,l(h_ 1) and Fk,l( >M) = Fk,l(h_ 1).

Similarly, for every set of non-negative integers I, = {i; ; },,, We compare
the tree T'(1,, z, >™) with the tree T'(I,, z, h—1). In order to construct the
tree T'(I,, z, h—1), for every pair (/, k), k<!, we took i, , strings of type
(/, k) grounded at z, which correspond to the order >, , and then we
identified all vertices z,. In the construction of the tree T'(1,, z, >*), for
every pair (/, k), k< h <1, we took i, ; strings of type (/, k) grounded at z,
which correspond to the order >,_,, and for every pair (/, k), h<k <[ or
k<lI<h, we took i;, strings of type (/, k) grounded at z, which corre-
spond to the order >,. Then we identified all vertices z, . For every pair
(I, k), h<k<l or k<l <h, the string of type (/, k) grounded at z; which
corresponds to the order >, ; coincides with the string of type (I, k)
grounded at z, which corresponds to the order >,, see Fig. 4. Therefore,
the tree T(I,, z, >") coincides with the tree T(I,, z, h-—1). Conclude that
the forest T(I, h—1) coincides with the forest T(I, >*), and we have
¢, h—1) = ¢(I, >").

8.5. Proof of Theorem 6.2. The theorem states that, for any 4, we have
d(z, t; h) = ¢(z, t). The equality ¢(z, t; N—1) = @(z, t) is valid by definition.
It suffices to show that ¢(z, ; h) = ¢(z, t; h—1) for every h.

First consider the case n =0. Recall that n+1 is the number of tensor
factors in V'. Thus, V'=V, is a Verma module. The discussion in
Section 8.4 implies that

¢ thy= Y ¢U, >")F(=")v,

IeP(vy,1)

Y U, M) F (") vy =¢(z t; h—1).

IeP(v,1)

In order to finish the case n = 0, it suffice to show that

GH Y U, FDHF(FDv= Y ¢, XY F (>,

IeP(v,1) IeP(v,1)

for p=0,.., M—1.

Fix pe{0,..., M—1}.
Assume that o,,, is of type 4, ®4,. We have X,=X,,, and
¢, >7)=¢(I, >r*") for every index I € P(v,,1). The case 4, ® A, of
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Lemma 6.1 implies F,( >?) = F,( >?*!) for every index I € P(v,, 1). This
implies (34).

Assume that g,,, is of type 4, and is labeled by a pair of integers (k, /),
k<h<I. The set X,,, equals the set X, U {(k, [)}. Let us check, that we
can apply the 4, case of Lemma 6.1 to the triple F, ,(>?), F, ,(>?),
F y(>?) esly.Setf, = F, (h), f; = Fy ,(h). Thenf, = F, ,( ") = F, ,( >"*"),
fp = Fk,h( >p) = Fk,h( >p+1)»

[fs f5]= (=11 Lern>enil= (=11 e, =F (h)=F, ,(>7?),

[fp: fu1=(=D"""D e = F, ,(h—1) = F ,(>"*").
Here we used the explicit form of the numbers {4, ,()}, namely,
a,,(h)=0 if  k<i<h, a,(h)=I1-k-1 if h<k<l,
a ,(h)y=1—h—-1 if  k<h<l
By Lemma 6.1, we have

F (> Fy (7 F ,(>9)°
al c! b!

_ c+r s Fk,h( >p+l)b—r Fk,l( >p+l)c+r Fh,l( >p+l)a—r
_2 < r >(_1) (b—r)! (c+r)! (a—r)!

Use this equality to transform 3 ;. o, 1) ¢, >7) Fi(>?)v,. Set a=1i,,,

b=icn, e=ixr, I'={ipo}aeinn.anwnys H1=Xi,, We have I=
{I',a,b,c}and

35 Y od, FNF(>")v

IeP(v,1)

= > D" Y (=D eI, a, b, cf; >7)
I',dy,dy a+c=dp,
b+c=d,

o Fui (D) F (1) B (="

al ol bl o
) c+r _r
— Z (_1)|I| Z 2( >(_1)c(_1)a+b+c
I'.dy,d a+c=dy, r r
b+c=d,

x({I',a, b, c}; >7)

N Fk,h( >p+1)b—r Fk,l( >11+1)c+r Fhl( >P+1)a_’ b
(b—r)! (c+7r)! (a—r)! a
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h-1 h h-1 h h-1 h
z z z
FIGURE 6

(36) Y, ¢, >P)F(>P)v

IeP(v, 1)

— Z (_1)|I'| Z (_1)a’+b’+c’ l//({ll, al’ b/, C,}; >p)

I,dy,d d+c =dy,
b+c=dy
F (""" F (") F, (>
e (b,)! (c,)! (a’)! ... ’Ul 5

where y({I',d’, b, c'}; =) =3, W=D ¢({I',a +r,b' +r,c —r}; >7).
The following claim implies (34).

Claim. Forevery [ ={I',a',b',c'} € P(v,, 1) we have
(37) lp({I’, ar’ bl, C,}; >p) — ¢({I’, a/’ b,, C’}; >_P+1)'

The right hand side of (37) equals the product of the functions f(w', w")
over all oriented edges (w', w") of the tree T(I, z,, >**'). The left hand
side of (37) depends on rational functions {¢({I’, a'+r, b’ +r,c'—r}; >7)},
which correspond to trees {T({I',a'+r,b'+r,c'—r},z;, >?*")},. For
every r, the tree T(I,z,, >""") and the tree T({I',a'+r, b +r,c'—r},
z,, >?*1) differ only at the grounded strings of types (k, ), (h, 1), (k, h).
Namely, the tree T'(I, z,, >"*!) has a’ strings of type (4, [) grounded at z,
corresponding to >, b’ strings of type (k, &) grounded at z, corresponding

FIGURE 7
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142 1 4 1 4 1 4 1 4 1 4 1 4
3 3 3 3 3 2
:@j-z£§§+%g

zZ Z zZ VA

FIG. 8. Example.

to >, and ¢’ strings of type (k, /) grounded at z; corresponding to >,_;.
The tree T((I', a’' +r, b +r,c' —r), z,, >"") has a’ +r strings of type (A, [)
grounded at z, corresponding to >,, b'+r strings of type (k, #) grounded
at z, corresponding to >, and ¢’ —r strings of type (k, /) grounded at z,
corresponding to >, .

The claim now follows from identities

1 1 |
9 =t 1)ty —2) B (th=2)(ty_1—2) _(t,,_1 —t,)(t,—2z2)’
(39) [T 90600 = [T ($L-4HPg0-110 _ gkt

Identity (38) has a simple tree interpretation shown in Fig. 6.

Identity (39) has a tree interpretation shown in Fig. 7. In Fig. 7 mul-
tiplication of trees means disjoint union of trees, addition is formal, and
multiplication distributes through addition; see the example in Fig. 8. The
claim is proved. Thus, the statement of Theorem 6.2 is proved forn =0. ||

The statement of Theorem 6.2 for arbitrary #n is proved as the case n =10
since we execute the changes of bases and the reorganization of rational
functions separately for each tensor factor. There is no interference
between the rational functions corresponding to different tensor factors
since the grounding points of the strings are distinct. ||

9. PROOF OF THEOREM 5.1

LetV=M,® --- ® M,, where M, is the s/, Verma module with highest
weight 4; and highest weight vector v;. Set v=v, ® --- ® v,. Fix a weight
subspace V[v] <V, where v=3"_, A4, —>3_| myoy, and Y| mo, € Q.
Recall the notation m=3Y3_1 my, Vo= a1 myo. Set A, .1 =A—p—3v.
Let M, ., be the s/, Verma module with highest weight 4,,, and highest
weight vector v,,,. Consider the auxiliary space V'=V ® M,,, and its
weight space V'[v'], where v' =v+4,, .



134 MARKOV AND VARCHENKO

Vector Spaces of Rational Functions. For every I € P(vy,n+1) fix a set
of bijections {,(I)} and define a vector space of rational functions
Q' {1}, {z;}) =C{¢(I) | I € P(vy, n+1)}. These functions depend on the
complex variables 1", z;, k=1,..,N—1, de{l omyt, j=1,..,n+1.
Denote Q' the restriction Q'({t{"}, z,, ..., z,, 0). We will use the same
notation ¢(7) for a function in £'.

For every I € P(v,, n) fix a set of bijections {f,(/)} and define a vector
space of rational functions Q= C{4(I)|I € P(v,,n)}. These functions
depend on the complex variables (", z;, k=1,..,N—1, de{l, ..., m},
j=1,..,n. Identify each index Ie P(vy,n) with the index I'=
{, {z("“) =0},.,) € P(vy,n+1). Since ¢(I')=¢(I) for an appropriate
choice of bijections {S,(I")}, {#,(I)} we will consider €2 as a subset of Q'.

Consider the set of rational functions with poles in 2; see Section 4.
Note that it contains Q'. Define an equivalence relation «~ on the set.
Namely, let ¢,,d, be two elements of the set. We write ¢, ~ ¢, if
foy @%¢y dt = |, ®'/*¢, dt for any horizontal family of integration cycles
y(z), which satisfies Matsuo’s assumption.

ExampLEs (a) For a fixed I € P(v,, n+1), the functions ¢(I) corre-
sponding to different choices of bijections {f,(/)} are equivalent under - .

(b) If there exists a rational form # with poles in & such that
DV*(¢p, —,) dt =d,(D'*y), where d, denotes the exterior differentiation
with respect to the variables #(”, then ¢, —~ ¢, because y(z) is a family of
closed cycles.

The set {(F;v')*},cpwy.ns1y is @ basis of (F'[v'])*; see the definition of
{F,v'} in Section 4. Define a linear map D’: (V'[V'])* —> Q' by setting
D((F;v')*) = ¢(1), for all I € P(vy, n+1). Analogously, define a linear map
D: (V[v])* — Q by setting D((F,v)*) = ¢(I), for all I € P(v,, n).

For indices I € P(vy,n) and I'=(1, {i{"t" =0},.,) € P(vy,n+1) we
have

(40) D'(Fyv') = D'(Fv ® v,,.1) = ¢(I') = ¢(I) = D(Fyv).

Reformulate Theorem 6.2 as follows.

THEOREM 9.1. Foreveryh=1,..., N—1,wehavey . pq,.»y D((F;(h) v)*)
F,(h) v=¢(t, z). Moreover, for all I, D((F;(h) v)*) = ¢(I, h).

9.2. The Action of sly on (V')*. For every set of non-negative integers
Iy={i s }x<s, and every I', k', k' <I', denote I, +1, ,, = {i]  }x<,, Where
ippe=ipptland i}, =i, if (Lk)#U k). Let I=(1,,...,I,,,), where
I, ={i{)) },., is a set of non-negative integers. Let 7 1§, denote addition
in the component /.
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LemMMA 9.2 (cf. Lemma 4.2 in [Ma]). For every I, and every h=1, ...,
N —1, we have

n+1 N-1 h—1
E, (Fv)*=} < Y i (Fra9, 19,0 = 2 i (Frap, g v)*

j=1 \p=h+2 p=1
h—1 ) h )

+<(Aj, W+ 3 =% i;,fgl,,,> (F,+1;£1’hv’)*>.
p= p=

The proof is a straightforward computation. We use the standard
PBW-basis of U(n_). |

LemMma 9.3. Forevery I, andevery k, h,l, 1 <k<h<I<N, we have

n+1

(4D Fo () (F (W) v)* =} if ) (Fr_10,(h) v')*.

j=1

The proof is a straightforward computation. We use the PBW-basis of
U(n_) corresponding to >,. ||

Next, we will compute the image of E, (F;v')*eV’[v'] under D'
According to Lemma 9.2, D'(E,, (F,v')*) is a sum of rational functions with
complex coefficients, 3 ;. py,. 11y ¢s¢(J). For each index J, we can choose
a set of bijections {f,(J)} such that the function ¢(J) has the form
¢(I)/(t,— ), where ¢, is a new variable of type A, and * is any of the ¢
variables fixed by the set of bijections {f,(I)}, or a complex number in the
set {z, ..., z,, 0}.

LemMma 9.4 [[Ma], Lemma 3.4]. Let s=(j,k,1,q)eS). Then, we
have

-

(a) t Z¢(j,k,l,q)w¢(j,h,h+1,t,,4),1’;,+1)¢(]',k,1,‘1),
hT4j
b g (o, o) Gk, q)
() zk th_t(ﬁp(l)(s)) ¢
p= P
e
_¢(J,h,1,11,]h+1) lf h=k—1,
PUR LD GG 1) if h=1-1,

“

PURITLIR LD _ U@ b+ LT+ D e g

0 otherwise.
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COROLLARY 9.5.

d ¢ n+1 N-1 )
@ “-d(D- Y <— Y i b1 =10
j=1 p=h+2
h—1
+ Y eI +15), ,—10)

p=1

( (A,,m—z i, + z zzle,,) SU+19), )
(b) D'(E,(Fv')*) - ¢(I)

Proof. (a) Our choice of 4, is consistent with the definition of the
function @, that is, (z{”) " 4+ is the contribution of the point z,,, = 0 in
@. Observe that

d & n+l d(th i) 1-1 (t _t(ﬂ,,(l)(s)))

j=1 k<lq 1 h=k

and apply Lemma 9.4.
(b) Part (a) and Lemma 9.2 imply statement (b). ||

COROLLARY 9.6. ForanyxeU(n,)andanyu' =u®u, ,eV' =V V,,
such that xueV'[v'], we have D'(u ® xu, )~ D'(A(x) u ® u,,,), where A
is the antipode map.

Proof. 1t is sufficient to show that for any A=1,..., N—1, we have
D'(E,, (F;v')*) « 0. Equivalently, we may show (d,®/®) ¢(I) - 0. Intro-
duce the logarithmic (m — 1)-form

nr= 1_[

seS(I)

-2 I 1 Y
< 1_[ d(t;ﬁp( )(s)) _t;/ifirl( )(s)))> d(tyi’l 1(D)(5)) —zj)
I T —
bk t;ﬂp( )(s)) _tglififn( )($)) t;’i’l 1)) —z
We have d,; =0, and

i 1d,D 1d, D
Kd(Dr;) = Br == A1l = D=l AT

Let i be the inclusion map i: C” - {(z, 0)} x C" = C**' x C", and as usual,
dt denotes the standard volume form on C7*. We have i*((d,®/D) rn;) =
+(d, ®/®) ¢(I) dt. Thus, (d,P/P) ¢(1) - 0. |
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9.3. Proof of Theorem 5.1. Let v(z, A) be the hypergeometric solution

of the trigonometric KZ equation indicated in Corollary 4.2. Fix he
{1, ..., N—1}. By definition,

o(z, A+ Ko} ) = L( G A+ x0))VF §(z, 1) dt.

The function @'/~ changes as

n v my 1
Dz, 1; A+ K} ) = < ’1‘[1 Z{men) d]‘[1 z;,_d)> Dz, t; A).
- &

We study the product [[T_, z/% " TTom, (£)']14(z 1), using the
expansion ¢(z, 1) = 3 ;¢ poy.m (I, 1) F;(h) v obtained in Theorem 6.2.
The identity

1 1 < 1 1 >
) ) I @
=zt z\t?—z; 1

implies the tree interpretation shown in Fig. 9. Set m,, ;(I) to be equal to
the number of elements of the set {(j’, k, 1, ¢) € S,(I) | j' = j}. For all I, we
have >7_, my, ;(I) = m;,. Use the equality of rational functions presented in
Fig. 9 and the definition ¢(Z, &) =TT}_; [T 1 gesw ¢5° "7 to obtain

( I (t}:ﬂ)l) o1, h)

d=1

n
— l_[ Zj—mh.j(l) < l_[ (¢§l1 k1 q) _¢§‘n+1.k. 5 q)) l_[ ¢E‘] k.1, q) )
j=1

(s k. 1, q) € Sp(I) (. k. 1, q) ¢ Sp(D)

N
. 1 o -
Xh :—i_ h
J
5 5

FIGURE 9

k
0

k k
1-1 I-1 -
0 %-_ D O*‘._ 7
0
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Therefore, we have

(42)

[ [T 20 IT @™ } $(z. 1)
j=1 d=1

" V() . .
=[] 2 [T (gphto—gprtetay [T @552 ) F(h)o.
(. k.1, @) € Sp(D)

j=1 U k. 1, 9) ¢ Sp(D)

We see that the shift of the parameter A reduces to the following operation
on rational functions. Take each function ¢(Z, /) in the formula for ¢(z, ¢),
zeC”, teC™, and substitute it with the rational function [T .. es0
(5" D =Y [Tkt pesyn @505 ?, which depends on variables
(z,2,,1) €C""!, te C™. Then set z,,; =0. The result is a function that
depends on the initial set of variables, z e C”, t € C™.

Lemma 9.7. For every I € P(v,, n) we have

(ki) _ gntlklg) Gkl a)
(¢ i )y I1 ¢

(. k.1, ) € Sp(I) (. k1, q) ¢ Sp(T)
= ) D'(F,(W(F(h)v)* ® (F(h) v,,1)").
Iy € #(h)

Proof. We will compare additive presentations of the two sides of the
equality. The left hand side, after expansion of the products, has the
following tree interpretation. It is the rational function corresponding to a
formal sum of forests. An element of this formal sum is a new forest
produced from 7'(Z, h) as follows. We add one tree, consisting only of
strings of type (/, k), k < h <k, corresponding to >, and grounded at zero.
For each string of type (/, k) belonging to the new tree, one string of type
(1, k) is removed from one of the trees which belong to the original forest
T(1, h). The coefficient assigned to the new forest is a combinatorial coef-
ficient times a sign coefficient, namely minus one to the power equal to the
number of strings which comprise the additional tree. Recall the definition
of the index set /(h)={I, ={i,;}i<;|i =0 if k>h, or I <h}. Thus,
the additional tree is always of the form 7'(f;, A, 0) for some I, € <Z(h). In
this notation the sign coefficient in the above description is (—1)"!. Let us
give an explicit formula for the combinatorial coefficient. Consider
Lest(h), I=(1,...1,) € P(v,,n), where I, ={i{}},_, is a set of non-
negative integers. In order to remove i}, strings of type (/, k) from the
forest T(I, h), we should choose numbers i{;,”, where 0 <i{;” <i{/, and

" iPY =i . Then, for each j=1,...,n, we remove if’;,” strings of
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type (I, k) from the tree T(I h z;) € T(I, h). The combinatorial coefficient
of this choice is [T, IT}_ 1(’“ )- Therefore, the left hand side equals

@, 0)

43)
[} " " i
Y (=Dl Y <H H(&‘é))) <{I—Z y li{’z°)1§f,1,lo},h>-
TIyest(h) {i{j}co)} k<l j j=1 k<l

Next, we consider the right hand side. Repeated application of
Lemma 9.3 gives

(=), () (Fr () v)* = Y, (1‘[ 1‘[ <’(f g)>>(F, 7 ey (1) v)*.
Gy \k<ti=

Therefore
(44)

Fy (W)(F(h) v)* ® (Fj, (h) v,,.1)*

(—Hhl Y <H I1 <l<fé)>>(Fzz;_lzk<lzk,°>1<ﬂ () 0)* ® (Fyy (h) vy,1)"

2(J, 0;
ih”) Mesti=

Finally, formula (43), equality (44), and the definition of the map D’ imply
the statement of the lemma. ||
LemMma 9.8. For every I € P(vy, n), and every I, € &/ (h), we have

(@) D'(F,(h)(Fy(h) v)* & (Fy,(h) v,41)*) = D(4 o ©(Py (F(h), 4,,1))
F,(h)(F(h) v)*).
(b) D(4 o o(Pr(F(h), 4,41)) Fr,(W)(F;(h) ©)*) =35 py.ny <Fr(B) 0)7,
A(F;, (h)) ©(Py, (F(h), A4,41)) Fy(h) vy D((F;(h) v)").
Proof. Part (a).

D' (Fy ()(Fy(h) v)* ® (Fy,(h) 0,1.1)")
= D'(F;,()(F;(h) v)* ® ©( Py, (F(h), 4,1))(0n11)")
~ D'(A o o(Py(F(h), 4,11)) Fi,(W)(F;(7) v)* @ (0,11)%)
= D(A o o(P, (F(h), 4,,1)) F;,(W)(F;(h) v)*).
We use the property (Fy (h)v,.,)* =1(P,(F(h), A,,,)(v,41)") to write

the first equality, Corollary 9.6 to write the second equivalence, and the
identification (40) for the last step.
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Part (b) is trivial. We write A o 7(P(F(h), A,,,) F;,(h)(F;(h) v)* in
terms of the dual basis {(F,v)*} of V'[v]* then use the linear property of
the map D and the definition of s/, -action on the dual space.

D(4 o ©(Py(F(h), 4,.1)) Fi,(W)(F;(h) v)*)

= Y. DA tw(Py(F(h), A4,,1)) Fy(W)(F,(h) v)*, F;(h) v)(F,(h) v)*)

J e P(vy,n)

= Y, LAot(Py(F(h), A,11) F,(W(F;(h) v)*, F,(h) v) D((F, (k) v)*)

J e P(vg,n)

= Y L(F(h)v)*, AF, (h) ©(Py (F(h), 4,,1))

JeP(vy,n)

X F;(h) vy D((F;(h) v)"). 1

Finally, we combine all the steps in the following computation.

[ﬁ Z0) ] (r&:f))*}b(z, 0
j=1 d=1

2 N0 ;
— l_[ Z;wh) z < 1_[ (¢§l],k,1,q)_¢Eln+1,k,l,q))
j=1 IeP(vg,n) \(j,k, 1 q)eS,I)

x I ¢kt > Fo

(. k.1, q) ¢ Sp(I)

_ljl TRADY Y D'(F, (W)(F,(h) v)* ® (F,(h) v,,1)*) Fyv

IeP(vy,n) IyeL(h)

” 2o YR (i) v)*, ACE, (R)

I,JeP(vy,n) IyeLh)

X T(Py, (F(h), 4,41)(F;(h) vy D((F;(h) v)*) F(h) v

=" 5 % DAEW ") AEH)

JeP(vy,n) Iyest(h)

X (P, (F(h), A1) (F;(h) v)

=H 20075 D(E(R) 0) ) By (Ay 1+ 9+ VI(ES (1) 0).

J e P(vy,n)

We have applied equality (42), Lemma 9.7, Lemma 9.8, contraction of the
summation by 7, and Theorem 7.1 consecutively.
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Lemma 9.1 asserts that D((F,(h) v)*) = ¢(J, h). Since A=A, +p+iv
and K,,(z, ) = [T/_ 2 ;) B.x;(4) we have

@ T 167 660 - K2 b,

which is equivalent to the statement of the theorem for a hypergeometric
solution v(z, 1) with values in a tensor product of Verma modules.
The statement of the theorem for a hypergeometric solution with values
in a tensor product of any highest weight s/,,-modules follows from the
functorial properties of the operator K. ||

10. APPENDIX A

Matsuo’s Hypergeometric Solutions of the KZ Equations for sl

A construction in [Ma] gives hypergeometric solutions of the rational
KZ equations in a tensor product of lowest weight s/, modules. We modify
that procedure to a construction of solutions of the rational KZ equations
in a tensor product of highest weight s/,, modules; cf. [SV].

Adopt the notation from Section 4. We have defined a function
@':C""'xC" - C, integration cycles p(z') and rational functions
{¢I}16P(vo,n+l)'

Order the basis {ey_; v, ..., €5} of the Lie subalgebra n, by ¢, , > e, ,
if and only if a; ; > a; ;. The corresponding PBW-basis of U(n, ) is

PO %
Ih — —' 1 (

In,N-1* Bt

The index I, = (i; ), runs over all sequences of non-negative integers.

Let W=W,® --- ®W,,,, where W, is a lowest weight s/,, module of
lowest weights —4; with lowest weight vector w;. Fix a weight subspace
WI[—v]cW’, where v/ — =yt 4 N-!' m,a; as in Section 4.

Toeveryl € P(vy,n+1), assoc1ateavectorE,w =E,w® - QE  W,,.

n+1

THEOREM 10.1 (Theorem 2.4 in [Mal]). The function
w(z') = j &'(, 1)1* < y ¢,E,w) dt
»(z) IeP(vy,n+1)

takes values in the subspace of singular vectors of W'[ —v'] and satisfies the
rational KZ equations with parameter k € C.
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From lowest weight modules to highest weight modules.  Recall that
denotes the Chevalley involution. We have (e, ;)= —¢,, for any
I1<I#k<N.

Let Aeh, and let 7, be the highest weight Verma module of highest
weight A with highest weight vector v,, and let W_; be the associated lowest
weight Verma module of lowest weight — 4 with lowest weight vector w_, .
The following proposition is well known.

ProrosiTiON 10.2.  The Chevalley involution defines an isomorphism of
Verma modules W_, —» V, for generic A€h. Namely, for all xe U(n,) we
have xw_, > 1(x) v,. This isomorphism induces an isomorphism from any
lowest weight sl,, module to the corresponding highest weight sl,, module.

Assume that the (4,)}Z | are generic. Let V' =V, ® --- ®V,,,, where v,
is a highest weight module with highest weight 4; and highest weight vector
v;, corresponding to W, under the isomorphism of Proposition 10.2. Notice
that ©(E;)=F, for every set of positive integers J = (j )r<;. Thus,
D repy.ni1y PrEwr—> @', Theorem 10.1 and Proposition 10.2 imply the

following corollary.

CoroLLARY 10.3. The function
u(z') = f &', )% ¢, 1) dt
»(z)

takes values in the subspace of all singular vectors of V'[v'] and satisfies the
rational KZ equations with parameter k € C.

11. APPENDIX B

Proof of Proposition

Recall the statement of Proposition 2.1.

Fix a weight subspace V'[V']cV', v = Z;’le A;—vy, where voe Q. . Let
u: C"*' > V' be a solution of the rational KZ equations with parameter i € C
taking values in the subspace of V'[v'] consisting of all singular vectors. Set
v=>3"_14;—,.

Then v(z,, ..., 2,) =w(zy, ..., z,, 0) [vE, > TTr_, 2 4+2/% s g solution
of the trigonometric KZ equations with values in the weight subspace
VIvl<V with parameter .= A, ,+p+iyveh and the same parameter
Kk eC.
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Proof. Set uy=u(z,, ..., z,,0). The function u, satisfies the system of
equations V;(x, A) u, =0, i =1, ..., n. Rewrite this equations separating the
input of the (n+ 1)* point in the sum:

a n Q(ij) Q(i,n+1)
(46) P <2 +— >u0.

aZ j=1,j#i Zi —Zj i

Multiply Eq. (46) by z, and rearrange it using z,Q®/z, —z; = r(z,/z;) P +
(27)% to obtain

ou i , i -
;cz,.a—zo=< Y (@) P+ (7)) D)+ Q¢ “))uo
i j=1 i
Set v/ =u, [v,,). Forallae X, ,i=1,...,n, we have ePv' = (ePuy) 0¥, .

e®v" = (e“uy) v}, ). This implies

(47)
ov' " g " 3 )

’Czi_v=< z r(zi/zj)(t])>v,+< Z (-Qi)(t]) U/+(~Q(l’n+l)) U |U:+1>>-
0z, j=1j#i j=1j#i

Now we claim that

(48) .

(Apir +p+3v—5 (4, 4;+2p))? v = 12 QP +(Q"D) uy [41)).

j=Lj#i

First write

(49)
Q%" Dy g |o3,1>

<Z x{ ®x("+1)uo>|vn+1>+ Y (€@ t+e? ®el ) ug vy, ).

aeXy

The coupling |v}, ) allows us to compute the first summand explicitly
(50) (Z x ® (n+1)”0> lops1> = Z (%> Ansr) X{140) |ons1>

—A(l+1uo |Un+1> A(l+11’

Obviously (e ® e™ V) uq vk, ;> =0.
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Since u, is a singular vector we have e,u, = 0. Equivalently, e"""Vu, =
=3, eYu,. Therefore

(51
Z (e?, ®el V) uy |o5s 1>
aeXy

n
= % ety == F e (F e it

ey el j=1
n
—- 3 (3 o ulid- T @bl
aeX, \j=1,j#i aeX

n

Z (-Q )P uq o>

=1,j

(;zx@ O+ Y ee s>)u0 oty 3 % x>

aeXy j=1

Since u, € V[v] we have

n
Y2 xExPug or > =3 (e, v) XPug (o3> = vOug v, > = v,
k k

j=1
Let C € U(g) be the Casimir element. Since e_,e, = —h, +e,e_, we have
(AT A+ T e Juo o>
k aeXy
=—C+1 Y hOv =—5C +pD'.
aeXy
We have CO' = (A4,, A;,+2p) v'. Rewrite (51) as
(52)
3 Oeeruliy=(= 3 @)=L p00 )
xeZ, j=1,j#i

Combine (52), (50) and (49) to obtain claim (48). Equation (47) for v’
becomes

(53)
o' " . 1 \®
kzi ==\ 2 rz/z)P+ A +p+sv ) =3 Z (4;, 4;+2p)
0z j=1j#i 2 2i%
Finally, v =o' []"_, z“4*2)/2 and equation (53) implies the proposition.
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12. APPENDIX C

Formulae for sl .

Let M, be the s/; Verma module with highest weight A € h and highest
weight vector v, . Let V" be a tensor product of highest weight s/;-modules.

Set (4, a;) =4;, for j=1,2, and p(t)=t(t—1)---(t—k+1) e C[¢] for
any k € N.

Formulae for the dynamical operators B, (1) = B***(4) B*(4) and
B, 25, v (A) = B **2(1) B*(A) are given in Section 7.

Let w, be the longest element of the Weyl group. It has two reduced
presentations, w, = s,5,8; = §,5,8,, which imply two presentations for the
operator B, ,,

B, (1) = B*(1) B***2(1) B*2(4) = B*2(4) B***(4) B*(4). For any ve
V[v], direct computation gives

9 min(a, b)

B, y(A+p+isvv=Y Y (=1)"Bui() e meqes "l eliel v

a,b=0 mk=0

0 min(a, b)
_ m pab b—k k ja—k_b—m_m ,a—m
= z (=1)" B}, (1) e3; “e 5 " "eTsel; v,
a,b=0 mk=0

where, for any four non-negative integers a,b,m,k, such that
max(m, k) < min(a, b), B;‘,;f}c(l) is a complex-valued function depending on
A € h defined by

1
mk!p, (A1) pp_i(42)

By (2) =

min(a, b) (—l)ll'

X,=m§(,,,,k) @D =D =R I —m) o + 2 + 1)

The shifted universal fusion matrix is

) min(a, b)

J,A)=Y Y (- BLL(A) e menes " ®efy Felyens

a,b=0 mk=0

0 min(a, b)
_ a+b+m+k pa,b a—k k _b—k b—-m _m _a—m
= Z (=D Bm,k(l)eﬂ e3ey ®ey ejer; .
a,b=0 mk=0
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The inverse to the Shapovalov form as an element of M, ® M is

min(a, b)

Z Y (D BRL(D) es"eses My, ® esy e e v,

a,b=0 mk=0

S;!

min(a, b)

a,b k Kk b _
Z (- 1)k k()“)ea 331‘332 U/l®e32mer3nleglmvzl-

I
Sk

a,b=0 mk

Finaly, given v eV, there is a unique singular vector, sing(v, ® v), in
M, ®V of the form sing(v, ® v) =v, ® v+ {lower order terms}. In [ESt]
the vector sing(v, ® v) is given in terms of the inverse of the Shapovalov
form. As a corollary we get

min(a, b)
sing(v, ® v) = z z (- 1)a+bB (/1)‘322'”9'3"1621 U1®elzkellcsegakv
a,b=0 mk=0

min(a, b)

Z Z (_1)a+b+m+kB x(A) eqr 931‘332 Ua®ez3 "efyel, "v.
a,b=0 mk=0
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