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1. Introduction

During the last ten years, function spaces with variable exponent have attracted a lot of interest of mathematicians
around the world. A lot of researchers had spend some efforts to obtain results on variable exponent spaces and specially
on p(x)-Laplacian elliptic problems (see, for example, [1-26] and references therein). According to the works mentioned
above the theory of problems with variable exponent spaces has application in electrorheological fluids, thermo-rheological
fluids, image restoration, image process and nonlinear elasticity theory.

We give in this work a contribution on p(x)-Laplacian parabolic problems. Let us consider the problem

%A(t) — div(D*|Vup P72V, ) = B(u (1)), t>0, 0

u;.(0) = up;,

under Dirichlet homogeneous boundary conditions, where ug, € H := L2(£2), £2 is a bounded smooth domain in RN, N > 1,
p(x) € C(2), p~ :=essinfp > 2, B: H— H is a globally Lipschitz map with Lipschitz constant L >0, D* € L®(£2), 0 < 8 <
D*(x) <M < o0 ae. in £, A €[0, Ao] and D* — D*! in L®(2) as A — A1 :=0.

Analogously to [27] we can consider, for each A € [0, 4¢] the operator A?* : Wé’p(x) (£2) > [Wé’p(")(ﬂ)]* given by

(x0—2

APru(v) :=fD’\(x)|Vu(x)|p Vu(x) - Vv(x)dx

Q
having the following properties:

(i) AfA is monotone;
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(ii) Af’“ is coercive;

(iii) AP* is hemicontinuous;
1

iv) AD» . x — x*, with domain X := Wl*”(”(.(z) is maximal monotone and AP*(X) = X*:
1 0 1

(v) The operator AZ*, the realization of A?)~ at H = L?(£2) given by
D(AY) = {ueX; AY () e H,
Ay =AY @), ifueD(AD)
is maximal monotone in H. We denote A,[_),A (u) = —div(D*|Vu[PW—2vy).

Moreover, we have
Lemma 1. Let p(x) € C(£2) with p(x) > 2 in 2, p~ :=essinfp, pt :=esssup p and A € [0, Ag].

. +
() IF VX == IVVIipeo <1, then (AP v, v)xs x = BIVIE 5
(i) If [vlix > 1, then (AP" v, v)x= x = BIVI .

Analogously to [28] it can be proved that the problem (1) determines a continuous semigroup of nonlinear operators
T,(t) : H— H, where T, (t)up;, is the global weak solution of problem (1) beginning at ug,, which has a maximal compact
invariant global attractor 4, in H. We observe that in [28] the results were established for 2 + 8§ < p(x) <3 -4, § > 0.
The reason for this is that in [27] was proved that clH(D(Agk)) =H for 2 < p(x) <3 -4, § > 0. But, the authors in [29]
answer the question raised in [27] and now we know that clH(D(Af[A)) =H for p~ > 2.

In this work we prove that the family of global attractors {4, },¢[0,1,] iS upper semicontinuous at A; :=0, that means,

sup disty(ay, Ay,) — 0
a, €A,
as A—> A1 =0.

We also consider the case D* = D > 1 constant, that is, we consider the problem

E(t)—DA wP)=BwP®), t>0
at P ’ ’ (2)

uP0)=ul eH=1%(2)

under Dirichlet homogeneous boundary conditions, where A, (v) = div(|Vv|P®=2Vy), 2 c RN is a bounded smooth
domain, and B, p(x) as before. We intend make the diffusion parameter D goes to infinity and prove that the family of
global attractors {.Ap}p>1 for the problem (2) is upper and lower semicontinuous at infinity, i.e.,

max{ sup distH(aD,Aoo), sup distH(a,AD)] -0

aPeAp ae A®

as D — +o0, when there exists the global attractor of the limit problem, A%, where the limit problem is

du -
E(t) =B(u(t)), t=>0,
u0)=upeR

(3)

with B := B if we identify R with the constant functions which are in H since £2 is a bounded set.

For the problem (1) we have that the limit problem is also a PDE which has a global attractor and this attractor com-
mands the dynamics of the problem as A — 0. For the problem (2) we have a family of PDE and the limit problem is
an ODE. This ODE not necessarily has a global attractor. We give examples where the limit problem has a global attrac-
tor and examples where the limit problem doesn’t have a global attractor. Finally, we conclude that for globally Lipschitz
maps B : H — H such that the limit problem has a global attractor, the ODE commands the asymptotic dynamics of the
problem (2) as D — +o0.

The problem (2) was solved in [30] for Neumann boundary conditions with p(x) = p > 2 constant. In that case the limit
problem was also an ODE, but it was showed that this ODE has a global attractor for every globally Lipschitz map.

The paper is organized as follows. In Section 2 we obtain uniform estimates for solutions of (1). In Section 3 we prove
continuity with respect to the initial values and parameters and we prove upper semicontinuity of the global attractors for
the problem (1). Section 4 is devoted to the case D — +o0.
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2. Uniform estimates
We have the following uniform estimates on the solutions of (1):

Lemma 2. Let u; be a solution of (1). Given Tg > O, there exists a positive number ro such that ||u, (t)||g < 1o, foreach t > Tg and
A €0, Aol

Proof. It is enough consider ug ) € D(AZ*). Let T > 0, multiplying the equation on (1) by u, () we have that

d
<aux(f), ux(r)> + (A} (un. (D), w5 (D)) = (B(un (1)), up (7).

Given Tg > 0, if ||u,(7)||x > 1 then by Lemma 1, we obtain

@l <l @]} + B @) o],

—Blus@ |} +L]u @]+ Colw]

—Blu @5 +Ci|ur@] 5 + Cun @] 5.

where Co = ||B(0)||g >0, C; =C1(L,0) >0 and C; = C3(0) > 0, with o the embedding constant from X < H. We have
=0 if, and only if, Co =0.
Now, we consider € > 0 arbitrary, o := % =1a d — +

+ = 1. Then using Young's inequality we obtain

141
bl o a/ (p )!

@l < =plu @l + ol + Solnml,

-1 -1, AN R I
ol + e ol + e lmolk +(2(2) +o5(2) )

1 1 /1 /o\Y 1 o\
_(_ oy bop p (=t 2
= (pe g e Yol + (G(2) 5 (2) )

pl, eg < g in the case B(0) #0 (Co # 0) and for the case

B(0) =0, choose €g > 0 sufficiently small such that %eg < ’; So, in both cases, we obtain

2dt

Now, choose €y > 0 sufficiently small such that %eg‘ +

Sl <-Llu@ly +o

where C3 = C3(L, 0, €g9) > 0 is constant. So,

@l <L lmoll +os

Let I := {1 € (0,00); |up(D)llx > 1} and y,(v) := [|ux (D)%, ¥» : I, — R satisfies the differential inequality

Yi(@) < —poP [}’»\(T)] T 420,
Therefore, from Lemma 5.1, p. 163 in [31], we get

20307 \¥P
ol < (*2—)

-2
If lup(D)llx <1, then |lua(T)llg < ollux(t)llx < o. So, taking Ko —{(263" —)2/p” + 5= —2)To]»~-2}Y/2 and
ro := max{o, Ko} we obtain

-2
B _ ](p-—Z)
+ —-2)T , YT =>To.
[Zal’" (P ) 0 0

lur(@)||; <10, YT =To, A€[0,20]. O
Remark 1. The constant rg in the above lemma depend neither on the initial data nor on A.

Corollary 1. There exists a bounded set Bg in H such that A, C By for all A € [0, Ag].
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Remark 2. If u; is a solution of (1), then there exists a positive number K = K(ug,, To) such that |lu,(t)||y < K, for all
t € [0, To]. If the initial values are all in a bounded set of H, then K is uniform on [0, A¢], i.e., we have that |lu, (t)||g < K
for each A € [0, Ao] and t € [0, To]. In this case we can consider To =0 in Lemma 2.

Lemma 3. Let u;_be a solution of (1). Given T1 > 0, there exists a positive constant r1 > 0, independent of A, such that
s (t) ng,pm(m <ri,

foreveryt > Ty and A € [0, Ag).

Proof. Let u; be a solution of (1) and consider T > 0. Take Ty € (0, T1). Denote

D(x)
Jo 5o IVv|P®dx, veX,

400, otherwise.

w(V)—{

We have that ¢* is a convex, proper and lower semicontinuous map, and AZ" is the subdifferential d¢* of @* (see [29]).
Thus

d
aw*(uur))=< (Ux(t)) (t)>

a
=<B(u,\(t)) - %(t), ﬂ(r>>

ouy

=<B(U/\(f)) - —(t) i B(ux(t)) +B(Ux(f))>

- ‘ B(u;.(1))

d
g <B(Ux(t)) - %(0, B(m(t)))
H

for a.e. t in (0, 00). Therefore,

LI 1 _m o l® 1 2
i (un(®) + > B(u;.(t)) 5 © . < ZHB(UA(f))HH
In particular,
d 1 2 1,
? (un(®) < EHB(UA(t)) Iy < SKi. Vt=To, 2 €[0, 2ol, (4)

where K1 = Kq(L,rg) > 0 is a constant (ro =ro(Tp)). By definition of subdifferential we have the following inequality

@1 (ur () < (3™ (ua (D)), up(0)).
Thus

A (D), Ux(f)> + @™ (u.(0)

Q..lm_

1
ST |w.© 5 + ¢* (ur©) =<

Hlm‘”lm

;. (), u/\(t)> + (8¢ (un(®), ur (0))

A

Ux(f)) us (b))
< || (w.O) |y <Kiro (5)
forall t > Tp and A € [0, Ag]. Let t > To and r:= T — Tg > 0. Integrating (5) from t to t +r we obtain that
t+r
@ (up () dt < %Huk(t) ”?1 + Kqror < %r(z) + Kqror =: A (6)
t
for all A € [0, Xo]. From (4), (6) and the Uniform Gronwall Lemma [31], we obtain

A 1 i
¢H e+ ) < 4 K=,

for all t > Ty and A € [0, Ag]. Therefore,
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D* .
/ (X)‘Vux(t—kr,x)]p(x)dxgﬁ,
p()

for all t > Ty and A € [0, Ag]. So, considering p(v) := fg [v(x)|P® dx, we have

D* .
—p(Vu)\(H—r)):£/|Vux(t+r,x)|p(x)dx<[ﬁ|VuA(t+r,x)|p(x)dx<r1,
p*Q J p(x)

for all t > Ty and A € [0, Ag]. Considering ?1 = ":Tf‘ and using Proposition 2.3 in [14] we conclude that

Jux@|y =V @b, < p(Vur(@) <1
for all T > T; and A € [0, o] if |lus(T)|lx > 1. So considering r; := max{1, [F1]"/?"} we can conclude that

lur@® ] <11,

forall t >T; and A €[0,A0]. O
Corollary 2.

(a) There exists a bounded set By in X such that A; C By forall A € [0, Ao].
(b) A= Ujej0.30) Ar is a compact subset of H.

Proposition 1. Let u; be a solution of (1) with initial values all in a bounded set of X = Wg'p(") (£2). Given T1 > 0 there exists a
positive constant R such that

Jux@©]x <R

forallt € [0, T{] and A € [0, Ag]. In this case we can consider T; = 0 in Lemma 3.

Proof. Given T1 > 0, if u, is a solution of (1) then multiplying the equation by < a”A (t) we have that

Bu,\

—I—<ADA(u,\(t)) (t)> < (ur(®)), —(t)>

As (AD"A (uy (1)), "g‘t* ) = di(p*(uk(t)) where ¢* is the function that appears at the proof of Lemma 3, we obtain that

and then

BUA

0]+ o) < o)l

1
L9 (0:0) < 5 [Bo) [} < 5 (o], + [BO)]).

So, by Remark 2 we conclude that

i @ (un(®) <C, forallte [0, Tq], A €0, Aol,
where C > 0 is a constant. Therefore, integrating the equation above from 0 to 7, for T < T, we obtain that
¢ (un(D) < ¢* (o) + €Ty, forall T €[0,T1l, A €10, Aol. (7)
If ||uk(t)||x 1 then
pt A
p—+ lur(@|5 < ¢*(ur(r)) (8)

and if ||u, (t)]|x > 1 then

P @l <¢* ). o

and by another side
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M - .
Fluonllf if luonllx <1,

@"(ug) < (10)

M o
p—_||u0,\||§’( if [luoxllx > 1.

As we have that |jug,||x < Cq for all A € [0, Ag] the result follows joining (7), (8), (9) and (10). O

3. Continuity with respect to the initial values and upper semicontinuity of attractors

In this section we prove upper semicontinuity for the family of global attractors of problem (1). The next theorem shows
the continuity of the solutions with respect to initial conditions and parameters.

Theorem 1. For each A € [0, Ao let u;, be asolution of (1) with u; (0) = ugy. If {ugy: A € [0, Ao} is a bounded set in X and ug, — uoy,
in Has » — Aq, then foreach T > 0, uy — uy, in C([0, T]; H) as A — Aq.

Proof. Let T > 0 and t € [0, T]. We have

1d

5 71w ® —u, O + (A7 o) - AY (1, (0), ur(®) — 1y, (©) = (B(1,.(©) — B(ws, (©)), u (0) — s, ()

and
(AP (u,(0) = AT (1, (©), U (©) — s, ()

> ﬁ/yo(x)Wm — Vu, [PW dx + f(DA — DM)|Vuy, PO72Vu,, - (Vuy — Vuy, ) dx,
2 2

where yp(x) > 0 for all x € £2 by the Tartar’s inequality. So
1d
5 7 11© = u, O < Lw© —u, O] + D" = DM | 1 g [20(Via, ) + £ (Vi (0))]

< Lfua®) =, (0 “i +[D* =D o oy W

P
where Wy :=3 max{rﬁJ ,rf } and rq is a constant given by Lemma 3 (see also Proposition 1). Integrating the above inequal-
ity from O to ¢, t < T, we obtain that

|0 = wn, O] < luor — oz, 1% +2W1 T D* — D1 | +2L/ |, () — s (@) |3 d.
2

By Gronwall-Belman’s Lemma we obtain that

Jus(®) = s, ©[ 3, < [luos — os, I +2W T D* = DM . o ]
for all t € [0, T] and A € [0, Ao]. Therefore, if ug) — ugy, in H as A — Ay, then uy — uy, in C([0, T|; H) as A — A1. O
Corollary 3. For each A € [0, Ao] let u, (t, ugy) be a solution of (1) with u; (0) = ugy and uy, (¢, ug;) be the solution of (1) with A = A4
and initial condition ug;. If {uox}rc[0,1,] is a bounded set in X, then foreach T > 0,

st o) — 1, (¢ u0w) [}, <2WAT|D* = DM o €T,
forallt € [0, T] and X € [0, Ag].

Theorem 2. The family of attractors {A; }.¢[0,1,] iS Upper semicontinuous at A1 := 0, that is, SUpg, ¢ 4, disty (a;., Ay) > 0ash—
A =0.

Proof. Let {x;},¢[0,2,] be such that x, € A, for all A € [0, A¢]. By Corollary 1 there exists a bounded set Bo C H such that
Aj. C By for all A €[0, Ag]. Since A,, attracts bounded sets of H, for every € > 0, there exists to = to(€, Bg) > 0 such that

. €
sup disty (uxl (to, z3), Axl) <z,
2.6 A5, 1e[0,0] 2
where uy, (t, zy) is a solution of problem (1) with A =A; and initial condition z;. By the invariance of the global attractors,
for all A € [0, ] there exists v; € A; such that x; = u; (to, ¥,). Using Corollary 2(a) and Corollary 3 we obtain that there
exists Ay € [0, Ag] such that

|us(to, ¥2) — us, (b0, ¥ |y < %
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for every A € [0, A2]. Thus, for every A € [0, ], we obtain that

disty (5 (to. ¥2). Any) < [t (to, ¥2) — s, (to. ¥a) |, + disty (un, (b0, ¥2). Ax,)
<e.

So,

disty(Ay, Ay,) = sup disty(xx, Ay,)

X, €A

= sup disty (U)L(to, i), -AM) <€,
YieA;

for all A € [0, A,]. The proof is completed. O

4. The p(x)-Laplacian problem with large diffusion

In this section we consider the problem (2) and we study the asymptotic behavior as D — oc.
The proofs of Lemma 2 and Lemma 3 can be adapted to obtain the following L?(£2) and Wé’p(x)(Q) estimates for the
solutions u®’s of the problem (2), uniformly on D > 1.

Lemma 4. Let u” be a solution of (2). Given Tq > 0, there exists a positive constant rq such that |uP (t)||y < ro, for each t > Tq and
D>1.

We observe that the constant rp in the above lemma depend neither on the initial data nor on D.
Corollary 4. There exists a bounded set Bg in H such that Ap C Bg forall D > 1.

Remark 3. Given To > 0, if uP is a solution of (2), then there exists a positive number K = K (ug, To) such that
lu;, Oy < K, for all t € [0, To]. If the initial values are all in a bounded set of H, then K is uniform on D, i.e., we have that
luP ) ||y <K for each D >1 and t € [0, To]. In this case we can consider To =0 in Lemma 4.

Lemma 5. Let u® be a solution of (2). Given T1 > 0, there exists a positive constant r1 > 0, independent of D, such that

HuD(t)||W(1),p(x>(m <ri, Vt>Ty, D>1.

As an important consequence of Lemma 5 it follows

Corollary 5.

(a) There exists a bounded set By in X such that Ap C By forall D > 1.
(b) A:= UD>1 Ap is a compact subset of H.

4.1. The limit problem and convergence properties

Our objective in this section is to prove that the limit problem of problem (2) as D increases to infinity is described
by an ordinary differential equation. Firstly we observe that the gradients of the solutions uP converge in norm to zero as
D — oo, which allows us to guess the limit problem (3).

Lemma 6. Given T; > 0, if for each D > 1, uP is a solution of (2) in (0, 00), then for each t > T4, the sequence of real numbers
{IVuP (t)|| 1} has a subsequence {||VuPt (t)| i} which converges to zero as £ — oo.

Proof. Let T > T; and t € (T1, T). As uP is a solution of (2) we obtain
1d

5 3l Ol + 0 [P dx= (5(u>©). 42 ),

2
<L|uP® 2 +CcluP© ], <K, (11)

t-a.e. in (T, T), where K > 0 is a constant which is independent of D by Lemma 4. Integrating (11) from T; to T, we
obtain
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T T
1 2 *) 1 2
5||uD<r>||H+D//|wﬂ(r)|“ dxdt < E||uD<r1>||H+f1<at
T, 2 Ty
1 2
< Er0~|—KT:: Koy (T).

In particular
T
D/f|VuD(t)|"(")dxdt<1<2(T)
T 2
which implies
T
//|VuD(t)|p(x)dxdt < KZT(T) —0 asD— oc.
T, 2

Therefore there is a subsequence { [, [VuP¢(t)|P® dx} such that

/|VuD‘(t)|p(x) dx— 0 asf— oo, t-ae.in (T, T)
2

and so there exists a subset | C (T1, T) with Lebesgue measure m((T1, T)/J) =0 such that

f‘VuD‘f(t)‘p(x)dxeo as € — oo, Vte J.
2

Given t € (T1, T) we claim that there is at least one s € J with s <t, on the contrary we would have (T1,t) N J =, so
m((T1,T)/J) > 0 which is a contradiction. Now pick one s € J with Ty <s <t and let h=t —s. Let € > 0 and £o = £(¢) be
such that if £ > £ then

ViuPe ()PP dx < 2.
/' © S 2pt
2

Using

i(/)D‘Z WPis+1) = <8(pD"'(uD‘f(s + 1)), %qu (s + r)>, T-a.e.in (0, T),

dt
where
1 yyp®
PP (v) = D¢ [ 3w IVVIP™Mdx, veX,
o0, otherwise
we obtain

1 1 1
Dg/—]VuD‘f(s—i—h)‘p(X)dx—Dg/—‘VuD“(s)‘p(X)dxg —Ksh,
pX) J pX) 2

2

where K3 depends on L and, according to Lemma 4, can be uniformly chosen on D,. Thus,

1 ® 1 1 Dyyon |PCO
— | vuPes +h)|P¥ dx < — K3 (T — T1)+/ —|vuPes)|P¥ dx.
/P(X) | 2Dy J P(X)| |

Q

Now we choose ¢1 = ¢1(€) sufficiently large such that
L K3(T —Tq) €

_ _ <—,
2D, ° Y=ot

whenever ¢ > £1 and we consider ¢ = £(€) = max{{g, £1}. For £ > ¢5 we have
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1
—+/ |vuPe )P dx < |vuPe )" dx
2

p(X)

1
p— |VuPe(s +t — )" dx

5
g

1 1 PR
< —K3(T—T1)+/ ——|vuPe(s)|P dx
2Dy p(X)| |
2
1 1
< —K3(T—Ty) + —/|Vqu(s)|"(")dx
2D[ P
2
€ 1 p7 1

< — 4+ €
2pt  p~2pt  pt
Thus, if £ > ¢,
/\Vu”f O @ dx < e
2
and then using Proposition 2.4 in [14] we obtain ||VuP¢(t)||p — 0 as £ — oo. As p(x) > 2, [|[VuP (©) |y < CIVuP () [l pe)-

So, [VuPlet)|ly > 0as £ —>o0. O

As we can see the above lemma is telling us that Eq. (3) is a good candidate for the limit problem. Since B: R — R is a
globally Lipschitz map, from Picard’s Theorem we can conclude that the problem (3) has a unique global solution. Moreover

Theorem 3. The problem (3) defines a semigroup of class /.

Proof. We define S(t) : R — R by S(t)vp = v(t) with v being the unique global solution of the problem (3) with v(0) = vy.
It is easy to see that S(t) verifies the semigroup properties.
We will show that S(t) is of class /C. In fact, multiplying the equation in (3) by u(t) we obtain

|B(0)] |B(0)]
2dt|u(t)| <L+—>| (t)| — (12)

Let T > 0 fixed, integrating (12) from 0 to 7,7 < T, we obtain
T
u(m)|* < [u()] +|B(©)|T +/(2L +[BO)|)|u(s)|? ds.
0

So, by Gronwall-Bellman’s Lemma it follows that

lu(m)|* < (luol? + |B©O)|T)e@HBOIT - yr < T,

Thus, we conclude that for each t > 0, S(t) maps bounded sets into bounded sets. As a result we conclude that for each
t > 0 the operator S(t) : R — R is compact. O

The next result guarantees that (3) is in fact the limit problem for (2), as D — oco.

Theorem 4. For each D > 1, let uP be a solution of (2) with uP (0) = ug and let u be a solution of (3) with u(0) = uog. Ifug — ug in
H as D — oo, then foreach T > 0, u® — u in C([0, T]; H) as D — +o0.

Proof. Let T > 0 be fixed and suppose that ug — ug in H as D — oo. Subtracting the two equations in (2) and (3) and
making the inner product with u® — u we obtain

(uf —ue,uP —u), +D/‘VuD(x)]p(x) dx=(B(uP) — Bw),u® —u),,.
2
Thus,
1d

Sl uP —uff <L|uP —u|f, aein©T).



80 J. Simsen, M.S. Simsen / J. Math. Anal. Appl. 383 (2011) 71-81

Integrating from O to t, t < T, we obtain
t
JuP ) o [ < Juf ol + [ 2Lu°(6) ~uis) | s
0

So, by Gronwall-Bellman’s Lemma we obtain

|uP© —u@®|? < ||ud —uo|}e*T, Veelo,T1.

Therefore u® — u in C([0, T]; H) as D — +o00, whenever ug —ugin Has D —>o0. O

Observe that the semigroup of class K defined by the problem (3) is not necessarily B-dissipative. For example, if
B:H — H is given by B(u) = au, with o a positive real number, then B: R — R is given by B(u) = au and so the solution
of (3) is u(t) = upe®t and |u(t)| — oo as t — oo. So, it doesn’t exist a global B-attractor for the problem (3).

4.2. Continuity of attractors

If the semigroup defined by the limit problem (3) is B-dissipative then, Theorem 2.2 and Proposition 2.2 in [32], guar-
antee that the semigroup S(t) has a maximal compact invariant global B-attractor A, given as the union of all bounded
complete trajectories in R. The next two examples provide situations where the semigroup defined by the limit problem (3)
is B-dissipative.

Example 1. If B: H — H is given by B(u) = Bu, where B is a negative real number, then B:R — R is given by B(u) = Su
and so the solution of (3) is u(t) = uge?t and u(t) — 0 as t — co. So, the semigroup defined by the limit problem (3) is
B-dissipative.

Example 2. Consider f : R — R of class C!, globally Lipschitz and with an odd number m of zeros {us, uz, ..., um} such that
Uy <Uy<---<Um, f'(u)) <0, f'(uz) >0, f'(us) <0,..., f'(um) <0, f(x) >0 for all x <uy and f(x) <O for all x > uy,.
Observe that f of class C! and |f’(u)| < M for all u € R, where M > 0 is a constant, it is a sufficient condition to obtain f
globally Lipschitz. In this case, using the theory of ODE, we obtain that {uq, us, ..., un} is a bounded global attractor for the
limit problem (3) with B = f. Observe that in this case the map B : H — H of the problem (2) is the Nemytskii’s operator
associated to f.

Now, we suppose that B : H — H is globally Lipschitz and it is such that the limit problem (3) has a B-dissipative
semigroup. So, let . A* be the maximal compact invariant global B-attractor for (3). In this section we prove not only
uP — u as D — oo but we have also that the family of attractors .Ap behaves continuously as a diffusion parameter
increases to infinity. We start introducing the following lemma which guarantees that the relevant elements to describe the
asymptotic behavior of these problems are around its own spatial average if D is large enough.

Lemma 7. If for each D > 1, ug € Ap and ug =limp_, ug in H, then ug is a constant function.

Proof. Using Lemma 5 and Lemma 6 we can borrow the arguments presented in the proof of Lemma 4.1 in [30] and we
obtain that ug =g := |f]3_| fg ug(x)dx. Thus ug is a constant function. O

Thus, using Corollary 5(b), Lemma 7 and Theorem 4 we can borrow the arguments presented in the proof of Theorem 4.1
in [30] and we obtain that:

Theorem 5. The family of global B-attractors {Ap}p>1 of the problem (2) is upper semicontinuous at infinity.

Remark 4. As the limit problem of (2) is the ODE (3) we obtain that A C Ap for all D > 1. Thus, the family of attractors
{Ap}p>1 is also lower semicontinuous at infinity and then we conclude that the family of attractors {.Ap}p>1 is continuous
at infinity when the limit problem (3) has a bounded global B-attractor. The lower semicontinuity of the family of global
B-attractors {Aj}re0,,] associated with the problem (1) remains an open problem.
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