Theoretical Computer Science 78 (1991) 189-216 189
North-Holland

Programming 1n three-valued logic

J.P. Delahaye and V. Thibau

L.ILF.L, UA.-C.N.R.S. No. 369, BAT. M3, Université des Sciences et Techniques de Lille
Flandres Artois, 59655 Villeneuve d’Ascq Cedex, France

Abstract

Delahaye, J.P and V. Thibau, Programming in three-valued logic, Theoretical Computer Science
78 (1991) 189-216.

The aim of this paper is to propose a logical and algebraic theory which seems well-suited to
logic programs with negation and deductive databases. This theory has similar properties to those
of Prolog theory limited to programs with Horn clauses and thus can be considered as an extension
of the usual theory. This parallel with logic programming without negation lies in the introduction
of a third truth value (Indefinite) and of a new non-monotonic implication connective. Our
proposition is different from the other ways of introducing a third truth value already used in
Logic Programming and databases but it 1s somehow related to some of them, especially to
Fitting's theory. We introduce a “‘consequence’ operator associated with a logic program with
negation which extends the operator of Apt and Van Emden. In the case of a consistent program,
the post-fixpoints of this operator are the models of the program as they are usually. This operator
is related to Fitting's one, the relation being obtained by completing the program. We finally give
an operational semantics for a program with negation by the obtention of a three-valued interpreter

from a bivalued one.

Introduction

When treating negation in logic programming, many problems must be faced and
attempts to solve them may be sorted out more or less according to their faithfulness
to negation as failure, which 1s the negation really used in Prolog [4, 10, 14, 22,
23]. It does not seem possible to stay close to Prolog while having an easy axiomatical
semantics: we are not sure to find a sound and complete semantics for negation as
failure. A negation other than negation as failure is also used in expert systems
working in forwards chaining.

The theory we propose here is quite general and can be applied to both Logic
Programming and this negation. It has good theoretical and algebraic properties
similar to those obtained in logic programming with negation. The parallel lies in
the introduction of a third truth value, Indefinite and a new non-monotonic implica-
tion connective denoted by -». We thus obtain a very simple way of treating negation
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and a purely axiomatic reading of a program is then possible: we are now able to
program by writing axioms and the specification of a program becomes the program
itself.

Although the deductions obtained in three-valued logic may be too weak (we do
not sometimes deduce enough logical consequences of a program), this logic is
natural for cases of partial information and it has already been used for a long time
in Artificial Intelligence [3, 26]. We have concentrated on the denotational semantics
of a logic program with negation by introducing an operator associated with logic
programs with negation, whose post-fixpoints are exactly the models of the program
itself when it is consistent. The least fixpoint of this operator will then be the least
model of the program. We also study the relations between our operator, Fitting’s
one and Apt and Van Emden’s one for the case of programs without negation.

Finally, we try to study the operational semantics of a program with negation.
First, we have the result that all the ground literals being the logical three-valued
consequences of a program without negation are exactly the result of the computation

of forward chaining. We also give algorithms which compute the smallest model of
a program by obtaining a three-valued interpreter from a bivalued one.

In this paper, we restrict ourselves to Herbrand interpretations and we do not
study completely all the properties of this three-valued logic. For a more general
theory, and particularly the completeness of this three-valued logic, and the

expressivity of the connectives of the language, see [24].
The introduction of a third truth value and a new non-monotonic connective can

be justified as follows: it is used to give another expressivity to a rule with negation:
as soon as a negation 1s introduced in the body of a rule, we obtain

AFAI,...,A;“__IBI,...,'—IB

Qs

which is logically equivalent to any clause
A, Bl:"'qu*_Alj"'aAk'

As we know that every first order axioms system may be written with a set of
clauses, the question of writing a program as a set of rules is then raised. Two
answers may be given. The first one is to keep a set of rules to generalize the
SLD-resolution to the SLDNF-resolution, since it is an efficient mechanism. The
completeness of the SLDNF-resolution, far from being easy, has already been
obtained for special kinds of programs, for instance the hierarchical programs. The
second one, which is our answer, is to give a different expressivity to such a formula
(A<A,,..., A, B,,...,7B,) by the introduction of a third truth value and a
new non-monotonic connective.

Many studies have used this approach and in the next section, we attempt to give
a general survey of the research in order to compare it with our own research. It

will enable us to give the relations between our implication connective and operator
and Fitting’s equivalence connective and operator.
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Survey of research

Fitting [7, 8, 9] uses three-valued logic for logic programming, which actually
means not giving a truth value to any ground atom. In his paper[7], Fitting introduces
a third truth value I (Indefinite). He 1s interested only in programs with positive

rules like
AeB,, ..., B,

where A is an atom and B; are formulas using the symbols (A, v, 7). He defines
the truth values of " F, FA G, Fv G, 3x F, Vx G, in the same way as they are defined

here. There is no implication connective, but only an equivalence connective =
defined by:

X =Y is True iff X and Y have the same truth value, False otherwise.

His connective = will correspond to our strong equivalence connective, «. A
model of a P program is a Herbrand model of its completion Comp(P) in which

equality is interpreted by syntactical equality. The completion of a program is
obtained normally [4, 14] by replacing each rule

p(ty,..., t,)«< By,..., B,
by

p(x,...,x) <3y 3y (x1=(A - AX,=t,AB A"+ AB,)
where y,, .., Vx are the variables of 1,,..., ¢, and of B,,..., B,,.

If D, denotes the formula: dy, - - - Ay, (xy=t,A- - Ax,=t,AB A+ A B,), the
completion of P is obtained first by putting all the rules having their heads built

on the same predicate symbol together, in the following way:
p(xy,....,x,)=Dyv---vD,

and secondly by adding to the P program, —p(x,,..., x,) where p is a predicate
symbol of P without being in any head of its rules. Fitting is interested in the

semantical interpretation of a program as fixpoints of operators. His order on the
set of three-valued Herbrand interpretations is the set inclusion which corresponds
totheorder I < F,I<Ton{T, F, I}. Witheach three-valued Herbrand interpretation
i, is associated the mapping tv,, defined from the set of the language formulas to
the set {T, F, I}, its image on a formula being the truth value of the formula with
respect to i. His operator Fp, is defined by its image on a three-valued Herbrand

interpretation by

F. (i) ={ato|there is a ground instance ato« B,, ..., B,, of a rule of Pr
such that tv,(B,,..., B )= T}

u {—ato|for all ground instance ato« B,, ..., B,, of Pr we have
tvl(Bl'}"'! Bm)zF}-
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This operator is monotonic and the fixpoints of Fp, are exactly the models of the
completion of Pr. As a union of partial models is not necessarily a three-valued
interpretation, the set of the three-valued interpretations is no longer a complete
lattice but only a semi-complete one: the intersection of two three-valued Herbrand
interpretations is still a three-valued Herbrand interpretation and a consistent union
of two three-valued Herbrand interpretations is a three-valued Herbrand interpreta-
tion. The mapping Fp, has a least fixpoint which is also the least model of comp(P)
and does not have any greatest fixpoint but only several maximal ones. There are
thus two ways of defining the semantics of a logic program:
® the least fixpoint of Fp,,
® the optimal fixpoint of Fp, which is the greatest fixpoint less or equal to the

intersection of all the maximal fixpoints and which is also the greatest consistent

fixpoint.

Our theory is close to Fitting’s but we give a new interpretation of the connective
- and define the notion of Herbrand model of Pr without using its completion: the
specification of a program will thus be the program itself. We can express 1its
connective = with our implication connective, the negation and the conjunction
symbol; we can obtain Fp, from our mapping T,, by completing our program.

Lassez [13] also uses a three-valued logic. The programs considered have only
Horn clauses: A« A,,..., A,. His implication connective is Lukasiewicz’s one, and
has the following truth table:

A- B 1s not True
if A gets the truth value T and B gets the truth value I (A-> B
gets the truth value I),
if A gets the truth value T and B gets the truth value F (A~ B
gets the truth value F),

If A gets the truth value I and B gets the truth value F (A-> B
gets the truth value 1).
A -> B gets the truth value T otherwise.

The formula P - Q is not logically equivalent to the formula 2P v Q, if P and Q
have the truth value I for instance. His order on {T, F, I} corresponds to the set

inclusion order on the set of the three-valued Herbrand interpretations (I < F, I < T).
The operator 7 associated with a logic program P is defined in the following way

(a Herbrand interpretation being considered as an application from the set of ground
formulas to {T, F, I}):

e if there is a ground instance of a rule of P with A in its head, A« B,, ..., B,,
such that f(B,A---AB,)=T, then 7(f)(A)=T.

e if, for every ground instance of P with A in its head, A€
B,,...,B,,f(Bya:--AB,)=F, then 7(f)(A) = f(A),

e if, for every ground instance of P with Ainitshead, A< B,,..., B, f(BiA--"A
B,)# V, and if there is a ground instance of a rule of P with A in its head,
A< B,,...,B,, such that f(B,a---AB,)=1, then 7(f)(A) = glb(T, f(A)).
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The fixpoints of 7 are exactly the models of P. For this operator, the two notions
of optimal fixpoint and least fixpoint are the same. This especially comes from the
fact that the interpretation constantly equal to True, is always a model of a program
with Horn clauses. It follows that neither the least model nor the optimal model of
a program (which are both included in the maximal interpretation constantly equal
to True), take the truth value False. The negative information, which results from
the completed program, is not really represented in this semantics model. So this
semantics does not seem well-suited to logic programming with negation.

Mycroft [18] also uses three-valued logic. However, the clauses considered are
definite program clauses, in order to show that a many valued logic is better suited
to the SLD-resolution. He introduces the same operator as Apt and Van Emden
[28]. The truth tables of the connectives A, and v are the same as the ones we use.
He does not introduce any implication connective. The three-valued part of his
paper is essentially contained in Fitting’s paper.

Kunen [11] uses three-valued logic only for programs with positive rules. His
work is very close to Fitting’s because he considers the completion of a program
and has the same operator. According to him, the semantics of a logic P program,
is not the least fixpoint of the operator T but TTw, which is not always a model of
P. From our point of view, a good semantics should be expressed in terms of axioms

and models.
Finally, Przymusinski [19, 20], has a new vision on three-valued logic. In [19],

he introduces three truth values and an order on {T, F, I}, F<I< T which does
not correspond to the set inclusion order on the set of the Herbrand three-valued
interpretations. A Herbrand interpretation 4 is given by two sets of ground atoms:
J and %, without saying that 7 n % =0, which allows a ground atom to have two
truth values. In this context, negation is no longer monotonic while in our theory,
the monotonicity of negation enables us to extend the monotony property, which
has many consequences. His implication connective, although it never gets the truth
value Indefinite (I), is not the same as ours. It is defined by

tv.(A-> B)=T iff tvi(B)=tv;(A), tv,(A-> B) = F otherwise.

Our implication connective gets the truth value True more often than this one
and it follows that we will have more models in our theory. The logic programs he
considered are definite ones with only positive rules (A« L,,..., L,, Ais an atom
and L, are literals). The operator associated with each program is built on two
levels: this operator is monotonic and its least fixpoint is the least model of P. Our
operator is built in a much more simple way, as an extension of Apt and Van
Emden’s. However, the models obtained with his implication connective are models
for us too.

Manna and Shamir [16, 17], have developed a theory of optimal fixpoints for
any monotonic functional defined on a set of partial functions. This theory may
interest us because the three-valued Herbrand interpretations we consider, may be
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considered as partial functions from the set of the ground atoms to the set {7, F}
(not being defined where they get the truth value Indefinite). We adapt what could
have been done for partial functions to three-valued logic. However, we do not
develop this notion in this paper (see [24]).

Another development of three-valued logic for logic programming seems possible

[5, 24]. We try to present some aspects of it in this paper.

1. An extension of the bivalued logic for programs with negation

We first recall the properties obtained for logic programs without negation.

L is a logical language with the connectives A, v, =, &, 1, and the quantifiers
V, 3. The set Her(L) denotes the set of all the ground literals (atoms or negations
of an atom) not containing the equality predicate, her(L) being the set of the positive
ground literals and —her(L) the negative ones, the set UNI(L) is the set of all the
ground terms. These notations are available for every language L, even when the
language is extended.

When studying programs without negation with rules like ato <« for where the
formula for uses the symbols V, 3, A, v, we use the notion of bivalued Herbrand
interpretations. The set 2" of all the bivalued Herbrand interpretations, which
is the set of all the subsets of her(L), is ordered by the set inclusion. This order
corresponds to the order induced by F<T on the set of the functions from For(L)
to {T, F}, with the correspondence ¢ :2""“ > {Functions from For(L) to {T, F}},
such that (i) =tv, (where tv;(for) denotes the truth value of a formula for of
For(L), defined for an atom ato by tv,(ato) = True if atoei. False otherwise, and
extended as usual for any formula for).

The first important property we will have to extend is a monotony property. 1t
F(L) denotes the set of formulas making the body of a rule of a program without
negation (using the symbols V, 3, A, v), the mapping ¢ :2""" - {Functions from
F(L) to {T, F}}, such that ¢(i)=tv,/F(L) is monotonic for the set inclusion order
on 2" and the order induced by F < T on the functions from F(L) to {T, F}. It
means that if the formula for makes the body of a rule of a program without negation,
1.e. 1s a formula using the symbols V, 3, A, v, then

i < j implies that tv,(for) < tv,(for).

This monotony property i1s important because of the following consequences:

¢ From this monotony property and the truth table of the implication connective
(=), follows the intersection model property: an intersection of Herbrand models
of a program is still a model of this program.

¢ From this monotony property, it follows that the Apt and Van Emden “con-
sequence’” operator denoted by Bp,, which associates the interpretation Bo (i) =
{atoeher(L)lthere is a ground instance of a rule of Pr, ato< for such that
tv,(for) = True} with each bivalued interpretation i, is monotonic. The operator
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B, being monotonic, it admits a least fixpoint according to the Birkhoff-Tarski
theorem, which is equal to Bp,Ta for some a ordinal [1] (where B,,Ta is defined

as usual by transfinite induction with Bp 70 =9).
® As by the truth table of the implication connective (=), the postfixpoints of this

operator are exactly the models of a program [2], with the monotony of Bp, and
[2], we obtain that Bp.la < i, for each i model of a Pr program, by transfinite
induction [3].

e From [1] and [3], we are now able to deduce that the least fixpoint of B, is the
least model of Pr [14]. We thus have a denotational semantics for a program
without negation which is the least fixpoint of the operator being associated with
it. Moreover this least fixpoint is Bp,Tw when the program is definite.

As soon as we introduce negation, even only in the body of a rule, the intersection
model property is no longer true. For example, if Pr is the following program, where

p, g, r are predicate symbols and f a function symbol.
q(x) < p(x), r(x)
q(f(x)) < p(x), r(x)

p(x)<.

If we want to study programs having rules with negation, like lit « for where lit
is a literal and the formula for uses the symbols V, 3, A, v, 7, =, &, we would
like to extend the monotony property to the formulas making the body of a rule of
such programs. This is why we introduce a third truth value Indefinite and we
associate the notion of three-valued interpretation with this truth value. To make
the parallel easier with the bivalued case, we will define a bivalued Herbrand
interpretation as a peculiar case of a three-valued one.

Definition 1.1. A three-valued interpretation is a consistent subset i of the set Her(L),
that 1s:
Vatoe her(L), atoe€i implies that —atog .

The set of all the three-valued Herbrand interpretations is denoted by IHT(L).
A bivalued Herbrand interpretation 1s a three-valued complete one, that is:

Vatoe her(L), ato€i or Matoei.

The set of all the bivalued Herbrand interpretations is denoted by ITHB(L).

To come back to the usual definition, we use the mapping pos: IHB(L) » 2",
i » i nher(L), which associates its positive part with a Herbrand bivalued interpreta-

tion. The corresponding order on IHB(L) ts i <j iff pos(i) < pos(j).

Remark 1.2. We may consider a three-valued Herbrand interpretation as a partial
interpretation, assuming that if ato and —ato do not belong to i, then ato does not

get a truth value belonging to {T, F} but tv,(ato) = 1I.
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We now introduce the truth value of the connectives A, v, ,=>, &, and the
quantifiers V, 3, taking the truth value Indefinite into account. We will then be able
to extend the monotony property to the formulas making the body of the rules of
the studied programs. So, in the following definition, we give the truth tables of the
connectives A, v, 7, =, <>, and more generally the truth value of a formula of a

logical language (using the connectives A, v, 71, =, & and the quantifiers V, 3).

Definition 1.3. We define the truth values of A, v, —1,=>, & (considered as applica-

tions from {T, F, I}’ (or {T. F, I}) to {T, F, I}). The truth tables of A and v are the
following:

v | T F 1 A T F I
T T T T T T F I
F T F | F F F F
I T I I I I F {

The truth value of - is defined by " T=F, 7"F=T, I = I, and the truth value
of P=>Q is defined as usual by the truth value of 1P v Q, and the truth value of
P & Q by the truth value of (P=Q)A (Q=P).

(i) We then define the truth value tv, with respect to a three-valued i Herbrand

interpretation of a closed formula f using the connectives A, v, 1, =, &, and the
quantifiers V, 3, inductively by the following:

® If f=atoeher(L), tv,(f)=T iff atoe i, F iff natoe i, Indefinite otherwise.
® If f=(t=u), (where t and u are two ground terms of the language) tv,(f)=T
iff + and u are syntactically identical, False otherwise.

e If f=—g, or (gyh) where ye{a, v,=, ©}, the truth value of f is defined as
usual with the truth tables above.

o If f=Vxg, tv,(f)=T iff for every t element of UNI(L), tv,(g(t)) = T, F iff there
is a t element of UNI(L), tv,(g(1)) = F, Indefinite otherwise.
® The same if f=3dxg.

(ii) If f is not closed, tv,(f) =tv,(Vf) where Vf is the universal closure of f.

With this third truth value, we are now able to extend the monotony property to
the formulas making the body of the rules of a three-valued program (a program
having rules like lit « for, with the formula for using the symbols A, v, 71, =, &, V, d).
If For(L) is the set of the formulas of the language using the symbols
A, vV, 1, =, o, VY, 3, then we have the following proposition.

Proposition 1.4. The maping ¢: IHT(L) > { Functions from For(L) to {T, F, I}}, such
that ¢ (i) =tv, is monotonic with respect to the set inclusion order on IHT(L) and the
order induced by 1 < T, I < F on the set of the functions from For(L) to {T, F, 1}.
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Proof. We have to show that if the formula for uses the symbols A, v, 1, =, &, V, 3,
i < j implies that tv,(for) < tv,(for). By induction on for.

Remark 1.5. This monotony property means that if the formula for uses the symbols
A, v, 0, =, &, V¥, 3, having the truth value of some of its atoms unknown
(Indefinite), its truth value cannot change (from True to False or the converse) but
only gets a well-known truth value (True or False).

We have extended the monotony property to For(L) by introducing a new truth
value Indefinite. Since, even with this new truth value I, the formula f=>g gets the
same truth value as the formula 7f v g in any Herbrand interpretation, and since
we do not yet have the intersection models property with rules like lit<=for, we are
now going to extend the logical language L by adding a new implication connective
to it. It is neither Lukasiewicz nor Kleene’s one, but is denoted by -, in order to
give another expressivity to the implication connective as we said in the introduction.

Definition 1.6. If f and g are two ground formulas, for any Herbrand interpre-

tation I,
tv(f->g)=Fifftv,(f)=T and tv,(g)# T

and tv,( f-> g) =T otherwise.
f < g is logically equivalent to g > f.
Remark 1.7. This connective 1s called non-monotonic:

(a) considered as an application from {T, F, D*to {T, F, I}, with the order induced
by I < F, I <T, on these sets, we do not have »>(1, F) < >(T, F) although (], F) <
(T, F), since >(I, F)=T while >(T, F)=F.

(b) if we include in For(L), the formulas using the connective -, the mapping
¢ : THT(L) - {Functions from For(L) to {T, F, I}}, such that ¢ (i) =tv, is no longer
monotonic.

One of the reasons for the choice of - is the completeness of the logic obtained.

We have proved [24] that there is a formal system such that:
e if A is a formula of proposttional calculus using the symbols 7, >, we have an

equivalence between “A 1s a theorem of this formal system” and “A is a
tautology’’;

e we have another completeness theorem in propositional calculus for any formula
using the symbols —1, =, A, and In predicate calculus for any formula using the
symbols 71, >, and the existential quantifier 3 as well.

The last completeness theorem enables us to ensure that the set of tautologies of
this logic in predicate calculus is recursively enumerable. We have also proved that

it is not recursive [24].

At this step of the extension of the truth values and the language, we are now
able to get the model intersection property for a Pr program having rules like lit « for,
if lit is a literal and the formula for uses the symbols A, v, ,=, &, V, 3. We first
give the definitions of weak and strong three-valued Herbrand model of a program

with negation in the following definition.
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Definition 1.8. A Herbrand interpretation i of IHT(L) is a strong (resp. weak) model
of a set Ax of formulas of a logical language L if for each formula for of Ax, we
have tv,(for) = True (resp. # False). If a set Ax has a strong (resp. weak) model,
then Ax is strongly (resp. weakly) consistent.

Remark 1.9. The empty set is not necessarily a weak model of any formula: for
example,

(p(xl:”'ixn)_)q(xla"-5xn))_)p(x1:"':xn)-

A formula does not necessarily have a weak model: for example,
((p(xla ¢ o !xn)A-_lp(xla e 1xn))_}Q(x]5"'axn))

> (g(xy,..., X)) Aq(xy, ..., X))
In the following, we will only use the notion of strong model, to be called model,
since it is actually the same notion as the notion of weak model for the programs
we study.

We then have the following intersection model property.

Proposition 1.10. An intersection of three-valued Herbrand models of a program with
negation is still a three-valued Herbrand model of this program. Consequently, for a
consistent program, its least Herbrand model denoted by Itm(Pr) is the intersection of
all its Herbrand models.

Proof. Pris a set of rules like lit « for, with lit being a literal and the formula for
using the symbols 3, V, A, v, 11, =, <. Let (i,)..r be a family of Herbrand three-

valued models of Pr. If i =(")__ (i.), we must show that, for every ground instance,
lit < for of any rule of Pr, tv;(lit« for) =True. The only case to check is when

tv;(for) = True according to the truth table of -. tv,(for) = True implies tv, (for) =
True, for each i,, by the monotony property, since the formula for uses the symbols
A,V,A,v,1, =, and iSi.. As i, 1s a model of Pr, tv, (lit) = True, for each i,
that means litei. for each i,, because lit is a literal and it follows that lite 1=
..« (i.), and so tv,(lit) = True, which implies that tv,(lit « for) = True.

So the least Herbrand three-valued model of a consistent program with negation
is the intersection of all its Herbrand models. O

We now want to characterize this least Herbrand model as a least fixpoint of an
operator associated with a program with negation. For this, we carry on with the
extension of the bivalued case by extending the consequence operator of Apt and
Van Emden to a consequence operator for a three-valued program. Since negation
is allowed also in the head of the rules of a program, programs may not be consistent.
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For instance, the following Pr program does not have any three-valued model:
P(xl: > 'ﬁxn)(_q(xla*' ':xﬂ)
_|p(x1, .y xn)*‘?(xla vy xn)

g(Xyy .oy Xn)-

This is why even if we allow negation in the head of the rules, programs with
only positive rules, will play a peculiar part as in the theory of Fitting. To palliate
the case of inconsistency of a Pr program, we add an element to the set IHT(L),

which we call Contra in the following way.

Definition 1.11. The set IHT (L) denotes the set IHT(L)u {Contra} and the order
on IHT(L) is the order on IHT(L) extended by i< Contra for each i element of

IHT(L).

We are now able to define the “consequence’ operator which is associated with
a Pr program with negation.

Definition 1.12. Tp :IHT(L)~>1HT (L),

To.(i)={lite Her(L)\there 1s a ground instance lit « for
of a rule of Pr such that tv,(for) = True}

if this set does not include an atom and its negation,;
T (i) = Contra otherwise;

Tr.(Contra) = Contra.

This operator provides a denotational semantics of a Pr program as the following
theorem states.

Theorem 1.13. (1) Ty, is monotonic and has a least fixpoint denoted by Ifp(Tp,).
(2) Pr is consistent & Ifp(Tp,) # Contra. In this case:
(a) an interpretation i € IHT(L) is a model of Pr& Ty (i) < .

(b) Ifp(Tp,) =1tm(Pr) = n (models of Pr).

Proof. (1) If ie IHT (L), i< Contra and Tp(i) < Contra= Tp(Contra). Let i and
j be two elements of IHT(L). i = j implies that tv,(for) <tv,(for) if the formula for
uses only the symbols 3, V, A, v, 7, =, <, which is the case for any formula making
the body of a rule of Pr. Tp, is thus monotonic. Tp, has a least fixpoint because
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IHT> (L) satisfies the Birkhoff-Tarski conditions, since the empty set @ is its bottom
element and any totally ordered set {I,, @ € A} of IHT (L) has a lub (lowest upper
bound) which is Contra if there is a € A such that I, =Contra and U, 4 Ia,
otherwise.

(2) To show that Pr is consistent if Ifp(Tp,) # Contra, we show that:

(a) if ie IHT(L) is such that Tp(i) < i, then i is a model of Pr.
Let lit < for be a ground instance of a rule of Pr. Let us show that tv,(lit « for) = True,
if ie IHT(L) is such that T (i) < i. The only case to check is when tv,(for) = True.
As i€ IHT(L) and Tp.(i) < i, Ty (i) # Contra and lite Tp,(i) by the definition of Tp,.
So lite i and tv (lit) = True.

(b) If ie IHT(L) is a model of Pr, then Ty (i) < i.
We have tv,(lit« for) = True, for every ground instance of such a rule of Pr. If
lite Ty, (i), then there is a ground instance lit«for of a rule of Pr such that

tv,(for) = True. Then tv,(lit) = True and lite i.
(c) If ie IHT(L) is a model of Pr, then T, Ja < i, for any ordinal a.

By transfinite induction, a =0, Tp,10=0. If « is a successor ordinal, Tp(Tpfa — 1) <
Tp (i), by monotony of Tp, and induction, and Tp.(i) < i according to (b). If a 18
a limit ordinal, Tp,ta =lub{Tp 1B, B < a} < i, by induction. As Ifp(Ty,) = Tp T a, for
an ordinal a, Ifp(Ty,) € i, for any i model of Pr.

If Pris consistent, there is i € IHT(L) such that i is a model of Pr and Ifp(Tp,) S i
so Ifp(Tp,) # Contra. Conversely, if 1fp(Tp,)# Contra, Ifp(7Ts,)€IHT(L) and
To, (Ifp(Tp,)) < Ifp( Tp,) so Ifp(Ty,) is a model of Pr which is consistent. We have
shown that Ifp(Tp,) is a model of Pr when it is #Contra. As we have Ifp(Tp,) S i,
for any i model of Pr, when Pr is consistent, Ifp( Tp,) = Itm(Pr) = n (models of Pr),
according to Proposition 1.4. [

Remark 1.14. We have also studied the notion of optimal model (optimal post-
fixpoint) which provides a denotational semantics other than the least fixpoint. Since
the set of three-value Herbrand interpretations is not a complete lattice, we do not
have a biggest model but only several maximal ones. The intersection of all these
models is called the optimal model, which coincides with the biggest consistent
model. For more details, see [24].

In the following proposition, we know exactly the a ordinal such that TpTa =
Ifp( Tp,) in the case when Pr is a definite program having rules like lit « lit,, .. ., lit,,,
where lit is a literal without the equality predicate and the lit, are literals.

Proposition 1.15. (a) If Pr is a three-valued definite program, then T, is continuous.
Te. is not continuous for every Pr.
(b) If Pr is a three-valued definite program, then 1tm(Pr) = Ifp(Tp,) = Te ] .
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Proof. (a) Let X be a directed subset (Vx, y€ X, 3z€ X such that x<z and y=z)
of IHT(L), where L is the language intended by Pr.

lite Te(lub(X)) & lit«lit;alit; A+ - - alit, i1s a ground instance of a rule of
Pr such that tv,,, x)(lit; Ality A - - - Alit, ) = True (Jub(X)
is the least upper bound of X)

& litelit, alit, A« - - allt, 1s a ground instance of a rule of
Pr such that Vi=1,2,..., nlit, € lub(X)

& litelit, alits A+ - - Alit, 1s a ground instance of a rule of
Prsuchthat 3a/e X Vi=1,2,...,n,lit,e I because X
is a directed subset of IHT(L)

& 3 € X such that litelit, Alit; A+ - - Alit, is a ground
instance of a rule of Pr such that tv,(lit, Alit, A+« + A
lit,,) = True

¢ 37J e X such that lite Tp (1)
& lite lllb( TPr(X))

To(lub(X))=Contra & ato<lit,alit, A+ - - Alit, and —ato«litya- - Alit,
there are two ground instances of a rule of Pr such
that: Vi=1,2,...,n, tviuux)(lit,) =True and Vj =
1,2,..., D tvigx)(lit]) = True

& 3T e X suchthatatoe Ty (7) and natoe Ty (1) since
X 1s directed

& 31 € X such that Ty (1) = Contra
< lub( Tp (X)) = Contra.

(b) follows immediately from (a). [

Remark 1.16. When Pr has some quantifier and some function symbol, Ty, is not
generally continuous. For instance let Pr be

P(a) < VxQ(x)
Q(a)«
Q(f(x))« Q(x).
Let
lo=0; I={Q(a)}; L={Q(a), Q(f(a))}: ...; I, = L1 v {Q(f" (@)}

We thus have an increasing sequence of three-valued Herbrand interpretations.

TPr( U In) ={P(a)}u U In

n=0 n=0
TPr(In)=In+l
U TPr(In)= U In'

n=0 n={
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If Pris a program without any quantifier, then it can be transformed into a definite
program as we will see in the following, and since we will have Ty, = Tpr, Tp, Will
be continuous.

If Pris a program without any function symbol, then every increasing sequence
of interpretations 1s stationary and there is no problem of continuity.

In the next section, we study the relations between our ‘“consequence’ operator,
the Apt and Van Emden’s one for programs without negation, and Fitting’s operator
for programs with only positive rules. To make this last link, we will need to introduce
two notions of T-completion and »-completion.

2. The relations between our operator, Apt and Van Emden and Fitting’s operators

We recall here the definition of the ‘“consequence” operator of Apt and Van
Emden in our formalism.

Definition 2.1. If Pr is a bivalued program without negation, having rules like
ato « for, where ato is an atom and for a formula using the symbols V¥, 3, A, v, then
we associate the following operator with Pr: B, : IHB(L)-> IHB(L), defined by

Bp. (i) =pos™'{ato € her(L)|there is a ground instance ato « for
of a rule of Pr such that tv,(for) = True}.

Remark 2.2, We know that Bp, is monotonic, for the order i< j< pos(i) < pos(j).
It follows that Bj, has a least fixpoint which is also the least bivalued Herbrand
model of Pr, since the models of Pr are exactly the post-fixpoints of B, and the
least fixpoint of a monotonic operator is its least post-fixpoint (by transfinite
induction, Bp,fa < i, for every i model of Pr and every a ordinal).

The following proposition makes the link between our operator and the operator
of Apt and Van Emden when Pr is a program having rules like ato <« for, where the
formula for uses the symbols V, 3, A, v.

Proposition 2.3
(a) B, = lf"i'r‘-‘i'm1 o Tpr© poOS
(b)  Ifp(Bp,) =pos™ (Ifp(Ts,)) = Ibm(Pr) = pos ™' (Itm(Pr)).

Proof. (a) Use the fact that if the formula for uses the symbols V, 3, A, v, then
tv,(for) = True &S tv,,,,(for) = True, by induction on the formula for.
(b) Show that Bp,la =pos™ (T la), by transfinite induction, with (a). O

We are now going to study the relations between our operator and Fitting’s one
for programs having positive rules. In order to make these relations easier, we need
the two notions of —1-completion and of »-completion of a program. To make these
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two completions, we introduce the normal form of a program. Finally to make the
logical link between a program and its normal form, we need to introduce the notion

of three-valued Herbrand tautology and equivalence.
Before that we carry on with the extension of the logical language. We can see

that the formula f- g and the formula —g » 1 f do not have the same truth value
in any Herbrand interpretation; for instance if i is an interpretation such that
tv,(f)=1 and tv,(g)=F. This is why, instead of having only one connective
equivalence associated with - as in the bivalued case (&), we have two equivalence
connectives according to the following definition.

Definition 2.4. We define the two equivalence connective «» and « - by, if f and

g are two ground formulas:
(1) tv,(fe g)=True iff tv;(f) =tv,(g), tv,(f e g) = False otherwise.
(2) tv,(f < - g)=True iff [tv,(f)=True&tv,(g) = True],
tv,( f « > g)=False otherwise.

Remark 2.5. The first formula f< g has the same truth value as the formula:

(fo>2)r(g=>f)n(0f>g)a(mg->7f),

in any Herbrand interpretation. In fact, the connective « is exactly the connective

= of Fitting.
The second formula f « - g has the same truth value as the formula:

(f>8)n(g~>f),

in any Herbrand interpretation.

Definition 2.6. (a) A formula f of a logical language L is a Herbrand three-valued
tautology if it is True in any Herbrand interpretation, which means that tv,(Vf) =
True for every Herbrand interpretation i. We denote the fact that f is a Herbrand

tautology by By f.
(b) Two formulas f and g of a logical language containing < are logically
Herbrand equivalent iff f<> g 1s a Herbrand three-valued tautology. We denote the

fact that f and g are logically Herbrand equivalent by f =4 &.

Remark 2.7. To say that Fry f< g is stronger than saying that f and g have the
same truth value in any Herbrand interpretation. =4 f<> g implies that f and g
have the same truth value in any Herbrand interpretation but the converse is false
except when f and g are closed formulas of the language.

We could have defined these notions more generally, for every three-valued
interpretation, for the general case, see [24]. The following examples, which we
need for making the logical link between a program and its normal form, are true

in every three-valued interpretation.
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2.1. Examples of logical three-valued equivalences

A= B =1y T B=>"A, ASB=.4 (A=>B)A(B=>A),
A=>B =,,AV B, AV(BAC)=1u(AvB)A(AvC),
AAn(BvC)=ry(AAB)V(AAC), 1A =1y A,
Av(BvC)=r4(Av B)vC, AA(BAC)=7r4(AAB)AC,
—(Av B) =14 A ATB, —(AAB)=yy 1AvB,

(AvB)-»C =13 (A-> C)A(B- C), (AAB)» C =r4 A>(B->C),
A->(BAC)=1x(A->B)A(A->C), A>(BvC)=w(A>B)v(A->C),
Vx(PAQ) =14 (VxP)r(VxQ), Ix (Pv Q) =14 (Ix P) v (Ix Q),
WVx P) =y (Ix 1 P), —(Ax P) =1 (VX 1 P),

Vx(P-» Q) =ry(dxP)-> Q if x is not a free variable of Q,

dx (P-> Q) =14 (Vx P)-> Q if x is not a free variable of Q.

Remark 2.8. In propositional calculus, we have studied more generally the
expressivity of the connectives in three-valued logic. This can be helpful to conceive

languages based on rules for expert systems which contain other connectives than
-, 7, v. For this, see [24].

We need the notion of the universal closure of a set of formulas of the language
for the following.

Definition 2.9. If Ax is a set of formulas of a logical language L, then the formula
VAx denotes the conjunction of all the universal closures of the formulas of Ax.

Before defining the normal form of a program, we can associate a definite program
with a program without any quantifier, according to the following proposition.

Proposition 2.10. If Pr is a three-valued program without any quantifier, having rules
like lit « for where the formula for uses the symbols 1, A, v,=>, &, thereis a definite
Pr’ program such that VPr =1y VPr'

Proof. This uses the two-valued classical transformations. If any formula for uses
the symbols 1, A, v,=, &, then it is logically equivalent to a formula in disjunctive
normal form (a disjunction of conjunctions of literals). Pr is a set of rules like
lit« for, and we then use the fact that (AvB)>C =,, (A>B)A(A->C) and
Vx (A(x)A B(x)) = Vx A(x)AVx B(x). O

Remark 2.11. This logical equivalence is not only true in a Herbrand interpretation,
but in every three-valued interpretation. This proposition solves the problem of
continuity for a program without any quantifier because it can easily be proved
that, if Pr’ is the definite program associated with Pr, Tp, = Tp,.
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We are now going to define the normal form of a pack of rules having their head
built on the same predicate symbol in order to complete a program with negation

in two ways.

Definition 2.12. Let r,, r,, ..., rm be m positive rules with their head literals built
on the same predicate symbol p; ri:p(tiy, tiz, ..., t,,)<for,; for i=1,..., m The
normal form of the pack (r,, r,, ..., I',) 1s the rule

p(xy, X3,...,%,) < foryv:-- v for],
where for! denotes the ground formula
3}’1 "t ayp (xl =LA AX, = L n AfOI‘,)

where y;,...,», are the free variables of for, ¢,,,1,,...,t, and x,,...,x, are

some variables different from the y,.
We define the normal form of a pack of rules with a negative literal in their heads

built on the same symbol of predicate p in the same way.

We can give the logical relation between a program and its normal form with the
following proposition.

Proposition 2.13. If r is the rule obtained from the normal form of the pack
(rlﬁrZ!"':rm)g we have

Vr =1y Vrya AV,

Proof. Let r, be p(ti,,t2,..., L)< for, with y,, ... y, the free variables of
for,, tiy, tiz,- -+ bin. SINCE for; does not have any free variable, we have

Vr=ry VX,VXx5 - - Vx, (p(x;, X2,...,X,)«foryv:-vfor),).

Since (A, VA,v - -vA,)»>B=ry(A;»B)r---A(A,~» B) and Vx (A(x) A B(x))
=_, (Vx A(x)AVx B(x)) we have

VxlvxZ R Vxn (p(xl: X2y enuy xn)‘:—for; Ve Vfﬂr:") =TH
VxlvxZ “ U Vxw (p(xl!x.?! o -,x,,)*—for;)h 't
AVx,\Vx, - Vx, (p(xy, X3,...,x,) «for,,).

By using the fact that 3x A(x)-> B =r,; Vx (A(x)~> B) if x is not a free variable of
B, we have

Vxl" 'Vxn (p(xl:"'!xn)(-for:) = TH

Vx, VX, Vy, VY, (p(x1, . s X)) € (X3 = A AX =1, A for;)).
At this step of the demonstration, all the logical equivalences used are True in every
three-valued interpretation and = could be used instead of =yy. From now on the
logical equivalences used in the rest of the proof become true only in the interpreta-
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tions where the equality predicate is interpreted by syntactical equality. In such an
interpretation and particularly in any Herbrand interpretation, we have

Vx, - VYx,Vy, - - Yy, (p(xy,..., X,)
«(x; =t A" AX, =1, nfOr})) =11

Vyl T Vyp(p(t!,li s vy tl,n)(_fﬂrl)' (1)

As the formulas
fi=Vxy o Vx,Vy, -+ - Vy, (p(x15...,x,)

«(x;=t A" AX,=1,Afor;))
and

L=y, - Vy, (p(tiy, ..., 1)< for;)

are closed, to show (1) we only have to show that f; and f, have the same truth
value in any Herbrand interpretation (which would be more generally true in an

interpretation where the equality predicate is interpreted by syntactical equality).
As the formulas f, and f, never take the truth value Indefinite (because the implication

connective » never takes the truth value Indefinite), we only have to show that
tv.(f,) = True iff tv;(f;) = True.

tV,(f,) = True iﬁ

Vt, - Vt,Vu, - - - Yu, e UNI(L)"*?
(Vje{l,...,n},t, =t ;(u,,...,u,) and
tv,(for,(u,,..., u,)) =True
implies tv;( p(t,,...,t,)) =Truel.

tv,(f5) = True 1iff

VYu,---Vu,e UNI(L)” [tv,(for,(u,,...,u,})) = True implies

tv,(p(tia Uy, oo u,), o, (U, e, 1))
= True].

It is then clear that tv,(f,) =True iff tv,(f,) =True. [

Proposition 2.14. If Pr is a three-valued program and Pr' is its normal form, we have
VPr = TH VPr'.

Proof. Easy with Proposition 2.13. [J
We are now able to define the two kinds of completion of a program.

2.2. Completions of rules and programs

Definition 2.15. Let (r,, r,, ..., 1,) be a pack of rules with, in their head, a positive
literal built on the same predicate symbol p. The —-completion rule of the pack
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(r], Fogeosy rm) iS the rUIC
—lit « for

where lit « for is the normal form of the pack (ry, ry, ..., 1.).
The --completion rule of the pack (r,, r2, ..., r,) is the rule:
lit—> for

where lit « for is the normal form of the pack (r,, r,,..., r,). This is not a three-

valued rule in general.
We do the same for the packs of negative rules by using the fact that

——ato =1y ato.

Definition 2.16. The —-completion of a three-valued Pr program with only positive

rules is the program obtained from Pr by first replacing all the packs of rules by
their normal forms and adding the -completion of these packs and secondly by

adding to the Pr program —p(X;, . .., x,) where p is a predicate symbol of Pr without
being in any head of its rules. We denote this new program by

Comp(—, Pr).
The same for the >-completion of Pr, denoted by

Comp(-, Pr).

Example 2.17. We give an example of -completion which allows us to define the
predicate odd (by the negation of the predicate even); but as we allow the negation
in the programs, we could have defined it without this mechanism. Let Pr be the

program
r.: even(ze)
r,: even(fo(fo(x))) « even(x).

The normal form of r, and ryis r: even(y) « 3x (y =ze v (y =fo(fo(x)) A even(x))).
The —-completion of Pr is the program obtain by adding to r the rule

—even(y) < Vx (—(y=ze)a((y=~fo(fo(x)))v even(x))).

We could have defined the —1-even predicate without using the mechanism of

completion by

—even(fo(y)) < even(y).

Remark 2.18. If Pris a bivalued program with the rules ato « for, with the formula
for using the symbols V, 3, A, v, then we have only one completion because
vComp(—, Pr) =5 VComp(=, Pr), since we have 1 B=>"1A=3A=B (f=3¢g
means that the formula f&g 1s a bivalued tautology, which means True in every

bivalued interpretation).
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The completion of a program Pr having positive rules in the way of Fitting is the
->-completed of the —-completed of our program. Since the formula A = Bis logically
equivalent to (A-> B)A(B>A)A(mA->"1B)A (B> —1A), and Fitting completes
his program by putting the pack of rules built on the same predicate p in their heads
in normal form. The normal form of the pack (r,, r,, ..., r,) built on the predicate
p 1s the rule

p(x,...,x,)=forjv---vfor,
where for, denotes the ground formula
3)’1 ...ayp (x|=t,"1f\' ’ 'Axﬂ=t,‘n!\f0r;)

and r; is the rule p(t,,,...,t,)<for,; i=1,...,m and y,,...,y, are the free
vaniables of for;, t;,,,..., t;, and x,, ..., X, are variables different from the y,.

We are now able to make the relation between our “consequence’ operator and
Fitting’s operator. To make this relation, we first give the definition of the operator
of Fitting in our formalism:

Definition 2.19. The following operator introduced by Fitting [7] is defined only
for programs with positive rules and denoted Fy,. Fp.: IHT(L) > IHT(L), is such that:

Fp.(i) ={ato|there is a ground instance ato « for
of a rule of Pr such that tv;(for) = True}
w {—ato|for every ground instance ato « for of Pr, tv;(for) = False}.

The following proposition gives the relations between our operator and Fitting's
one.

Proposition 2.20. (1) Teomp-.pry = Fe.

(2) (a) A three-valued Herbrand interpretation i is a model of Comp(™, Pr)
iff Fp(l) <.

(b) A three-valued Herbrand interpretation i is a model of Comp(-, Comp(, Pr))
iff Fp (i)=1.

(3) Ifp(Fe.) =Itm(Comp(-, Comp(, Pr))) = ltm(Comp(, Pr)).

Proof. (1) Tcomp(—.pry = Fp,. We first show that if Pr’ is the normal form of Pr, then
we have Tp, = Tp,. Let Pr be a three-valued program. If Pr’ is its normal form, then
VPr =1y VPr' (Proposition 2.14). Let (a,,...,a,)eUNI(L)" such that
lit(evy, ..., a,) € Tp(i). Then there is (¢,,...,t,)€ UNI(L)? such that

lit(al, « o ou gy a,,)<—f0r,-(t1,. ¢ .y tp)
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is a ground instance of Pr with tv,(for,(¢,,...,t,))=True. This ground instance
comes from a rule of Pr like

Lit(h . (P1y oo s Vods oo os tinVis oo s¥p)) < fori(yy, ..., yp)
with @, =1, ,(t;,..., ).
So
1it(x,,...,xn)+\{ (Fy, -y, =t:(y1,..., ¥p)
At AXy =g (Vrse e V) AfOL (Y, ooy 1p)))
‘s a rule of Pr’, normal form of Pr and there is a ground instance of this rule
lit(ay, .- -, a")+Y(3y, e Ay =100(1s 05 Yp)
A A, =y, ..., ) Afordyy, .oy 90)))
such that
tv,(3y; - ayp(al =t1(Vis. - syp)
A Ay =b,(Viy..., ) Afori(yy,...,¥,))) =True

since there is (t#;,...,%,)eUNI(L)" such that a,=1t,(t,...,t) and

tv,(for;(ty,..., t,))=True. So lit(a,, ..., a,) € Tp.(i).
In the same way, lit(a,, ..., a,) € Tp.(i) implies that lit(a,, ..., a,)€ Tp(i).

lit(ay, ..., a,) € Te (i) © lit(a,,..., a,)e Tp(i). (%)

So Te (i) = Tp.(i), since the case Tp(i) = Contra comes from (*). So Tp, = T, .
Secondly, we prove that Tcomp(—.pry(i) # Contra if i e IHT(L). (That comes from

the fact that there is only one rule with a given predicate symbol in its head in the

program Comp(—, Pr)). Comp(, Pr) is obtained by adding to the rules of the

normal form of Pr like

ato(x,, v oy x,,)f-\/ (3)’1 St 3y‘r.:i(-’cl =LA AX, = lin AfOl',-))

the rules
—ato(Xx;,...., xn)«—i(\/ 3y, -y, (=80 AX, =1, A for,))).

If there is (a,,...,@,)€ UNI(L)" such that ato(a,,..., @,) € Tcomp-pnli) and
-:ato(a'l, v ooy an) € TCﬂmp(—r,Pr)(i): then, lf

for' = V (3}’1 ¢ . Hy,_,(al == il A" AN, = ti,n A fOl‘;)),

we both have tv,(for’) = True and False which 1s impossible.
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For the literals —p(x,, ..., x,) where p is a predicate symbol of Pr without being
in any head of its rules, we cannot have both a ground instance of p(x,,..., X,)
and its negation in Teomp(—.pr)(i) since p does not appear in the head of a rule of Pr.

Finally, we are now able to prove that Tc,mo—.pr(i) = Fp(i).

Tcomp(—.pryli) ={lite Her(L)|there is a ground instance lit « for of Comp(—, Pr)
such that tv,(for) = True} if this set does not contain an atom and its negation,
Tcome(—.pn(i) = Contra otherwise.

Fp.(i) = {ato € her(L)|there is a ground instance ato « for of Pr such that tv;(for) =
True} U {ato € her(L)|for each ground instance ato « for of Pr, tv,(for) = False} =
Tr.(i) U {—ato e —her(L)|for each ground instance ato « for of Pr, tv;(for) = False}
because Pr has only positive rules. Let lite€ Tcomp—.pr)(i). Either lit=ato and lite
T (i) = Tp, (i), so lite Fp (i); or lit=ato(a,,..., a,) € Tcomp(-.pn{i)-
® Either for some (a,,...,a,)eUNI(L)" and some ground instance of

Comp(—, Pr):

—ato(a,,..., a,) < —for’

such that tv,(for’) = False, with for'=V, (3y, - - - 3y, (a;=t;,,(31,-- -5 Yp) A" " " A
Ay =tin(y1,. s o) afori(yy,...,¥)). So Vi=1,...,m and V(uy,...,u4,)€E
UNI(L)" if a,= ¢, (u,,...,u,),foreveryj=1,..., n, thentv,(for,(u,,...,u,)) =
false. Let ato(a,,..., a,) be the head of a ground instance of a rule of Pr; it
comes from

atO(t,,l(yl s v sy yp), « s tl,ﬂ(yl gy o vy yp)) '(—for,-(yl g s ¢ o o yP)‘

Let (u,,...,u,)e UNI(L)” besuchthat s, (u,,..., u,)=a, foreveryj=1,...,n
Then  tvi(for,(u,,...,u,))=False, since tv,(for')=False; so lit=
nato(a,, ..., a,) € Fp(i).

® Or ato(a,,..., a,) € Tcomp~pr(i), because ato is a predicate symbol of Pr
without being in any head of its rules. Then —ato(a,,...,a,)€
{—ato € —her(L)|for each ground instance ato < for of Pr, tv,(for) = False} since
there is no ground instance ato « for of Pr, and —ato(a,,..., a,) € Fpli).

Conversely, if lite Fp. (i), then either lite Tp (i) = Tp, (i) < Tcomp(—.prli), or lit=
-ato(a,, ..., a,) for some (a,,..., a,)€ UNI(L)": then for every ground instance

ato( 4 (U, ..., U)o, tintty, ..., u)) «for,(uy,...,u,)

such that ¢, ;(u,,...,u,)=a;, forevery j=1,..., n, we have tv,(for;(u,,...,U,)) =
False;, so tv,(V,(3y, - 3ylar=t,(yi,..., )7 - Aay=tin(V1s.-es Yp) A
for,(y1,...,yp)))) =False and Mato(a,, ..., a,) € Temp.pn(i). If ato is not in any
head of a rule of Pr, then 1ato(x,, ..., x,) € Comp(—, Pr) and every ground instance
of mato(xy, ..., x,) belongs to {7ato € —ther(L)|for each ground instance ato < for
of Pr, tv,(for) =False} = Fp.(i) and to Tcomp— pr(i).

We then get the result (2a) by Theorem 1.13(2a), because i€ IHT(L) is a model
of Pr iff Tp(i)<=i As Teomp(—.pr) = Fp., We have that a three-valued Herbrand
interpretation i 1s a model of Comp(, Pr) & Teomp.pn(i) S i< Fp i) S i
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Result (2b) may be proved in two ways:
e The first way using Fitting’s argument saying that i is a model of Pr (which means

a model of its completion) iff i is a fixpoint of Fp. and using that the Fitting’s
completion of a Pr program is the >-completion of the —-completion of a program
in our way, we then obtain that a three-valued Herbrand interpretation i is a
model of Comp(—>, Comp(—, Pr))& Fp (i) =i
® The second way will be seen as a result of the following Proposition 2.21.
(3) Ifp(Fp,) =1tm(Comp(->, Comp(—, Pr))) is a consequence of (2b). Ifp(F),) =
itm(Comp(—, Pr)) is a consequence of (2a) and of the fact that F,.ta < i for each
model i of Comp(—, Pr) for each ordinal «, by transfinite induction.

We end this section by a proposition which enables us to prove the result (2a)
of the previous proposition.

Proposition 2.21. If Pr is consistent, then Comp(-, Pr) is consistent and we have
(1) An interpretation i€ IHT(L) is a three-valued model of Comp(-, Pr)&

TPr(i) = 1.
(2) Itm(Pr)=1tm(Comp(-, Pr)) =1fp(Tp,).

Proof. We first remark that (2) is partly a consequence of (1): Itm(Comp(-, Pr) =
Ifp( Ty,) and secondly a consequence of Theorem 1.13: Hfp(Tp,) =Itm(Pr). We also

remark that (2b) of Proposition 2.20 may be proved with (1) of this proposition:
Fpo(i)=i & T mp—poli)=1i (Proposition 2.20(1))

& i 1s a model of Comp(-, Comp(—, Pr))
(by (1) of the Proposition 2.21).

We just have to show (1):
i # Contra and Tp.(i)=i & iis a model of Comp(-, Pr).

That will also prove that if Pr 1s consistent, then Comp(-, Pr) is also consistent
since if Pr is consistent then Ifp(Tp,) # Contra according to Proposition 1.4 and

Ifp(Tp,) is then also a model of Comp(-, Pr) too.
(i) Tp(i)=i=>i is a model of Comp(—, Pr). Let r be a rule of Comp(-, Pr).

e FEither r is like
lit « for

and r is a rule of Pr/, the normal form of Pr. Since Ty (i) = Ty (i), Tp (i) < i;
hence i is a model of Pr’ and finally tv,(lit « for) = True.

e Or r is like
lit = for.

We have to show that tv;(lit- for) = True for every ground instance of r; r is like

lit(x,, ... , Xp) >V Ty, 3ypxi=t,(y -5 Vp)

AT ‘Axn=f:,n(J’n---,yp)f\fm:(J’n---,}’p)))-
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If (¢t,,...,¢t,)e UNI(L)" then

lit(ty, ..., )=V 3y, -y, (hi=t1(y1,-- -, Vp)

A Aty =t (. yp) Afor (., Yp)))

is a ground instance of r. The only case to check is when tv;(lit(¢,, ..., t,)) = True.

Sincei < Tp (i) = Tp (i), tv,(lit(t,, ..., t,)) = Trueimplies that lit(¢,, . . . , t,) € Tpc(i).
So there is a ground instance:

lit(tl,..., tn)(_\/(ayl e ayp(tl:- tl,l(yl:"'!yp)
i

A .Atﬂ:tl'n(y“__,,yP)AfOI';(yl,...,yp)))

of a rule of Pr’ such that tv (for') = True with

fOl'r= v (3}’1 v 3yp(tl = ti.l(yli vece 1Iyli’)

A 'Atn=tl',ﬂ(yli"':yp)Afori(yl!"'!yP)))'

So tv;(lit(¢,, ..., t,) = for) = True.
(ii) Conversely if i is a model of Comp(-, Pr), then i # Contra and Tp (i) =1.
If i is a model of Comp(~—, Pr) then i is a model of Pr’ if Pr’ is the normal form of

Pr and a model of Pr since VPr =1 VPr'. So Ty (i) < i and i # Contra. Besides that,
tv;(lit> for’) = True for every ground instance lit—> for’ of a rule of Comp(-, Pr).

So if lite i, tv;(for') =True and lite Tp.(i) = Tp,(i) since there is a ground instance:

lit « for’

of Pr’ such that tv,(for’) = True and Tp.(i) # Contra. So i< Te(i).

If Pris consistent, Ifp( Tp,) # Contra is a model of Comp(~, Pr) which is consistent
too. [

In the next section, we study the operational semantics of a program: we show
how to get a three-valued interpreter from a bivalued one.

3. Interpreters

The meaning of a program is given by its least model. We now search for algorithms
that compute that smallest model or give informations on it.

We thus define three kinds of interpreters:

e the ground answer interpreters: which answer if a ground atom (resp. literal)
belongs to Ibm(Pr) (resp. Itm(Pr));

® the open answer interpreters: which answer, for a given atom (resp. literal) with
variables, ato(x;,...,x,), (resp. lit(x,,..., x,)), a sequence of substitutions
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6,,0,,..., such that all the ground instances of #6;(ato(x,,...,x,)) (resp.
6.(lit(x,, ..., x,))) are exactly the ground instances of ato(x,,...,x,) (resp.

lit(x,, ..., X,)) which are in Ibm(Pr) (resp. Itm(Pr));
e the saturating interpreters: which give a finite representation of 1bm(Pr) (resp.

Itm(Pr)).

Remark 3.1. It is easy to transform a three-valued interpreter for a bivalued program
into a bivalued interpreter for this program since Ibm(Pr) = pos™'(Itm(Pr)) (Proposi-

tion 2.3).

Remark 3.2. It is interesting to see how to get a three-valued interpreter from a
bivalued one. We first transform a three-valued program into a bivalued one with

the following transformations:
Let Pr be a three-valued program on a first order logical language L. o(L) is the
first order logical language obtained from L by adding to it, not- P, for each predicate

symbol P of L. Let o(Pr) be the bivalued program on o(L) obtained from Pr with

the following transformations:
(1) We remove & and = by using

A=B =y (MAV B),
ASB=1y(AAB)v(0AAB).
(2) We put the connective =1 just before the atoms by using
—1(Av B) =14 (mAATB),
—(A A B) =1y (A v B),
(Vx A(x)) =u dx (DA(X)),
—(Ax A(x)) =i Vx (TA(X)),
—171A =74 A
(3) We replace all the Tato by not-ato.

Definition 3.3. If i e IHT(L), then o (i) = pos(i) u{not-p(¢,,..., t,) |7p(t,, ..., 1,) €
i}. The interpretation o (i) belongs to IHT(a(L)). o is a bijection between THT(L)

and pos(IHB(o(L)).

We can get a three-valued interpreter from a bivalued one with the following

theorem:
Theorem 3.4. If Pr is a consistent three-valued program, then

1tm(Pr) = o~ (pos(lbm(o(Pr)))).

Proof. We show by a transfinite induction that o(Tp,Ta) = pos(B,p,Ta) for every
« ordinal. As Itm(Pr)=Tpta and Ibm(o(Pr)) = B, 1B, we have the result by
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taking the greatest ordinal. We show that,
Vie IHT(L), o(Tp(i)) =(pos° Buer°pos™ )(a(i)). (*)

We use the fact that B, p,, =pos '° T,pr ° pos since o(Pr) is a bivalued program,

according to Proposition 2.3. So we have to show that o(Tp(i)) = T,pn(a(i)).

o(Te(i)) = pos( Tp(i)) U {not-p(t,,...,t,) such that —p(t,...,t)e€ Tpli)}.
T,er(o(i))={atoe o(L)|there is a ground instance ato « for of o(Pr) such that
tv,i)(for) =True}. If lite o( Tp,(i)), either lit=ato with atoe Tp(i) or lit =not-ato
with —ato € Tp,(i) and we have the result because tv,,,(o(for)) = True& tv;(for) =
True. We then have o(Tp ta)=pos(B,rTa) for every ordinal «, by transfinite
induction: a =0, T, 10=0=pos(0).

If @ is a successor ordinal, then

o(To( Tyt —1))
= (pos° B,(pr 2 pos ') o(TpTa—1)) (according to (*))
= (pos° B,p ° pos™ ' )(pos(B,pnTa—1)) by induction
= pos(B,pnTa).
If « is a limit ordinal, then
(Tt a) = o(lub{ T, 1B, B < a})
= o(lub{pos(B,»18), B<a}) by induction;
we have lub{pos(i), i € I} = pos(lub{i, i € I}); so o(Tpta) = pos(B,ppnTa).
So o (Itm(Pr)) = pos(lbm(a(Pr))) and Itm(Pr) = o~ '(pos(lbm(a(Pr)))). [

Example 3.5. Let Pr be the following program where A, B, C, D are ground atoms:
A

—1B «
CeA
—1DeB, C
Ee«(C D.
Then o(Pr) is
A
not- B «
CeA
not-D <« not-B, C
E « C, not-D,
Ibm(o(Pr)) ={A, not-B, C, not-D, E, —not-A, —not-C, —not-E, 7B, D},
pos(lbm(a(Pr))) ={A, not-B, C, not-D, E},
o '(pos(lbm(a(Pr)))) ={A, B, C, D, E} = Itm(Pr).
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By purely syntactical operations on interpretations and programs, every bivalued
interpreter may be transformed into a three-valued one. This has been done for
Prolog interpreters [6] and is actually a classical method used for expert systems

working in forward chaining.
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