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1 Introduction

In paper [1] we obtained the curvature tensor (previously discovered in [2-4]) in a way
manifestly covariant under O(D,D) T-duality. The aim of this paper is to extend the
techniques of the T-dually extended spaces from the bosonic case to the supersymmetric
case. In D = 10, this would simultaneously describe Types ITA and IIB supergravity; here
we consider the simpler case of D = 3, where the theory can easily be treated off shell.
Manifest T-duality is in general constructed by doubling the space-time coordinates,
as shown in [2—4]. This doubled space-time is further extended by the coordinates for the
Lorentz generators. The dependence of the background vielbein on them is fully fixed
(up to gauge) by the coset constraints [2-4]. This is done by requiring that the associate
torsions take their vacuum values. The generalisation of this approach to string theory
requires the use of the affine symmetry algebra (oscillator algebra together with the Lorentz
algebra). The consistency (closure of the Jacobi identities) of the new affine symmetry
algebra requires addition of the new current X" for every Lorentz current .S,,,. We also



add the new coordinates for the current ¥™". (The necessity of this new current was
first realized in the context of AdSs x S5 [5, 6].) In the supersymmetric case the fermionic
coordinates are doubled as well. For the fermionic current D, we need to add a dual
current Q* (for the consistency of the affine supersymmetry algebra), see [2-4]. By this
way we obtain the affine supersymmetry algebra with the extra currents Q#, ™7,

The generalized torsion is constructed from this affine Lie algebra in a general back-
ground, which acts as the stringy generalization of covariant derivatives. Because of the ad-
ditional currents, the enlarged vielbein that describes this background includes the Lorentz
connection, and the enlarged torsion includes also the curvature. Closure of the algebra
implies the orthogonality constraints En ET = 7 on the vielbein. In this paper we solve
these just at the linear level together with the coset constraints also solved at linear level.
There is also an extension of dimensional reduction to the usual D coordinates.

In this article (as a starting point for a bigger program on T-dually extended super-
spaces) we consider the 3 dimensional T-dually extended superspace. The higher dimen-
sional case is discussed in [7]. We would also see that this (toy) model of 3 dimensional
T-dually extended space goes with the idea of lower dimensional F-theory (i.e., the lower
dimensional analogue of 12 dimensional F-theory, see [8]). At the end we will show that
the physical spectrum (and the structure) of the theory coincides with A/ = 2 supergravity
in 3 dimensions (after dimensional reduction). That should be expected since as we will
show classical N/ = 1 supergravity in 4 dimensions can be interpreted as to have the same
F-theory origin as (manifestly) T-dual (covariant) 3D supergravity. So does 3D N = 2 su-
pergravity (after compactification of 4D N = 1 supergravity to 3D). The doubling in this
paper is obtained naturally from compactification of F-theory along one space direction.
We will get: SO(3,2) — SO(2,2) ~ SO(2,1) ® SO(2,1) (to be explained in the
text), which is T-dual N = 2 string theory and effectively T-dual 3D AN = 2 supergravity.

We follow the procedure described in articles [1-4, 7]. The differences are that we work
just to linear order in fields and in 3D T-dual superspace. On top of that we will also find
the relation of the T-dually extended theory to the (lower dimensional analog of) F-theory.

2 F-theory (membrane vs. strings)

2.1 F-theory and its compactification

F-theory was first proposed by Cumrun Vafa as 12 dimensional theory, see [8]. The theory
is further compactified on the two-torus or more generally on elliptically fibered Calabi-Yau
manifolds. We discuss the 5 dimensional analogue of this theory. We want to motivate the
natural identification between 4D A = 1 supergravity, further compactified to 3D N = 2
(3D N = 2 supergravity is recently discussed in [9-11]), and T-dual 3D N = 2 string theory.
Both can be thought to have an origin in higher dimensional F-theory. This theory will be
further compactified in two ways. One compactification produces 4 dimensional M-theory
that will effectively become N = 1 supergravity with the specific chiral compensator that
contains a 3-form. This is expected since this NV = 1 supergravity is an effective theory
of 2-branes (discussion of the lower dimensional supersymmetric membrane theory can be



found in [12], (super) membrane theory discussed in [13-16]). The other compactification
gives 3 dimensional T-dual N' = 2 string theory, so effectively T-dual N' = 2 supergravity.

2.2 5D vs. 4D vs. 3D — Compactifications

5 dimensional F-theory is the (supersymmetric) 2-brane theory in the space with signature
(+, +, +, —, —) . The Lorentz group is SO (3, 2). We can pick the physical time direction
and compactify F-theory along the other time direction, so we will get the Lorentz group
breaking SO (3,2) — SO(3,1). The 4 dimensional N' = 1 SO(3, 1) theory is just 4
dimensional M-theory, which is effectively 4 dimensional N/ = 1 supergravity. We can
also pick one space direction and compactify F-theory along this direction, so we will get:
SO(3,2) — SO(2,2) ~ SO(2,1) ® SO(2,1), which will become T-dual N' = 2
string theory and effectively T-dual 3D N = 2 supergravity. If we further compactify 4
dimensional N’ = 1 supergravity along a space direction we will get 3 dimensional N' = 2
supergravity coupled to a vector multiplet. On the other hand, if we take T-dual 3D N = 2
theory and compactify half of the (doubled) dimensions we would again get 3D N = 2
supergravity coupled to a vector multiplet. We therefore have the natural identification
of the objects from 4D N = 1 supergravity (further compactified) and T-dual 3D N = 2
supergravity. We can therefore use the techniques of T-dually extended superspace and
derive 3D N = 2 supergravity coupled to a vector multiplet.

3
and the scalar prepotential V. The scalar prepotential becomes a particular (chiral) com-

In 4D (n = —1 minimal and linearised) supergravity we have the prepotential H, A

pensator of the form ¢ = D?V. That contains a 3-form, see section 4.4.d in [17], or
more generally [18]. This is expected since 4D N/ = 1 supergravity is the effective theory
for 2-branes.

The 4D N = 1 gauge transformations are, see section 5.2 in [17, 19]:

§H,3 = DaLy — DyLo and 6V = D* Lo + D% Ly (2.1)
where D, and Dy are usual 4D A = 1 covariant derivatives. We can dimensionally reduce
the theory to 3D and obtain the 3D A = 2 theory. Using dimensional reduction we get:

1 . _ 1
Da = E(DQ+ZDO/) and Dd == ﬁ

where D, and D, are real 3D N = 2 covariant derivatives. The gauge parameters can be

(Do — i Dy ) (2.2)

written as:

1
V2

The 3D N = 2 gauge transformations thus are:

L, = (Ao —iAy) and Lg = (Ao + iAy). (2.3)

1
\ﬁ

0H, 3 =06Hap = i(D Ag) + Do hAgy) (2.4)
§Hy g =0V = D*Aq — DY Ay (2.5)
0V = DA, + DO/ Ay (26)
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Figure 1. F-theory breaking.

The 4D N = 1 prepotential H,; = (H(aB)’ H[@B]) is a 4D vector and becomes
the 3D vector H, gy and a prepotential V' (for a vector multiplet). We also have the 4D
prepotential V' (for the chiral compensator ¢ = D?V) that becomes the 3D prepotential V.
On the other hand the 3D T-dual prepotential (symmetric part) H(, gy (after dimensional
reduction to 3D N = 2) is again a vector (describing conformal supergravity) but H, g
becomes the prepotential V), see the transformations (3.19), and the prepotential H, g is
just part of the vielbein, see table 3. Finally the 3D T-dual A/ = 2 prepotential V becomes
the prepotential for the vector multiplet in 3D N = 2 supergravity.

Therefore we have an identification between 3D N = 2 T-dual supergravity and
3D N = 2 supergravity coupled to a vector multiplet: Hpy = Hepy, Hapgy — V
and V — V.

We also have the identification between 4D AN = 1 supergravity and 3D N = 2
supergravity coupled to a vector multiplet: H(aﬁ) — Hprys H[a g Vand V — V.

The situation is summarised in the above diagram 1, where H* [ag] 18 the 5 dimensional
prepotential (o € {1,...4},“t” means that it is traceless, it has 5 real components).

3 Algebra

We give a very brief outline of the algebraic objects and steps that will lead to the formu-
lation of linearised T-dual 3D supergravity. The interested reader may see references [1-4]
(where the subject is explained in great detail).

3.1 Current algebra of Zx,

As in paper [1], we consider the (super)string generalisation of the string oscillator algebra.
Because of T-duality and the (super)Bianchi identity the current algebra has a structure:

(Zm (1), Zn (2)] = —inund (2 — 1) — i fmn” Zpd(2 — 1) (3.1)



where Zpyg == (Smn, Dy, Par, O, SMN) is the generalisation of the (super)string oscil-
lators and the metric naqn (given later). The Py generators are the O (D, D) generalisa-
tion of string oscillators P,,. In an explicit O(D, D) basis the Py, generators are given as:
Py := (P, X'™). For future purposes we want to use a different, left/right basis. In the
left /right basis Py := (Pm, Pm) = % (Pn + X, P — X,,). The Lorentz generators
also have the left /right structure: Sy/n := (Smn, Smi), where Smn are generators of left
(or equivalently Swg right) Lorentz transformations. The D,, := (D, D) are the gen-
erators of left and right supersymmetry transformations. The generators Q* := (Q*, QF)
and YMN = (gmn $M@A) are the new generators, needed to satisfy the Bianchi identity.
For further reference see [1-4].

The full current algebra of Z oscillators (3.1) is the affine (super)Lie algebra (3.2)
and its explicit form is:

[Smn (1)7 Sk1 (2)] = _in[m[kSI]n] (5(2 - 1) (32)
[Smn(l)va (2)] = _i%(’}’mn)gDaé(Z_l)

[Sean (1), P (2)]
[Sean (1), 2 (2)]
[Senn (1), 2 (2)]
{D, (1), Dy(2) }
(D) (1), Pm (2)]
{D, (1), 27 (2)}
[D, (1), 2™ (2)]

[P (1), Pa (2)]
[ P (1), Q7 (2)]
[ P (1), Z€ (2)]

{7 @), Q7 (2)}
[Q7 (1), 2" (2)]

[Z0 (1), £ (2)]

[ Left, Right }

The only nonvanishing terms in the metric and structure constants are (as can be

iM[m Pajd (2 — 1)

i (5975 (2 — 1)

—i0mn™ 0 (2 = 1) — 0K Z56 (2 — 1)
12(3™ ) P (2 1)

02 () 5 (2 — 1)

—i678 (2 - 1) - i%(’ymn jsmag (s - 1)
0

_inmn5/(2 - 1) + Z."’/m[hnn\s]zhs(s(Q - 1)
0
0

0
0
0
Same for Left — Right

0



guessed by dimensional analysis)

nep, NS, Mpe,; fsep, fsss, fopp, fspa (3.3)

where we have lowered the upper index on f with 7 to take advantage of its total (graded)
antisymmetry, and used “schematic” notation, replacing explicit indices with their type:

M = (MN?,LUM:Hv MN):: (S7D7P7972) (34)

Explicitly these are, for the left-handed algebra,

(77)mn = Mmn (n)mnpq = 0mn®?, (n)a” = d0f (3'5)
fmnpq = - 6mnpq> fmnpqrS = 7,’[m[p(sq]n}rs )
m m 1
fa'p = 2('7 )o’pa Jono” = —§(an)§ (36)

For the right-handed algebra we change the signs of the corresponding terms in naa but
not in f.

For dealing with antisymmetric pairs of indices we have introduced an implicit metric
such that for any two antisymmetric tensors we have

1
A-B = §Am“an (3.7)
The identity matrix with respect to this inner product is
Omn’?d = 5[mp6n]q (3.8)

3.2 Background fields

The aim is to find the linearised formulation of the 3D T-dual theory. We are following
the approach used in the previous paper, see [1], section 1.2. We will briefly mention the
outline here:

We want to use the T-dual formulation of the stringy generalisation of the oscillator
algebra (3.2). We introduce background fields via vielbeins. Following [2-4] but using
algebra (3.1) we get:

a(1) = EXMXN) 20 (3.9)

The affine Lie algebra for the I 4 can be compactly written as:
(M40, He(2)] = —inacd (2 — 1) —iTactled (2 — 1) (3.10)
where T4cf is a (super)stringy generalisation of torsion, see [1]:
Tuct = BuM(DmEBey™ ) Exte

1 _ _
+ ingDEDM(DME[A|N)ENMW\C) + EAMENER' frun” (3.11)



where [A4|]|c) indicates graded antisymmetrization in only those indices. By D in (3.11)
and in the whole text we mean the group covariant derivatives of the (non-affine) part of
algebra (3.2): [DM, DN} = —ifMNg Dg.

Note that the (super)Jacobi identities imply the total graded antisymmetry of the
torsion, just as for the structure constants. Torsion (3.11) can be identified with that of
“ordinary” curved-space covariant derivatives by use of the strong constraint, as explained
in [1-4].

We can set the coeflicient of the Schwinger term to be the metric n; the vielbein is
forced to obey the orthogonality constraints:

EaMpun EcN = nac (3.12)

This choice does not affect the physics, and simplifies many of the expressions. For example,
it implies the total graded antisymmetry of the torsion, when the upper index is implicitly
lowered with n:

1
Tase = §E[A|M(DME\ 5V Eeyn + EAMESNECT frane (3.13)

where we have used E_Al/l A = pABpy vE V. (Also note that in the first term the graded

antisymmetrization can be written as a cyclic sum without the 1/2, since it is already
graded antisymmetric in the last two indices.) Thus, because of orthogonality, the vielbein
is like (the exponential of) a super 2-form, while the torsion is a super 3-form; similarly,
the Bianchi identities are a super 4-form.

The (super)orthogonality constraint (3.12) can be fully solved for the general structure
of the vielbein E4M. However, we are interested just in the linear level. Thus we get the
(super)orthogonality constraint for the linearised part of the vielbein EM) M.

E,M =6M + EO M 4 0(E®) = using (3.12) (3.14)
EW 45 =0 (3.15)
We would also need the linear level version of the equation (3.13):
Tage = fase + TWape + O(EP) (3.16)
where T 45 = %D[A EWge) + %E(l)[AM frmise) (3.17)

3.3 Further constraints and gauge fixing

Following the discussion in subsection 4.2 in the paper [1], we get the coset constraint on the
torsion piece Ts 4® = fs4® (where we used the s index as the schematic index (3.4) and
A, B are general indices). At the linear level the previous condition becomes: TWgsap = 0.
From this one gets the condition for the linear vielbein: EMsgM = 0 + O (E®).

We would like to gauge fix some of the remaining gauge freedom. Note that the coset
constraints discussed above sets the gauge parameter (defined below) A\s = 0. From
specific gauge fixing we get further conditions on the linear vielbein E(). The gauge
transformations are given as (see also [2-4]):

OAllg = [—iA, T4} (3.18)



where A := / d1 XM (X)) Dy

We are working in the basis where the covariant derivatives satisfy: [Daq, Dy} =
i fman” Dp. Thus the (linear) gauge transformation of (linear) vielbein are:

1
oA E(l)AB = — §D[.A)‘B) + fABC Ac (3.19)
Now, we can pick the following gauge:
P EW 5 =0 = Ao x 7P Dy Ag (3.20)
VP EW 0 =0 = A o v Dy Mg (3.21)
EW,p =0 = Aap o< Dig A (3.22)

Same for Left — Right

S—7

We can see that by (3.20), (3.21), (3.22) we automatically have expressions for gauge
parameters Ap, Aq, Ax as derivatives of another gauge parameter Ap. It is unlike the
usual N' = 1 supergravity where we need first to solve the chirality condition to relate
derivatives of A with K, see section X.A.1 in [20], also section 5.3 in [17]. Moreover, (3.20)—
(3.22) give the constraints on E(1) and solving those we will get:

EWpp = E(l)aﬁ =0, EWpp = E(l)ab =0, E(l)fwﬁ = 0 (part of E(l)PD) (3.23)

Later (by dimension —3 constraints) one can see that EWpp = 0. We thus need to set
up the dimensional constraints. The table 1 summarise the torsion dimensions.

We put the torsions of negative (engineering) dimensions to 0 (as always in QFT, see
the red coloured torsions in table 1). We also put the (unfixed) torsions of zero dimension
to 0 (see the blue torsions in the previous table), see [1]. We will also put the dimension
+ (unfixed) torsions to 0 (the green torsions in the table). Doing that we produce just
algebraic constraints on veilbeins.

The nontrivial dimensional constraints are:
Tpp' =0, Tpp" = fop”, Top” =0, Tpp’ =0 (3.24)
3.4 Dimensional constraints: solution

The solution to the previous nontrivial dimensional constraints can be given in full gener-
ality; however in this paper we are interested just in the linearised case.

Tables 2 and 3 summarise the linearised solutions of those four constraints (3.24).
Notice that we have also the possibility of mixed left/right indices. (Notice also the “.”
in the tables 2 and 3 means symbolic contraction. Do not be confused with “-” defined
in (3.7)).

From table 2 we can see that we have one linear relation: E(l)g D X E(l)Q p. From
table 3 we have linear relations: {E(I)PD, E(I)Pﬁ, E(I)QD, E(l)ﬂp, E(l)zD }x E(I)Df).
Again, we have automatically obtained the expressions for the vielbeins as derivatives of
the EM) p p vielbein (prepotential). It is unlike N' = 1 supergravity where the prepoten-
tial comes as the solution of the bisection condition (or chirality condition in covariant
approach), see section X.A.1 in [20] and section 5.2.a and 5.3 in [17].



Torsion Dim.
TSDS % Torsion Dim.
Torsion Dim. Te PD % TSES 9
TSSZ —2
f Tp pP” 5 Tpa 2
TSSQ _% 2
Q 1 T, ,° 2
qu[,) - 1 T})I‘) = PP
Ts p* -1 Tsp 1 T 2
5
TssP -3 Ts o 1 Tps 2
Q 1 S 5
Tsp -3 Tp pP 1 Tpo 3
Q 1
Ipp 2 Tpp® 1 Too” >
T 0 S
55 Tp b 1 Tpx 3
Tsp” 0 s
TSQS 3 Taoao 3
Tsp 0 2 S -
Tpp” 0 Tp p* 3 Tox 2
D 3 T, 4
Tpa 5 D
D 3
Tpp 3
Table 1. Torsion dimensions.
Tpp® =0 and v2*PED,, =0 = EWpp =0
Tpp" = fpp” = EWpg =0
Tppt =0or Thp” =0 = FWyp, = pMab — _27[aapE(1)p|b]
= ~.EMgP
Table 2. Unmixed constraints.
TDDQ—O = E(l)PDEE(l)a&:—%"}’a’BEDﬂE(l)gdE_’Y-DD-E(DDD
Tpp' =0 = EW,;=E0 = -148DgEV o = —v.Dp.EW 5
P _ _ 1 _
TDE 0 = E(l)QD = E(l)ag = —E’yaeaD[EE(l)a]E = _’Y'D[D'E(l)P]D
Tpp? =0 = EWqp=EW = — 442D EWyz = —v.Dip . EWp 5
Tpp? =0 = EWg5 = EW; = penPd D EW g5 = nn.Dp. EWp 5

Table 3. Mixed constraints.




3.5 Dimension 1 unmixed constraints

To proceed we need to find the constraints for the dimension 1 torsions. We can see that
putting those to zero in general introduces differential constraints, which we do not want
(except for the strong constraint and later the equation of motion). However, there is a
way how to fix dimension 1 torsions without producing differential constraints. We will
use the following set of unmixed constraints (again we have two cases for the torsion index
structure, mixed and unmixed):

Tu)PPP = T(l)abc = Jeabe B (325)
TWppy =TW,5%° = £47°, 4B
TWppo=TW,0f = (5B

where the new object B is determined from (3.25). Using the linearised Bianchi identity
we get:

Lin. Bianchi id. DuTWgse)” — fiasg™ TV vmef — TOus™ fue)f = 0

1
For dim. 1: iT(l)a,Bab _ V[a(a\eT(l)ﬁ)e‘b] + 7c(wT(l)cab —0
Using (3.25): g,yabaﬁ + ¢~ G ~P] e + De?PCrnp =0 =
§=—-8¢C— 29 (3.26)

Equation (3.17) gives explicit relations for the T7(M’s from (3.25):

1
T(l)abc = - En[a\dnb\eE(l)dec] = _7777~E(1)EP (3'27)

TW, %P = D, EW 2P 4 24°, BV = D EWpy 4 4. EWgp  (3.28)
T000? = Do B2 + 2700 BD P 4 Jecaar® S B 4, (3.20)
=D.EYgp + . EWqq + £y. EWsp
From (3.27) and first relation of (3.25) we get:
20B = —epqent® EMde, (3.30)

From (3.29) and requiring that we want just algebraic constraints we get the second equa-

tion for (3.25) fixing constants:
1 1
0:—3C—§(219+3§)—579 (3.31)

Substituing result (3.26) we have the solution for any 9 and ¢ except when ¢4 = — 6 (. That
condition would produce a differential constraint on EMq p (see eq. (3.32)). From (3.29)
and the third of (3.25) we will get fixing of E(Mgqq. From (3.28) and the second of (3.25) we
will get fixing of E() py;. The net result of dimension 1 unmixed algebraic constraints (3.25)

,10,



is that everything can be expressed in terms of E() s and so (see table 2) by EMpq (and
two constants 9, ¢ s.t. ¥ # —6():

1

B=—5— T 72§ Do EWP, (3.32)
= —~vDp. EWqp
EWgg = EWas = %7a (ale p, EWA) 4 %WaaﬂE(l)abb (3.33)
=~Dp. EWgp + 4. EWyp
EWpy, = EM 2P — _ %%aﬁ Do EW 5 4 (9 + 4¢)neec®®P B (3.34)

= —yDp.EWpy + ne. B

3.6 Dimension 1 mixed constraints

Some of the mixed dimension 1 torsions are determined in terms of E(l)a 5= ey pp and
EWpq already. Using the previous results (tables 2, 3 and results of the previous section)
we can see that mixed dimension 1 torsions T(l)ag/’ = T(I)PDQ and T(l)&gab = T(I)DDE
are fully determined, see (3.35). The mixed determined and undetermined torsions are
summarised below:

TV, 50 = 7MW, 8 =D, EMP + DB E(l)d)a = Dp E(I)DQ + Dg E(I)D)P
TW 5y = TWs2P = D EW 2> + D® EWg 5= D BV pys + Dy E(l)f)?s 35)

TW s pp = TWape =D EW gz — mhance BV = Dip E(l)p]p —nn.EWg 5
TM 55 = T<1>éaff =D, E(l)ﬁ):;, + 17de o” E<1>~deé = DpEWqp +ev. EWyp
T“)PDQ =70, 0= D[aE(l)a]ﬁ + 29 qe WP = Dp E(l)D]Q + %E(l)gg

1)

T 5 py =TW; 52 =D BW520 + 29°, 5 BV = D By + 4 Wy,
(3.36)

From (3.36) it is evident that by putting 7! 5 pp = 0 we can determine E(l)E p in terms
of E(I)Pﬁ, and so E(I)DD. Equivalently we can obtain that by fixing either of T(Uﬁmz
or T(I)DDE . By putting T(l)PDQ = 0 we can determine E(l)QQ in terms of E(I)DQ and
EM p¢ and so again in EM pp- The dimension 1 mixed constraints give:

E(l)zﬁ = pbe, _ nbdnceD[d E(1)e]5 = . Dip E(l)p]ﬁ (3.37)
-~ 1 ~
EW 4= EMeS = S Dy EW = DpEW g (3.38)

The dimension 1 constraints can be viewed also from another perspective. For that
we need to borrow the expression for the Cartan-Killing metric K 45 that is discussed in
section 4.1. The expression for the linearised Cartan-Killing metric is:

KWyp = = fac" TWg)p° (3.39)

N =

— 11 -



Taking (3.39) for A, B € {a, §} we get:

K(l)ag X Eap B, K(l)&g X 6&3 B, K(l)aﬁ (3.40)

Then using exercise XA2.6 in [20] we can write the dimension 1 constraints as:
TWape o 5abcsaﬁK(1)5a , T(l)agab o 'yabag e "KW (3.41)
T(l)aaﬁ X VangK(l)ae , T(l)adﬁ 8 'YaﬂeK(l)ed (342)
T(l)dﬁab x ,yabﬁe K(l)ed ’ 1’1(1)510[5~ x 'YaaeK(l) GB (343)

Remaining dimension 1 torsions have to be 0 since we do not have an appropriate nonzero
Cartan-Killing metric. We also put the second torsion of (3.43) to 0, since that does
not produce any differential constraints and fixes E(l)Q &, see (3.38). Moreover in the
spirit of exercise XA2.6 in [20], we can identify (K(l)aé7 B, B) with a SO(3, 3) vector
G*# = (G°, B, B) in SL(4) notation (from N = 1 supergravity).

3.7 T =0

In the previous subsections we discovered that all the vielbeins (mixed and unmixed, except
for E(l)gg and E(l)gg) can be determined in terms of E(l)pg and E(l)Db. We need
further constraints to relate those two undetermined vielbeins. We are following article [2—
4]. There a new torsion was introduced. It came from the requirement of partial integration
also in the presence of the new integration measure ¢ (dilaton). Following [2-4] the new
torsion is:

Tpim 2V 4072 (3.44)
where V4 = E4 ™ Dpq. The torsion (3.44) should vanish, so we get the T torsion con-
straint T4 = 0. We are interested just in the first order part of T4:

TA =0+ T(I)A + (’)(E(Z)) = T(I)A = DF E(I)BA + QDA(Z)(l) (3.45)
where ¢ = 1+ ¢V + 0 (6?)

The relation T g = 0 gives Dg ¢ = 0. Using TMp = 0 we get the relation:

1 3 <
eabe G EW®, = 2950, B2 = DIEW; 4 DAEW;,

— Dz BNPy — 2Dg 6V
’V.E(I)QP = Dg E(I)DD + Dp E(l)ﬁ'D - Dp E(I)QD(?’AG)
—Dp ¢

where we used the results of table 2. Using table 3 for E(l)éa and E(l)'ga we have the
relation between E(1) po and E® pp and the linearised dilaton d)(l):
1

1
—_

o

7. EWap = 29%05 BW Py = — 29 ¢ [ Dy, D] EWeq + 577 7 Da D3 EVe

3
—2D, ¢ (3.47)

G

—.[Dp, DFEWY 5, +v. Dy Dy EW ) — Dp ¢V

— 12 —



We notice that result (3.47) is exactly the right combination in order to express B
from (3.32) in terms of EM) 5, and ¢V). This will be used in following sections:

1 1 1
B=— vap,|42P¢( = Z[Ds, D5] + = DsD; | EWz, — Dy oM | (3.4
=c.Dp 7. (1Dp, Dpl = DpDp) BV, — Dpol |

Using the relation TW p = 0 and similar steps we get:

—2¢eape? 2 Dy EW ¢ 4 2D, EWe, — 4D, ¢

(using (3.47)) - yang( — 24P, s BV By )
—2abe? 2Dy EW ¢ 2D, EW, — 4D, ¢V
= —2¢eapc YDy EW ¢ 4 2D, EWe,
—4 Dy oM (3.49)

So, from the relation 7MW p = 0 we will get no new constraints.

From relations 7' (1)9 =0and T (1)2 = 0 we will get some constraints on unfixed (and
unused) vielbeins EWs g and EWy .

4 Cartan-Killing metric and field equations

4.1 Cartan-Killing metric
Having the Lie algebra G, one can define a symmetric bilinear form:
1 1 -
K(X,Y):= —Tr(adxady) = — (E'|adyady |E;) (4.1)
T T
where X,Y € G and z), = Dynkin index
and E;, F/ € GandG*
then for X, Y € basis of G:
1
Lad
where f,,¢ are struc. cons. of G

The Cartan-Killing metric has many important group theoretical properties. We are in-
terested in it because the field equations for the background fields can be viewed as if the
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level of (engineering) dimension 1 of the (generalised) Cartan-Killing metric takes its free
value. To see that, we need to generalise the Cartan-Killing metric (4.2) to the case of
the (inhomogenous) graded algebra (3.2). We use the direct generalisation of the expres-
sion (4.2) for the algebra (3.2) in the presence of the background fields (vielbeins). In that
case the structure constants are given by (3.11). We get (the Dynkin index z,q = 2):

1
Kap = §TACD Tsp® (4.3)

We are interested in the linearised version of previous equation. Again we expand the
vielbeins to the first order and get:

1 1
Kap = ifACD fep° + 5f(A|cDT(1)B]DC +O(EW) (4.4)

KW 45

1 1
where T ype = o DiaBWse) + 5 BYu™M fmse

4.2 Field equations

After imposing all the constraints we have found that everything can be expressed in terms
of E(l)pQ and E(I)DD. The gamma “trace” part of E(l)pg is related directly to E(I)DD
by (3.47). Therefore we want the equation of motion for the field E() DD

We start with some action S and vary it with respect to the vielbein £”P and put it
to zero, i.e., °/sppp S = 0. The variation produces a dimension 1 antisymmetric tensor.
On the other hand in the previous subsection we have seen that Kp p is the canonical
antisymmetric dimension 1 tensor. Therefore we can impose the equations of motion:

o

For the vielbein F5g we produce the following equations:
Kap=0= KWYs55 =0 (4.6)

Plugging the definitions of structure constants and linearised torsions (note that only the

combination of dimension 1 torsions is present, since lower dimensional 7 torsions are

all set to zero):

¢ EabcfyczT(l)duab =0
(4.7)

To simplify (4.7) we can use one of the linearised (super)Bianchi identities that relates

TWsp%0 = TW 5 o with T2 = TO 5 b

| —

- _ 1
295 TWgm” + 2975, TWam” — g Sabe?

T, 420 = 24la, 71 Blv (4.8)
Doing that we can see that the field equation (4.7) becomes:

— a5 TWsm” + v5, TMam” = 0 (4.9)

— 14 —



using the explicit knowledge of T(Mgm” from table 3 and also the result of the Tp con-
straint (3.47). Then (4.9) can be rewritten as a differential equation just for the vielbein
E(l)DD = E(l)&g. For completeness we give the e.o.m. for the vielbein E(l)&ﬁz

T 1 mv v v v v

[5&<— 5D D* — 650 — 7, 5. (Dm x Da) — 2645D" D, — 2D D5>(4.1O)
1 . -
-1-262.}6“D&D2Dg—(o?—>ﬁandﬁ—>d)]E(l)5V:0

[(V.DPDD.DD—Dp.Dp—fy.(Dp.Dp)—DQ.DD—DQDD) (4.11)
—|—DDDD.DDD[~)—([)HD)]E(DDD:O

where O = 1% D, Dy, and ’YSE-(Dm X Dy) = 5smaysgDmDa x Ds.
The remaining equations are obtained by variation of S with respect to E*? and E*P.
We get:

Kog =KW, =0 and K;z=KWY, ;=0 (4.12)
where
KW, 5 x eqp B KW, 5 xe;5B (4.13)
Equations (4.12) and (4.13) can be rewritten in a different way:
B+B=0and B-B=0 (4.14)

where B is given by eq. (3.48). Because the explicit structure of B and B is important for
the following considerations we repeat it here:

va é 1 ape «
Bxe D,,(D + 37 A D5D5~>E(1)ga + P Dy Dy o (4.15)
= E.DD(DQ + ’)/.DPDD)E(DDD + DD.DD¢(1)
- . 1 =
B« "¢ D; ( — D% + 47350D3Dﬁ) EWeq + %% D5 Dg ¢ (4.16)

=¢.Dy(—Dg +~.DpDp)EW 5, + Dp.Dp oV
To analyse the second terms in (4.15) and (4.16) we need the following identities:
v D, Dg = 4D — %D%“De = Do — (Dp.Dp)eDp (4.17)
VAP DaDs = —4D% + %D25d€D~ = —Dg + (Dj, . Dp)eDpy  (4.18)

where D? = %% D, Dg = Dp.Dp (similarly for D?).
Using (4.17) and (4.18) we get:
1

B x — §D2 (Ve D, Dy EW; o) + D? ¢V (4.19)

—~Dp.Dp(DpDp).EWs + Dp.Dp o
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B —éDQ (Ve D, Dy W) + D? gV (4.20)
= - Dp.Dp(DpDp).EYs, + Dy . Dp o)
Then the first of (4.14) becomes the equation:
0= (D*+ D?) ( - %aauag&Dy D; EW;, + ¢(1)> (4.21)

We can rewrite (4.21) using a new field V:

- 1 -
(D? — D*)V =: ( — g€ Dy D; EW., + ¢(1>) (4.22)
Using this definition (4.21) can be written as:

0= (D*+ D?)(D?> - D*)V (4.23)

The operator ( D> + D?)(D? — D?) acts on the scalar field V. It can be rewritten in a
nicer form:

(D* + D*)(D?> - D*)V =40 - D,D" + D'D, — (O — D; D" + D" D;))V
=4DADyLV (4.24)
Therefore the first equation of (4.14) can be rewritten as:
DADLV =0 (4.25)

and so (4.25) is identically satisfied since it is just the strong constraint.
The second equation of (4.14) becomes the e.o.m. for the V field:

(D? — D*)?V =0 (4.26)

4.3 Field equations: summary

The field equations are summarised in the following table 4.

KMas =0 N {53(—%yngmDQ—égD—fysg.(DmxDa)
~284 D" D, — 2D" Dy ) + $ 0565 D D D;
(& — Bandf — d)]E(l)&V _

K(I)a6+K(1)aE:0 - DADLV =0
where (D? — D?)V =: (—1e*e¥? D, Dz EW¢, + ¢V)
K(I)aﬁ_K(l)aé -0 = (D2 — D)2V =0

Table 4. Field equations.
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5 Dilaton

The result of the previous section gives the structure of the linear dilaton ¢(!), see table 4.
Using the relation (4.22) we find the structure of the linear dilaton:

1 - ~
oW :ge"‘”ewD,,D;,E(l)ga +(D* - D*)V
=ceDpDp.EW 5 + (Dp.Dp — Dy .Dp)V (5.1)

We notice that the structure of the linear dilaton matches the structure of the dilaton field
obtained by compactifying 4D N = 1 supergravity to 3 dimensions, see section 7.2.b in [17].
For the dilaton we can though impose the space-time action (after compactification of half
of the dimensions, as usual in double field theory):

Sdi] = /d3$d29¢2 (52)

where ¢ ~ 1 + ¢(1). Moreover the cosmological constant can be added; then the
action becomes:

Sail = /d3xd29(¢2 —AV) (5.3)

6 Conclusion

We outline the results we have obtained: we started with T-dual N = 2 string theory,
i.e, effective N' = 2 supergravity in 3 dimensions. We knew that this theory should be
equivalent to the theory obtained from classical N/ = 1 supergravity in 4 dimensions. In
this paper we first obtained the dimension — 1 prepotential as the vielbein component
EW pp = E(l)a i and the dimension —% unconstrained gauge parameter Ap = A,
(also Ap) without solving any differential constraints. In the usual 4 dimensional N' =1
supergravity they appear only through their derivatives in objects of higher dimension after
solving differential constraints, see section X.A.1 in [20]. We also derived the structure of
N = 2 supergravity in 3 dimensions using the techniques of T-dually extended superspace.
In particular the structure of the linear dilaton ¢ was derived. It matches the structure
obtained from 4D N = 1 and its compactification, see section 7.9 in [17] and [19]. This
suggests that the T-dually extended superspace approach can be extended also to higher
dimensional cases, see [7].

Acknowledgments

This work was supported in part by National Science Foundation Grant No. PHY-1316617.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.

,17,


http://creativecommons.org/licenses/by/4.0/

References

1]

2]

[3]

[12]

[13]

[14]

[15]

[16]

[17]

[18]
[19]

[20]

M. Polacek and W. Siegel, Natural curvature for manifest T-duality, JHEP 01 (2014) 026
[arXiv:1308.6350] [INSPIRE].

W. Siegel, Two vierbein formalism for string inspired axionic gravity,
Phys. Rev. D 47 (1993) 5453 [hep-th/9302036] [INSPIRE].

W. Siegel, Superspace duality in low-enerqy superstrings, Phys. Rev. D 48 (1993) 2826
[hep-th/9305073] [iINSPIRE].

W. Siegel, Manifest duality in low-energy superstrings, in Berkeley 1993, Proceedings, Strings
‘93, M.B. Halpern et al. eds., World Scientific, Singapore (1995) hep-th/9308133 [INSPIRE].

M. Hatsuda and K. Kamimura, Classical AdS superstring mechanics,
Nucl. Phys. B 611 (2001) 77 [hep-th/0106202] [INSPIRE].

M. Hatsuda, Sugawara form for AdS superstring, Nucl. Phys. B 730 (2005) 364
[hep-th/0507047] [iNSPIRE].

M. Hatsuda, K. Kamimura and W. Siegel, Superspace with manifest T-duality from type-11
superstring, arXiv:1403.3887 [INSPIRE].

C. Vafa, Evidence for F-theory, Nucl. Phys. B 469 (1996) 403 [hep-th/9602022] [INSPIRE].

S.M. Kuzenko, U. Lindstrém and G. Tartaglino-Mazzucchelli, Off-shell supergravity-matter
couplings in three dimensions, JHEP 03 (2011) 120 [arXiv:1101.4013] InSPIRE].

S.M. Kuzenko and G. Tartaglino-Mazzucchelli, Three-dimensional N =2 (AdS) supergravity
and associated supercurrents, JHEP 12 (2011) 052 [arXiv:1109.0496] [INSPIRE].

S.M. Kuzenko, U. Lindstrom, M. Rocek, I. Sachs and G. Tartaglino-Mazzucchelli,
Three-dimensional N = 2 supergravity theories: From superspace to components,
Phys. Rev. D 89 (2014) 085028 [arXiv:1312.4267] [INSPIRE].

D. Kutasov and E.J. Martinec, New principles for string/membrane unification,
Nucl. Phys. B 477 (1996) 652 [hep-th/9602049] [INSPIRE].

A. Achucarro, J.M. Evans, P.K. Townsend and D.L. Wiltshire, Super p-branes,
Phys. Lett. B 198 (1987) 441 [NnSPIRE].

E. Bergshoeff, E. Sezgin and P.K. Townsend, Properties of the eleven-dimensional super
membrane theory, Annals Phys. 185 (1988) 330 [INSPIRE].

A. Achucarro, J.P. Gauntlett, K. Itoh and P.K. Townsend, World volume supersymmetry
from space-time supersymmetry of the four-dimensional supermembrane,
Nucl. Phys. B 314 (1989) 129 [inSPIRE].

M.P. Blencowe and M.J. Duff, Supermembranes and the signature of space-time,
Nucl. Phys. B 310 (1988) 387 [INSPIRE].

S.J. Gates, M.T. Grisaru, M. Roc¢ek and W. Siegel, Superspace or one thousand and one
lessons in supersymmetry, hep-th/0108200 [INSPIRE].

S.J. Gates Jr., Super p form gauge superfields, Nucl. Phys. B 184 (1981) 381 [nSPIRE].

M.T. Grisaru and W. Siegel, Supergraphity. Part 1. Background field formalism,
Nucl. Phys. B 187 (1981) 149 [INnSPIRE].

W. Siegel, Fields, hep-th/9912205 [INSPIRE].

,18,


http://dx.doi.org/10.1007/JHEP01(2014)026
http://arxiv.org/abs/1308.6350
http://inspirehep.net/search?p=find+EPRINT+arXiv:1308.6350
http://dx.doi.org/10.1103/PhysRevD.47.5453
http://arxiv.org/abs/hep-th/9302036
http://inspirehep.net/search?p=find+EPRINT+hep-th/9302036
http://dx.doi.org/10.1103/PhysRevD.48.2826
http://arxiv.org/abs/hep-th/9305073
http://inspirehep.net/search?p=find+EPRINT+hep-th/9305073
http://arxiv.org/abs/hep-th/9308133
http://inspirehep.net/search?p=find+EPRINT+hep-th/9308133
http://dx.doi.org/10.1016/S0550-3213(01)00338-8
http://arxiv.org/abs/hep-th/0106202
http://inspirehep.net/search?p=find+EPRINT+hep-th/0106202
http://dx.doi.org/10.1016/j.nuclphysb.2005.10.001
http://arxiv.org/abs/hep-th/0507047
http://inspirehep.net/search?p=find+J+Nucl.Phys.,B730,364
http://arxiv.org/abs/1403.3887
http://inspirehep.net/search?p=find+EPRINT+arXiv:1403.3887
http://dx.doi.org/10.1016/0550-3213(96)00172-1
http://arxiv.org/abs/hep-th/9602022
http://inspirehep.net/search?p=find+EPRINT+hep-th/9602022
http://dx.doi.org/10.1007/JHEP03(2011)120
http://arxiv.org/abs/1101.4013
http://inspirehep.net/search?p=find+EPRINT+arXiv:1101.4013
http://dx.doi.org/10.1007/JHEP12(2011)052
http://arxiv.org/abs/1109.0496
http://inspirehep.net/search?p=find+EPRINT+arXiv:1109.0496
http://dx.doi.org/10.1103/PhysRevD.89.085028
http://arxiv.org/abs/1312.4267
http://inspirehep.net/search?p=find+EPRINT+arXiv:1312.4267
http://dx.doi.org/10.1016/0550-3213(96)00302-1
http://arxiv.org/abs/hep-th/9602049
http://inspirehep.net/search?p=find+EPRINT+hep-th/9602049
http://dx.doi.org/10.1016/0370-2693(87)90896-3
http://inspirehep.net/search?p=find+J+Phys.Lett.,B198,441
http://dx.doi.org/10.1016/0003-4916(88)90050-4
http://inspirehep.net/search?p=find+J+AnnalsPhys.,185,330
http://dx.doi.org/10.1016/0550-3213(89)90115-6
http://inspirehep.net/search?p=find+J+Nucl.Phys.,B314,129
http://dx.doi.org/10.1016/0550-3213(88)90155-1
http://inspirehep.net/search?p=find+J+Nucl.Phys.,B310,387
http://arxiv.org/abs/hep-th/0108200
http://inspirehep.net/search?p=find+EPRINT+hep-th/0108200
http://dx.doi.org/10.1016/0550-3213(81)90225-X
http://inspirehep.net/search?p=find+J+Nucl.Phys.,B184,381
http://dx.doi.org/10.1016/0550-3213(81)90121-8
http://inspirehep.net/search?p=find+J+Nucl.Phys.,B187,149
http://arxiv.org/abs/hep-th/9912205
http://inspirehep.net/search?p=find+EPRINT+hep-th/9912205

	Introduction
	F-theory (membrane vs. strings)
	F-theory and its compactification
	5D vs. 4D vs. 3D — Compactifications

	Algebra
	Current algebra of ZM
	Background fields
	Further constraints and gauge fixing
	Dimensional constraints: solution
	Dimension 1 unmixed constraints
	Dimension 1 mixed constraints
	T=0 constraints

	Cartan-Killing metric and field equations
	Cartan-Killing metric
	Field equations
	Field equations: summary

	Dilaton
	Conclusion

