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1. INTRODUCTION

A Caratheodory selection of a set-valued map F(x, 1) is a function f{x, 1)
which is continuous in the x variable, measurable in the 7 variable, defined
whenever F(x, ) is not empty and satisfies f(x, 1) e F(x, t). The mapping F
is defined on a product X x T of a metric space and a measure space, and
the values of F are subsets of another metric space Y. A need for
Caratheodory selections arises in the study of random fixed points, see, e.g.,
Itoh [8], and in game theory and economics, see Kim et al. [11].

When Y is a Banach space and F has convex values and is lower
semicontinuous, existence of Caratheodory selections is provided by
Castaing [2] and Fryszkowski [S]. both under some compactness
assumptions, and recently by Kim et al. [10] and Rybinski [16] for a
more general case. The method in [2, 10, 16] is to modify Michael’s
construction of a continuous selection, [13], and make it depend
measurably on the parameter ¢, yielding a Caratheodory selection. Our
approach is different. We reduce the problem of finding a Caratheodory
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selection to a problem of finding a continuous selection for a lower
semicontinuous mapping. This is done by utilizing a Scorza Dragoni type
result with respect to lower semicontinuity. To this end we have to confine
T to be a metric space, a restriction not made in [2, 5, 10, and 16]. In
turn, the reduction enables us to employ available results for the existence
of continuous selections, other than for convex-valued maps, and establish
the analogous existence of Caratheodory selections.

We prove the Scorza Dragoni type result in Section 2, and derive the
existence of Caratheodory selections in Section 3. A seemingly strong
measurability condition is employed; it cannot be dropped, as is shown by
a counterexample in the closing section.

2. A Scorza DRAGONI TYPE RESULT

Recall that a set-valued map F, from a metric space Z into subsets of a
metric space Y, is lower semicontinuous if z, = z, in Z and y, € F(z,) then
there are y, € F(z,), at least for k large enough, so that y, — y,. We say
that a set-valued map F, from a measurable space Z into subsets of Y,
is measurable, if for every open set Ac Y the inverse F~(4)=
{z: F(z)n A#0} is a measurable set. For elaboration see Castaing and
Valadier [3]. Note, however, that the measurability or the lower semi-
continuity of F are not affected if the values F(z) are replaced by other sets,
provided they have the same closure.

Framework and assumptions (see Remark 2.5 for possible refinements).
Let X be a separable complete metric space, equipped with its Borel struc-
ture. Let T be a separable complete metric space and let p be a finite
measure on 7. Let Y be a separable metric space. We consider a set-valued
map F(x, t), defined on X' x 7, with values being subsets, not necessarily
closed and possibly empty, of Y. It is assumed that:

(1) F(-, 1) is lower semicontinuous for each fixed ¢, and
(1) F(-,-) 1s measurable on X' x T.

The main result of this section is the following.

THEOREM 2.1.  Under conditions (i) and (ii), for every ¢ > Q there exists a
compact set Kc T with un(T\K) <&, and such that F(x, t) is lower semicon-
tinuous on X x K.

This is a Scorza Dragoni type result, originally proved in [17] for real
functions and continuity rather than lower semicontinuity. Set-valued
analogs were provided by Castaing [1; Theorem 4] for the closed-graph
property, and by Himmelberg and Val Vleck [7; Theorem 4.1] for the
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lower semicontinuity property, as the case is in the present note.
Fryszkowski [5] obtained a similar result under strong conditions
(compactness of X, a Banach space Y, and convexity of the values) as a
consequence of the existence of Caratheodory selections. QOur result
strengthens the one in 7] as we do not assume that F(-, r) has a closed
graph and that Y is locally compact. The latter condition is essential in the
Himmelberg-Van Vleck method. Our approach is along the lines that
Castaing [ 1] and Jacobs [9] prove Lusin type results for set-valued maps.
The proof of Theorem 2.1 follows several lemmas, some standard, and the
proofs are outlined for completeness.

In the sequel, if p(-,-) is a metric and B is a set in the metric space then
p(a, B) denotes the inf{p(a, b): be B}, and inf@ = o0.

LEMMA 2.2 (Castaing [1] and Jacobs [9]). Let G(t) be a set-valued
map defined on T, with values being closed subsets of a separable metric
space M. If G is measurable then for every ¢ >0 there exists a compact set
K< T, with u(T\K) <&, and such that G restricted to K has a closed graph.

Proof. Denote by p(-,-) the metric on M and let {m,}, j=1,2,.., bea
dense sequence in M. For each j the function p(m;, G(1)): T — [0, 0] is
measurable (by [18; Theorem 4.27]). By the standard Lusin theorem there
is a compact set K;c T with u(T\K;) <£27/, and such that p(m,, G(1)) is
continuous on t€ K. Let K be the intersection of K, for j=1, 2, ... Then K
is compact, u(T\K) <e and p(m;, G(1)) is continuous on K for all m,. The
latter property implies that the restriction of G to K has a closed graph.
Indeed, let (¢, n,) converge in KxM to (ty,,n,) and n,eG(t,) for
k=1,2,... Let m; be an element from the dense sequence with
p(m;, ny) <4, for small é. By the continuity of p(m;, G(r)), and since the
limsup of p(m;, G(t)) is no greater than 4, it follows that for an element
ns e G(t,) the inequality p(m;, n;) < holds, hence p(n,, n;) < 26. Since J is
arbitrarily small and G(t,) is closed, it follows that ny,e G(z,). This
completes the proof.

Recall that a function g:Z —(—o0, 00] is upper semicontinuous, if
z, = 2y in Z implies g(z,) = limsup g(z,). In the sequel, and throughout,
d(-,-) denote the metric on Y.

LEMMA 2.3. Let F(z) be a set-valued map defined on a metric space Z,
with values being subsets (possibly empty) of Y. Let {n,} be a dense sequence
in Y. Then: (a) if F is lower semicontinuous then for every n € Y the mapping
d(n, F(2)): Z — [0, o0 ] is upper semicontinuous, and (b) if for every j the
mapping d(n;, F(z)): Z - [0, 00 is upper semicontinuous then F is lower
semicontinuous.
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Proof. Let z, — zo. If F(z,) is empty then d(n, F(z,)) = co and part (a)
holds at z,. If F(z,) # (J, then, given £ > 0, a point y, e F(z,) can be chosen
with d(n, yo)—d(y, F(zy))<e. If F is lower semicontinuous, then a
sequence y, — y, exists, with y, e F(z,) for k large. It follows then that
limsup d(n, F(z,)) <d(n, y,); since the latter is less than d(y, F(z,))+ ¢ and
since ¢ is arbitrarily small, part (a) follows. For part (b) let z, =z, and
yo€ F(z,). For a given £>0 choose an #; in the dense sequence so that
d(n;, yo) <e. In particular, d(n,, F(z,))<e. The upper semicontinuity
assumption implies that limsup d(r;, F(z,)) <& as k — co; hence y, € F(z,)
exist with d(n;, y,)<2e, this for k large enough; in particular,
d(n;, yo) < 3e. Since ¢ is arbitrary, a simple diagonal procedure with ¢ -0
implies the lower semicontinuity and completes the proof.

LEMMA 2.4. Let F be a set-valued map on X x T, satisfying (1) and (ii).
Let ne Y be fixed and consider the set-valued map S from T into subsets of
X x [0, oc ], defined by

S(t)y={(x,r):0<r<d(n, Fix, 1))}

Then S has closed values and is measurable with respect to the completion of
w on T. Furthermore, whenever K = T is such that the restriction of S to K
has a closed graph, then d(n, F(x,t)) is upper semicontinuous on
(x,1)e X x K.

Proof. Closedness of S(z) follows from the upper semicontinuity of
d(n, F(-, t}) (in the x-variable), which is implied by condition (i) and part
(a) of Lemma 2.3. To check measurability consider first the set

D={(t, x,r):r<d(n, F(x, 1))}

It is measurable in Tx X x [0, co], being the inverse image of [0, o ] by
the mapping A(t, x, r) =d(n, F(x, t)) —r, and the measurability of the latter
follows from the measurability of F(x, ¢) in (x, ) (condition (ii)) and [18,
Theorem 4.27. Given now an open set A < X x [0, co], the inverse S (A4)
is the projection on T of D (T x A), and by the projection theorem (e.g.,
[3; Theorem I11.2.3.]) the set S—(A) is measurable with respect to the com-
pletion of u. (In employing the projection theorem we use the completeness
of the metric space X.) This completes the first part of the lemma. To check
the upper semicontinuity of d(n, F(x, t})) on X x K suppose the contrary,
namely that limsup d(n, F(x,, 1)) > d(n, F(x,, 1)), where (x,, t,) converge
to (x, 4p) in X x K. For a subsequence of indices (still denoted here by k)
there are r, < F(x,, t,) which converge, say to roe [0, o], and hence
ro>d(n, F(x,, t,)) + ¢ for some ¢>0, this for k large enough. However,
(xg, Fi ) € 8(t,) while (x4, ro) ¢ S(¢,), which contradicts the assumption that
S has a closed graph on K. This completes the proof.
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Proof of Theorem2.1. First we choose a dense sequence {7,} in Y. For
a given j consider the set-valued mapping S, from T to X x [0, co ] given by

Sy ={(x,r):0<r<dly,, F(x, 1))}

By Lemma 24 the multifunction §; is measurable, and in view of
Lemma 2.2 there is a compact set K;= T with u(T\K}) < &2 such that S;
restricted to K has a closed graph. In light of the second part of Lemma 2. 4
the function d(n » F(x, 1)) is upper semicontinuous on X x K;. Let K be the
intersection of all K. Then u(T\K) <e, and d(n,, F(x, t}) is upper semicon-
tinuous on X x K for all j. Since {n;} is a dense sequence it follows from
Lemma 2.3 that F is lower semicontinuous on X x K, and this is the desired
conclusion.

Remark 2.5. The condition on T and X can be somewhat relaxed. The
completeness of the metric space T was used just to ensure that given B
measurable and ¢ > 0, there exists a compact K = B with u(B\K) < ¢; this is
needed in the Lusin theorem. Therefore assuming instead that u is Radon,
or regular, is enough. The completeness of X was used in applying the
projection theorem, it would be enough therefore to assume that X is an
analytic set or a similar condition (consult with [187).

3, CARATHEODORY SELECTIONS

The result of the previous section enables us to derive existence of
Caratheodory selections in situations where lower semicontinuity implies
existence of continuous selections. (Lower semicontinuity is a natural con-
dition in the search for continuous selections; in fact, as pointed out by
Michael [ 13, 147, the lower semicontinuity is even a necessary condition if
the continuous selection is allowed to be prescribed at a given point.) This
leads us to the following abstract definition.

DEFINITION 3.1. Let F be a set-valued map defined on a space Z with
values in Y. We say that F is a Michael mapping (M-mapping for short) if
the restriction of F to Z, n {z: F(z)# ¥}, with Z, c Z, has a continuous
selection whenever the restriction of F to Z, is lower semicontinuous.

Almost every property which guarantees existence of a continuous selec-
tion for a lower semicontinuous mapping, is a property which determines
M-mappings. For example: If Y is a Banach space and Z metric then F is
an M-mapping if its values are convex and closed; if Y is separable then the
values need not be closed. These are Michael’s theorems, [137. The con-
vexity can be replaced by decomposability in a function space, this is
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Fryszkowski’s result [6]. Properties leading to M-mappings may not use
linearity at all, but may be topological in nature, see Michael [14] and
references therein, see also Curtis [4].

We turn now to our main theorem. In the sequel the set-valued F is
defined on X x 7, with values in Y as described in section2. A
Caratheodory selection of F is a point-valued function f(x, t), defined for
almost every 7 and when F(x, 1) # &, and such that f(-, t) is continuous,
f(x, -) is measurable, and f(x, t) e F(x, t).

THEOREM 3.2. Suppose F satisfies (1) and (i1} and it is an M-mapping.
Then F has a Caratheodory selection.

Proof. Let K, be compact subsets of T such that u(7T\K,)<2/ and
such that F restrlcted to X'x K; is lower semicontinuous. Such K; exist by
Theorem 2.1. Since F is an M-mapping it follows that for each mdex ja
continuous function f(x, ¢) exists, which is defined for (x,7)e XxK; if

Flx,n# & and fi(x, r)e F(x, t). We define f(x, ¢} to be equal to fi{x, ) if
teK; and 1¢ K, for i<j Then f(x, 1) is defined whenever F(x, t)# J,
except possibly for the set T\ ( U K,), Wthh is a set of measure zero. Clearly
fis a Caratheodory selection.

Occasionally one is interested in more than the existence of one selec-
tion, but rather in the existence of a sequence of selections that exhaust the
set-valued map. Specifically, if F(z) has closed convex values and is lower
semicontinuous into a separable Banach space, then Michael, [13], proved
the existence of a sequence f,(z) of continuous selections so that

F(z)y=cl{f(z)} for all z. This was extended by Fryszkowski[5] to
Caratheodory selectlons The method developed in our paper enables to
deduce the result for Caratheodory selections from the one of continuous
selections, as follows.

DeFINITION 3.3, Let F be a set-valued map defined on a space Z with
values in Y. We say that F is an SM-mapping if whenever Z, ¢ Z is such
that the restriction of F to Z, is lower semicontinuous, then there is a
sequence continuous selections f,(z) of F(z), defined on {z:zeZ,
F(z)# @&} such that cl F(z)=cl{ fi(z)}.

THEOREM 3.4. Suppose F satisfies (1) and (i) and it is an SM-mapping.
Then there exists a sequence f,(x, t) of Caratheodory selections of F such
that ¢l F(x, t)=cl{ f.(x, 1)}

The proof is along the lines of the proof of Theorem 3.2, we leave out the
details.
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4. ON THE MEASURABILITY

One may ask whether the joint measurability condition (ii) can be
replaced by the weaker one as follows

(it)"  F(x,-) is measurable for every fixed x.

We provide a counterexample, namely a mapping satisfying (i) and (ii)’
which does not posses a Caratheodory selection. In particular, (i) and (ii)’
do not imply the Scorza Dragoni property, nor do they imply con-
dition (ii). (For relations between (i), (ii), and (ii)’ see Papageorgiou [151.)

We use the continuum hypothesis. The continuum is the cardinality of all
pairs (f, B) such that: B is a Borel subset of [0, 1]x [0, 1], of Lebesgue
measure | and f: B-— [0, 1] is a Borel function (see [11]). et (f,, B,) be a
well ordering of such pairs.

We proceed inductively. Suppose that for each y <« a pair (x,, t,) was
determined. We choose 1, to be different from all ¢, for y <« and such that
the section {x:{x,7,)e B,} is of Lebesgue measure 1. Such ¢, exists since
the cardinality of sections with Lebesgue measure 1 is the continuum, and
only a denumerable number of ¢, were chosen previously. Now x, is deter-
mined such that (x,,7,)e B, and x, # x_ for all y <a. Again, the existence
of such x, is guaranteed since the aforementioned section has a positive
measure.

The counterexample consists of a set-valued map F(x, t) defined on
[0, 1]x[0,1] with values being closed sets in [0,1]. If r#¢, for all
ordinals « then we set F(x, 1)=[0, 1]. If t=1¢, then we set F(x, t,)=[0, 1]
if x#x, and F(x,,t,)={g,} with g, an arbitrary number with the only
condition g, # f,(x,, t,).

For a fixed ¢, and for a fixed x, the set-valued mapping is identically
equal to [0, 1] except possibly at one point (x,, t,). Therefore F(x, 1) is
lower semicontinuous in each of the variables separately, in particular (i)
and (i)’ hold. Yet, a Caratheodory selection does not exist, since for every
measurable function f(x, t), supposedly a selection, there is a Borel set B
with full measure in [0, 1] x [0, 17 on which fis Borel and f(x, t)e F(x, 1)
if (x, t)e B. Then (f, By=(f,, B,) for some index «, but then f cannot be a
selection of F since f(x,, 7,) =g, ¢ F(x,, t,). This concludes the example.
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