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1. Introduction

Edit distances, initially introduced for string-to-string comparison [1], were later extended to compare ordered trees [2,
3] and unordered trees [4]. Ordered trees are trees in which the left-to-right order of each node’s children is fixed [2] while
unordered trees are trees in which no order is considered on the set of children of any vertex.

In this context, the tree-to-tree edition problem consists in determining a sequence of edit operations (substitutions,
insertions and deletions of vertices) of minimum cost needed to transform one tree into the other, the cost of a sequence
being the sum of the costs of its edit operations. The edit operations are constrained in order to preserve the topology of trees
after their application. Basically, in an optimal sequence of edit operations no more than one edit operation can be applied on
any vertex of a tree and the edit operations must maintain the ancestor-descendant relation between vertices. Furthermore,
in ordered tree comparisons, an additional constraint is added to maintain the left-to-right order of each node’s children [2]
while in the case of unordered trees an additional constraint preserves the descendants of the nearest common ancestor of
two vertices [4].

In this paper, we propose unifying these two approaches by introducing a new class of trees called semi-ordered trees.
A semi-ordered tree is a tree with a semi-order relation defined on the set of children of each vertex. Thus, ordered and
unordered trees can be considered as semi-ordered trees using an appropriate definition of the semi-order relations between
children of vertices. Finally, we propose an algorithm to compute a constrained edit distance between two semi-ordered
trees using the dynamic programming principle.

The introduction of semi-ordered trees is motivated by a biological application. Indeed, in most botanical applications,
trees are used to represent the topological structure of plant architectures [5] and then to evaluate the similarity between
these architectures using edit distances [6]. Generally, the topological structure of plant architectures can be modeled by
ordered trees. However, the order between the components of a plant is often partially measured and in some cases, only
semi-order relations instead of order relations are measured between the components. In these cases, plant architectures
can be modeled by semi-ordered trees.
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Fig. 1. (a) A semi-ordered tree T, (b) the ordered partition of the children of the vertex x induced by the total semi-order relation =, on C(x).

In Section 2, we formally define a semi-ordered tree. In Section 3, we first define the notion of mapping between two semi-
ordered trees, and then a polynomial algorithm for the computation of a constrained edit distance between semi-ordered
trees is described.

2. Semi-ordered trees

Adirected graph G = (V, E) consists of a set V of vertices, a set E of edges, each edge being represented by an ordered pair
of vertices. The order (i.e. number of vertices) of a graph G = (V, E) is denoted by |G| and the number of vertices in a subset
of vertices X C V is denoted by |X|. If G is a directed graph then for any edge (x, y) in E, x and y are called a parent-child
pair. A rooted tree is then an acyclic, connected, directed graph T = (V, E) in which every vertex except one (the root r)
has exactly one parent vertex: the root has no parent. The parent of a vertex x is denoted by P(x) and the set of children of
x is denoted by C(x). A path between two vertices x and y is a (possibly empty) sequence of edges {(x;, Xi11)i=1.n} such that
x1 = xand x,1 = y. Avertex y is then a descendant of a vertex x (and reciprocally x is an ancestor of y) if there exists a path
between x and y. The ancestor-descendant relation on the set of vertices of a rooted tree is a partial order relation on the
set of its vertices denoted by <: by x < y we mean that x is an ancestor of y. The nearest common ancestor of two vertices x
and y of T, denoted by x Ay, is the common ancestor of x and y such that for any common ancestor z of xand y,z < (x A y).
In the following, T[x] denotes the subtree of T rooted at x which contains all the descendants of x, and the empty tree and
the empty graph are both denoted by ¥ = (¢, 9).

A forest is a set of rooted trees. The set of the roots of the trees composing a forest F is denoted by roots(F). Let T be a
rooted tree. Let x be a vertex of T. Let X = {xq, ..., x,} be a subset of C(x). F[X] denotes the subforest of T consisting of
subtrees rooted at vertices of X, F[X] = {T[x1], ..., T[x,]}. Thus, the subforest of a vertex x denoted by F[C(x)] is obtained
from T[x] by removing the root x and all edges incident with x. F[C(x)] is simply denoted by F[x].

An ordered treeis a pair (T, S<) where T is arooted tree and S< = {=<, x € T}is aset of total order relations such that for
any vertex x of T, <, is a total order relation on C(x). The set of total order relations S< and the ancestor-descendant relation
< on the vertices of T induce two total order relations on the set of vertices of T (namely prefix or postfix order relations). An
unordered tree is a rooted tree T such that the only significant relation between the vertices of T is the ancestor-descendant
relation (all the children of a vertex of T are equivalent). We propose unifying these two classes of trees in a single one called
semi-ordered trees (Fig. 1.a). A semi-order relation [7] C on a set V is a reflexive and transitive binary relation on V. C is a
total semi-order relation if for any pair (x, y) of elements of V,x C y ory C x, otherwise C is called partial semi-order relation.
In Fig. 1, the total semi-order relation on the set of children of a given vertex in a tree is defined by the relation “less than or
equal to” on the numbers associated to the vertices.

Definition 1 (Semi-ordered Tree). A semi-ordered tree is a pair (T, S) where T is a rooted tree and S = {C,, x € T}isa
set of total semi-order relations such that for any vertex x of T, C, is a total semi-order relation on C(x).

Note that an unordered tree T is a semi-ordered tree (T, Sc) such that for any vertex x of T, C, is an equivalence relation
having only one equivalence class, i.e. for any pair (x1, x) in C(x) x C(x), X; Cx X, and x, T x; (all the children of x are
equivalent). Similarly, an ordered tree T is a semi-ordered tree (T, Sg) such that for any vertex x of T, C, is a total order
relation on C(x). A semi-order (or pre-order) relation on C(x) means that some elements of C(x) are equivalent (equal) while
some others can be totally ordered. If there are some elements which are not comparable then the semi-order is partial
otherwise it is a total semi-order relation.

Let (T, Sc) be a semi-ordered tree. The set of semi-order relations S and the ancestor-descendant relation < on the
vertices of T induce an order relation denoted by = on the set of vertices of T defined as follows. Let us consider two vertices
x and y. x will be smaller than y according to C if and only if x is an ancestor of y or there exists two ancestor s and ¢t of
respectively x and y, having the same parent u such that s is strictly smaller than t according to C,,.

Formally, for any vertex u of T and s, t € C(u), the relations =, t and t Z, s is denoted by s , t. The order relation =
is such that for any pair (x, y) of vertices of T, x and y satisfy x C y if and only if x is an ancestor of y or there is a pair (s, t)
of vertices in C(x A y) such thats <xandt <yands Cxny t:

x <yor,

VxyeV, xLy& {Els,teC(x/\y)|s§xandt§yandsz,my t.
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Note that if T is an unordered tree then C is simply the ancestor-descendant relation and if T is an ordered
tree then C is a total order relation on V (namely the prefix order relation), in any other case C is a partial order
relation.

Let V be a set and C a total semi-order relation on V. C induces an equivalence relation (i.e. reflexive, transitive and
symmetric) on V denoted by = and defined by:

Vx,yeV, x=y<xCy and yLCx.

The equivalence class of an element x in V is denoted by [x] = {y € V | x = y} and the set of equivalence classes of the
elements of V (defining a partition of V) is denoted by V— = {[x] | x € V}. In the same way, the total semi-order relation =
induces a total order relation < (i.e. reflexive, transitive and antisymmetric) on V= defined by:

Vixl, [yle V=, [X]=<[y]&xCy.

For any vertex x of T, the partition of C(x) induced by C, is denoted by C(x)_ (Fig. 1.b). For any set X in C(x)_, the
left-class of X denoted by X~ is the set of all vertices x; in C(x) such that for any vertex x; in X, x; C x; and the augmented-
left-class of X denoted by X* is defined as X™ = X U X~. The maximal set X of C(x)_ for the order relation defined on
C(x) is such that C(x) = X, then the subforest of x is the subforest of T consisting of subtrees rooted at vertices of X,
F[x] = F[X*].

For example, in Fig. 1.b, the ordered partition of C(x) is C(x)—= = {{x1, X2}, {X3, X4}, {xs5}}. If the set X is {xq, x2}
(respectively, {x3, x4}; {xs}) then the left-class of X is X~ = ¢ (respectively, X~ = {x1,x2}; X = {x1, X2, X3, X4}) and
the augmented-left-class of X is X = {xq, xo} (respectively, X* = {x1, X2, X3, X4}; XT = C(x)).

A semi-ordered forest is a pair (F, Cr) where F is a set of semi-ordered trees and Cr is a total semi-order relation on
roots(F). Note that, for any set X in C(x)=, (F[X], =), (F[X~], C,) and (F[X™], C,) are semi-ordered forests since F[X],
F[X~]and F[X "] are sets of semi-ordered trees and C, is a total semi-order relation on roots(F[X]) = X, roots(F[X™]) = X~
and roots(F[X*]) = X™.

In the following, trees are labeled on an alphabet X and « is a function that associates a label of X' to each vertex of a tree
T = (V,E),a : V — X.Adistance d is assumed to be defined on the labels of X. A distance! between vertices is defined
using d: y (x,y) = d(a(x), «(y)). Let A be a symbol not in X. d is extended by defining quantities d(«(x), A) and d(X, a(y))
such that d is a distance on X' U {)}. The distance d(«(x), A) between the label of a vertex x and the label A is denoted by
y (x, A) by convention, and similarly for y (A, y).

In the following, (T4, Sc,) and (T3, Sc,) are two semi-ordered trees. If there is no confusion, (T1, Sz, ) and (T, Sc,) are
respectively denoted by T; and T, T and T, are the partial order relations respectively defined on the set of vertices of T;
and T,. They are simply denoted by C if there is no confusion.

3. Edit distance

The computation of an edit distance between two trees consists in determining a sequence of edit operations of minimum
cost which transforms an initial tree into a target tree. In order to characterize the effect of a sequence of edit operations
between two trees, edit distance mappings between vertices of trees has been introduced in [4] for unordered and [2,3] for
ordered trees.

3.1. Mapping between semi-ordered trees

An optimal sequence of edit operations (i.e. a sequence having a minimum cost) from T; to T, is such that the
corresponding mapping associates a vertex of T; to at most one vertex of T, and reciprocally and preserves the relations
defined on the vertices of T; and T,, namely the ancestor-descendant relation and the semi-order relations. The preservation
of the ancestor-descendant relationship < and the semi-order relations C, is equivalent to the preservation of < and the
order relation C induced on the vertices of T; and Ts.

A valid mapping from T; = (V;, E;) to T, = (V, E;) is a set M of ordered pairs of vertices (s, s") withs € V; and s’ € V,
such that for any pairs (s, s") and (t, t’) in M:

/

s=tes=t
s<tes <
sCt& s Tt (semi-order preservation)

(one-to-one)
t' (ancestor-descendant preservation)

For any pair (s, s’) in M, s and s’ are called images of each other and are denoted by M(s) = s’ and M(s') = s. If there is
no confusion, (s, s’) € M is denoted by s € M and s’ € M. Let F; (respectively, F,) be a subforest of T; (respectively, T,). The

1 A distance d on a set V is a function that associates to each pair of elements of V a non-negative real such that for any x, y,zin V, d(x, y) = 0 if and
onlyifx =y,d(x,y) = d(y,x) and d(x,y) + d(y,z) > d(x, 2).
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M(F,)

Fig. 2. A valid mapping from a semi-ordered tree T; to a semi-ordered tree T, and the images M(F;) and M(F,) of subforests F; and F, of T; and T,
respectively. The vertices of T; and T, images of each other are linked by dotted lines.

Fig. 3. Examples of mappings between two semi-ordered trees T; and T,. M = {(x, y), (w1, w3), (X1, X2), V1, Y¥2), (21, z2)} is a not valid mapping from T
to To: y1 E z; whereas y, Z z,. M\{(z1, z2)} is a valid but not constrained mapping: (wq A x1) < y; whereas (wy A X2) £ y2. M\{(1,¥2), (z1,22)} isa
constrained mapping from T; to T,.

image of F; (respectively, F,) denoted by M (F,) (respectively, M (F,)) is the subforest of T, (respectively, T;) containing all
the images of vertices of F; (respectively, F,) and their descendants. The concept of mapping is extended to forests and sets
of vertices not necessarily connected.

Let M be a valid mapping from T; to T, (Fig. 2). Let I (respectively, J) be the set of vertices of T; (respectively, T,) which
do not appear in a pair of M. The cost of M is defined by:

yM)= Dy + Y yE )+ Y ya.s).

(s,s")eM sel s'e]

The edit distance between T; and T, is the minimum cost of a valid mapping from T; to T,. Since unordered trees are
particular cases of semi-ordered trees, computing the edit distance between two semi-ordered trees is at least as hard as
the computation of the edit distance between unordered trees which is a MAX-SNP-hard problem [8].

3.2. Constrained edit distance

Since the computation of the edit distance between two semi-ordered trees is a MAX-SNP-hard problem, we consider a
constrained version of the problem: the computation on semi-ordered trees of the constrained edit distance introduced by
Zhang [4] to compare unordered trees.

A constrained mapping from T, to T, is a valid mapping (M, T;, T,) such that for any pairs (s, s'), (t, t’) and (u, u’) in M:

(sAt) <u <& (s At < u(structure preservation)

Examples of mappings between semi-ordered trees are presented in Fig. 3. Let x (respectively, y) be a vertex of Ty
(respectively, T,). Let X = {xq, ..., x,} (respectively, Y = {y1,...,¥m}) be a subset of C(x) (respectively, C(y)). The set
of constrained mappings from T;[x] to T,[y] (respectively, F;[X] to F>[Y]) is denoted by M¢(T;[x], To[y]) (respectively,
Mc (F1[X], B2[Y])).

Definition 2 (Constrained Edit Distance). The constrained edit distance between T; and T, is the minimum cost of a
constrained mapping from T; to T,:

D¢ (Tq, To) = min{y (M) | M € Mc(Tq, T2)}.

Zhang [4] has described a dynamic programming algorithm to compute the constrained edit distance between two
unordered trees using reductions of some subproblems to minimum cost maximum flow problems [9]. Similarly, we propose
in the following a reduction of the computation of the constrained edit distance between semi-ordered trees to minimum
cost maximum flow problems. The following recurrence formulas form the basis of the algorithm for the computation of
the constrained edit distance between two semi-ordered trees.
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Fig. 4. A restricted mapping from F;[C(x)] to F,[C(y)] such that (M) = {(x1, y1), (X2, y3)}.

Lemma 3 (Initialization). Let x, y be two vertices of T, and T, respectively. X and Y are two sets of vertices respectively in C(x)_
and C(y)_:

De(@, %) =0

D¢ (Ty[x], 9) = y (x, &) + D¢ (F[x], 9)
Dc(Fi[X1,9) = 3y ex De(Thlxe], 9)
Dc(F1[X™], @) = Dc(Fi[X], @) + Dc(F1[X ™1, )
Dc(@, TLly]) = v (A, y) + Dc(4, F2ly])

Dc(@, R[Y]) = 3, ¢y Dc (@, Talyi])

Dc(@, K[YT]) = Dc(4, F[Y]) + Dc (4, B[Y D).

Proof. The two first formulas are obvious. Since the forest F;[X] is composed of subtrees rooted at vertices of X, D¢ (F1[X], &)
is equal to the sum of the values D¢ (T;[x], @) such that x is a vertex in X. Since X = X U X™, D¢ (F;[X "], @) is equal to
D¢ (F1[X]1, @) plus D¢ (F1[X ], ©). The proofs of the last three formulas are symmetric to the previous proofs. 0O

Lemma 4 (Constrained Edit Distance Between Subtrees). Let x and y be two vertices of T; and T, respectively. The constrained
edit distance between T,[x] and T»[y] is:

D¢ (Fi[x], B2[yD) + y (%, ¥)
D¢ (Tq[x], T2[y]) = min { miny, ecy) {Dc (T1[X], T2[yk]) — Dc (@, Talyi])} + Dc (9, T2y])
minyece (D (T1[Xe], T2ly]) — De(T1[xe], 9)} + Dc (T [x], 0).

The proof of Lemma 4 (in Appendix) is similar to the proof of Lemma 6 in [4]. Indeed, only the preservation of ancestor-
descendant relations is needed to compute D¢ (T1[x], T>[y]).

However, to compute Dc(T[x], Tz[y]), we first need to compute D¢ (F;[x], F;[y]). The computation of D¢ (F;[x], F>[y])
uses the notion of restricted mapping introduced by Zhang [4] using a different formalism. Let X = {x1, ..., X, } (respectively,
Y = {y1,...,ym}) be asubset of C(x) (respectively, C(y)). A restricted mapping from F;[X] to F>[Y] is a constrained mapping
M from F;[X] to F>[Y]) such that for any pairs (s, s") and (t, t’) in M (Fig. 4):

(sAb) € FIX] & (5 At) e BlY]

This means that each tree of F;[X] is mapped on at most one tree of F,[Y] and reciprocally. Thus, M induces a valid
mapping from X to Y denoted by & (M) (Fig. 4) and defined as follows:

PM) = {(xi,y) € X xY | M(Tq[x]) € M(Ta[y;]) and M(Tz[y;]) € M(Ti[xi])}.
The set of restricted mappings from F;[X] to F,[Y] is denoted by R (F;[X], F2[Y]).

Lemma 5 (Constrained Edit Distance Between Subforests). Let x and y be two vertices of Ty and T, respectively. The constrained
edit distance between Fy[x] and F,[y] is:

min{y (M), M € R(F;[x], F[y])}
D (F[x], F2[y]) = min { miny, cco){Dc (F1[X], F2[y]) — Dc (4, Faolyi])} + Dc (4, Fa[y])
Minyece {Dec (Filxk], F2[y]) — De(Filxkl, 9)} + D (Filx], 9).

The proof of Lemma 5 (in Appendix) is only based on the preservation of the ancestor-descendant relation and the
structure. It is then similar to the proof of Lemma 7 in [4].

Finally, the computation of D¢ (F;[x], F>[y]) leads us to the computation of an optimal restricted mapping between F;[x]
and F,[y]. Let P be a valid mapping from C(x) to C(y). Let I (respectively, J) be the set of vertices of C(x) (respectively, C(y))
which do not appear in a pair of P. We denote by y*(P) the value:

y*(P)= > Dc(Tilx]. Taly)) + Y De(Tilxil. ) + Y De(#, Talyj)).

(xi,yj)€P xi€l yi€l
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Let M be an optimal restricted mapping from F;[x] to F;[y]. Since M has a minimum cost, its cost is y*($#(M)). Thus, a
way of computing the minimum cost of a restricted mapping in R (F;[x], F>[y]) is finding a valid mapping P from the set
of children of x (i.e. C(x)) to the set of children of y (i.e. C(y)) such that y*(P) is minimum. In the case of unordered trees,
the sets C(x) and C(y) are unordered therefore if |C(x)| = |C(y)|, finding a valid mapping P from C(x) to C(y) such that
y*(P) is minimum is equivalent to the computation of a bipartite matching of minimum weight in the weighted bipartite
graph (C(x) U C(y), C(x) x C(y)) such that the weight of an edge (x;, y;) € C(x) x C(y) is Dc(T1[x;], T2[y;]). More generally,
Zhang [4] reduces the computation of P to a minimum cost maximum flow problem [9]. In the current case, P is a mapping
that conserves the semi-order relation defined on C(x) and C(y) and the problem cannot be immediately reduced to a
minimum cost maximum flow problem. Nevertheless, P can be partitioned into mappings between forests whose sets of
roots are unordered and thus, the computations of the costs of these mappings are reduced to minimum cost maximum flow
problems. The minimum cost of a restricted mapping from a semi-ordered forest F; to a semi-ordered forest F, is denoted
by Dr(Fy, Fp):

Dg(F1, F2) = min{y (M), M € R(F;, F,)}.

For any vertices x and y of T; and T, respectively, since the set X (respectively, Y) of C(x)_ (respectively, C(y)-)
which is maximal for the order relation defined on C(x)_ (respectively, C(y)_) is such that F;[x] = F;[X™] (respectively,
E[y] = B[YT]), Dr(Fi[x], F2[y]) = Dr(F1[XT1, F[YT]).

Theorem 6 (Minimum Cost of a Restricted Mapping). Let x, y be two vertices of T; and T, respectively. X and Y are two sets of
vertices respectively in C(x)_ and C(y)_. The minimum cost of a restricted mapping from F;[X™] to F,[Y ] is:

Dr(F1[X], F2[Y]) + Dr(F1[X~], [Y™])
Dr(F1[X™], R[Y"]) = min { Dp(@, F>[Y]) + Dr(F1[XH], K[Y™])
Dr(F1[X1, #) 4+ Dr(F1[X~1, B[Y*]).

Proof. Let M be a restricted mapping from F;[X*] to F,[Y™]. We consider 4 cases according to whether M(F;[X]) = @ or
not and M(F,[Y]) = @ or not:

e If M(F{[X] # @) and M(F,[Y] # ©), since M is a valid mapping (conservation of the partial order relation), for any vertex
uq in F{[X] (respectively, u, in F>[Y]) which appears in M, M(uq) € F,[Y] (respectively, M(u;) € F1[X]). Then M is such
that:

- M(F[X]) € B[Y]and M(F;[Y]) € Fi[X] and,
- MF([XT] € RB[Y JandM(F[Y™]) € F[X™].

The cost of M is equal to the cost of a restricted mapping from F;[X] to F,[Y] plus the cost of a restricted mapping from
F1[X~] to F;,[Y~] and since M has a minimum cost, its cost is:

y (M) = Dr(F1[X], B2[Y]) + Dr(F1[X™], F2[Y™ D).

e If M(F1[X] # @) and M(F,[Y]) = ¥ then since M is of minimum cost, its cost is:
Y (M) = Dg(%, E>[Y]) + Dr(F1 (X1, [Y7]).

e If M(F{[X]) = @ and M(F,[Y] # @) then this case is symmetric to the previous one and the cost of M is:
¥ (M) = Dp(F1[X1, #) + Dr(F1[X ™1, B[Y ).

o IfM(F{[X]) = ¥and M(F,[Y]) = ¥ then M, = M U M; where M is a non-empty restricted mapping from F;[X] to F,[Y]
is such that M, € R(F{[X*], K[Y™]) and y (M;) < y (M) (since y satisfies the triangle inequality), the cost of M is then
greater than or equal to the minimum cost computed in the first case.

The minimum cost of a mapping in R (F;[X "], F,[Y™]) is then the minimum of the minimum costs of mappings in the first
three cases. O

In the formula for the computation of Dg(F;[X "], F,[Y™]) (Lemma 6),
Dg(F;1[X], F>[Y]) is the only part of the equation that is not of the form D (F1[ZT], F,[T™]) for some (Z, T) smaller than (X, Y).
Then, to compute Di(F;[X™], F,[Y*]), we first need to compute Dg(F;[X], F,[Y]) which can be reduced to a minimum cost
maximum flow problem as for the minimum cost of a restricted mapping between unordered forests [4] using the notions
of network and flow.

A network is a quintuple G = (V, E, c, s, t) such that:

e (V,E)isadirected graph,

e c is a function that associates to each ordered pair (u, v) in V x V its capacity, a non-negative real c(u, v) and such that
(u,v) €E=c(u,v) =0,

e sis asingle vertex in V which has no parent and is called the source,

e t is a single vertex in V which has no child and is called the sink.
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Fig. 5. (a) A tree T, [x], (b) a tree T,[y] and (c) the flow network R(C(x), C(y)): all the edges are directed from the left to the right and for any edge (u, v),
c(u, v) = 1exceptc(e, t) = 2.

Aflowin anetwork G = (V, E, c, s, t) is a function f that associates to each ordered pair (u, v) in V x V areal such that:

o f(u,v) <c(u,v),
o f(u,v) = —f(v,u),
o> L ovfu,w)y=0vVu#s,t.

The value of a flow f in G denoted by |f|is [f| = D, ., f(s, v).If dis a function that associates to each (u, v) in E a real cost
d(u, v), the cost of the flow f denoted by d(f) is d(f) = Z(u_v)eE d(u,v) - f(u,v).LetG = (V,E,c,s, t) be a flow network, d
a cost function defined on E. The minimum cost maximum flow problem in G consists in computing a flow f in G such that
If| is maximum and d(f) is minimum.

Foranyx € T{,X C C(x),y € T, Y C C(y), R(X, Y) denotes the flow network G = (V, E, c, s, t) such that (Fig. 5):

o IfIX| = Y]
-V ={s,t}UX UY with s and t the source and the sink of G respectively.
CE=({s]x X)) UK xY)U (Y x {t]).
- forany (u, v) inE, c(u, v) = 1.

o If |X| > |Y]
-V ={s, t,e} UX UY withs and t the source and the sink of G respectively.
CE=({s} xX) U X x (Y U{e})) U(Y U{e}) x {t}).
- for any (u, v) in E\{(e, t)}, c(u, v) = Tand c(e, t) = |X| — |Y|.

o If |X| < |Y]
-V ={s, t,e} UX UY withs and t the source and the sink of G respectively.
E=({s} x XU {e) U (X Ufe}) x Y)U (Y x {t}).
- for any (u, v) in E\{(s, )}, c(u, v) = 1and c(s,e) = |Y| — X|.

Lemma 7 (Computation of D). Let x, y be two vertices of T, and T, respectively. X and Y are two sets of vertices respectively in
C(x)= and C(y)—. The minimum cost of a restricted mapping from F{[X] to F>[Y], Dr(F[X], F2[Y]) is computed as the minimum
cost of a maximum flow in the flow network R(X, Y) with the costs:

o If|X| = |Y|thenV(x;,yj) € X X Y, d(xi,y;) = Dc(T1[xi], T2[y;]) and for any other edge (u, v), d(u, v) =0,

o If|X| > |Y|thenV¥(x;, ;) € X x Y, d(x;,¥;)) = Dc(T1[xi], To[y;]), Vx; € X, d(x;, ) = Dc(T1[x;], ¥) and for any other edge
(u, v), d(u, v) =0,

o IfIX| < |Y|thenV(x;,y;) € X x Y, d(x;,y;) = Dc(Thlxi], Taly;]), Vy; € Y, d(e, y;) = Dc(@, Taly;]) and for any other edge
(u, v),d(u, v) =0.

Proof. The computation of Dg(F;[X], F,[Y]) is equivalent to find a valid mapping P from X to Y such that y*(P) is minimum
with:

y*(P)= Y Dc(Tilxl, Toly) + Y De(Tilxil, @) + Y De(@, Toly;])

(x;,y;)€P xi€l yi€l

where I (respectively, J) is the set of vertices of X (respectively, Y) which do not appear in a pair of P. If I = #and ] # @
then for any (x;, y;) inl x J, P, = P U {(x;, y;)} is such that y*(P,) < y*(P). Then the minimum cost of a restricted mapping
from F{[X] to F,[Y] is the minimum value y*(P) for a valid mapping P from X to Y such that |I| = 0 or |J| = 0. Thus if
|X| = |Y] (respectively, |X| > |Y]|; |X| < |Y]|) then |I| = 0 and |J| = 0 (respectively, |I| = |X| — |Y|and |J| = 0; |I| = 0 and
Ul = |Y| — |X]).Since X and Y are unordered sets and the maximum value of a flow in R(X, Y) is f* = max{|X|, |Y|}, y*(P)
is exactly the minimum cost of a maximum flow in R(X, Y) with the defined cost. O

Using Lemmas 3, 4, 5, 7 and Theorem 6, Algorithm 3.2 describes the computation of D¢ (Ty, T>). In the algorithm, the
vertices of T; (respectively, T,) are numbered from 1 to |T;| (respectively, |T>|) according to a postfix order (i.e. induced by
a post-order traversal of each of the trees) and for any vertex x € T; (respectively, y € T), the sets of C(x)= (respectively,
C(y)=) are numbered from 1 to |C(x)=| (respectively, |C(y)=|) according the order relation defined on C(x) (respectively,
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C(y)=). The validity of the algorithm 3.2 follows from six points:

(1) Lemmas 3, 4, 5,7 and Theorem 6 are valid,

(2) The dynamic programming tables are first initialized,

(3) Forany (x,y) € Ty x Ty, Dc(T1[x], T2[y]) is computed after D¢ (F1[x], F2[y]), all Dc (F1[xk], F2[y]) such that x;, € C(x) and
all D¢ (F1[x], F>[yk]) such thaty, € C(y),

(4) Forany (x,y) € Ty x Ty, Dc(F1[x], F2[y]) is computed after Dg(F;[x], F2[y]), all D¢ (F1[x,], F2[y]) such that x, € C(x) and
all D¢ (Fq[x], F2[yx]) such that y, € C(y),

(5) Forany (X, Y) € C(x)= x C(¥)=, Dr(F1[X™], E[Y]) is computed after distances Dg(F;[X], F2[Y]), Dr(F1[X "1, F2[Y ™)),
Dr(F1[X™], F,[Y™]) and Dg(F{[X "], KX[Y 1)),

(6) Forany (X,Y) € C(x)= x C(y)=, Dr(F1[X], F2[Y]) is computed after all distances D¢ (T+[x;], T>[y;]) such that (x;, y;) €
C(x) x C(y).

Algorithm 3.2.
Begin
initialize dynamic programming tables using Lemma 3
Forx=1— | T; | Do
Fory=1— | T, | Do
ForX =1— |C(x)_ | Do
ForY =1— | C(y)_ | Do
compute Dg(F1[X], F,[Y]) using Lemma 7
compute Dg(F;[X*], F,[Y™]) using Theorem 6
compute D¢ (Fq[x], F2[y]) using Lemma 5
compute D¢ (T;[x], T[y]) using Lemma 4
Output: Dc(T1[| Ty |1, T2[| T2 11D
End

The complexity of the computation of D (T, T5) is due to the computations of Dg(F;[X], F,[Y]) forallx € T{,X € C(x)_,
y € T, Y € C(y)—, which are computed by solving minimum cost maximum flow problems [9]. For any vertices x and y of
T, and T, respectively, X in C(x)_ and Y in C(y)_, an algorithm presented by Tarjan [9] allows computing the minimum
cost of a maximum flow in R(X, Y) in time O(|X| x |Y| x (|X| + [Y]) x log,(|X| 4+ |Y|)). For any i in {1, 2}, we set
deg(T;) = maXxyer;{deg(x)} with deg(x) = |C(x)|. The complexity in time of the computation of D¢ (Ty, T;) using Algorithm
3.2 is then in:

0<ZZ > |X|x|Y|x(|X|+|Y|>xlogz<|X|+|Y|>>.

xeTq yeTy XeC(x)= YeC(y)=

§O<ZZ doix Y |Y|><(deg(Tl)+deg(T2))Ing(d€g(T1)+deg(Tz))>-

xeTy yeTr XeC(x)= YeC(y)=

<0 (Z ICEO1 x Y 1CW)| x (deg(Ty) + deg(T2) x log,(deg (Ty) + deg(Tz))> .

xeTq yel,
< O(ITh] X |T2| x (deg(T1) + deg(T>)) x log,(deg(T1) + deg(T>))).

Finally, the computation of D¢ (Ty, T>) has then a complexity in time bounded by O(|T;| x |T»| x (deg(T,) + deg(T>)) x
log, (deg(Ty) + deg(T»))).

Concerning the space complexity of Algorithm 3.2, for any vertices x and y of T; and T, respectively and any sets of vertices
X and Y respectively in C(x)_ and C(y)—, the minimum costs of restricted mappings between subforests (Dg(F1[X], F>[Y])
and Dg(F;[X*], E,[Y™])) can be temporarily stored until the computation of D¢ (F;[x], F»[y]). The temporary array used to
store these values requires space O(deg(T;) x deg(T,)). Then, the algorithm for the computation of D (T, T,) only requires
a permanent array to memorize the intermediate computed distances between subforests (D¢ (F;[x], F2[y])) and between
subtrees (D¢ (Tq[x], T>[y])). This permanent array requires space O(|T{| x |T;|). The space complexity of the algorithm is then
bounded by O(|T;| x |T|).

If T, and T, are ordered trees (respectively, unordered trees), then Algorithm 3.2 has exactly the same steps (i.e. series
of instructions) and results as the algorithm proposed by [3] (respectively, [4]) to compute the constrained edit distance
between two ordered trees (respectively, unordered trees).

4. Conclusion
In this paper, we have formally defined semi-ordered trees and proposed an edit distance between such trees. The

algorithm to compute the constrained edit distance between two semi-ordered trees uses the dynamic programming
principle and works in polynomial time.
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This work is part of a project to develop computer tools for comparing plant architectures [10] and the algorithm has
been implemented in VPlants, a software dedicated to plant architecture analysis [ 11]. From an algorithmical point of view,
the consideration of the constrained edit distance (using constrained and restricted mapping) for the comparison of plant
architectures has allowed us to study a tractable problem (the computation of the constrained edit distance) but it is also
relevant from a biological viewpoint. Indeed, in the plant a branching system is generated by a same meristem.? Then, it is
normal for this branching system to be mapped on a ramified system generated by a single meristem.

This tool opens new perspectives for the comparison of plant architectures. Extensions of the algorithm to multiscale
trees and local edition [12] are currently studied. The definition of distances between plant architectures highlights some
general aspects concerning plant modeling. These methods are for instance useful and essential to improve plant simulation
techniques.

Acknowledgement

This work was supported by the research project grant ANR-06-BLANC-0045 (BRASERO) from the national agency for
research.

Appendix. Proofs of Lemmas 4 and 5

Proof of Lemma 4. We consider a partition of M¢(T{[x], T>[y]) in 4 subsets according to whether M(T;[x]) € F,[y] or not
and M (T,[y]) C F;[x] or not. Let M be a minimum cost mapping in M (T1[x], T>[y]).

o IfM(Tq[x]) C F;ly] and M(Tz[y]) € Fi[x]thenx € M andy ¢ M, then there is a vertex y;, € C(y) such that M(x) € T,[yx]
and since M is a valid mapping (preservation of the ancestor-descendant relation) then M (T;[x]) € T,[yx]. Since M is a
minimum cost mapping, its cost is:

y(M) = {Dc(T4[x], Talyx]) — Dc (@, Ta[yk])} + Dc (@, Taly D).

min
YkeCy)
o If M(T1[x]) € F>[y]l and M(T,[y]) € F;[x], then this case is symmetric to the previous one:
y(M) = xngél&){Dc(Tl X1, T2[y]) — Dc(Th[xk], 9)} + Dc (T[], 9).
k

o IfM(T[x]) € F;[yland M(T;[y]) € Fi[x]thenx € Mandy € M, then (x, y) € M since M is a valid mapping (preservation
of the ancestor-descendant relation). Since M is a minimum cost mapping, its cost is:

y (M) = Dc(Fi[x], B2[yD) + v (x, ).
o If M(Ty[x]) € Fo[y] and M(T;[y]) € Fy[x] thenx ¢ M and y ¢ M. Since M is a minimum cost mapping, its cost is:
y (M) = Dc(Fi[x], B2[yD) + v (x, ) + y (1, y).

Since y verifies the triangle inequality, the minimum cost in this case is greater than or equal to the minimum cost in
the previous case.

The minimum cost of a mapping in Mc(T1[x], T2[y]) is then the minimum of the minimum costs of mappings in the first
three cases. O

Proof of Lemma 5. We consider a partition of M (F{[x], F2[y]) in 4 subsets according to whether there is a vertex y, € C(y)
such that M(F;[x]) C F,[yi] or not and there is a vertex x; € C(x) such that M(F,[y]) € F;[xk] or not. Let M be a minimum
cost mapping in Mc(F1[x], F2[y]).

o If Ay, € C(y) | M(F1[X]) C Falyk] and A x, € C(x) | M(F2[y]) € Fi[x] then since M is a minimum cost mapping, its cost
is:

y(M) = y:lelgly){Dc(Fl (], F2[yk]) — Dc (4, E2[yi D} + Dc (4, E2[y D).

o If Ay, € C(y) | M(F1[X]) € Falyx] and A x, € C(x) | M(F,[y]) € Fi[x,], then this case is symmetric to the previous one:
y(M) = ITelé?){Dc(Fl [xt1, F2[y]) — D¢ (Filxi], 9)} + D¢ (Fi[x], ).

Xk X

o If By, € C(y) | M(Fi[x]) C E[yx] and B x, € C(x) | M(F2[y]) € Fi[x«], since M is a constrained mapping, it is a restricted

mapping from F[x] to F,[y]. Since M is a minimum cost mapping, its cost is the minimum cost of a restricted mapping
from F[x] to F,[y]:

y (M) = min{y (M), M € R(Fi[x], F2[yD}.

2 A meristem is an undifferentiated plant tissue from which new cells are formed, as that at the tip of a stem or root.
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o Ifdy, € C(y) | M(F1[x]) € F[yr] and I x, € C(x) | M(F[y]) € Fq[x,] then M is a particular case of restricted mapping
such that £ (M) = {(x, yx)}, its cost is then greater than or equal to the minimum cost in the previous case.

The minimum cost of a mapping in M¢(F;[x], F;[y]) is then the minimum of the minimum costs of mappings in the first
three cases. O
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