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Abstract The bispectral quantum Knizhnik—Zamolodchikov (BqKZ) equation cor-
responding to the affine Hecke algebra H of type Ay_; is a consistent system
of g-difference equations which in some sense contains two families of Chered-
nik’s quantum affine Knizhnik—Zamolodchikov equations for meromorphic functions
with values in principal series representations of H. In this paper, we extend this
construction of BqKZ to the case where H is the affine Hecke algebra associated
with an arbitrary irreducible reduced root system. We construct explicit solutions of
BqKZ and describe its correspondence to a bispectral problem involving Macdonald’s
q-difference operators.
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1 Introduction

The bispectral quantum Knizhnik—Zamolodchikov (BqKZ) equations of type GLy
were introduced in [18]. The BqKZ equations make up a consistent system of
q-difference equations for functions depending on two torus variables 7,y € T :=
(C\{0)", such that for fixed y € T, the equations in # form Cherednik’s [ 1] quantum
affine Knizhnik—Zamolodchikov (KZ) equations associated with the principal series
module M), of the affine Hecke algebra H of type GLy with central character y, while
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on the other hand, for fixed t € T, the equations in y form another system of quantum
affine KZ equations associated with M;-1. The second system is expected to relate to
Etingof and Varchenko’s system of dynamical g-difference equations [8].

Cherednik constructed quantum affine KZ equations using intertwiners of repre-
sentations of the affine Hecke algebra. This way different types of quantum affine KZ
equations can be associated with different types of affine Hecke algebras and thus to
different types of affine root systems. For classical root systems the quantum affine
KZ equations appear as consistency equations for integrable spin chains with differ-
ent types of boundary conditions (quasi-periodic boundary conditions for GLy). In
the present paper, we extend the theory of BqKZ and its solutions to arbitrary root
systems. Apart from the case of GLy, which was treated in [18], there are three cases
to consider in the Macdonald—Cherednik theory, namely the twisted and untwisted
reduced affine root systems and the nonreduced affine root system of type CVC (see
[14, (1.4.1)—-(1.4.3)]). In this paper, we consider the twisted case [14, (1.4.2)]; the
untwisted case is expected to allow for a similar treatment. The construction of BqKZ
for C C (along the lines of [18]) appeared in a recent preprint by Takeyama [17], so
the picture is now rather complete.

Let us explain the ideas involved in a bit more detail. Choose 0 < ¢ < 1. Let
W = Wy x P be the (extended) affine Weyl group, the semidirect product of the
finite Weyl group Wy and the coweight lattice PV, corresponding to some reduced
irreducible root system of rank N. Consider the complex torus 7' := Homy (P, C*).
Transposing the natural action of Wy on P gives rise to an action of Wy on T'. For
A€ PY,letg* € T be defined by

g*(w) =g*, pe P

The action of Wy on T extends to an action of W on T by letting A € P act via
t — g’t.Let V be a finite-dimensional complex vector space of dimension #Wj. The
BgKZ system that we will introduce is a system of g-difference equations of the form

Cowt V) f (@t q"y) = ft.y), A pnePY,

for meromorphic functions f on 7' x T with values in V. Here, C(x ) (A, u € PY)
are End(V)-valued meromorphic functions on 7' x T, satisfying the following cocycle

property
C().+U,[L+S)(t5 V) = C().,[,L)(t9 V)C(v,i;‘) (q_)ht7 qﬂ)/) ’ )‘" /J/7 U,S € Pva

which implies that BqQKZ is a holonomic system of ¢g-difference equations.

BqKZ contains, in some sense, two families of Cherednik’s quantum affine KZ
equations associated with the principal series representation of H. We recall that the
quantum affine KZ equations associated with a finite-dimensional H-module M is a
consistent system of g-difference equations of the form

FMYW f (g t) = ft), rePY,
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for meromorphic functions f on 7 with values in M, and where FAM (A € PY) are
End(M)-valued meromorphic functions on T (see Sect. 3.1). Now, the first family of
quantum affine KZ equations inside BqKZ is parametrized by y € T ~ {1} x T C
T x T.More precisely, if we fix y = ¢ € T, we have

Coney(t. 0) = F (1),

where M, is the principal series representation of A with central character ¢, which
as a vector space can be identified with V via a {-dependent isomorphism. Similarly,
interchanging the roles of the torus variables ¢ and y, BqKZ contains a second family
of quantum affine KZ equations, parametrized by ¢t € T (related to the affine Hecke
algebra module M,-1).

Let us give an overview of the paper. After the construction of BqKZ, we introduce
the principal series representation, needed to express the (asymptotic) values of the
connection matrices C;, ) (¢, ). These in turn are used to construct an asymptotically
free self-dual meromorphic solution ® of BqKZ. The set of solutions SOL of BqKZ
allows an action of Wy, and the orbit Wy® constitutes a basis of SOL viewed as a
vector space over the field of g-dilation invariant meromorphic functions on 7 x 7.

For GLy, a correspondence [18, Thm. 6.16] between solutions of BqKZ and solu-
tions of a bispectral problem involving Ruijsenaars’ commuting trigonometric g-dif-
ference operators (also known as Macdonald—Ruijsenaars operators) was derived as a
bispectral incarnation of Cherednik’s [2, Thm. 4.4] embedding of the solutions of the
quantum affine KZ equations (for GL ) into the solutions of the Ruijsenaars eigen-
value problem. The latter has been generalized to an embedding of the solution space
of the quantum affine KZ equations for an arbitrary root system into the solution space
of a system of g-difference equations involving Macdonald’s g-difference operator
(see [9, Thm. 4.6] and [3]). We give the analog of the bispectral correspondence [18,
Thm. 6.16] in the setting of arbitrary root systems.

As for GLy, we may apply the correspondence to ¢ to obtain a self-dual
Harish-Chandra series solution of the bispectral problem. It is a bispectral analog
of (difference) Harish-Chandra series solutions of the spectral problem for Macdon-
ald’s g-difference operators, which were studied in [7] and [10] for root systems of
type A and in [12] for arbitrary root systems. Exploiting the corresponding features of
@, we obtain new results on the convergence and singularities of the Harish-Chandra
series. These results have applications in harmonic analysis on symmetric spaces as
well as in relativistic quantum Calogero-Moser systems. Recently, it was shown (see
[15]) that for generic y, the Harish-Chandra solutions we construct form a basis of the
meromorphic solution space of the spectral problem of the Macdonald g-difference
operators, the quantum integrals of the relativistic quantum Calogero—Moser system.
It is expected that this will lead to a g-version of Harish-Chandra’s c-function expan-
sion of the spherical function, an essential step for the g-version of harmonic analysis
(cf. [16]).

Though the general constructions are more or less the same as for GLy, various
technical results require a different approach. This becomes apparent in Sect. 4 when
computing the cocycle values, in Sect. 5 determining the asymptotic behavior of the
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g-connection matrices and their singularities, and in Sect. 6 finding the leading term
of ®. An important difference with the case of GL, complicating some of the proofs,
is the fact that the affine Weyl group of type GLy (and the corresponding affine Hecke
algebra) allows a rather convenient presentation in terms of the finite Weyl group
(respectively finite Hecke algebra) and an affine Dynkin diagram automorphism (see
[5, Lemma 1.3.4] or [18, §2.1]), which is lacking for affine Weyl groups (respec-
tively affine Hecke algebras) of arbitrary type. In this paper, we give all the main
constructions and provide those proofs that are substantially different from the proofs
for GLy.

1.1 Conventions

—  ® always stands for tensor product over C and End(M), for a module M over C,
stands for C-linear endomorphisms.

- N={1,2,...}.

— For a module M over a commutative ring R and a ring extension R C S, we write
MS =S® M.

— Fora,r € Rwitha > 0, we choose a” to be the positive real branch of the power
function.

2 Notations
2.1 Root data

Let (V, (, )) be areal Euclidean space of dimension N > 0. Let V be the space of affine
linear real functions on V. Consider the 1-dimensional vector space Rc. There is a
natural isomorphism of real vector spaces V @Rc¢ ~ Vviav+rc — (u+— (v, u)+r)
foru,v € V and r € R. We will use this isomorphism to identify V and V @ Re, thus
regarding ¢ € V as the constant function equal to 1.

The map D: V — V defined by D(v+rc) =v (v € R, r € R) is called the
gradient map. We extend the inner product (, ) to a positive semi-definite bilinear

form on V by

(f. &) = (Df, Dg),

for f, g € V.For f € V with Df # 0, weset f¥ :=2f/(f, f) € V.

Let R C V be a reduced irreducible finite root system in V and assume that the
scalar product is normalized such that long roots have squared length 2. The Weyl
group Wy C O(V) associated with R is the group generated by the orthogonal reflec-
tions s, in the hyperplanes o (« € R). Explicitly, we have

sq(V) = v — (v, a)a”,
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for o € R, v € V. Fix a basis of simple roots {«1, ..., an} of R. Write R for the
set of positive roots, R_ := — R for the set of negative roots, and ¢ for the highest
root with respect to this basis. Note that ¢» € R is a long root (and so ¢¥ = ¢).

We use the standard notations for the (co)root and (co)weight lattices, that is,

Q := Z-span of R,
Q" := Z-span of RY,
P:={reV|(a)eZ YaeR},
PV :={ueV|{u o) e€Z Ya € R}.

Note that 9 € P and Qv C PV. Furthermore, since ||«> = 2 for « € R a long root
and thus [|oe||?> € {1, 2/3} for @ € R short, we have ¥ = ||T2||°‘ € {o, 20,3} C Q
for any o € R. Hence, Q¥ C Q and therefore also PV C P.

Let L C V be any Wy-invariant lattice. The canonical action of Wy on V extends
to a faithful action of the semi-direct product group Wz := Wy x L on V such that
elements of L act as translations. If we want to stress that we view A € L as an element

of W, we write t(A). In this notation, L C Wy acts on V by
tMv =v + A,

for 2 € L and v € V. Transposing the action of W on V gives an action of Wy
on V. Itis given by

w( +rc) = wl) +re, w e Wy,
tAMD)(w+rc)y=v+ (r — (v, A))c, relL,

forv € V, r € R. Note that (w(f), w(g)) = (f, g) forall f,g € Vandw € Wy.
In the case that L = QY, Wy = Wgov = Wy x Q" is the affine Weyl group. The
extended affine Weyl group is Wpv = Wy x P, and we will simply denote it by W.

Associated with the reduced irreducible finite root system R, there is a reduced
irreducible affine root system S = S(R) :={a@+rc|a € R,r € Z}in V.Fora € S,
let sq: V — V be the reflection in the hyperplane a~! ({0}), given by

sq(v) =v —aW)Da",

for v € V. Then, s, = spat(a(0)Da") € Wyv. Note that § C V is W-invariant. We
define an ordered basis (ao, ..., ay) of S by setting

(ap,ai,...,ay) = (—¢p +c,a1,...,ay).

Write Sy and S_ for the associated sets of positive and negative affine roots, respec-
tively. Note that

Sy :={a+rc|laeR,r>yx)}
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where y is the characteristic function of R_,i.e., x(a) = lifa € R_,and x(«) =0
ifo € R;.

We put s; := 54 € Wov € Wiori =0,..., N. The affine Weyl group Wyv is
a Coxeter group with Coxeter generators the simple reflections s;. For w € W write
S(w) := Sy Nw~'S_. The length function £ on W is defined by

L(w) :=#S(w), weW.

The unique element with maximal length in W) is denoted by wy.
The finite abelian subgroup 2 := {w € W | £(w) = 0} of W is isomorphic to
PY/QV, and we have

W~ Wov x Q.

The action of € on V restricts to a faithful action on the set {ag, ...,an} of sim-
ple roots of S, so we can view €2 as a group of permutations on the set of indices
{0, ..., N}. We write C[2] for the group algebra of €.

The Bruhat order < on Wov extends to a partial order on W, referred to as the
Bruhat order on W (cf. [14, §2.3]). It is defined as follows. For w = wu and w’ = o'u’
with @, 0" € Q and u, u’ € Wgv, we have by definition

w<w < w=o andu < u'. 2.1

2.2 Algebra of g-difference reflection operators

Consider the complex torus 7 := Homgy, (P, C*). By transposition, the natural action
of Wy on PV gives rise to an action of Wy on 7. Fix 0 < ¢ < 1. For A € PV, let
g” € T be defined by

") =q™M, e PV,
The action of Wy on T extends to an action of W = Wy x P¥ on T by letting A € PY

actviat > g’t. Let the evaluationof t € T inapoint A € PV be denoted by t* € C*.
Then, summarizing, we have an action of W on T given by

—1
(wo)t =1 1,

() = g* ek,

fort €T, we Wopand A, u € P.

Let {wiv}lN: , be the set of fundamental coweights in P with respect to {«; }i’ [+ S0
(wiv,ozj) =4;jforl <i, j < N.Weidentify T ~ (C\ {0})N viat <> (t1,...,tN)
defined by
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fori =1, ..., N. Under this identification, the action of P on T reads
(O = gt = (q<)"wlv>t1, L qO"wth) (2.2
forhe PVandt = (t,...,ty) €T.
The algebra of complex-valued regular functions on 7 is C [xlil, cee xﬁl] =
span(c{x)‘};\epv, where x; is the coordinate function x; (t) := 1o (i=1,...,N)and

x*(t) := t* for A € PV. Clearly, it is isomorphic to the group algebra C[P"] of P".
We write C[T] = C [xlil, e, xﬁl], and we let C(T) denote the field of rational
functions on T, O(T) the ring of analytic functions on T, and M(T) the field of

meromorphic functions on 7. The W-action on T gives rise to a W-action by algebra
automorphisms on each of these function algebras, via

WD) = fFw '),

forw € W, t € T and f a (regular, rational or meromorphic) function on 7'. Note
that for . € PY and r € R, we have

w(xk+rc') — xw()»—i—rc) ,

where x*17¢ := ¢"x* € C[T].

By means of this W-action by field automorphisms on C(7), we can form the
smash product algebra C(T)#, W, which we call the algebra of g-difference reflection
operators with coefficients in C(7'), since it acts canonically on C(7") and M(T) as
g-difference reflection operators. For f € C(T'), we will write f(X) € C(T)#,W for
the operator on M(T') (or C(T)) defined as multiplication by f. We will also write
X ¢ = g"X* for . € PY and r € R.

Remark 2.1 Note that since (t(k)f)(t) — flg—= Py, ...,q_<w1‘v/’)‘>t1\/) (Le PV,

f e M(T)), C(T)#, W actually depends on a choice for ¢ 0 , where m € N is deter-
mined by m (P, PY) = Z. Our global convention concerning real powers of positive
real numbers justifies the apparent abuse of notation writing ¢ instead of ¢'/™.

2.3 The extended affine Hecke algebra and Cherednik’s basic representation

Letk; i = 0,..., N) be nonzero complex numbers such that k; = k; if s; and s;
are conjugate in W. Write k for the corresponding multiplicity label k: S — C \ {0},
so k(a) = kj foralla € W(ag;) i = 0,...,N). We set k, := k(a) fora € S.
Furthermore, for w € W we define

k(w) := H ka.

aeS(w)
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A coweight & € P is called dominant if (A, o;) > Ofori = 1, ..., N.Let P/ denote
the set of dominant coweights.

Lemma 2.2 For . € P/, we have

k) = [ & =8 (2.3)

aERL

(@)

where 8, € T is defined by (8x); =[] ky (i=1,...,N).

aeR4

Proof For ) € P} we have

St) =f{a+rclae Ry, 0<r < (X a)},
cf. [14, §2.4]. Note that kg4, = ko for o € R and r € Z since o + rc and « are
conjugate under the action of W. Indeed, for © € PV, we have t(u)(a + rc) =

a+ (r — {u, a))c and for any @ € R, there exists some v € P" such that (v, a) = 1,
so that we can take u = rv. Therefore,

ko) = ] kare= T &5

aER 4 a€R+
O<r<(r,a)
The second equality in (2.3) follows from the definitions. O

Definition 2.3 The affine Hecke algebra Hpv associated with the Coxeter system

(Wov, {s0. ..., sy}) and the multiplicity label k is the unital complex associative
algebra generated by elements Ty, ..., Ty, such that
(1) To, ..., Ty satisfy the braid relations, i.e. if fori # j, we have
SiSjSic =888,

with m;; factors on each side, then
LT,T; - =T,T;T;---,

with m;; factors on each side;
(i) (Tj —kj)(Tj+k;') =0, for j=0,...,N.

Note that since k is W-invariant, the group €2 acts on Hpv by algebra automor-
phisms via T; — T, fori =0,..., N.

Definition 2.4 The extended affine Hecke algebra H = H (k) is the smash product
H = HQV#Q.
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For w € W and a reduced expression w = wsj, ...s;,,, With ® € Q and
ir €{0,..., N}, we define

Ty =Ty ... Ty, € H,

it(w)
which is independent of the reduced expression chosen. The set {T,, | w € W} is a
linear basis of H. Note that for £ = 1, the extended affine Hecke algebra is just the
group algebra C[W] of W. The finite Hecke algebra is the subalgebra Hy = Hy(k)
of H, generated by T1, ..., Ty.

For » € P/, put

Y= Ty € H,
and for arbitrary » € PV put
Yhi=vr) Tl

if A = pu — v with u,v € PY. Then, the Y* (€ PV) are well defined, and we
have YO = 1 and Y*Y# = Y **# = YHY* forall A, € PY. Set Y; := Y for
i=1,...,N.

For k € C\ {0}, we define the functions b(z, x) and c(z, k) by

-1
K—K
b(z;k) == —,
-z
k- KZ
c(zik) == ————,
-z
as rational functions in z. Then for a € S, we define by, = b, € C(T) and
Cask,q = Ca € C(T) by

ba(t) := b(t* ; ky)
ca(t) := c(t”v; ka).

Remark 2.5 The g-dependence of b, , and cqx 4 comes from the convention
1917 = ¢"t* for « € R and r € R. If we write k~! for the multiplicity label
defined by k‘l (a) = (k(a))~! foralla € S, then we have

ca;g,q(t—l) = Cupt g1 (1) 2.4)

foralla € S and r € T. We leave out the subscripts k and g as long as there is no
chance of confusion (which is until Sect. 6).

Note that b, (t) = ks — ¢4 (t) and (wcy) (1) = Cy(e)(t) for all w € W. Itis conve-
nient to introduce the notations b; := baj and ¢; = Ca, for j = 0,...,N. The
following characterization of H is due to Bernstein and Zelevinsky (see e.g., [14,

§4.2)).
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Theorem 2.6 The affine Hecke algebra H = H (k) is the unique complex associative
algebra, such that

(i) Hy®CI[T] =~ H as complex vector spaces, viah® f +— hf (Y)forh € Hy, f €
CIT], where f(Y) =>, a;Y* if f = > ; asx* € C[T];
(ii) the canonicalmaps Hy, C[T] — H are algebra embeddings; we write Cy[T] =
spanc{Y*}; cpv for the image of C[T] in H;
(iii) Lusztig’s relations are satisfied, that is,

FONT; =Ti(s; HX) +b; (Y (F(¥) = (s, /H(Y)) 2.5

forj=1,...,Nand f € C[T].

Remark 2.7 Note that b; (Y~ (f(Y) — (s; f)(Y)) € Cy[T] although b;(Y~") by
itself is not defined as an element of H.

We end this section with the definition of the double affine Hecke algebra and state
some of its key properties. All of this is due to Cherednik; see [5]. It starts with the
realization of the affine Hecke algebra inside the algebra C(T)#, W of g-difference
reflection operators (see [14, (4.3.10)]).

Theorem 2.8 There is an injective algebra homomorphism p = prq: H —
C(T)#, W satisfying

o(T) =ki+ci(X)(si —1), i=0,...,N,
p(w) = o, w € Q.

Remark 2.9 The image p(H) preserves C[T], viewed as a subspace of the canonical
C(T)#,W-module C(T). The resulting faithful representation of H on C[T'] is called
the basic representation of H.

Definition 2.10 The double affine Hecke algebra H = Hi(k, ¢) is the subalgebra of
C(T)#,W generated by H (i.e. by pg ,(H)) and by the multiplication operators f (X)
(f € CITD.

Remark 2.11 Note that p = pr, and H = H(k, g) actually depend on q% (see
Remark 2.1).

We view H as a left C[T']-module by (f, h) — f(X)h (f € C[T], h € H). The
rule f@h+— f(X)h (h € H, f € C[T]) induces an isomorphism of C[7 ]-modules

CIT1® H ~H, (2.6)

Similarly to Theorem 2.6, the algebra structure of H can be described in terms of the
left-hand side of (2.6), allowing for an abstract definition of H (see [4, Thm. 2.1]):
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Theorem 2.12 The double affine Hecke algebra Hl can be characterized as the unique
associative algebra satisfying

(i) C[T]® H ~ H as complex vector spaces;
(ii) the canonical maps H, C[T]| < H are algebra embeddings;
(iii) the following cross relations are satisfied: for f € C[T]

Tif(X) = (s; HCOT; +b;(X) (f(X) = (5, /X)), j=0,....N, 27
of (X) = (0f)(Xw, e Q. 2.8)

A crucial ingredient in the construction of the bispectral quantum KZ equations is
Cherednik’s duality involution on H (see [14, (4.7.6)]).

Theorem 2.13 There exists an involutive anti-automorphism x: H — H determined
by

T;; = Tw_l, w € W(),
YH*=x"* reP,
XM *=v* repPV.

3 Bispectral quantum KZ equations

In this section, we extend the construction of the bispectral quantum Knizhnik—
Zamolodchikov equations for GLy [18] to arbitrary root systems. First, we recall
Cherednik’s construction of the quantum affine Knizhnik—Zamolodchikov equations
[1] associated with a finite-dimensional H-module.

3.1 The quantum affine KZ equations

In order to define the quantum affine KZ equations, we first need to left-localize the
double affine Hecke algebra H ~ C[T] ® H (see Theorem 2.12) with respect to
CIT]\ {0}. As a complex vector space, the resulting algebra H can be defined as
H ~ C(T) ® H, and then its algebra structure is determined by requiring C(7") and
H to be subalgebras and by requiring the cross relations (2.7) and (2.8) to hold for
f e C(T).

The injective map p of Theorem 2.8 extends to an injective algebra homomorphism
p: H— C(T#,W

by setting p(f (X)) = f(X) for f € C(T). Note that p (cj(X)’l(Tj — bj(X))) =
for0 < A] < N, which shows that p is surjective and therefore establishes an isomor-
phism H ~ C(T)#,W. Restricting the inverse p~! to W gives a realization of W
inside H*.
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The left multiplication map turns H into a left module over itself. The action of H
on the induced module Indg (H) = He g H can be pushed forward along the linear
isomorphism H®y H >~ C(T) ® H to obtain an algebra homomorphism

7 =m: H — End(C(T) ® H).
We regard C(T)#, W ® H as a subalgebra of End(C(7) ® H) by letting C(T)#, W
act on C(T') as in Sect. 2.2 and H on H by left multiplication. Then, the pullback
Ty =Ty g =70 p~ ! of  along p~! is an algebra homomorphism

7,0 C(T)#,W — C(T)#,W ® H C End(C(T) ® H),

which is explicitly given by

()= X1, feC(m,
L) =X DE; 0T —bj(X)s;®1), 0<j<N,
() =wQ® o, w e R,

1

as can be verified by a direct computation using the formula for p™" and the cross

relations (2.7).

Remark 3.1 The reason for the subscript x in t, will become apparent in the next
subsection when we discuss the bispectral story. Then, two copies of T will play a
role and x will denote the coordinate functions on one of them.

Note that 7, (s;) = st(X)(sth)l) with FSJ.(X) = (cj(X)_1 DART;—b;(X)®
1) € C(T)®H and trivially also 7y (w) = F,(X)(w®1) with F,, = 1®w € C(T)QH.
In fact, more generally, we have

nw)=FX)wel), weW,
where F,, are H-valued rational functions on 7 satisfying
Fot) =1, Fu(t) = Fy()Fy(w™'1) G.1)

for all v, w € W and ¢t € T. Viewed as elements of End(C(T) ® H) the F,,(X)
(w € W) are C(T)-linear and invertible (indeed FJI(X) =w!'® Dry(w™H). In
the language of non-abelian group cohomology, (3.1) means that w — Fy,(X) consti-
tutesacocycle W — GL¢ 7y (C(T)® H), where GL¢ (1) (C(T)® H) is a W-group via
the usual action of W on the first tensor leg of C(T) @ End(H) ~ GL¢ (1) (C(T) Q@ H).

Now let M be a left module over the affine Hecke algebra H. Then, MM =
M(T) ® M is a module over C(T)#,W ® H, where C(T)#,W acts on M(T) as
described in Sect. 2.2. Consequently, 7, gives rise to a representation

MW GL (MM(T)) ,
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defining T (w) (w € W) to be 7, (w) € C(T)#,W ® H acting on MMT)_ Let FM
(w € W) denote the corresponding functions F,,, € C(T) ® H acting on MM For
simplicity, we write F,' = F{ for € P.

Definition 3.2 (Cherednik [1]) The g-difference equations
FY0fq?n=fw, reP’ (3.2)

for f € M(T) ® M, are called the quantum affine KZ (qKZ) equations for the
H-module M.

From the cocycle condition (3.1) and the fact that P" is an abelian subgroup of W, it
follows immediately that the gKZ equations form a holonomic system of g-difference
equations, that is,

FYOFY (gt = FY () FM (g7

forall A, u € PV.

In this paper, we will restrict our attention to a particular representation of H.
Recall that H ~ Hy ® Cy[T'] (cf. Theorem 2.6). Fix { € T and let x;: Cy[T] — C
be the evaluation character f(Y) — f(¢) for f € C[T]. We define M to be the
induced H-module M; := Inde[T](X;) = H ®,, C. It is the minimal principal
series representation of H with central character {. As complex vector spaces we
identify M, ~ Hy via

Ty @y, 1 = Ty, (we Wy, feC[T). 3.3)

The gKZ equations corresponding to M thus can be viewed as a holonomic system
of g-difference equations for meromorphic functions f(¢) on 7" with values in Hy.
Now H ~ C[T] ® H, so that since H >~ Hy ® C[T], the double affine Hecke algebra
H contains another copy of C[T']. In view of Cherednik’s duality anti-automorphism,
one might ask, when ¢ is considered as a variable y on the second torus, whether
one can find a set of g-difference equations acting on this central character y, such
that together with the original gKZ equations it makes up a holonomic system of
q-difference equations for meromorphic functions f (¢, y) on T x T with values in
Hy. The answer turns out to be positive. The idea is as follows.

The construction of the gKZ equations depended on the realization of W inside the
localization of H by sending the w to the so-called normalized intertwiners p~! (w).
Of course, we can multiply these intertwiners by appropriate factors from C[T] to
obtain elements §w which do live in H. Clearly, the map W — H*, w +— §w will
no longer be a group homomorphism (like p~1), but the Sy still serve as intertwining
elements from which a cocycle can be constructed. Then, Cherednik’s duality anti-
automorphism can be invoked to obtain Y -intertwining elements and extend the cocy-
cle to a ‘double cocycle’ which will give rise to the bispectral quantum KZ equations.
This is explained in the following subsection.
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3.2 Bispectral quantum KZ equations

The construction of the bispectral quantum KZ equations in the present setting is more
or less the same as in the GLy case, which was done in [18, §3]. Here, we repeat the
construction, but, since it is a matter of simply adapting the notations from [18], we
omit the proofs.

In view of the last paragraph of the previous subsection, we should first renormalize
the intertwiners so that they become members of H. We put

Sii= (ki — k71X )s; € C(TH#,W, i=0,...,N
Sw =weCT#,W, veQ,

giving rise to the renormalized intertwiners Su (w € W), defined in the following
proposition (see also [5, §1.3]).

Proposition 3.3 Let w = s;, ...s;,w be a reduced expression for w € W, with
it,...,i, €{0,...,N}, o € Q. Then,
@) Sy = §i1 .. §,~r S, isa well-defined element of C(T)#W;
(i) Sw € H, in particular §; = (1 — X~ %) T; + (ki —k;)X~% (0 <i < N);
(iii) lZze S;i(i=0,..., N)jatisfy the braid relations (cf. Definition 2.3(i));
1v) Sy f(X) = (W) (X)Sy forw e W, f e C[T];
V) SiSi = (ki — k' X4 ) ki — k"X fori = 0,...N.

For0 <i < N defined; € C[T] by d;(t) := (ki — kflt’”fv). Then for w € W as in
the proposition, we have

Ew = dil (X)(S,'ld,'z)(X) e (S,'1 e sir—ldir)(X)w'
The proof of part (i) of the proposition relies on the fact that

dw = dil (Sildiz) e (S,'l .. 'sir—ldir)

is independent of the reduced expression for w (see e.g., [14, (2.2.9)]).

Now the ‘double cocycle’ we are going to construct is a cocycle of W x W. In fact,
it turns out to be convenient to anticipate the role that the anti-involution of H will
play and extend W x W as follows. Note that the two-group Z, acts on W x W by
t(w, w") = (W', w), where ¢ € Z, denotes the nontrivial element. Then, we put

W= Z, x (W x W).

Furthermore, the cocycle will act on Hy-valued meromorphic functionson 7" x T'.
Let us write K := M(T x T) for the field of meromorphic functions on 7" x T.
Moreover, write I := C[T] ® C[T] >~ C[T x T] for the ring of complex-valued
regular functions on 7" x 7. It acts on H via

(f®g)-h:= f(X)hg(Y) 34
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for f, g € C[T] and h € H. We will usually write (¢, y) for a typical point of 7' x T.
Letx = (x1, ..., xn) denote the coordinate functions of the first copy of T in T x T
and y = (y1, ..., yn) the coordinate functions of the second copy. For f € C[T], we
define f(x) € L by therule (¢, y) — f(¢),and f(y) € Lby (¢, y) — f(y). We use
the same conventions for f(x), f(y) € K when f € M(T).

An intermediate step in the construction of a W-action on H K = K ® Hy are the
complex linear endomorphisms oy, (w, w" € W) of H defined by

G(w,w/)(h) = §wh§$/,
o (h) = h*

for h € H. As a corollary of Proposition 3.3, we have

Lemma 3.4 The complex linear endomorphisms o,y and o, of H satisfy:
(i) the o;.e) (i =0, ..., N) satisfy the braid relations;
(ii) 07, ) = ds, () (sidy)(x) - idg fori =0,... N
(i) 0(w,e)0(s5;.e)F(@1,e) = O(spiy.e) Jori =0,..., N and w € ;
(iv) 02 = idy and o(e,u) = 0,00, )0, for w € W;
(V) O(w,e)0(c,w) = T(w,w) = O(e,w)O(w,e) JOr w, w eW.
Let us investigate the behavior of these maps under the action of L. First consider

the group involution *: W — W given by w® = w for w € Wy and A° = —A for
A€ PVY.Then, Wactson T x T by

(w, w)(t,y) = (wt, w'®y),
wty) = (e h

forw, w’ € W, where t~! := (tfl, e, t;l) € T. Transposition yields an action of
W on K by field automorphisms and is given by

WA y)=fw (7)), weW. 3.5

Note that . = C[T x T]is a W-subalgebra of K. As a consequence of the intertwining
properties of the S,,, we have

Lemma 3.5 Forh € Hand f € L we have
Oy (f - 1) = (W, w) f) - ow,w) (h),
o(f-h) = (f)-oh) (3.6)
forw, w € W.

As LL-modules we have H(])K ~ K ®r, H, so the lemma enables us to extend the
maps oy, ) (w, w' € W) and o, to complex linear endomorphisms of H(])K for which
(3.6) holds for all f € Kand h € H(])K. Note that the properties of o, ) and o, as
described in Lemma 3.4 also hold true as identities between endomorphisms of H(])K.
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We come to the main result of this subsection. It follows from the previous obser-
vations in the same way as the corresponding result for GLy (see [18, Thm. 3.3]).

Theorem 3.6 There is a group homomorphism
. K
7: W — GL¢(Hy)
satisfying

t(w, w)(f) = dw@) ') oy (),
t()(f) = o (f) (3.7)

forw,w' € Wand f € H(])K. It satisfies t(wW)(g - f) = wg - Tt(W)(f) for g € K,
f e Hf andw e W.

Remark 3.7 Fix ¢ € T. Let w € W and recall that we write r}?”: (w) for 7o (w) €
C(T)#,W viewed as endomorphism of M(T) ® M, as explained in Sect. 3.1. Then
forwe W, f e M(T)and h € Hy >~ M, (see (3.3)), we have

M
T (W) (f ®h) =t(w, e)(f(x) ®h)( ()
as Hp-valued meromorphic functions on 7.

We are in position to define the W-cocycle with values in GLK(H(])K), which is a
W-group by the action of W on the first tensor leg of K ® GL(Hp) =~ GLK(H(])K) (cf.
Sect. 3.1). This W-action on GLK(H(])K) is denoted without mentioning the represen-
tation map (just as we do for the W-action on K, cf. (3.5)).

Corollary 3.8 The map w > Cy := t(W)w~ ! is a cocycle of W with values in the
W-group GLK(H(])K). In other words, Cy, € GL]K(H(])K) and

Cyw = CoWCyw ™!

orallw,w e W.
J

In the same way as the cocycle F,, (w € W)in Sect. 3.1 gave rise to the quantum KZ
equations, the cocycle Cy, (w € W) gives rise to a holonomic system of g-difference
equations for meromorphic functions on 7' x 7" with values in Hy. By construction
we have

(W), ) = Colt, ) [ (W' (2, ) (3-8)

forw € Wand f € H(I)K. For the sake of simplicity, write C(;, ) := C(.),t(u)) for
A, L€ PY.
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Definition 3.9 We call the g-difference equations

Cowt. V)@t q"y)=ft,y) Vi ueP, (3.9)

the bispectral quantum KZ (BqKZ) equations. We write SOL for the set of solutions
f e HE of (3.9).

Let F C K denote the subfield consisting of f € K satisfying (t(A), t(w)) f = f
for all A, u € PY. Furthermore, let Wy denote the subgroup Z, x (Wy x Wy) of W.

Corollary 3.10 (i) The BgKZ equations (3.9) form a holonomic system of
q-difference equations, that is

ComtV)Coe) (@, q"y) = Cney(t, V)Co (@ "t ¢° y) (3.10)

Sfor A, ju,v, & € P, as End(Hy)-valued meromorphic functions in (t,y) €
T xT.
(ii) The solution space SOL of BqKZ is a t(Wy)-invariant F-subspace of H(])K.

Now fix ¢ € T. By construction, BQKZ (in some sense) contains Cherednik’s
gKZ equation associated with the principal series module M;. Concretely, in view of
Remark 3.7, Cherednik’s quantum KZ equation (3.2) for M = M is just

Coot, O f(g ) = ft), VreP, (.11

for Hp-valued meromorphic functions f on 7. In analogy with BqKZ, we write
SOL; C HOM ™) for the set of solutions of (3.11). Regarding HOM ™) as a vector
space over E(T) := {f € M(T) | t(\)f = f, VA € P}, SOL; is a r;wf(Wo)—

invariant subspace of Héw @,

4 Formal principal series representation and the cocycle values
In this section, we investigate the principal series representation M, of H, when the

(fixed) central character ¢ € T is regarded as a meromorphic variable. This allows us
to give explicit expressions for the cocycle values of the simple reflections.

4.1 Formal principal series representation

Recall that M; = Inde[T](Xg). Now, we view Cy[T] as a left Cy[T]-module by

left multiplication, and we put M := Indgym (Cy[T]). Let another copy of C[T'] =~
C[{1} x T] Cc L act on M via

[ (h®cyir) 8(Y)) =h Qcyr) (f)Y)  f.geC[T], heH.



200 M. van Meer

Note that M ~ C[{1} x T] ® Hy = H(()C[{l}xﬂ as modules over C[{1} x T], hence

the representation map can be regarded as an algebra homomorphism

Cl{1yxT
n: H — El’ld(C[{]}xT] (HO [ ]) .

Also note that End(c[{l}xr](Héc[{l}XT]) ~ C[{1} x T] ® End(Hp), so we can and
sometimes will regard n(h) (h € H) as an End(Hp)-valued regular function on 7
denoted by y +— n(h)(y). By extending the ground ring C[{1} x T'] to K, we can
extend 7 to an algebra homomorphism

n: H — Endg (HY).

Similarly, n(h) can be viewed as an End(Hy)-valued functionin (¢, y) € T x T. As
such it is constant in ¢, and in case & € H it is also constant in y.

Before being more specific about 1, we need the following concept (cf. [14, §2.6]).
A subset X of PV is said to be saturated if for each A € X and « € R we have
A—ra¥ € Xforall 0 < r < (A,a). For A € PV let (1) denote the smallest
saturated subset of PV that contains A.

Lemma 4.1 Forw € Woand 1 <i < N we have

if £(s;w) = £(w) + 1,

T w
M) T = [ (ki — k7 DTy + Ty i £(siw) = £(w) — 1, “.1)
and for p € C[T] we have
n(pYNY)Te = p(Y)Te 4.2)

as regular Hy-valued functions in y. Moreover, for . € P and w € Wy, we have

NN Tw = > Pl (T, 43)

usw

-1
where p} ,(v) € spanc{y"}ues ) and ply ,(v) = y¥ @

Proof Only (4.3) requires proof. We use induction with respect to the length £(w) of
w, the case £(w) = 0 being (4.2). Next, consider T,,, with £(s;w) = £(w) + 1. Using
(2.5), we find

(YY) T = n(Y*T)) (1) Ty

\2
¢

‘ B Y)L _ Ys,'()»)
= (LY DY) Ty + (ki — k; l)n(# ()T
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Considering the first term we use the induction hypothesis to find

NGY YNy =T D 50T =D i ()Tt

u<w u<w

o siOh 5 (h “1 .
with PZ,(w)()/)GSpanc{V“}uez(s,-(xm and pii ) () =y 60D Since % (s;(A)4) =

Y (A4) and wl(s; (V) = (s;w)~L(L), we can rewrite this as

(Y T = D Pl @) T,

us<s;w

: )1
with p} ¢, () € spanc{y*}ues o) and pl,, ., (y) =y 3,

We deal with the second term, the expansion of which will consist of terms only
involving T, with u < s;w. Setn := (A, «;). Note that

YA _ ysi) Yr 4y 4o qpyrme=Dey >0,
== o, "o
1—Y % _YA—naiv _ Y)»—(n+l)aV L Y)‘+°‘iv’ n <0,

whichisinspanc{Y*},ex (.. ) inall three cases. We can apply the induction hypothesis
to each of the Y* (u € X (A4)) to obtain

(YY) Tw = D Pl ()T,

u<w

with coefficients pi , (y) € spanc{y"}vex(u,)- Since for each € X (1), we have
U+ € X(Ay), and then by [14, (2.6.3)] Z(u+) C X(A4), we obtain the desired
expansion. O

We end this subsection by introducing a K-basis of H, K consisting of common
eigenfunctions of n(Cy[T]). Note that S € H for w € Wy. Define

Ew:=n(SI)T. weW.
Just as we view 1(h) as End(Hp)-valued function in different ways, we will regard &,
both as regular Hp-valued function in y € T and as meromorphic Hy-valued function

in (¢, y) € T x T (constant in t).

Lemma 4.2 {£,},,cw, is a K-basis of H(])K consisting of common eigenfunctions for
the n-action of Cy[T] on H(])K. For p € C[T] and w € Wy we have

NP NE) = W™ p)(y)Ew(¥) 4.4)

as Hy-valued regular functionsiny € T.
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4.2 The cocycle values
Write
Ri(ziy) = c(@ k)™ (T (y) = b(z: k),  0<i <N, (4.5)

viewed as a End(Hp)-valued function that depends rationally on z and rationally on
y € T fori = 0 and is otherwise y-independent.

Lemma 4.3 (i) We have

Cisiot,y) =Ri(t“;y), 0<i<N,
Ciwo)t,y) =n@(y), e,

and C, is the K-linear extension of the involution of Hy determined by
CL(Tw) = Tw—l, w e W().
(i) Ri(zy)Ri(z ' y) =id for0 <i < N.

Remark 4.4 Note that
Cienyt, V) = CCu.o(y 1 t7™He,  weWw,

so part (i) of the previous lemma uniquely determines Cy, for all w € W.

5 Solutions of BqKZ

The main result of this section is the construction of a particular meromorphic solution
® of BqKZ called the basic asymptotically free solution. The idea is as follows. We
first look for v € Hp and G € K such that Gv will be the leading term of a solution
of BqKZ in some asymptotic region. These are obtained by looking for a solution of
an asymptotic version of BqKZ, that is, BqKZ in which the g-connection matrices are
replaced by their limit values in the asymptotic region.

Next, we gauge BqKZ by G and look for a power series solution W of the gauged
BqKZ equation converging deep inside the asymptotic region and which has constant
term v. By meromorphic continuation, ¥ can be extended to a meromorphic solution
of the gauged BqKZ equation, yielding the desired solution ® = GV € H(])K of BgqKZ.
Apart from the construction itself, we will derive various properties of ¢ and give an
explicit F-basis of SOL, but we start with the computation of the leading term.

5.1 The leading term

In order to find these v and G, we first need to compute the asymptotic leading terms
of the g-connection matrices C;¢)(f, ¥) (A € PY)as |t_“iv| — 0(1 <i <N).
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Let A C C[T x {1}] = Clxi"',...,x$']1 € C[T x T] be the subring A :=
(C[x“"lv, e x""xl]. Let Q(A) denote its quotient field and write Q¢ (A) for the sub-

ring of Q(.A) consisting of rational functions which are regular at the point x4 =0
(1 <i < N). We consider Qp(A) ® C[T] as subring of C(T x T') in the natural way.

Lemma 5.1 Let A € PV. We have

Cre) € (Qo(A) @ C[T]) ® End(Hp). (5.1
If we write C(()??e) =Ce) |x’“1v o g € C[T] ® End(Hy), we have
= 8pn (Tug Y1) (5.2)

Proof First we consider A € P.. Suppose we have a reduced expression t(A) =
Sipo..8,w (0 <iy,...,ir <N, we Q). Then

Cuerttsy) = Ry (1057 ) Ry (7195 ) LRy (#9001 3 ) @) ().
(5.3)

It follows that C(; .y € (Q(A) ® C[T]) ® End(Hp). Expanding C(_; .y along the
reduced expression t(—X) = a)_ls,-r ...S;, gives an expression similar to (5.3), from
which we conclude that also C(_; ) € (Q(A)®C[T]) ® End(H)p). Since the R; (z; y)
are analytic at z = 0 and z = o0, we have C(; ¢), C(—.e) € (Qo(A) ® C[T]) ®
End(Hp). Writing an arbitrary weight as the difference of two dominant weights and
using the cocycle property we conclude (5.1) for any A € PY.

To prove (5.2), we will first compute the limit of C; (¢, ¥) as |t°‘fv| — 0 for
1 < i < N and then use this together with the cocycle property to find C ((g) o)
which is the limit as It’“iv| — 0 (1 <i < N). Similarly as in the proof of (5.1), it
suffices to consider only dominant weights. Assume we have A € P areduced expres-
sion for t(A) as above and put u = s;, ... s;,. By formulas (2.2.9) and (2.2.5) from [14]
we have {a;,, si, (@i,), .., 8i, - Si,_, (@)} = Su™) = S 'u™") = St(-1)).
Because A € P}/ we have

St(—=A)={a+mc|laeR_, 1 <m<—(A,a)}
(cf. [14, §2.4]), and thus, since w(a") = (wa) (a € S, w € W), we have [t*"| — oo

(b € S(t(=21))) as |fa"v| — 0 (1 < i < N). Observe that lim, . R;(z;y) =
ki_ln(Ti)(V) for 0 <i < N. It follows that

Coo(t,y) = kit k(Y (r) = k@)™ (X))

as |t’"iv | = Oforall 1 <i < N.More generally, we conclude that

Coot,v) = 8 n(¥"(y), rePY (54)
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as |t"‘iv | = Oforall 1 <i < N.In order to find C((g) ¢)» We use the cocycle property

to write
Co,e)(t,¥) = Cug,e) (1, ¥)Cluwgr),e) (Wot, ¥)Cwy,e) (q_w"mwot, y)

and consider the limit as |t_°‘iv| — Ofor 1 < i < N. Note that C(y.¢)(t,y) —
k(wo)_ln(TwO) as |t_“iv| — Ofor 1 <i < N.Hence, using (5.4),

Cl =3 (T "1 ) = ofn (T VT )
where the last equality follows from (2.3). O
The previous lemma implies that the asymptotic form of the quantum KZ equations
Coe)t. V)@ )= ft.y).  reP’
in the asymptotic region |t“iv| >0(1<i<N)is
60 (Tu YD1 ) @ ) = fay). aePs 53)

Let 6; € O(T) denote the theta function associated with the root system R (see [11]),
defined by

0,(0) = > g2, (5.6)

rEPY

fort € T. Note that 6, is invariant under the action of Wy on O(T'). Furthermore, it
satisfies 0, (1) = 6, (1) and

Qq(qﬂ/-t) — q_%(ﬂaﬂv)t—ﬂeq(t)’ (57)

forall u € PV.
Let G € K be given by

O (two(y)™")
by 30y (8 wo(r)!)

G(t,y) = (5.8)
Proposition 5.2 We have:

1) «(G)=aG.
(i1) G(¢, y) satisfies the q-difference equations
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Glg 1. q"y) =8, Vg MWWy T NG ) (59)

forx,u e PY.
(i) fO(, y) := G(t, y) Ty, is a solution of (5.5) and (1) f @ = O,

Proof By construction we have (i). From (5.7) it follows that G satisfies G (g ¢, y) =
8&_)\)/_’”0(’\)G(t, y) forall A € PY.In view of (i) this suffices to prove (ii). (iii) easily
follows from (i) and (ii). O

5.2 The basic asymptotically free solution &

As indicated in the introduction of this section, we are now going to gauge BqKZ by
G. We obtain the gauged g-connection matrices

Dgw(t,y) =G, v) ' Co . V)G (g7, q"y)
= SE_A_MQ_(M’U)O(D)V_wO(A)twO(“)CQ,M)(t, ), (5.10)

for A, € PY. It is clear that for f € HX, we have f € SOL if and only if
g =G 'fe HéK satisfies the holonomic system of g-difference equations

Dot v)glg ™ t,q"y) =gt y), A pe P’ (5.11)

as Hp-valued meromorphic functions in (¢, y) € T x T.

We write B for the analog of A corresponding to the second copy of 7 in T x T.
That is, B is the subring B := C[y*1, ..., y*¥] of C[{1} x T] = Clyi', ..., y¥'l.
Similarly, we write Q(B) for its quotient field and Q¢(B) for the subring of Q(B)
consisting of rational functions which are regular at the point yO‘fY =0(1 <j<N).
We consider Qp(A) ® B and A® Qo (B) as subrings of C(T x T) in the natural way.

In the proof of the lemma below, we will need a partial order > on P . First recall
the dominance partial order > on P, which is defined by

Vv
A>pus=r—pneQy,

for A, 1 € P). We can extend this to a partial order on P" as follows. For A € PV
write A for the unique dominant coweight in the orbit WyA and let v, be the shortest
w € Wy such that w(iy) = A. For A, u € PV, we say that A > p if either

(1) Ay > py,o0r

(i) A4 = p4 and v; > vy, (in the Bruhat order).
Note that with respect to this order, the anti-dominant coweight wq (A4 ) is the largest
element in the orbit WyA. More details can be found in [14, §2.7].

The following lemma describes the asymptotic behavior of the gauged
g-connection matrices. It allows us to put them in the context of the general the-
ory of solutions of g-difference equations as described in the appendix of [18] and is
therefore a key ingredient in the construction of .
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Lemma 5.3 Ser A; = D(wiv’e) and B; = D(e’w’_v)for 1 <i<N.
(i) A; € (Qo(A) ® B) ® End(Hyp) and Bj € (AQ® Qo(B)) ® End(Hp).
(i) Write A;O’O) € End(Hy) and Bl.(o’o) € End(Hy) for the value of A; and B; at
x—o :O:y"‘sv (1 <r,s <N). Forw e Wy we have

(0.0 _|o if w™lwo(@,) # wo(@,),
ATy Ty) = [ TouTo if 0™ wo(m) = wo(e) (5.12)
and
(0,0) 0 if w(w) # @,
B; TwoTw) = . ! ! 5.13
i ( wo lU) [ Tonw lf w(w.l\/) — w_i\/. ( )

Proof We give the proof of (i), which differs substantially from the GLy case (cf. [18,
Lem. 5.2]), and omit the proof of (ii), which is similar. By (5.10) we have

Ailt,y) =87 y TP C i o1, 7).
Because of (5.1), we only need to worry about the y-dependence of A; (7, y).

Let t(wl.v) = wsi;...8, (we Q,0=1iy,...,i, < N)be areduced expression.
Then, in view of the cocycle condition, Lemma 4.3 and formula (4.5),

C(wiv,g) t,y)= n(w)(V)C<s,-1...s,~,,e)(w_lt, y) = Z ay On(Ty)(y)

w=t(w;’)

for certain a,, € Q¢(A). Now consider such w € W with w < t(wl.v). We have a
unique decomposition w = t(A)w, with A = w(0) € PY and w € Wy. Then,

t(A) =t (A1) = Tat(r )T} '

hence w = Ekt()»+)i;1@. Multiple use of [14, (3.1.7)] yields T, = hTio.\h' =
hY*+ 1 for some h, k' € Hy, hence

n(Tw)(y) = (¥ ) ().

It remains to show that y‘wO(wiv)n(Y’\+)(y) € B ® End(H)). We can use (4.3) to
write

N )T = D puw )T,

u<w

with Pﬁfw(y) € spanc{y*}es@x,) and pﬁ,fw(y) — "' (+)_ Thus, we need to show
that

y @I e B Ve (A,
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ie., that —wo(w,”) + u € QY forall u € L (Ay). Since X (ry) is Wo-invariant
and wo(QY) = —QY, this is equivalent to showing that —, 4+ € —QY for all
nwe X(hy), or

o —pneQy VYueI(hy).

Now the fact that w < t(wl.v) in the Bruhat order on W implies that 1 < wl.v (cf. [14,
(2.7.11)]), and hence either Ay = ;" or A1 < @,”. Fix u € Z(A4). In the first case,
if Ay = @,’, we have u € @;¥ — QY, since

(@)= () v@ - QY

veWy

by [14, (2.6.2)]. Hence, @;” — € QY. In the second case, if Ay < @,’, then
Y(ky) C Z(w;") by [14, (2.6.3)], and again u € ;" — QY. This concludes the
proof for A;. For B;, use that C(, ,v\(f,y) = C[C(w,v’e)(y_l, ~He,. ]

Part (ii) of the previous lemma asserts that the endomorphisms AI(O,O) and Bi(O,O)
are semisimple. Similarly as for GLy, the main theorem follows from the lemma
together with the general theory of solutions of g-difference equations as described in
the appendix of [18] (in particular [18, Thm. 8.6]).

Fore > 0,put B :={t € T | t% | < eforl <i < NyandB;' :={r €T |
1~ e B.}.

Theorem 5.4 There exists a unique solution ¥ € H(])K of the gauged equations (5.11)
such that, for some € > 0,

(i) W(t, y) admits an Hyo-valued power series expansion

W, y)= D Kapt™*yP,  (Kup € Ho) (5.14)
a,peQy

for(t,y) € B;l X B¢ which is normally convergent on compacta ofBg1 X Be.
In particular, V(¢t, y) is analytic at (t,y) € B;l X Bes

(i) Ko,0 = Twy-

Proof We only remark that in order to match the present situation with the one consid-
ered in [18, §8], one should take in [18, §8]: M = 2N, A; = A®? Ay, = B

—— - - = Y
and g; = ¢“/"*"" for 1 < i < N and variables z; = x™% and zyy; = y / for

1<i,j<N. o

Definition 5.5 We call ® := GW € SOL the basic asymptotically free solution of
BgKZ.

The 7(¢)-invariance of SOL, the t-invariance of G and the uniqueness part of
Theorem 5.4 imply that ® enjoys the following duality property.
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Theorem 5.6 (Duality) The basic asymptotically free solution ® of BgKZ is self-dual,
in the sense that

()P = &.

5.3 Singularities

In this subsection, we have a closer look at the analytic properties of W. Write g, :=
2
q*/1%I” for @ € R and set

St = {t eT | 1¥ € k;2q;" for some « eR+}.

Proposition 5.7 The Hy-valued meromorphic function V is analytic on T \ S;l X
T\ Sy.

Proof Let A, € PY. By (5.10) and the cocycle property, D ) (, y) is regular
at (t,y) = (s,¢) if C(wiv’wiv)(q_”t, gty) is regular at (¢, y) = (s,¢) forall 1 <
i,j <Nand&,ve P/ This in turn holds, again by virtue of the cocycle property
together with (5.1), if C(w]yye)(q_"t, y)isregularat (¢, y) = (s, ¢) forallv € Pj and
1<j<N.

Suppose we haveareducedexpressiont(wjv) =i ...8,0(1 < j < N).Similarly
as in the proof of Lemma 5.1, we have

v . . v
Clary,er (. 7) = Ry, (t”'l; y) ... R, (fs””'s’f—‘(“'r); V) n(@) (),
and

{ai,, siy @iy, ... siy .. si_ @)} =S (t(—wjv))

= {a+mc|a eR_,1<m< —(w}/,a)}

Now R;(z; y) has only a simple pole at z = k;” 2s0C (@V.e)(t, v) has possibly poles
Jj’
at

\%

19 = k2 aes (t(—zzrjv)) .

a

Note that

latme) _ oV +Qm/ el

= qgt ta\/ 5
hence there are possibly poles at

moaY _ =2 v
ayt® =ky°, a€R., l<m<—(o/ a),
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or, equivalently, at

v Vv

¢ =q;mk;2, o € Ry, lfmf(wj,a).
Consequently, C(wjv’e)(q’”t, y) isregularatt € T \ 8;1 for all v € P). By the
considerations in the previous paragraph, we conclude that D, ,)(t, y) is regular at
(t,y) e T\S;' x T\ S; forall i, pu € PY.

Let U x V be a relatively compact open subset of T\ S;l x T \ S4. Choose

A, w € P such that the closure of g *U x ¢V is contained in B! x B. Then as
meromorphic Hp-valued functionin (¢, y) € U x V, we have

V(1. y) = Dot V)Y (g 1.4"y), (5.15)
and by Theorem 5.4(i) the proof is now complete. O

Remark 5.8 The previous proposition gives, in particular, information about the sin-
gularities of the basic asymptotic solution ® = GW. Unfortunately, it is not possible
to precisely pinpoint the singularities of G. To overcome this issue, we could choose
a different theta function in the definition of G, namely one for which we have a
product formula available. The price we pay is that we have to enlarge the torus 7.
Let ¥, € M(T) denote the renormalized Jacobi theta function

92 = [[a—g"D0—g"""/2) (5.16)

m=>0
for z € C*. It satisfies
1
9,(q"2) = (=2) g 2" VY, (), mel. (5.17)

Let e € N be the unique positive integer such that e(P", PV) = Z. For all a € S, fix
k;/6e such that k;/6e = kllv/(ie) forallw € W. Now put T’ := HomZ(ﬁ—le PY,C*). The
canonical map T’ — T gives rise to an embedding M(T x T) < M(T' x T'). Now

define G € M(T' x T") by

G al ﬁql/e("j_l/etai/e)ﬂql/e(Ki_l/e)/w‘)(aj)/e) e 5.18
t, = ) .
»J=
1/e (aj,a)/e -~ . . ..
where ;7" 1= [lacr, ke . Then, G satisfies the properties of Proposition 5.2.

Corollary 5.9 (i) Write W(t,y) = Y,ecqy Ta()t™ for (1,y) € B-! x B,
with Ty (o € Qi) the analytic Hy-valued function Ty (y) = ZﬂeQi KowgylS



210 M. van Meer

on B¢. Then each Ty, can uniquely be extended to a meromorphic Hy-valued
Sfunction on T, analytic on T \ Sy, such that for (t,y) € B;l x T\ St

W, y)= > Tat ™™,

aeQi
converging normally on compacta of B Ix T\ S,
(ii) The leading term ' satisfies

Co(y) = K(y)Twy, (5.19)

for some K € M(T).

Proof (1) See[18, Lemma 5.7].
(i) This is also similar as in [18], but for the convenience of the reader we pro-
vide the details. W satisfies A; (¢, y)W (g~ ivt, y) =W, y)forl <i < N.
Considering the limit |t_°‘1Y | — 0, we obtain

y Oy (T YO T D (1) To(y) = To(y)

for 1 <i < N, and in view of Lemma 4.2 this forces

Fo(y) = K()n(Tuw)ée(v) = K(¥)Tw,

for some K € M(T). O

Remark 5.10 In the following section, we will give an explicit formula for K (y). It
will follow immediately from an explicit formula for the leading term of the so-called
Harish-Chandra series solution of a bispectral problem corresponding to BqKZ. In
[18], for GLy, it is exactly the way around. There, the latter is found as a consequence
of an explicit formula for K (y), which in turn is due to rather explicit expressions for
the g-connection matrices of BqKZ.

From Proposition 5.7 and its corollary, we obtain the following result for specialized
spectral parameter.
Corollary 5.11 Fix¢{ € T \ S+

(1) The Hy-valued meromorphic function V(t,y) in (t,y) € T x T can be spe-
cialized at y = ¢, giving rise to a meromorphic Hy-valued function V(t, ¢) in
t € T, which is regular att € T \Sj_l.

(ii) fort € BZ U'we have the power series expansion

Wt o) = D Ta(@)t,

aeQi

converging normally on compacta of B I
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(iii) W (t, ¢) satisfies the system of q-difference equations

Doyt V(g ", 8) =W(t, (), VYriePV. (5.20)

5.4 Consistency

BgKZ is a holonomic system of first-order g-difference equations with connection
matrices depending rationally on (¢, y) € T x T, and therefore it is consistent (see
[6, Prop. 5.2]). This means that dimp(SOL) = dimc (Hp), or, equivalently, that BqKZ
allows a so-called fundamental matrix solution U. In [6], such a fundamental matrix
solution was found by algebraic geometric arguments. A different approach, using the
asymptotic solution ®, was taken in [18]. Here, we shortly repeat this latter approach
for arbitrary root systems. The advantage of this approach is that it produces a basis
of SOL in terms of asymptotically free solutions. For details, we refer to [18, §5.6].

We say that F € End(Ho)]K = K ® End(Hp) is an End(Hp)-valued solution of
BqKZ, if

Cop(t,V)F(@ " t,q"y) = F(t,y), I peP,

as End(Hp)-valued meromorphic functionsin (¢, y) € T x T.
Define U € End(Ho)X by

U (k(w)*‘TwOwal) = (e, w) D (5.21)

for w € Wp.
Proposition 5.12 We have

i) U e End(Ho)]K is an invertible solution of BqKZ with values in End(Hp).

In particular, identifying End(Ho)]K ~ EndK(H(])K) as K-algebras, we have
U € GLg (HY).

(i) U’ € End(H())]K is an End(Hy)-valued meromorphic solution of BqKZ if and
only if U’ = UF for some F € End(Hp)F.

(iii) U, viewed as K-linear endomorphism of H, K, restricts to an F-linear isomor-
phism U : HéF — SOL.

@iv) {r(e, w)D}yew, is an F-basis of SOL.

Remark 5.13 The quantum KZ equations (3.11) form a consistent system of ¢-dif-
ference equations as well. For generic ¢ € T (that is, for ¢ € T where ® (¢, y) can
be specialized in y = ¢ and moreover U (-, ¢) is invertible), this follows along the
same line as above, but of course one can use [6, Prop. 5.2] again, which applies for
all¢ eT.
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6 Correspondence with bispectral problems

For the principal series representation M, (¢ generic) of H, Cherednik [2, Thm. 3.4]
constructed a map that embeds the associated solution space of the quantum affine KZ
equation (3.2) into the solution space of a system of g-difference equations, involv-
ing the Macdonald ¢g-difference operator. This is a special case of a correspondence
between the solutions of the quantum affine KZ equations associated with an arbitrary
finite-dimensional H-module M and a more general system of g-difference equations

(see [3)]).

We will consider the map when M is the formal principal series module M =
Inde[T]((Cy[T]) (see Sect. 4.1). In this case, Cherednik’s correspondence yields
an embedding x4 of SOL into the solution space of a bispectral problem for the
Macdonald g-difference operators.

6.1 The bispectral problem for the Macdonald g-difference operators

Using the action of W on C(T x T) given by (3.5), we can form the smash
product algebra C(T' x T)#W. It contains C(T)#,W =~ C(T x {1D#(W x {e})
and (C(T)#q_1W ~ C({1} x T)#({e} x W) as subalgebras. In this interpretation,

Cherednik’s algebra homomorphism Pr=1q° Hk™H — C(T)#,W (see Theo-
rem 2.8) gives rise to an algebra homomorphism

pg,lgq: Hkk™") — C(T x T#W,

considered as g-difference reflection operators in the first torus variable, and similarly
Pr,g—1+ Hk) — (C(T)#q—l W to an algebra homomorphism

pky’q_1 : H(k) — C(T x T)#W,

considered as g-difference reflection operators in the second torus variable. Note that
the images of ,o]’(‘,l g and pz’q,l in C(T x T)#W commute, so we can form the algebra

homomorphism

i, ® P 1t HETD) @ Hk) — C(T x TH#W.

The maps 'Og*l,q and pg’q,l are related as follows.
Lemma 6.1 Ler°: H(k™') — H (k) be defined as the unique algebra isomorphism
satisfying
T = Ti_l’ ©° = o,
for0 <i < N and w € Q2. Then, we have
Prg1 (B =10, () (6.1)

forallh € H(k™).
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Proof Since ,ok_ , ,ok _, and ° are algebra homomorphisms, the lemma follows by
verifying (6. l)forT (0 <i<N)andw € Q2.Let0 <i < Nand f € K. In H(k),
we have Tl =T + kl_ — k;, hence, on the one hand,

(0 - @D €)= kT ) + g ) (0 577) = £, 7).

On the other hand,

(v, @) vy = (o, @) )
— ki—l(tf)(y—l’ t—l) + Cai;yl,q(y_l) ((lf)(sl‘]/_l, t_l) _ (Lf)(y_l, t_l))
= ki—lf(t, Y) + Coikg-1 (V) (f(t, sty) — £, )/)) ,

where we used (2.4) for the last equality. The verification for w € 2 is easier and left
to the reader. O

By means of the canonical action of C(T x T)#W on C(T x T), the subalgebra
D := C(T x T)#(PY x PY) C C(T x T)#W can be identified with the algebra of
q-difference operators on 7 x T with rational coefficients. Any element D € C(T x
T)#W has an expansion

D= Z Dyw, 6.2)
WEW()

with Dy, € D. Since this expansion is unique, we have a well-defined C(T" x T')-linear
map Res: C(T x T)#W — D, determined by

Res(D) := »_ Dy,

WEWO

with D € C(T x T)#W given as in (6.2). Let C(T x T)WO denote the field of Wy-
invariant rational functions on 7' x T. Restricted to C(T x T)WO, we have
D|(C(T><T)W0 = Res(D)'C(TXT)WO forall D € C(T x T)#W.

It is well known (see e.g., [14, (4.2.10)]) that the center Z(H) of the affine Hecke
algebra H is Cy[T1"0. For p € C[T1", set

L);) = RCS()Ozflgq(p(Y))) € ]D)v
where p(Y) is considered as element of Z(H (lg_l)), and set
L, = Res(,og’q,l (p(Y))) €D,

where p(Y) is considered as element of Z(H (k)). It is well known that the opera-
tors L);? (and hence Lf,) are pairwise commuting and (Wy x Wy)-invariant, and by
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construction [L*, L%,] = 0in DD for all p, p’ € C[T]"0. The operators L% and L},
are related as follows.

Lemma 6.2 For p € C[T]1"°, we have
Ly =Lt (6.3)

Proof Similarly as for GLy (see [18, §6.2]), the lemma follows from (6.1) together
with the fact that

p(Y)°=p), peCTI™ (6.4)

with®: H (k_]) — H (k) as defined in Lemma 6.1. We elaborate on the proof of (6.4),
which is different than for GLy. Note that since p € C[T1™, the result follows if
we can prove that (Y*)° = T, Y*0®) T,;O] for A € PV. Moreover, it suffices to show
this only for specific elements of PV, as we demonstrate first. For any A € PV, let
v, be the shortest element of Wy such that v, (A) = wo(A), and put u), := t(k)v;l.
Then by [14, 25.4)] Q = {e} U{uyv}jes withJ :={i € 1,..., N | (@,”, ¢) = 1}.
J
If A € PY\ QY, we can write t(A) = u,,vw for some j € J and w € Wyv (using
J
W = Q x Wpv), and then t(A) = t(wjv)v;lvw = t(wjv)t(a)w/ for some o € QV
j
and w' € Wy (using Wov = QY x Wp). But then w’ = e and A = wl.v + a.
In particular, {0} U {wjv} jes is a complete set of representatives of P /Q". Since
QY = spang{w(¢") | w € Wo}, it thus suffices to show (Y*)° = T, Y *0*) Tujol only
for A = zzrjv with j € J and for A = w(¢") (w € Wp).
Let j € J and write u; := ug,v and v; = vy,v. By [14, (3.3.3)], we have
J J

-1 \
uj = T,Y" (@ )TU;}U forallw € Wy. Let*: H(k) — H(lg_l) denote the inverse
of °. It follows that

YN = (T Ty ) = T T
: = Vwo Ujtvjwo ) = Lwoltj wov;!

-1
= Tyou; (TwOTv;l) = Togu; Ty Ty

vj fwo

[ g
=TwY 7T, ,

v\ © v

since u; Ty, = Tyjv; = Tt(zzrv) — Y/ . Hence, (wa' ) = TwOon(wf )T,;Ol. Simi-
‘ ‘ j

larly, we can use [14, (3.3.6)] to obtain (Y“’(‘f’v))o = TwOY"’U“’(‘z’V)Tw_o1 for w € Wy,

and the proof is complete. O

In order to give more explicit formulas for L7, and Lf,, we need to introduce some
notation. For A € PV, write Wy, for the isotropy subgroup of A in Wy, and Wé
for a complete set of representatives of Wo/ Wy ;. We may assume that e € Wé\.
Let my € C[T]"0 be the associated monomial symmetric function, that is,
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m; (1) = Z”eWM t*. Finally, set 00 == (L) — Wy (recall that =(A) is the
smallest saturated subset of PV that contains A, cf. Sect. 4.1).
Now fix . € PY = —P}. By [14, (4.4.12)], we have for f € K

Lo NE =2 [ cwwrgt™ @™y

wewg aeS(—1)

+ D quflg M y) 6.5)

ez

for some g, € M(T) (here we used (2.4)). In view of (6.3), one immediately obtains
a similar formula for L;, .

Remark 6.3 For A = wo(wjv) with wl.v minuscule (that is, (w/.v, a) € {0, 1} for all

@ € R.), we have £°(%) = @, while for A = —¢" we have £°(%) = {0}. In both
cases, one obtains an explicit formula for L;, , and the resulting operators are the
Macdonald g-difference operators [13].

We now define the following bispectral version of Macdonald’s eigenvalue prob-
lem.

Definition 6.4 We define BiSP as the set of solutions f € K of the following bispec-
tral problem:

(Ly N y)=py Hf@y), V¥peCTI™,
(Ly ), y) = p@) ft. ), Vp e C[T™. (6.6)

Remark 6.5 Note that BiSP is a Wy-invariant F-linear subspace of K.

6.2 The correspondence

Consider the linear map x4+: Hyp — C defined by x4+(T,) = k(w). By K-linear
extension, we obtain a K-linear map x4 : H(l)K — K. It gives rise to the following
correspondence between SOL and BiSP.

Theorem 6.6 The K-linear functional y: HOK — K restricts to an injective
Wo-equivariant F-linear map

Xx+: SOL — BiSP.

The theorem follows by restricting Cherednik’s correspondence mentioned in the intro-
duction of this section (for M the formal principal series module) to SOL. Indeed, if
f € SOL, then for fixed y € T, f(¢,y) can be viewed as a solution of qKZ for
the H-module M, and then by Cherednik’s correspondence x ( f) satisfies the first
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system of equations of (6.6). This holds for all y € T. By (6.3) and the t-invariance
of SOL, it then follows that

(L)t y) = (L)t y) = L)yt h
=pOHy LY =pofa,y),

so also the second equation of (6.6) is satisfied.
For GLy, a detailed proof can be found in [18, §6] and the arguments used there
can also be applied in the present setting.

7 Harish-Chandra series solutions

Application of x4 to the basic asymptotic solution ® leads to a meromorphic solu-
tion @ of the bispectral problem, which can be viewed as a bispectral analog of the
difference Harish-Chandra solutions of the Macdonald difference equations [12]. For
root systems of type A, Harish-Chandra series solutions were studied before in [7]
and [10]. In [18, §6.4], the Harish-Chandra series solution of type A was reobtained
from (¢, ), by specializing y € T, yielding new results on the convergence and
singularities of these solutions as a consequence of corresponding results for ®. In the
final subsection, we extend this to arbitrary root systems.

7.1 Bispectral Harish-Chandra series
As announced, we apply the map x4 to the basic asymptotically free solution ® of
BgKZ to obtain a special meromorphic solution of the bispectral problem (see [18,

§6.3] for GLy).

Definition 7.1 We call ®* := y, (®) € BiSP the basic Harish-Chandra series solu-
tion of the bispectral problem.

Put Ut := x,(¥). Then, ® = GW¥™ and as a consequence of Proposition 5.7

and Corollary 5.9, W™ is analytic on T \SJ:1 x T\Sy,andfor (t,y) € B-' x T\ S,
we have

U y)= D T,

acQy

where 'y := x4 (T'y) € M(T) forall @ € QY. Recall that ['g(y) = K (y) Ty, for
some K € M(T) (see (5.19)).

Theorem 7.2 We have

T (y) = k(wo)K (y), (1.1)
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with K € M(T) given by

K(y) = H G@av® s qa)oo , (1.2)

weR, (Qakgyav§ da)oo

where qy = q2/||°‘||2forot € Ry, as before.

Proof The definition of y and the preceding remarks imply (7.1). Let L(y) denote the
right-hand side of (7.2). Then, L € M(T) is uniquely characterized by the following
properties.

(i) There exists an € > 0 such that for y € B, L admits a power series expansion

Liy)= D lav*,

acQy

converging normally on compacta of Be.
(i) lp = 1.
(iii) L(y) satisfies the following system of g-difference equations:

(A, )
IT11; 1_"“ Lg"y) = L(y). reP)
rk2 1 _ 2,07 qv)=Lly) +

OlER+ r=1

From Theorem 5.4, it follows that K satisfies (i), and since Koo = Ty,, K also
satisfies (ii). It thus suffices to show that K solves the g-difference equations in (iii).

Recall that in order to show that I'g(y) = K(y)Ty, for some K € M(T), we
exploited the fact that ® is a solution of the quantum KZ equation in # and investigated

what taking the limit |t_0‘1Y | = 0 had to mean for I'g(y). We are now going to exploit
the fact that ® satisfies the spectral problem

(Ly®)(t,y) = p)®T(1,y),  peCITI™, (1.3)

and consider the limit |t_°‘iv | — O to obtain the desired g-difference equations for
Far , and hence for K.
Fix A € PY. From formula (6.5), we deduce

L@ = D[] Comwngr P ¢"Py)

wewg aeS((—1)

+ D auy Heta gty

pnexo®)
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with g, € M(T). Plugging in ®* = GW™, using (5.9) and dividing both sides by
G(t,y), the equality (L;,, @) (t, y) = my (1)@ T (2, y) gives

—w(x
my (Wt y) = z H Cw(a),k(y)%w( Jwow @yt w3y
weW} aeSt(=2))

+ > gu(y s W gty).
nex0)

Now we multiply both sides by r~*0*) and consider the limit |t_0‘!v | = 0.By (7.1),
this will result in a g-difference equation for K. Note that:

(1) 790 Wm; (1) =3 cwor 0P — Tsince wo(r) € PY andv—w(v) € QY
forallv € P and w € Wy.

(2) w0 pwow) — p—wo)+wow) which is equal to 1 if w(X) = A and tends to O
otherwise. Considering w € W(;‘, we have w(A) = A only for w = e.

(3) t~woMwo) 5 0 for all 4 € £°(1). Indeed, by [14, (2.6.3)] we have

py € T(wo(h) < wo(h) — puy € OF

and hence also wo(X) — wo(p) € Qi for u € =9(1) C T(wo())). Moreover,
wo(r) # wo(w) since u ¢ Wol.

Consequently, K satisfies the following set of g-difference equations:

[1 corg 1 |67K@ ) =Ke). rePY.
aeS(t(—=1))

Equivalently, also setting i :== —A € P,

k' = ka(gh )

[1 ~~—<9 2 Vsiko)=K@'y). nePl. (14

I —(ghy)e -
aeS(t(p))

Note that L3, € C(T)#,-1W == C({1} x T)#({e} x W), so y @+ = g7y« for
a € Rand r € Z. Using

H kit — ka(gh ) _ H<Hlk ‘—kaqa ' V o

— (gl )aY
aeS(t(u)) (@"y)

)
OlERJr r=0 1_ Go ]/

[ T e e

— 0(
Ol€R+ r=1 1 qa
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and §) = [Tocr, ) \ye obtain from (7.4)

I1 H o av K()=K(g"y). wmeP),

aeRL r=1

and the proof is complete. O

In view of Remark 6.5, we obtain solutions CI>$ € BiSP (w € Wy), given by
oL, y) =0t wly).

Setting Wit (z, y) := WH(r,w™'y), we have ®F (1, y) = G(r, w 'y)¥}(t, y) and
by Corollory 5.11(ii), for € > 0 sufficiently small, W;} has a power series expansion

Wi y)= D iy

aeQi

for (t, y) € Be x T \ w(S4+), converging normally on compacta of Be x T \ w(S4).
The next result follows along the same line as [18, Prop. 6.20].

Proposition 7.3 The set {®} }yew, C BiSP is F-linearly independent.

We expect that the set {®} }ew, is in fact a basis of BiSP over F. This would follow,
for example, if we could prove that x is an F-linear isomorphism SOL — BiSP
(rather than only an embedding). Both are still open problems.

7.2 Application to Harish-Chandra series solutions
of Macdonald’s difference equations

Let¢ e T. The spectral problem of the Macdonald g-difference operators with spectral
parameter ¢ is

Lyf=pe¢hf.  V¥pec[r™, (1.5)

for meromorphic functions f on T. Let SP; C M(T) denote the set of solutions of
(7.5). It is a vector space over £(T'), invariant under the usual action of Wy on M (T).
Recall the solution space SOL; C H, MT) of the quantum KZ equation (3.11) asso-

ciated with M, also Wy-invariant, but with respect to the 7, My (Wo)-action on H, M(T)

We have the following special case of Cherednik’s correspondence from [2, 3] (see
[18, Prop. 6.22]).

Proposition 7.4 For each ¢ € T, x4 defines an Wy-equivariant E(T)-linear map
X+: SOL; — SP;.

Remark 7.5 In Stokman’s paper [15], it is shown that x4 is an isomorphism if ;“v #=
k2,1 foralla € R.
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Recall that ¥ = y, (W) with W, as usual, the solution of the gauged bispec-
tral BqKZ Eqgs. (5.11) obtained in Theorem (5.4). It follows from Corollary 5.11 that
Wt (¢, y) may be specialized at y = ¢ for ¢ € T \ S;l, yielding a meromorphic
function W (-, ¢) € M(T) with poles at ¢ € S;l. Define G € K by

~ 0w
YT

Remark 7.6 Note that G(t, y) = 0,8, 'wo(y)"")G(z, y) and that G(t, y) can be
specialized in y = ¢. Lacking the factor 0, (5, ! wo(y)~1) in the denominator, G does
not satisty ((G) = G. Therefore, GW ¢ SOL, but we do have G(-, {)¥(-, ¢) € SOL.

It follows that G (-, £)W* (-, £) € SP, and hence W (-, ¢) is a solution of the spectral
problem for the gauged Macdonald g-difference operators with spectral parameter ¢,
that is, a solution of

(Ly )ty = pc~"Hf@), V¥pecCIr™, (7.6)
with
= =
L, :=G(,¢)" L, G(, ).
At the end of the previous subsection, we introduced W,/ (¢, y) = W*(t, w™'y) for

w € Wy. Put § := UweWO w(S4). The considerations of this section imply the
following.

Theorem 7.7 Fix¢t €T\ S.

(i) For e > 0 sufficiently small, W} (-, ¢) has a power series expansion
Vo) = Ty o
aeQy

for t € B¢, converging normally on compacta of Be and with
Tq (w™1¢) # 0 explicitly given by (7.1).
(il) W(t,¢) (w e Wo)isanalyticint € T \ S; .

(iii) The function \AI;;)‘( Z) € M(T) (w € Wy) defined by

G(t,w™'() 0, (t (wow™")(0)™h)
G(t,¢) 6, (two(£)~1)

is a nonzero solution of the spectral problem (7.6) for the gauged
Macdonald q-difference operators for all w € Wy.

U, 0) = W, ¢) = v, o),

The functions ‘Iﬁ (-,¢) (w € Wp) are the Harish-Chandra series solutions of the
spectral problem (7.6). As already mentioned in the introduction of this section, for-
mal Harish-Chandra series solutions of Macdonald’s spectral problem were already
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obtained in [12], and earlier for the root system of type A in [7] and [10]. The upshot
here is that we obtain the Harish-Chandra series solutions as meromorphic functions
and are able to explicitly determine the leading term and the pole locations of W/ (-, ¢).
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