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1. INTRODUCTION

In a natural world, there exist many individuals of species which experience two stages in the
lifetime, i.e., immature stage and mature stage, for example, animal and amphibian. Therefore,
to make the models more practical, species are usually considered by dividing the individuals
into two stages. Recently, there exist many papers [1-3] in the literature which investigate some
stage-structured predator-prey systems, however, the papers which investigate stage-structured
cooperative systems are scarce. In this paper, we study stage-structured nonautonomous coop-
erative system of two species. Consider the following model:

1(t) = a(t)za(t) — r1(t)z1(t) — B(t)z1 () — m()21(2),
25(t) = B()z1(t) — r2(t)z2(t) — ma(t)3(2) + b(t)w2(t)y(t), 1)
Y (1) = y(O)[R() - a(t)y(t) + c(t)z2(t)),

where x;(t) denotes the density of immaturity of species X at time ¢, z2(t) denotes the density
of maturity of species X at time ¢, y(¢) denotes the density of species Y at time ¢, r1(t) is the
death rate of the immature of species X, and ry(t) is the death rate of the mature of species X.
af(t) is the birth rate of species X, and 3(t) is the change rate of species X from the immature
to mature, which is directly proportional to the density of the immature. Our purpose in the
paper is, by using the continuation theorem which was proposed in [4] by Gaines and Mawhin,
to establish the existence of at least one positive w-periodic solution of system (1). For the work
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concerning the existence of periodic solutions of delay differential equations which was done by
using coincidence degree theory, we refer to [5-7] and references cited therein.

2. EXISTENCE OF A POSITIVE PERIODIC SOLUTION

In this section, by using Mawhin's continuation theorem we shall show the existence of at least
one positive periodic solution of system (1). To do so, we need to make some preparations.

Let X, Y be real Banach space, let L: Dom L € X — Y be a Fredholm mapping of index zero,
andlet P: X - X, Q:Y — Y be continuous projectors such that ImP =Ker L, Ker Q = Im L,
and X =Ker L@ Ker P, Y =Im L &Im Q. Denote by L, the restriction of L to Dom L NKer P,
Ky :ImL — Ker PN Dom L the inverse (to L), and J : Im Q — Ker L an isomorphism of Im Q
onto Ker L.

For convenience, we introduce Mawhin’s continuation theorem [4, p. 40] as follows.

LEMMA 1. Let Q € X be an open bounded set and let N : X — Y be a continuous operator
which is L-compact on Q (i.e., QN : Q — Y and K,(I - Q)N : O — Y are compact). Assume
the following.

(i) For each A € (0,1), z € QN Dom L, Lz # ANz.
(il) For each x € 8QNKer L, QNz # 0.
(iif) deg{JQN, Q@nKerL,0} #0.
Then Lz = Nz has at least one solution in § N Dom L.
In what follows, we use the following notation:

fog [ sO@ = min 0L £ = w0

te[0,w] t€[0,w]

where f is a periodic continuous function with period w > 0.

In system (1), we always assume the following.
AssumptioN H1. a(t), ri(t), ro(t), B(t), m(t), n2(t), b(t), R(t), a(t), c(t) are positive periodic
continuous functions with period w > 0.

Now we state our fundamental theorem about the existence of a positive w-periodic solution
of system (1).
THEOREM 2. In addition to Assumption H1, we assume the following:

() B'R > Faa¥;

(ii) nhal > buc.

Then system (1) has at least one positive w-periodic solution.

Proor. Consider the system

dy1 _ a(t)er OO _p (£) — B(E) — m (£ ®,

dt
B2 — ey OO — raft) — (e + b)), @)
B~ Rs) — a()er® + cfo)en ),

where a(t), r1(t), r2(t), B(t), m (), n2(t), b(t), R(t), a(t), c(t) are the same as those in Assump-
tion H1. Tt is easy to see that if system (2) has a w-periodic solution (y3(t),v5(t),¥5(t))", then
(e¥i®), e¥i () 5T is g positive w-periodic solution of system (1). Therefore, for (1) to have at
least one positive w-periodic solution, it is sufficient that (2) has at least one w-periodic solution.
In order to apply Lemma 1 to system (2), we take

X=Y= {(yl(t)ayQ(t)’yS(t))T eC (R7R3) : yi(t+w) = yi(t)7 i= 17273}
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and
t),92(t), y3(t)) || = ¢ t
1w (6),v2(t), wa(®) || = maxc fa (6)] + macx [y ()] + mex lys(2)]
here | - | denotes the Euclidean norm in R. With the norm || - ||, X is a Banach space. Set

L:Dom LN X, Lyy(t),92(t), va(t)T = (v (2), w5 (), y4(#)) T, where

Dom L = {(y1(t),92(t),43(t))" € C' (R,R%)}, N:X X,

and
" aft)er2O=n® _p (t) — B(t) — i (t)enr®
Ny | = | B)enr®—v2() _pry(t) — ny(t)er>® + b(t)e¥s®) |
U3 R(t) — a(t)e¥s(®) 4 c(t)ev2(®)
Define two projectors P and Q as
1 w
Y Y1 1 Ow Y
Plys | =Q |y | = E/ yo(t)dt |, Y2 | € X.
Ya Ya 0 Ya

l []w y:;(t) dt

w

Clearly, Ker L = R%, ImL = {(y1,y2,¥3)" € X : fow yi(t)dt = 0, i = 1,2,3} is closed in X
and dimKer L = codimIm L = 3. Hence, L is a Fredholm mapping of index zero. Furthermore,
through an easy computation, we can find that the inverse K, of L, has the form K, : ImL —

Dom L nKer P, .
_ 1w .
/yl(s)ds——-/ / y1(t) dedn
0 wJjo Jo

1 t 1 w n
ys | = / y2(s)ds — — / / ya(t) dt dn
0 wJjo Jo

Y3 ‘
1 M m
[ wds— [ [Cwaodean
L.Jo w Jo 0 .

Obviously, we can prove that QN and K (I — Q)N are continuous by Lebesgue theorem and
that QN(Q), Kp(I — Q)N(Q) are relatively compact for any open bounded set ! C X by the
Arzela-Ascoli theorem. Therefore, N is L-compact on £ for any open bounded set Q ¢ X.
Corresponding to the operator equation Lz = ANz, A € (0,1), we have

d
& =M@ OO i) - ) —mee ]

W2\ [B0en© O ) - mit)e© 1 )] ®
dys

2= [R(®) - a(t)e® + c(t)ew(ﬂ .

Suppose that (y1(t),y2(t),y3(t))T € X is a solution of system (3) for a certain A € (0,1). By
integrating (3) over the interval [0, w], we obtain

/w a(t)eyz(t)—m(t) dt = /w m(t)e?? ® dt + /Ow (r1(t) + B(t)) dt, (4)

0 0

/ B(t)yevrM=v2(8) gy 4 / b(t)ev>® dt = /
0 0 g

w

ro(t) dt + / ns(£)e¥® g, (5)
0

and

Y o) ® N 7 e ®
/0 o{t)ev*® dt 4 /0 R(t) dt /0 (£)e® gt. (6)
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From (3)-(6), it follows that

/w i (t)] dt < /Owa(t)eyz“)‘yl(t) dt+/w(r1(t)+ﬁ(t))dt+/w m (e ® di
0 ’ ; 0

=2(r; + Hw+ 2/ nl(t)eyl(t) dt,
0

/ lyh(t)] dt < / B(t)eyr v gt 4 / b(t)e¥*®) dt + / ro(t) dt + / na(t)e¥2® dt

0 0 0 0 0 8

w (8)

:2F2w+2/ na(t)er2® dt,
¢

and
/0 i ly4(t)] dt < /0 ) c(t)e2® dt + /0 ! R(t)dt + /0 ’ a(t)ev*® dt =2 /0 ’ a(t)er>® dt.  (9)
Choose t; € [0,w], i =1,2,3, such that
vi(ti) = DX w(), i=1,2,3.

Then it is clear that

From this and (3), we have

a(tl)eyZ(tl)_yl(tl) —ri(t1) — B(t1) — nl(tl)eyl(tl) =0, (10)
ﬁ(tz)eyl(tz)—yz(tz) —ra(ty) — n2(t2)ey2(tz) + b(tQ)eys(tz) =0, (11)
R(ts) — a(ts)e® ™) + ¢(tz)ev2(*) = 0. (12)

Equation (10) gives
nl(tl)ezyl(tl) = a(tl)eyZ(tl) — (Tl(tl) +,8(t1))6y1(t1),

which implies that
nlle%'l(t‘) < ate2(ta), (13)

Equation (11) gives

,,712621;2@2) = B(tz)e¥! (t2) o b(tz)eya(tz)-f-y'z(tz) _ T2(t2)€y2(t2),

which implies that
nhealte) < Buevi(t) 4 pugyslta)tvata) (14)

Combining (14) and (12) gives
b‘LL
nhe?2(t2) < previt) 4 — {R(tg)eyz(“) + c(t3)e2y2(tz)]
< Brevrt) 4 b_ul [Rueyz(tz) +cue2yz(t2)} ,
a

that is,
(bl — bhcv) ea(ts) < Bralevr() 4 b RUeva(ta), (15)
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Substituting (13) into (15), we have

(néal _ buc'u,) eZyz(tz) < ﬂual g_;eyg(tz)/z + bu}zueyz(tg)7
\/ M

from which it follows that there exists a positive constant p, such that
eva(t2) o pa.

From (13) and (16), it follows that there exists a positive constant p; such that
eyt (t1) < p1.

From (12) and (16), it follows that there exists a positive constant ps such that
e¥s (t3) < p3.

Equation (6) implies that B
wR

av’

few® gt >
Equation (5) implies that
w w w w
ng/ ev2() gt > / na(t)e¥2® dt > / b(t)evs®) dt — wry > bl/ ¥ () gt — w.
0 0 0 0

Thus,

I D = U
/”’ ) gy PR-T2aw
0 nyat ‘

Multiplying the first equation of system (3) by e**(*) and integrating over [0, w] gives
/0“’ m(t)e® @ dt 4 /Ow(ﬁ @) + ﬁ(t))eyl(t) dt = /Ow a(t)eyz(t) dt,
from which it follows that there exists a point ¢ € [0, w] such that
w [ (#) 21 1 (£) + B (1) D] > o / no gt

Substituting (20) into (21) gives

Linl D = U
. o a(bR—rga)
e ) 4 (ry + p)ren D >

Thus,

. uwl2 uu 4ntald (B R — Foa¥
2nibeyl(t1) > \/[(7‘1 +IB) ] G + ho ( 728G ) __(7,1+ﬂ)u > 0.

nya*

From (7)-(9) and (17)—(19), we have

/ . (6)] dt < 20r F Blw + 202 prw 2 dy,
1]

w
/'Mmﬁfﬁw+%#wﬁwm
0
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(17)

(18)

(19)

(22)
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and w
[ a0l de < 20t pr * ay (25)
0

From (19), (20), and (22), it follows that there exist three constants p}, p3, and pi and three
points &; € [0,w}], i = 1,2, 3, such that

yi(&) > —pj, i=1,2,3. (26)

Since for all ¢ € [0, w],
t

WO =)~ [ dds =123,

i

from (23)—(25) and (26), it follows that for s = 1,2, 3,
w
w) > =i =~ [ (o) ds > o7 —ds. (1)

From (16)—(18) and (27), we can obtain

yi(®)| < max {|Inp;|,pf +di} L R,  i=1,2,3.

Clearly, R; (i = 1,2, 3) are independent of A\. Denote M = Ry + Ry + Rz + Rp; here, Ry is taken
sufficiently large such that each solution (a*, 8*,7*)T of the following system:
~ B—a = 2 A e —
ae —Fg— B —he” =0,
Be® P — 7y — faeP 4-be? =0, (28)
R—Ge" +eef =0
satisfies [[(a*, B*,7*)7|| = |a*| + |8*| + |7*| < M, provided that system (28) has a solution or a
number of solutions. Now we take O = {(y1(t),%2(t),43(t))" € X : [|(y1,92,v3) || < M}. This

satisfies Condition (i) of Lemma 1. When (y1,ys,43) € QN Ker L = 8Q N R3, (y1,v9,¥3) " is
a constant vector in R® with |y1| + |ya| + |ys| = M. If system (28) has a solution or a number of

solutions, then ~
Y1 QeVr™V — 7y — 3 — fpe?
QN Yo | = Beyl—yj — 79 — ’ﬁgeyz -+ hevs 7é 0.
Y3 R — ge¥s 4 ce¥?

If system (28) does not have a solution, then naturally

gl

This proves that Condition (ii) of Lemma 1 is satisfied. Finally, we will prove that Condition (iii)
of Lemma 1 is satisfied. To this end, we define ¢ : Dom L x [0,1] — X by

‘ Fev2—YL ﬁle_yl _:,,72 — 5’
¢(y17 Y2,Y3, /'L) = | —F2 —__7726y2 + be¥s + u /Beyl_y2 s

R —qe¥s Ee¥?

Y1
Y2
Y3

QN

where p € [0,1] is a parameter. When (y1,y2,y3)' € QN KerL = 90N RS, (yl,yg,yg)T is
a constant vector in R® with |y1| + |y2| + |ys| = M. We will show that when (yl,yz,yg)T €
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o0 NKer L, ¢(y1,y2,y3, u) # 0. If the conclusion is not true, then constant vector (y1,v2,v3)"
with |y1] + [yz| + [ys| = M satisfies ¢(y1,72,y3, ) = 0. From

ae¥?™Y — fie¥t + u (._772 - B) =0,
—Fy — 79€¥2 + be¥s + ,u,geyl_yz =0,
R — @e¥s 4 puge¥? =0,
and following the argument of (16)—(18) and (26), we obtain

[9s| < max{|lnpif,p7},  i=1,2,3.

Thus,
3 3
Z lyif < ZmaX{“nPil?Pf} <M,
=1 =1

=

which contradicts the fact that |y1| + |y2| + |ys| = M. Therefore, according to topological degree
theory, we have

deg (JQN(yl, Y2, yg)T, QnKerL, (0,0, O)T)
= deg (¢(y1, ¥2,Y3,1),Q2NKer L, (0,0, O)T)
= deg ((y1,¥2,¥3,0), 2N Ker L, (0,0, O)T)
= deg ((@eyry1 — freYt, —Fy — fpe¥? + be¥®, R — c‘zey3)T ,QNKerL, (0,0, O)T) .

Because of Condition (i) of Theorem 1, then the system of algebraic equations

'O—[y-—’!_hm:o,

m _
—Fg — Ty + bz = 0,
R—-aGz=0

has a unique solution (z*,y*,z*)T which satisfies z* > 0, y* > 0, and 2* > 0, and thus,

deg ((o‘zeyz"y1 — e, —Fy — fpe¥? + be¥* R — c"yey’°‘)T ,QnNKer L, (0,0, O)T)

_ dy* dy*
izt — 0
. e x* T* _
it I B 2
0 0 —az*
= —sign [(ﬁlz* + O;?i > ﬁg&y*z*:l = —1.

Consequently,
deg (JQN(y1,v2,93) T, NKer L, (0,0,0)7) # 0.

This shows that Condition (iii) of Lemma 1 is satisfied. By now Q verifies all the requirements
of Lemma 1 and then system (2) has at least one w-periodic solution. This completes the proof
of Theorem 2.

3. AN EXAMPLE

We give a specific numerical example to test the validity of our result.
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Consider the following nonautonomous stage-structured cooperative system:

int 5
z] = (2+ cost)zy — (3 + ﬂ;—) x— <§ + sint) z; — (10 + cost)z?,
5
xh = <§ + sint) z1 — (24 cost)za — (12 + 2sint)z? + (6 + sint)zqy, (29)
;L cost 4 +sint 3 +sint
y—y<1+2 g Yt 2

In Theorem 2, b(t) = 6 +sint, R(t) = 1 + (cost)/2, a(t) = (4 + sint)/2, ra(t) = 2 + cost,
mo(t) = 12 + 2sint, c(t) = (3 +sint)/2. It is easy to verify b'R > 7a® and nha! > b*c*. By
Theorem 2, system (29) has at least one 27-periodic solution.
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