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Abstract

A permutation grougG of finite degreen is a sharp irredundant group of typk}, k a positive
integer, if each non-identity element@ffixes exactlyk points,|G| = n —k andG has no global fixed
point and no regular orbit. In this note we give a method to construct all faithful representations of
finite abelian groups as sharp irredundant permutation groups ofiyper some positive integek.
0 2004 Elsevier Inc. All rights reserved.
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Let G be a permutation group of finite degreeand letK be a set of non-negative
integersG is called a group of typ& if K = {fix(g) | g € G, g # 1}, where fiXg) denotes
the number of fixed points qf. We say thatG is a permutation group of finite tygé G
is a group of typgk} for some non-negative integkr Blichfeld [2] has shown that i
is a group of typek, then|G| divides the producf [,k (n — k). When equality holdsi;
is calledsharp permutation group of typ€ (see [4]). Thus in particular a sharp group of
degreen and type{k} has ordemn — k. Note that each non-trivial permutation group with
k global fixed points and an arbitrary number of regular orbits is of tyge Moreover
a group of type{k} which hash < k global fixed points is isomorphic to a group of type
{k — h}. A group is called airredundant(permutation group of type(k} if it is a group of
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type {k} without global fixed points and regular orbits (see [5]). A sharp irredundant group
of type {k} is a sharp group of typg} which is also irredundant. Note that the absence of
regular orbits forces to be positive.

Finite groups admitting a faifbl representation as st irredundant permutation
groups of finite type have been investigated in [5]. In particular it is proved that a finite
abelian group can be faithfully represented as a sharp irredundant group of finite type if
and only if it is a non-cyclic elementary abeligngroup, for some prime number. In
this note we show that there is a correspanmebetween non-trivial partitions of an el-
ementary abelian finite-group G and faithful representations ¢f as sharp irredundant
group of finite type. Recall thatgartition of a groupG is a set of non-trivial subgroups of
G such that each non-identity element@fbelongs to exactly one of them. A partition is
non-trivial if each componentis a proper subgroup.

Let G be agroup. lfp;,i =0, ..., r, are permutation representationgbbn some sets
£2;, we denote by} ’_, p; the permutation representatignof G on the disjoint union
2 =J;_o$2: defined by the positiomg? = wg” if w € 2;, g € G. Moreover we denote
by px the standard permutation representatiog;ain the right cosets of the subgroip

An autoduality ofG is a bijections of the subgroup lattice af; into itself such that for
all H K <G, H<K ifand only if K® < H?, or equivalentlyH® N K% = (H, K)® (see
[7, Chapter 8]). Note that i is an autoduality of a finitg-groupG, then|H| = |G : H®|
foreachH < G.

Letr = {X,}i=0,....» be afinite family of (not necessarily distinct) non-trivial subgroups
of a groupG. We say thatr is ana-coveringof G if it has the following properties:

(i) G isthe set-theoretical union of the subgrou@s. . ., X,.
(i) For each maximal subgroup of G the SumingM | X;| is a constant independent
onM.

An a-coveringr is non-trivial if X; is a proper subgroup a@ for each 0<i < r.

Theorem 1. Let G be a non-cyclic elementary abelian finitegroup and lets be an
autoduality of G. A permutation representation @ is a faithful representation ot

as irredundant group of finite type if and only if it is equivalent to the representation
representsG as sharp irredundant group of finite type if and onlyzifis a non-trivial
partition of G. In such a caserfr is of type{r} = {|7| — 1}.

Proof. Letw = {X;}i—o....., be a non-triviake-covering of the elementary abeligngroup
G. Let us show thap? is a faithful representation ¥ as irredundant permutation group
of finite type. Since kepl = MN/_o X¢ = ([[/_o Xi)° = G° =1, ol is faithful. Let 1 g
be an element of;. Then

fix(g) = Y |G: x| = > IXil.

geX} Xi<(g) ™t
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Since (g)‘rl is a maximal subgroup ofs, by the property (ii) ofa-coverings fi)(gpg)
does not depend og. Hencep? represents; as a permutation group of finite type
{Zx,-gM |X;|}, where M is a maximal subgroup of;. Moreover sinceX;.s is a proper
non-trivial subgroup ot for eachi, the representatiop is irredundant.

Conversely lep be a faithful representation @f as irredundant permutation group of
type{k} on a set2, with orbits£2;,i =0, ..., r. Thenp is equivalent to the representation
Y i _opH;, WhereH; is the stabilizer of a poink; € £2;, 0<i <r. SetX; = Hf*l for
eachi =0,...,r. To prove the first part of the theorem we show that {X;}i—o,... , IS
a non-trivialx-covering ofG. Note thatH; is a non-trivial proper subgroup «f for each
i =0,...,r and thus theX;’s are non-trivial proper subgroups as well. Hence, since an
elementg € G belongs to; if and only if X¢ < (g)° and(g)® is a maximal subgroup of
G wheneverg # 1, to prove thaG = | J;_q X; it is enough to show that for each maximal
subgroupM of G there exists an indek 0<i < r, such thatXf = H; < M. Suppose
by contradiction that there exists a maximal subgrsfipf G such thatd; £ M for each
i=0,...,r.Then|M : M N H;| =|G : H;| foreachi =0, ..., r. It follows that theM-or-
bits of £2 coincide with theG-orbits and thus\ hasr + 1 orbits asG does. Hence the
Orbit-Counting Lemma [3, Theorem 2.2] applied @and M gives |G|(r + 1 — k) =
2] —k=|M|(r + 1—k). SinceM < G it follows that|£2| = k: a contradiction since
G is non-trivial andp is faithful. ThereforeG = [ J;_y X;. Moreover, for each maximal
subgroupV of G we have

Z 1X;| = Z G X =k.

XisM MILx?

Thereforer is a non-triviale-covering ofG.

It remains to show thab? representss as a sharp irredundant group of typg for
somek > O if and only if thea-coveringr = {X;}i=o...., iS @ non-trivial partition ofG.
SinceG = J;_y X;, we have thatr is a non-trivial partition ofG if and only if » > 0 and
Y i_o(Xil— 1) =|G| — 1. Thus, since

r r
DXl -1)=>|G:X)| = r+ D =[Gl +1—k) +k—r—1,
i=0 i=0

it follows thats is a non-trivial partition if and only ifG| = |G|(r + 1 — k) + k — r, that is

r =k andp? represent& as a sharp irredundant group of tyjpé. Hence to conclude the
proof of the theorem we need only to show that any partitioty @6 an«-covering. This
follows from next Lemma 2. O

Lemma 2. Partitions of elementary abelian finife-groups arex-coverings.

Proof. Let G be an elementary abelian finitegroup and letr be a partition ofG. Let
M be a maximal subgroup @ and sety; = Zx@z,ng | X|. If 7 is the trivial partition,
thensy, = 0 and we are done. So let us assumethatnon-trivial. ThenG| = p",n > 1.
For eacty =1, ...,n — 1 denote byn,; the number of the components »fof order p’
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and by!, the number of the components ofof order p’ which are contained if/. The
number of subgroups of ordgrof M which are contained in a componefit = of order
pol<t<n—1,isequaltop+---+plif X<Mandto 1+ p+---+ p'2

if X £ M, since in the latter casg N X| = p'~1. Then, by counting the number of
subgroups of ordep of M, we get

n—1 n—1
Tdp++p" 2= L(A+p+-+p N+ =)L+ p+--+p'2).
=1 =1
It follows that
n—1 n—1
Yokp T =14p4 o+ p" =Y (L pt 4 p )
=1 =1
and thus
n—1 n—1
su=y bp' =p+-4p" =Y mip+p+-+p ).
=1 =1

Therefores), does not depend ol and we are done. O

Note that ifG is an elementary abelian finije-group of orderp” with n > 2, then the
set of all maximal subgroups @f is ana-covering which is not a partition, and the set of
all maximal subgroups off containing a fixed non-identity element is not@itovering
of G, even ifG is the set-theoretical union of them.

The next proposition describes hohetpermutation representatigl of Theorem 1
depends on the autoduality

Proposition 3. Let G be a non-cyclic elementary abelian finipegroup and letr be a
non-trivial e-covering ofG. If § ando are autoduédities of G, then there exists an automor-
phismg of G such that the permutation representationsiop? andgp? are equivalent.

Proof. Let 7 = {X,}i—o...., 8, o be as in the statement. || = p?, then for each non-
trivial proper subgroup of G there exists such thatX; = H and the cardinality of the set

{i| X;=H}C{0,...,r} does notdepend oH. Sinces ando permute non-trivial proper
subgroups of7, it is clear thatp;i andp? are equivalent. So let us assume tf@t= p”

with n > 2. Then, sincé 1o is a autoprojectivity oG (see [7, Lemma 8.1.5.a]), by the
Fundamental Theorem of Projective Geometry (see, for example, [1, p. 44]) there exists
an automorphism of G such thatd® ' = H¥ for eachH < G.HenceH? = (H?%)¥ for
eachH < G. Denote bys2 and X the sets on whiclG acts viapS andp? respectively.
Foreach G{i <r, x € G we have

(X2x)? = (X2)"x? = X7x¥.
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Since ¢ is an automorphism of, it follows that the positionX?x — X?x¥ for each
0<i<r, x e, defines a bijectiorB: 2 — X'; and for eachx,y € G, 0<i <r, we
have((X¢x)y)? = (X2x)Py¥. Thereforep} andgp? are equivalent representationss

Remark that wherG is an elementary abelian finite-group of order not less than
p3, then every autoduality of G is represented by a non-degenerate bilinear form
f on G regarded as a vector space over the field witrelements, that is to say
H®={xeG| f(x,y)=0forally e H} for eachH < G (see [1, Chapter 4]).

Examples of sharp irredundant permutation finite abelian groups of finite type can be
constructed, by using the tecnique of Theorem 1, once we are given an elementary abelian
finite p-groupG and a non-trivial partition o6;. Note that the groups of Theorem 7 and
Proposition 2 in [5] are actually constructed in this way. By [6, Lemma 4{; ifs an
elementary abelian finite-group of orderp™, n > 1 andn can be written ag = kn’ + ¢
where 1< n’ < n andn’ <t < 2/, thenG has a partition consisting gf* " + p"~2" +
... 4 p"~k"" 1 1 components. Therefore, by TheorenGlhas a faithful representation as
a sharp irredundant permutation group of typ&="" + p"=21" 4 ... 4 pr—kn'y,

Note that by [5, Theorem 1] i7 is any irredundant permutation group of tyfke on a
set$2, thenG has a non-trivial partition denoted lay (called the standard partition asso-
ciated tof2) whose components are the subgroGps= {g € G | wg = w for eachw € A}
whereA C 2, |A| =k andG 4 # 1. Now assume thaf is a sharp irredundant elementary
abelian finitep-group of type{k}. If § is an autoduality of5, then by Theorem & has
a non-trivial partitiont whose components are the subgroﬂﬁ‘s1 where S = St (w),

w € 2. We claim thatre = {Y° | Y =[x x<p X @and|G : M| = p}. To see this, for
each element ¥ g € G, let us denote by, the intersection of all the point-stabilizers
St (w), w € £2, containingg. Then we have that, = {H, | 1# g € G} and

Hg = ﬂ smm:ﬂx‘sz( ]_[ X)S.

weS2, Xem, Xem,
s -1
gESb(a)) gex X<<g>5

Since, wherg varies in the set of non-identity elements®f (¢)? " varies in the set of all
maximal subgroups af, the claim follows.
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