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1. Introduction

For the last decades, the ecological competition systems of Lotka-Volterra type have been investigated extensively. Many
interesting results concern with the global existence and attractivity of periodic solution, persistence and extinction of the
population, etc., we refer to [1-13] and the references therein. However, the Lotka-Volterra type models have often been
severely criticized. One of the criticisms is that in such a model, the per capita rate of change of the density of each species
is a linear function of densities of the interacting species. In 1973, Gilpin, Ayala et al. [14,15] claimed that more complicated
competition system are needed to study qualitative properties of the systems. To this aim, they proposed several competition
models. One of the models is the following competition system,

N & N;
N =rN[1-(-) — ai—L), i=1,2,....n, 11
() ( (K,-) .Z.”K,») (11)
J=1, j#

where N; is the population density of the ith species, r; is the intrinsic exponential growth rate of the ith species, K; is the
environmental carrying capacity of species i in the absence of competition, 6; provides a nonlinear measure of interspecific
interference, and «;; provides a measure of interspecific interference. Fan and Wang [16] further proposed delay Gilpin-Ayala
type competition model,

yi(®) = yi(®) |:ri(t) - Zaﬁ(t)y?”' (t— rij(t))}, i=1,2,...,n. (1.2)

i=1

By applying the coincidence degree theory, they obtained a set of easily verifiable sufficient conditions for the existence of
at least one positive periodic solution of (1.2).
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Recently, Chen [17] and Xia, Han, Huang [18] investigated respectively the following n-species Gilpin-Ayala type compe-
tition systems

— n 0

HO =y 1) = Y ag®Oy{©) = Y by (t - 7j©) = Y / cij(t,s)yf-”(r+s)ds}, i=1,2,....n, (13)
L j=1 j=1 =1
and
yi®) =yi(® rz(t)—zau(t)y‘f”(t)—Zbu(t)ya” t = 7ij(1)) Zcu(t)yf‘”(t)y?”(t)}, i=1,2,...n (14)
L j=1 j=1

They obtained respectively several interesting results on the permanence and extinction, the existence and global attractivity
of almost periodic solution of (1.3) and (1.4).

Nevertheless, to the best of the author’s knowledge, so far, no work has concerned the periodic systems (1.2)-(1.4) to
establish sufficient and necessary conditions for the existence of positive periodic solutions of the systems.

In this paper, we investigate the following generalized periodic n-species Gilpin-Ayala type competition models in peri-
odic environments with deviating arguments of the form

yi(t) = yi(t) [r, ) — Za,j ®y"® - Z bij )y} (£ — i)

j=1

- ZCu(f) f Kig@©)y!" (t +8)y]' ¢ +s)ds] i=1,2,...n (S)
—o

The purpose of this paper is to obtain a necessary and sufficient condition for the existence of positive periodic solutions
(with strictly positive components) of the system (S). The method is based on the use of a fixed point theorem and the
proof by contradiction. This approach in this paper may be used to more general Lotka-Volterra type competition systems
and Gilpin-Ayala type competition systems.

Throughout this paper, we use i, j=1,2,...,n, unless otherwise stated. For an w-periodic (@ > 0) function u(t) €
C(R,R), let u= %fo’”u(t) dt; a vector u = (uq, Uy, ..., uy)" is positive if u; > 0.

Let R = (—00, 00). We make the assumptions:

(H1) 14, a4, byj, cij, Tij € C(R, R) are w-periodic functions and 7; > 0, ajj, bjj, ¢jj > 0;

(H2) Kjj € C([—o0ij,01, R), Kijj > 0,04 > 0 is a constant and f Klj(t) dt=1;
(H3) «ajj, Bij, 8;j = 1 are constants. y;; is a nonnegative constant

Our main result is

Theorem 1.1. Assume that (H1)-(Hs3) hold. Then condition

1<ign

n
mo= min {Z(a,-j + bij + z,-j)} >0 (€)
j=1
is necessary and sufficient for system (S) to have at least one positive w-periodic solution.

For some particular Lotka-Volterra type and Gilpin-Ayala type competition system, the existence results of positive
periodic solutions have been established respectively in [4-6,8,9,11-13]. Clearly, Theorem 1.1 is an improvement and gener-
alization of these results, which shall be stated in the last section of this paper.

The remainder of this paper is organized as follows. In Section 2, we introduce some notations and preliminaries. In
Section 3 we prove the main theorem by using a well-known fixed point theorem in cones due to Krasnoselskii [19-21] and
a simple proof by contradiction. As applications in Section 4, we study some particular cases of system (S) which have been
investigated extensively in the references mentioned above.

2. Preliminaries
The following fixed point theorem is crucial in the arguments of our main results.

Lemma 2.1. (See Krasnoselskii [19], Deimling [20], Guo and Lakshmikantham [21].) Let E be a Banach space and P be a cone in E.
Assume that $21, §25 are open subsets of E with 0 € 21, 21 C £2;. Let

T:PN(22\21) — P
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be a continuous and completely continuous operator satisfying

) Tyl < llyll for y € PN as2y;
(ii) There exists € P\{0} suchthaty # Ty + Ay fory € PN 3£, and A > 0.
Then T has a fixed point in P N (£22\$21). The same conclusion remains valid if (i) holds for y € P N 8£2, and (ii) holds for

yePNas2yand A > 0.

We introduce a function space:
T
E={y®)=y1®).,y200),....ya(0)) €C(R,R"): yi(t) = yi(t + )}
and let ||y|| = 2?21 |¥ilo, where |yilo = maxXe[o,0] [¥i(t)|. Then E is a Banach space endowed with the above norm.

Define an operator T : E — E by
(Ty)() = ((T)1(t), (Ty)2(t), ..., Ty (D)),
where
t+w n "
Ty = f Gi(t, 9)Yi(s) [Zag(s)y?" )+ Y b6y} (s - 14j(s))
j=1
(2.1)

t

+ ) cij(s)
j=1

j=1

1

0
/ K@yt +5)y} t+8)ds dsi|, i=1,2,....n,

—0ij

where
S

exp(— [ ri(r)dt

Gi(t,s) = P(= e Til )_ ), t<s<t+w.

1 —exp(—wrj)

Obviously, there exist two positive constants A and B such that
A<Git,s)<B, t<s<t+w. (2.2)
Let o0 = %. Now, we choose a set defined by

T
P={y®)=(y1(0).y2(0),.... yn(0)" €E: yi(t) > 0lyilo}.
Clearly, P is a cone in E. For convenience of expressions, we define an operator F : P — E by
n n ﬂ n 0 s
oij ij ij ij
(Fyi(®) = yi(®) [Zau(t)y IO+ by (t— i) + Y cij() f K@y e +&)y e+ s)ds}.
j=1 j=1 —o;

j=1

Lemma 2.2. The operator T maps P into P, thatis, T (P) C P.

Proof. In view of the definitions of P and F, for any y € P,
t+w
(Ty)it)= / Gi(t,s)(Fy)i(s)ds. (23)
t
Thus,
t+20 t+ow t+w
(Ty)it+w) = / Gi(t +w,s)(Fy)i(s)ds = f Gi(t+w,s+w)(Fy)i(s+w)ds= | Gj(t,s)(Fy)i(s)ds = (Ty)i(®).
t+o t t
Furthermore, for any y € P, it follows from (2.1) and (2.2) that
w w
[Ty < B/(FY)i(S)dS and (Ty)i(t) >A/(Fy)f(s) ds.
0 0

Hence
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A
(T > Z|TY)ily = [Tyl

Thus T(P) C P and the proof of Lemma 2.2 is completed. O
Lemma 2.3. The operator T : P — P is continuous and completely continuous.

Proof. By using a standard argument one can show that T is continuous on P. Now, we show that T is completely contin-
uous. Let d be any positive constant and S; ={y € E: |yilo < d} be a bounded set. For any y € Sq4, from (2.1) and (2.2) we
have

@ n
[(Ty)il, < B /(Fy),-(s) ds <wBd Y " (d*Wdi; + dPiby; + d"5 %) =: D;.
0 j=1

Therefore, for any y € Sy,

n n
ITyl =) |(Tyily <Y _ Di=:D,
i=1 i=1

which implies that T(Sy) is a uniformly bounded set. On the other hand, in view of the definitions of T and F,

d
E[Gy)i(r)] =r;(O)(TY)i(t) — (Fy)i(b).

Again, from (2.1) and (2.2) we obtain

d . . S
‘a[(TY)i(t)]’ <D +d ) (@;d* + bijd® + ¢;d"i %) =: D; < D,
=1

where rj' = maxogt<o{ri(f)} and D= max1gi<n{f)i}. which implies %[(Ty)(t)], for y € Sy, is also uniformly bounded. Hence
T(S4) C E is a family of uniformly bounded and equi-continuous functions. By the well-known Ascoli-Arzela theorem the
operator T is completely continuous. The proof of Lemma 2.3 is completed. O

Lemma 2.4. The system (S) has at least one positive w-periodic solution provided T has a fixed point in P.

Proof. Let y € P and Ty = y. Hence (Ty);(t) = y;(t). From (2.3),

t+w
d
yl(t)—dt</ Gi(t,s)(Fy)f(s)dS)

t
=ri®OTy)i() — Gi(t, t + w)(Fy)i(t + w) — Gi(t, ) (Fy)i(t)

=ri®)yi(®) — (Fy)i(®)

n
—y,(t)[rl(t)—Zau(t)y‘]x”(t)—Zbu(t)yj (¢ —7®) Z cij(©) / 1<fj<s>y?fj<t+s>y‘}"f(t+s)ds]

j=1 j=1 —oyj

which implies that y(t) is a positive w-periodic solution of (S). The proof is completed. O
3. The proof of main result

Proof of Theorem 1.1. (Sufficiency) Let

1<ign

Mo = max {Z(au —I—b,] +c,])}

From condition (C) we conclude My > mg > 0. Choose a constant M > Mg so that m <1.Letr= ;M and

T .
21={(y1®,y200,....yn(®)" €E: |yilo<r, i=1,2,...,n}.
For any y = y(t) € PN 3821, o|yilo < yi(t) < |yilo. From (2.1) and (2.2), we have
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t+w n

|(Ty)il, <B / (Fy)i(s)ds < wBlyilo Y _ (@™ + byrPi +cyjri+o)
t Jj=1
n
< ®Blyilo Y _(@; + bij + &ij)r < @B|yiloMor < |yilo.
j=1

Hence for any y(t) € PN 32y,

n n
Tyl =>_1T»ily < lyilo= Iyl
i=1 i=1

which implies condition (i) in Lemma 2.1 is satisfied.

On the other hand, choose 0 <m <mg so that —L— > 1. Let R= —1— and

2= {(y1(t),y2(r),...,yn(t))T €E: |yilo<R, i=1,2,....n}.

Suppose ¥ = (Y1, ¥2, ..., ¥n)T € P\{0}). We show that for any y = y(t) € PN 92, and A > 0, y # Ty + Ay Otherwise, there
exist yo € PN 3£2; and Ag > 0 such that yo =Tyo + Ao¥. Let v, # 0 (1 <ig <n). Since yj, (t) = o|yi,lo, it follows that

t+w

Yip(©) = (TY)iy () + Aoiy = / Giy (t, $)(FY)iy(s) ds + Aoviy
t

> w0 Alyiglo Y (@R + bijRP + € RY+%) + a0y,
j=1
n -
> w0 Alyiglo Y (@ij + bij + Cij) R + hovi,
j=1
2 wo AlyiglomoR + Aoviy 2 |Viglo + Aoy > Yiglos
which is a contradiction. This proves condition (ii) in Lemma 2.1 is also satisfied. By Lemmas 2.1 and 2.4, system (S) has at

least one positive w-periodic solution.
(Necessity) Suppose that (C) does not hold. Then there exists at least an ip (1 <ip <n) such that

(_11‘0]'25,'0]'26,'0]':0, j=1,2,...,n.

If (S) has a positive w-periodic solution y(t) = (y1(t), y2(t), ..., yn())T, then we have

j’io (t) =Tij, (t)yl() (t) .

Yig(t+w)

Therefore 0 = In RO ftt“” riy (8) ds = wrj, > 0, which is a contradiction. The proof of Theorem 1.1 is completed. O
o

4. Applications

In this section, to illustrate the generality of our result, we apply Theorem 1.1 to some particular Lotka-Volterra type and
Gilpin-Ayala type competition systems with (or without) deviating arguments which have been studied in the literature.
Consider the periodic n-species competition systems

Vi) =yi(®) ri(t)_zaij(t)y;‘(t_Tij(t))j|7 i=1,2,...,n, (4.1)
L P
_ N 0

i) =yi®) | ri(®) —ai(®)yi(t) — Z a;jj (t) / 1<ij(€)y]'(t+$)d¥}, (4.2)
L j=1, j#i oy

i =yi®|ri© =Y a®)y; (t - rfj(t))], (4.3)
L et

where rj, a;j, Tij, Kjj, 0ij and «;; are the same as in (H)-(H3). Thus from Theorem 1.1 we have
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Corollary 4.1. Assume that 1y, a;j, Tjj, Kij, 0ij and a;j are the same as in (Hy)-(Hs). Then condition

n
min Za,’j >0
1<i<n

j=1

is a necessary and sufficient condition for (4.1) ((4.2) or (4.3)) to have at least one positive w-periodic solution.

In [5] and [11], for (4.1) to have at least one positive w-periodic solution, sufficient conditions are respectively
n
ri(t) >0 and Zaijyj =r; has a positive solution (see Theorem 2.5 in [5])
j=1
and

n - -

_ - a7 - )

a;>0 and 7> Z '_]”j exp{(Fj + Rj)w} (see Theorem 2.1 in [11]).
j=1 g "

In [13], for (4.2) to have at least one positive w-periodic solution, the sufficient conditions are a;; > 0, r; = Z'}-Zl El,-jei_’i
has a unique solution and

(see Theorem 1 in [13]).

In [16], for (4.3) to have at least one positive w-periodic solution, the sufficient conditions are a;; > 0,
n i1
T — Z&Uy?[” =0 has positive solution
j=1
and
n oo\ %l /i _

> (_lij<—> exp(aij(Fj + Rj)w) (see Theorem 2.1 in [16]).

It is easy to see that Theorem 1.1 improves and generalizes the results mentioned above.

Consider the unsymmetrical May-Leonard model with periodic coefficients [4],

J10) =p1®OY1(O(1 — y1(t) — a1 () y2(t) — B1Dy3(D)),
J2(6) = p2)y2(O) (1 = B2(O)y1 (1) — y2(O) — a2(D)y3(D),
J3(6) = p3(Oy3(0) (1 —as®)y1(t) — B3(O)y2(t) — y3(1)), (4.4)

where p;, i, Bi € C(R, R) are w-periodic functions and p; > 0, «;, 8i > 0. In [4], for (4.4) to have at least one positive
w-periodic solution, the sufficient conditions are

p1p2(t) p2p3(t) p3p1(t)
p < P20 < 2230 ) < P3P 45
“OS 05 2P nom P hon (43)
and
p1(t)p2 p2(t)p3 p3(t)Pp1
<, P2OP g, BOPL_g 46
20 PO 50 PO Fpe SPO (46)

where each of the inequalities for §; is strict on some set I; C [0, ] of positive measure (see Corollary 1 in [4]).
But, since p;(t) >0, i =1, 2, 3, from Theorem 1.1 we have the following result.

Corollary 4.2. The system (4.4) has at least one positive w-periodic solution.

Corollary 4.2 implies that conditions (4.5) and (4.6) are not necessary for (4.4) to have at least one positive w-periodic
solution.
Consider the following two species periodic competition model [22],

x(t) = x(t) (a(t) — b(t)x(t) — c(O)y (b)),
y(©) =y®)(d®) —e®)x(t) — fO)y®). (4.7)

where a, b, c,d, e, f € C(R, R) are w-periodic functions with a, d>0, b,c,e, f are nonnegative. From Theorem 1.1 we have
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Corollary 4.3. For (4.7) to have at least one positive w-periodic solution a necessary and sufficient condition is

b+e>0 and ¢+ f>0.

In [22], for (4.7) to have at least one positive w-periodic solution the following hypotheses are assumed

a>o0, d>0 and b,c,e, f>0

and

w

/(a(s) —c(s)yo(s))ds >0, /(d(s) —e(s)xo(s)) ds > 0,
0 0

where xo(t) and yo(t) are respectively positive w-periodic solution of X = x(a(t) — b(t)x) and y = y(d(t) — f(t)y) (see
Theorem 2.1 in [22]).

For more general applications of the method in this paper, we may further consider some epidemic models in a periodic
environment. For example, in [23] the authors studied the existence and stability of positive periodic solutions of the com-
partmental epidemic models in the periodic environments and established several interesting results by using the Poincaré
map and the theory of the basic reproduction ratio. Under some appropriate conditions the method in this paper may be
extended to study existence of positive periodic solutions of these models. For this subject, further investigations are still
needed in the future.
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