=

View metadata, citation and similar papers at core.ac.uk brought to you by i CORE

provided by Elsevier - Publisher Connector

Available online at www.sciencedirect.com -
JOURNAL OF

SciVerse ScienceDirect Functional
Analysis

ELSEVIER Journal of Functional Analysis 264 (2013) 169-206 —_—
www.elsevier.com/locate/jfa

Finite range decomposition for families of gradient
Gaussian measures

Stefan Adams *, Roman Kotecky *"*, Stefan Miiller ©

& Mathematics Institute, University of Warwick, Coventry CV4 7AL, United Kingdom
b Center for Theoretical Study, Charles University, Jilskd 1, Prague, Czech Republic
€ Institute for Applied Mathematics and Hausdorff Center for Mathematics, Universitiit Bonn, Endenicher Allee 60,
53115 Bonn, Germany

Received 31 January 2012; accepted 4 October 2012
Available online 31 October 2012

Communicated by F. Otto

Abstract

Let a family of gradient Gaussian vector fields on 79 be given. We show the existence of a uniform
finite range decomposition of the corresponding covariance operators, that is, the covariance operator can
be written as a sum of covariance operators whose kernels are supported within cubes of diameters ~ L.
In addition we prove natural regularity for the subcovariance operators and we obtain regularity bounds as
we vary within the given family of gradient Gaussian measures.
© 2012 Elsevier Inc. All rights reserved.
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1. Introduction

In this paper we construct a finite range decomposition for a family of translation invariant
gradient Gaussian fields on Z¢ (d > 2) which depends real-analytically on the quadratic form that
defines the Gaussian field. More precisely, we consider a large torus (Z/L" Z)? and obtain a fi-
nite range decomposition with estimates that do not depend on N. Equivalently, we show that the
discrete Green'’s function C4 of the (elliptic) translation invariant difference operator A = V*AV
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can be written as a sum C4 = ), C4 ¢ of positive kernels C4 x which are supported in cubes of
size ~ L with natural estimates for their discrete derivatives V*C Ak (see Theorem 2.1) as well
as for their derivatives with respect to A (see Theorem 2.2).

To put this into perspective recall that an R”-valued Gaussian field £ on Z¢ (with vanishing
expectation, E(£(x)) = 0) is said to have range M if the correlation matrices E[£" (x)&%(y)],
r,s = 1,...,m, vanish whenever |x — y| > M. In the following we consider only translation
invariant Gaussian fields. We say that Gaussian fields & form a finite range decomposition
of £ if £ =), & and & has range ~ LK, where L > 2 is an integer. The existence of such
a decomposition is equivalent to a decomposition of the correlation matrices Ca(x, y)"* 1=
E[£"(x)&% ()] as a sum of positive (semi-)definite matrix-valued kernels C4 x with range ~ Lk,
ie., Zx’y Dors C:{‘fk(x, V)E"(V)ES(x) = 0and Ca x(x,y) =0if |x — y| > L*.

We are interested in gradient Gaussian fields, i.e., Gaussian fields with o-algebra deter-
mined by the gradients V&. Such fields arise naturally e.g. in problems in elasticity where
only the difference of values is relevant for the energy. In this case we seek a decomposition
into gradient Gaussian fields such that the gradient—gradient correlation E[V;£" (x)V;&°(y)] =
V; V;‘E [ (x)&° (y)] vanishes for |[x — y| 2 L¥. Gradient Gaussian fields are more subtle to han-
dle since they exhibit long range correlations (the gradient—gradient correlation of the original
field typically has only algebraic decay |x — y|~¢ with the critical exponent —d). In the language
of quantum field theory gradient Gaussian fields are thus often referred to as massless fields.

Decomposition into a sum of positive definite operators has been discussed in [7] where a ra-
dial function is written as a weighted integral of tent functions. In [5], finite range decompositions
of the resolvent of the Laplacian (a — A)~!, with a > 0, have been obtained both for the usual
Laplacian and for finite difference Laplacian on the simple cubic lattice Z¢. In [3] these results
are extended and generalised by providing sufficient conditions for a positive definite function to
admit decomposition into a sum of positive functions that are compactly supported within disks
of increasing diameters %Lk . More precisely, the authors of [3] consider positive definite bilinear
forms on C§° and prove that finite range decompositions do exist when the bilinear form is dual
to a bilinear form ¢ f |Bo(x)|?dx where B is a vector-valued partial differential operator
satisfying some regularity conditions.

The main novelty of our paper is twofold. First we extend the finite range decomposition for
the discrete Laplacian to a situation where no maximum principle is available (even in the scalar
case there is no discrete maximum principle for general elliptic difference operator V*AV with
constant coefficients). This can be seen as an adaptation of [3] to the discrete setting. Secondly,
we show that the finite range decomposition can be chosen so that the kernels C4 x depend
analytically on A as long as A is positive definite.

Our main motivation is the renormalisation group (RG) approach to problems in statistical
mechanics, following the longstanding research programme of Brydges and Yau [4], and in par-
ticular the recent work of Brydges [2], both inspired by the work of K.G. Wilson [9]. The goal is
to get good control of the expectations E(K) of nonlinear functions that depends on a gradient
Gaussian field £ in a large region A C Z¢ of the integer lattice. The size of A and the long range
correlations in £ make it difficult to obtain accurate estimates on the expectation E(K). In [1]
we show that such control can nonetheless be obtained in many interesting cases using the RG
approach. One key difference with the earlier work of Brydges and others is the necessity to
drop the assumption of isotropy. Hence the relevant quadratic term is a general finite difference
operator V* AV and reduces no longer to a multiple of the discrete Laplacian. For this reason we
need a finite range decomposition for general (elliptic) operators A and, in addition, we need to
control derivatives of the finite range decomposition with respect to A.
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In Section 2 we introduce the setting of gradient fields and the relevant Green’s functions. Our
two main results are given in Theorems 2.1 and 2.2. The existence of the finite range decompo-
sition is proved in Section 3 where we adapt and extend the methods in [3] to our setting. The
regularity estimate for a fixed A is established in Section 4. Real-analytic dependence on A is
proved in Section 5.

2. Notation and main results

We are interested in gradient Gaussian fields on bounded domains in 74 . For that let L > 3
be a fixed odd integer and consider for any integer N the space

Vy = {(p: 74 — R, o(x+27)=9¢()forall z € (LNZ)d} = (R’")TN

of functions on the torus Ty := (Z/LNZ)? equipped with the scalar product

(@, ¥) =D @), ¥ (0))gn- @.1)

XETN

Notice that a function on Ty can be identified with an L" -periodic function on Z¢. We will later
denote the corresponding space of C"-valued function, equipped with the usual scalar product
in the same way.

We consider two distances on Z¢: p(x, y) = inf{|x — y 4+ z|: z € (LNZ)?} and pso(x, y) =
inf{lx —y+zle: z€ (LNZ)d}. Then the torus can be represented by the lattice cube Ty =
{x e 77 [X |50 < %(LN — 1)} of side LY, equipped with the metric p or pso. Gradient Gaussian
fields can be easily defined as discrete gradients of Gaussian fields. However it turns out to be
inconvenient to work directly with the space of discrete gradient fields, since the constraint of
being curl free (in a discrete sense) leads to a complicated bookkeeping. Instead, we use that
discrete gradient fields are in one-to-one relation to usual fields modulo a constant. To eliminate
this constant we use the normalisation condition that the sum of the field over the torus vanishes.
We thus denote by X y the subspace

XN={¢6VN: > (p(x)z()}. (2.2)
XETN
The forward and backward derivatives are defined as
(Vo) (x) =¢" (x +¢j) —¢" (x),
(V*(p);(x) =¢'(x—ej))—¢ ), r=1,....m; j=1,...,d. (2.3)

Let A : R"*4 — R”™*4 be a linear map that is symmetric with respect to the standard scalar
product (-,-)gmxa On R™*4 and positive definite, that is, there exists a constant cg > 0 such that

(AF, F)gmxi 2 ol Fll3xa  forall F € R™ with || F||gmxa = (F, F)]%/,fxd. (2.4)
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The corresponding Dirichlet form defines a scalar product on Xy,

(9. ¥)1 =&, ¥) = Z (A(Ve @), VY (@))gnwas ¢, ¥ €XN. 2.5

XETN

Skipping the index N, we consider the triplet H_ = H = H . of (finite-dimensional) Hilbert

spaces obtained by equipping the space X'y with thenorms || - ||_, || - I, and || - ||, respectively.
Here, || - ||, denotes the £;-norm ||¢]l, = (¢, (p)1/2, loll+ = (o, (p)lr/z, and || - || _ is the dual norm
lell-= sup (¥, 9). (2.6)

Yyl <1
One easily checks that || - ||_ is again induced in a unique way by a scalar product (-,-)_. The

linear map A defines an isometry
A:Hy—H_, ¢ Ap=V*(AVy). 2.7
Indeed, it follows from the Lax—Milgram theorem that, for each f € H_, the equation
(p, V)4 =(f,v) forallveH4 (2.8)
has a unique solution ¢ € H 4. Hence A is a bijection from H to ‘H_. Moreover
lAgl- =sup{(Ag. v): [vlly <1} =sup{(p.v)s: Ivlls <1} =llpls. (29
Thus A is an isometry from H 4 to H_. In view of the symmetry of A it follows that

(@ ¥)-=(A"9, A7y), = (A g, AATY) = (A7 g, ¥). (2.10)

In the more abstract construction of Brydges and Talarczyk [3] it is important that the operator
A can be written as

A=B*B, @2.11)

where B* denotes the dual of B. This is indeed possible in our case. Since the operator A is
symmetric and positive definite it has a positive square root A!/? and we can define B by

(Bp)(x) = (A2Vg) (x). (2.12)

This yields
(9. ¥)+ = (By, BY), el = IBell. (2.13)
In the following, however, we will not use the operator B explicitly and will, instead, directly use
that (A, ) = (AVe, Vi) and exploit that the right hand side is sufficiently local in ¢ and .

We do, however, make crucial use of the assumption that A is positive definite in the proof of
Lemma 3.4. For many of the other estimates it would be sufficient to assume that the operator
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A is positive which is implied by the weaker condition that A is positive definite on matrices of
rank one, i.e., (A(a ® b), a @ b) > cola|?|b|? for all a € R, b € R4,

Consider now the inverse C4 = A~! of the operator A (or the Green function) and the corre-
sponding bilinear form on X y defined by

GA(‘P» W): (eA(p’ 1/f>=(‘ﬂ, 1//)*7 ‘P’l/f E‘X'N' (214)

Given that the operator A and its inverse commutes with translations on Ty, there exists a unique
kernel C4 such that

Cap)@)= Y Calx —1)e(y) (2.15)

yeTn

(see Lemma 3.5 below). We write C4 € My, using My (in analogy with X y) to denote the
space of all matrix-valued maps on T with zero mean. Notice that if the kernel C4 is constant,
Ca(x) =C for any x € Ty, where C is a linear operator on R", then

Cap)x)= Y Calx —y)p(»)=C Y 9(y) =0 (2.16)

yeTy yeTy

for any ¢ € Xy. It is easy to see that the function G4, y(+) = Ca(- — y) is the unique solution
G4,y € My of the equation

1
AGy, = (3), - W)Jl, 2.17)

where 1 is the unit m x m matrix. Notice that for any a € R™ one has:

1
(AGA’y)a = ((Sy — W)a € XN
‘We now state our main results.

Theorem 2.1. The operator C4 : H_ — H admits a finite range decomposition, i.e., there exist
translation invariant positive-definite operators

Cak:H-—>Hi Carp)®)= Y Caxlx =), k=1... . N+1, (2.18)
yeTN

such that

N+1
Ca=) Cai (2.19)
k=1

and for each associated kernel Ca € My there exists a constant matrix Cy4 y such that

1
Car(x —y)=Car whenever pso(x,y) = Ekaork =1,...,N. (2.20)
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Moreover, for any multiindex o, there exists a constant Cy(d) > 0 depending only on the dimen-
sion d, such that

[V¥Cak(x)| < Co(d)L ™k DE@=2HaD pnled) (2.21)

with n(a, d) =max(}¥(d+ || — D2,d+ || +6)+ 10, and forallx € Ty andk=1,..., N+ 1.
Here, V¥ = Hflzl Vlfx" and Vio =1d, and | - || denotes the operator norm.

Note that since any function in X has mean zero the kernel C:k =Cy r — Ca  generates the
same operator C4 . Thus (2.20) indeed guarantees that C4 ; has finite range. See Lemmas 3.6
and 3.5 for further details.

The operator A, its inverse C4, and the finite range decomposition itself, depend on the linear
map A : R"*¢ — R™*4_Qur major result is that the finite range decomposition can be defined
in such a way that the maps A — Cy4 i are real-analytic, as long as A is positive definite.

Let Loym(R™ *dy denote the space of linear maps A : R”*¢ — R”*4 that are symmetric with
respect to the standard scalar product on R”*¢ and let

U:={A € Loym(R™): (AF, F)gnxa > 0forall F e R™*?, F 50} (2.22)
denote the open subset of positive definite symmetric maps.
Theorem 2.2. Let d > 2 and let a be a multiindex. For each integer N > 1, eachk =1, ..., N+1
and each odd integer L > 16 there exist real-analytic maps A+ Cy x from U to My such that

the following three assertions hold.
(i) If Ca i denotes the translation invariant operator on induced by C4 i then
N+1
Ca=)_ Cax. (2.23)
k=1
(ii) There exist constant m x m matrices C4 i such that

1
Cax(¥)=Cax if poo(x,0) > ELk' (2.24)

(iii) For any multiindex o, there exists a constant Cy (d) such that if (AoF, F)gmxa = co|| F ||]§mxd
forall F € R™*? and ¢y > 0 then

sup [VEDICa k(DA ..., A)|
411

J

< Ca(d)<£> j! [~ k=D @=2+]a]) f n(e,d) (2.25)
co

with n(a,d) = max(%(d + la| — D2, d + || + 6) + 10, and for all x € Ty and all j > 0.

Here V% = H?:l V;xi, we use ||A||l to denote the operator norm of a linear mapping
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AR 5 R"™¥4and the j-th derivative with respect to A in the direction A is taken
at Ao.

The condition L > 16 can be dropped. However, in applications to renormalisation group ar-
guments, one needs to choose L large also for other reasons. Given § € (0, 1/2), the property (ii)
can be strengthened to C4 i (x) = Ca  if poo(x,0) > § Lk, provided that L is large enough. Then
the constants Cy(d) and n(«, d) depend also on §. We refer to Remark 3.10 for further details.

The proof of the existence of the finite range decomposition, i.e., (2.19) and (2.20) of Theo-
rem 2.1, is given in Section 3. The remaining proof of the regularity bounds is given in Section 4
for a fixed A. Real-analytic dependence on A and the bounds (2.25) are established in Section 5.

3. Construction of the finite range decomposition

In this section we prove the existence part of Theorem 2.1 via an extension and adaption of
the methods in [3] to our case. The proof of the estimates is given in Sections 4 and 5.

The existence of a finite range decomposition is contained in Propositions 3.8 and 3.9 below

and their proofs are built on the following auxiliary results.
First, for the construction of the decomposition we consider the discrete cube

0={l,....1—-1}¢ (3.1)

for some ! € N, / > 3. We can identify Q with a subset of Ty once l — 1 < LN, Similarly, any
shift Q +x C Ty. For any x € Ty, consider the subspace

HQ+x)={peH: ¢=0inTy\ (Q +x)}. (3.2)
We write H 4 (Q+x) and H_(Q +x) for the same space equipped with the scalar products (-,-)+

and (-,-)_, respectively. We denote by I, the (-,-)4-orthogonal projection H4 — H (O + x)
and set Py =id — I1,. Thus IT,¢ € H(Q + x) and

(ULg, ¥) = (@, ¥)4 forall y € H(Q +x). (3.3)
For any set M C Ay, we define its closure by
M= {x € Ay: disteo(x, M) < 1}, distoo (x, M) := min{poo(x, y): ye M}. (3.4)
In particular,

{0,....1%. (3.5)

Ql
|

We also define
0_:=1{0,1,....1—1}%. (3.6)
Lemma 3.1. For any ¢ € H we have

(i) A(Pyp)=constin Q + x,
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(1) Prp=¢inTy\(Q+x),
(i) [Typ =@l if o =00n(Q +x)\ (Q +x).

Remark 3.2. This shows that P,¢ is essentially the A-harmonic extension in Q + x. Thus we
would expect that P, is (locally) smoothing and suppresses locally high frequency oscillations,
while IT, suppresses locally low frequencies. This will be made precise in Lemma 4.1 below
where we show the corresponding estimates for the averaged operators T = [ ¢ >y ety Hx and
R=id-1T.

Proof of Lemma 3.1. (i): By (3.3) we have for all ¥ € H4(Q + x) the relation (Pyp, ¥)4 =0
and hence (A(Py¢), ¥) = 0. Taking ¥ = §, — &, for any pair of points v,z € Q + x we get
A(Pyp)(v) = A(Py)(z). This proves (i).

(ii): This follows from the fact that IT,¢ belongs to 4 (Q + x) and hence vanishes outside
0 +=x.

(iii): It suffices to consider the case x = 0 and we write IT for ITy. Let ¢ = ¢1g. Then
@ € H,(Q) and hence I1T¢ = ¢. Moreover ¢ — ¢ vanishes in Q. Thus V(¢ — @) vanishes
in Q_. Hence (¢ — ¢, )4 =0 for all ¥ € H,(Q) since Vi is supported in Q_. Therefore
I (¢ — ¢) = 0 which yields the assertion. [

Lemma 3.3.

(1) 111y =0 whenever (Q_ +x)N(Q_ +y) =2,
(ii) @ =0 whenever suppp N (Q + x) = @.

Proof. (i): For any ¢, ¢ € H 1, the functions I1;¢ and IT,v vanishon Ty \ (Q +x) and Ty \
(Q +y), respectively. Hence, VII, v and VII,¢ vanishon Ty \ (Q- +x) andon Ty \ (Q— +y),
respectively. Assuming now that QO _ 4 x and Q_ + y are disjoint and taking into account (2.5)
we get

W 1 I1y@) = (T, Iyg) 4 = Z (AVITL ) @), (VITy9) (@D))gmwa =0. (3.7)

ze€Tn

(i): For ¥ € H1(Q + x) we have Ay =0 in Ty \ (Q + x). Thus for any ¢ € H with
suppe N (Q +x) = & we get (¢, V)4 = (¢, AY) =0. In view of (3.3) this yields [T,¢ =0. O

Next, consider the symmetric operator

1
T= - Z I, (3.8)

XETN

on H .. The following result is the key estimate for the finite range decomposition construction.
Our proof is a slight modification of the argument in [3].

Lemma 3.4. For any ¢ € H we have

(1) 0< (o, )+ < {1g_+:AVe, Vo),
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(1) 0< (T, )+ < (@, ©)+ and the inequalities are strict if ¢ # 0,
(i) (T, To) < (To, @)+

Proof. (i): We have (I1, ¢, ¢)+ = (¢, [1¢)+ = (Il ¢, I[1,¢)+ > 0. For the other inequality we
use that VIT, ¢ is supported in Q_ + x. Thus

U1z, )+ = (AVII 9, Vo) = (AVIIL0, 19_: V). (3.9

Since A is symmetric and positive definite the expression (F, G) 4 := (AF, G) is a scalar product
on functions Z¢ — R™*¢_ Thus the Cauchy—Schwarz inequality yields

(AVIT,0, 19 4:Ve) < (AVIT, VII,9)/*(Alg 1V, 1o 1Ve)'/?
1/2
= (Mo, M) (1o 1AV, Vo) /2. (3.10)

Together with (3.9) this yields the assertion since (I1,¢, ¢)+ = (1@, [T,¢)+.

(ii): Since ), ety lo-+x(¥) = 14 forall y € Ty the inequalities follow by summing (i) over
x eTy. If (To, @)y =0 then (I1,¢,9)+ =0 for all x € Ty and thus IT,¢ =0 and Pyp = ¢.
Lemma 3.1 implies that there exist constants c, such that (Ag)(y) =c, forall y € Q + x. Since
[ > 3 the cubes QO + x and Q + (x + ¢;) overlap and this yields ¢y = cyye, foralli=1,...,d.
Thus c, is independent of x. Since Ag € X'y this implies ¢ = 0. Hence A¢ = 0 and therefore
¢ =0.

Now suppose that (T¢, ¢)+ = (¢, ¢)+. This implies that for all x € T we have (1@, ¢)+ =
(llo_1xAVe,Ve). We claim that the last identity implies that Ve(x) = 0. Indeed, if
1o_+x Ve =0 we are done. Otherwise the identity can only hold if the inequality in (3.10) is an
identity. In particular we must have VIT,¢ = Alg_4, Ve and A = 1. Now I, ¢ vanishes outside
QO + x and in particular at the points x and x + ;. Thus VII,¢(x) = 0 and hence Vo(x) =0. It
follows that ¢ is constant on T and hence ¢ = 0 since ¢ has mean zero.

(iii): It follows from (ii) that (¢, V)« := (T, ¥ )4+ defines a scalar product on ‘H 4. Thus the
Cauchy—Schwarz inequality and (ii) yield

T, ¥)4 < T, 02Ty, Y < (To, 0w, v 2. (3.11)

Taking ¥y = T¢ we obtain the desired estimate. O
Consider the operator J" : H_ — # _ dual with respect to T and defined by
(To.v)=(0,TY), weH_, yeH.. (3.12)
Notice that
T =ATA™Y, (T, ¥)_=(¢,T¥)_, and
(T'p.0)_=(TA 0, A7) . (3.13)

Indeed, for any ¢ € H ., we have

(T Ap, ¥) = (A, TY) = (9, TY) 4+ = (Tp, ¥) 1 = (AT, ), (3.14)
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and this yields the first identity in (3.13). Now

(Vo) =(ATATA o, ¥) = (TA 9, ALY ) = (TA 9, A7) .. (B.15)
Since the last expression is symmetric in ¢ and Yy we get the second identity in (3.13) and taking

¥ = ¢ we obtain the third identity. Similarly, we have [T, = AIT A~ for the dual of IT,. Notice
that

IT.9 =0 whenever suppp N (Q +x)=92. (3.16)

Indeed, considering any test function ¥ € Xy, we have (IT.¢, ¥) = (¢, II,) = 0. We also
consider the operator

R:=id—T anditsdual R’ =id — 7. (3.17)

It follows from Lemma 3.4(ii) and (3.13) that

(Tp,9)_ >0,  (Ro,9)_>0,

(T'0.T'¢)_ < (T'p,9)_ forallg e H_\{0}. (3.18)
We next discuss the locality properties of translation invariant bilinear forms, operators and the
corresponding kernels. These properties would be obvious if we consider bilinear forms on Vy
since then we can use the Dirac masses &, as test functions. Dirac masses, however, do not belong
to X' and hence we need to use test functions with broader support which makes the conclusion
of Lemma 3.6 below nontrivial. We begin by recalling the relation between bilinear forms, oper-
ators and kernels. The translation operator t,, a € Ty, is defined by 7,¢(y) = ¢(y — a), so that
748y = 84+4y. Recall that My denotes the space of all matrix-valued, LY periodic maps with

zero mean.
Lemma 3.5. Let B be a translation invariant bilinear form on Xy, i.e.,
B(tap, 1a¥) = B, ¥) forallp,yr € Xy, forallae Ty. (3.19)

Then the following assertions hold.

(1) There exists a unique linear operator B : X y — X'y such that

(Bo,v¥)=B(p,¥) forallp, ¥ € Xy. (3.20)

Moreover B is translation invariant, i.e., Bt, = 1,B.
(ii) There exists a unique matrix-valued kernel B € My such that

(Bop)(x) = Z B(x —y)p(y) forallx € Ty, forallp € Xy. (3.21)
yeTN
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Moreover for B: Ty — R™ ™ we have

(Be)(x) = Z B(x —We(y) forallx € Ty, forallp € Xy (3.22)
yeTn

if and only if
B-B=C (3.23)

with a constant m x m matrix C.
(iii) If B' € X y denotes the kernel of the dual operator B’ then

B'(z) = B(—z). (3.24)
@iv) If B and B, are translation invariant operators on X y and Bz = BBy then B is trans-

lation invariant and the corresponding kernels B; € My, i =1, 2,3, are related by discrete
convolution, i.e.,

By(x)=(BixBy)(x):= Y _ Bi(x—y)Ba(y) forallxeTy. (3.25)
yeTy

Proof. We include the elementary proof for the convenience of the reader.
(i): Existence and uniqueness of B follows from the Riesz representation theorem. To prove
translation invariance let D := Bz, — 7,B. We have

(Do, 1a¥) = (Brag, ta¥) — (aBo, ). (3.26)

Since 1, is an isometry with respect to the scalar product (-,-) we get

(Do, 1a¥) = B(ta@, Ta¥) — (Bo, ) = B(ta9, Ta¥) — B(p, ) =0. (3.27)

This holds for all ¢, ¢ € X 5. Hence D = 0.
(ii): To show the existence of 3 note that (59 — ﬁ)a € Xy with any a € R" and define

B(x)a := B|:a (80 — ﬁ)](x). (3.28)

Using that y,(80) = Jy, we get

1 1
B(x —y)a= 3|:a<60 — W)](x —y)= Ty<B|:a(80 — W)})(x)
1 1
= BTy |:d (80 - W)}()C) = B[a(Sy — W)}(X) (329)
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Observing, further, that for any ¢ € X v, we have

1
= <p(y><8y - W) (3.30)

yeTN
we get

1
Be)x) =Y. B[go(y)(sy - W)}(x) = B — o). (3.31)

€Ty yeTy

This shows the existence of B. Suppose now that By (x) = ZveTN B(x — Y)e(y) forallp € Xy

and set C(z) = B(z) — B(z). The choice ¢ = (8¢; — 80)a with an arbitrary a € R™ yields
C(x—e)=C() forallxeTy, foralli=1,...,d. (3.32)

Thus B— B = C with a constant m x m matrix C. If in addition B € M y then this implies B = B.
Conversely if B =B+ C then B and B generate the same operator since ) _ . ey ¢(x) =0 for
peXy.

(iii): We have

(B'o.¥)=(0.BY)= D (). B& =Y W)gn = Y (03, BO =) (6))gn

x,yeTy x,yeTy

= > (B(=lx = y)e (). ¥ (X))gn- (3.33)

x,yeTn

gence (Bo)(x) = ZyETN B(—[x —y])¢(y) and the uniqueness result in (ii) implies that B'(z) =
(—=2).
(iv): One easily verifies that By * 3, € My and that

(B1B2¢)(x) = Z By # Ba(x — y)e(y)- (3.34)

yeTy
Thus the assertion follows from the uniqueness result in (ii). O
For two sets M, My C Ty we define
distos (M1, M3) := min{poo(x, y): x € My, y € M>}. (3.35)
Lemma 3.6. Let B be a translation invariant bilinear form on Xy and let B and B € My be

the associated operator and the associated kernel, respectively. Let n be an integer and suppose
that LN > 2n + 3. Then the following three statements are equivalent.

(1) B(g, V) =0 whenever dists (supp ¢, supp ) > n.
(ii) There exists an m x m matrix C such that B(z) = C whenever poo(z,0) > n.

(i) supp By C suppg + {—n,...,n} forall p € X y.
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Proof. The implication (ii) = (iii) is easy. Set B(z) =B(z) — C. Then B(z) =0if po(z) > n
with pso(2) = pPoo(z, 0) and by Lemma 3.5(ii) we have

(Be)(x) = Y Blx = y)e(y). (3.36)

€Ty

If x ¢ suppy + {—n,...,n}? then either y ¢ suppgp or y € suppp and peo(x — y,0) > n. In
either case Bo(x) =0.

The implication (iii)) = (i) is also easy. Suppose that dist, (Supp ¢, supp ) > n. Then (iii)
implies that diste (supp Be, supp ¢) > 0, i.e., Be and ¢ have disjoint support. Thus B(¢p, ¥) =
(Bo, ¥) =0.

To prove the implication (i) = (ii), consider the torus Ty with the fundamental domain

Ay = {—LN{I, o, #}d and set
M:={-n,...,n)¥, (3.37)
M_:={-n,...,n+ 1}d, and the closure of M, (3.38)
M={-(+1),-n,....n+1}". (3.39)

Note that by the assumption LY > 2n + 3 the set Ty \ M is nonempty.
We first show that for all i, j € {1, ..., d} we have

ViViB=0 in Ty \ M. (3.40)
To see this let &£ € Ty \ M and consider
Y = (Sg4¢; — S¢)a, ¢ =(8; —d0)b witha,beR". (3.41)
Since |e; —€j|oo < 1 we have

distoo (sUpp @, Supp /) = poo(0,6) =1 2n+1. (3.42)

Hence

0=B(p,¥) =((BE +ei —ej) = B +ei) — (BE —ej) — B()))a, b)
=(V;ViB()a, b) (3.43)

for every a, b € R™ and thus
Vi V;B(g) =0. (3.44)
Next we show that for j € {1, ..., d} there exists a matrix C; such that

ViB=C; inTy\M. (3.45)
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Fix j and set f = V;?B. Using the shorthand I ={—n —1,...,n 4 1}, let

. LN —1 LN —1 \I
X — g ey )
! 2 2

LN —1 LIV—l}d‘1

(3.46)

"= (xg, ..., el—
x =(x Xd) 5 5

Then x = (x1,x") € Ty \ M and hence for i # 1 we have (V; f)(x1, x’) = 0. Thus there exists a
matrix-valued function g; on {—#, e #} \ 7 such that

fx)y=g1(x) ifxy ¢l (3.47)

In the same manner, there exists a function g such that f(x) = g2(x2) if xo ¢ I. This eventually
implies (3.45).

Further,
V;-‘B(—n -1, x/) — V;‘B(—n -2, x/) = (V] V;’-‘B)(—n -2, x/) =0. (3.48)
Hence we also have V;‘fB (x) = C; if xy = —n — 1. Arguing similarly for the other components
of x we get
V;‘B:Cj inTy \ M_. (3.49)

We now show that C; = 0. Assume without loss of generality j # 1. For x; ¢ (I \ {—n — 1}) we
have

(3.50)

LN —1 LN—l}dl
? :

ViB(x1,x") =C; forallx’e{— T T

cj=0.
Arguing as in the derivation of (3.45) we conclude from (3.49) and the fact that C; = O that
there exists a matrix C such that

B=C inTy\M-_. (3.51)
In addition we have
B(n—i—l,x/)—B(n+2,x’):(V]"B)(n—}—Z,x’):O. (3.52)

Hence B(x) = C for x; =n + 1. Arguing similarly for the other components of x we get B=C
in Ty \ M. This finishes the proof of Lemma 3.6(ii). O

Lemma 3.7. Suppose that disteo (supp ¢, supp ) > 1 — 1. Then

(T, ¥)=0,  (To,¥)=0, (Rp,¥)=0,  (R'p,y¥)=0. (3.53)
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Proof. It suffices to prove the first identity. The second follows by exchanging ¢ and v and the
third and fourth follow since R =id — T and R’ =id — 7. By Lemma 3.3 we have

Mo=0 if supppN(Q+x)=0 (3.54)
and it follows from the definition of I7, that supp IT,¢ C Q +x. Assume (T, ) # 0. Then there

exist x € Ty such that (ITy¢, ¥) # 0. Thus suppy N (Q + x) # & and suppy N (Q+x)#0.
Therefore there exist £ € Q and ¢ € Q such that x + £ € supp g, x + ¢ € supp ¥. Thus

XHE—(4=E—ce{-(-1D,....1—1}". (3.55)

Hence distoo (Supp @, suppy) </ —1. O
Consider now the inverse @ = A~ !, (For time being, we omit the reference to the matrix A in
the notation for C. We will reinstate it in Section 5, where we explicitly discuss the smoothness

with respect to A.) The main step toward the decomposition, is to subtract a positive definite
operator from C in such a way that the remnant is positive definite and of finite range. We define

C;:=C—RCR', whichyields C;=C—-R*C*R. (3.56)
Proposition 3.8. Both €| and RCR’ are positive definite and Cy has finite range, i.e.,
(Cro, ¥) =0 if disteo (supp ¢, supp yr) > 21 — 3. (3.57)
In particular, there exists an m x m matrix C such that
Ci(2)=C if poo(z,0) > 2] 3. (3.58)
Proof. For any ¢, ¥ € X', we use (2.14) to get
(RCR'@, p) = (R'p, R'g)_>0. (3.59)
If R’ = 0 then (3.18) implies that ¢ = 0. Thus RCR’ is positive definite. Furthermore,
(C1g, ¥) = (Co, ¥) — (CR'9, R'Y) = (9, ¥)— — (R'p, R'Y) _
=(To.¥)_+ (0. T¥)_—(To.Ty)_. (3.60)
Thus (3.18) implies that C; is positive definite.

To evaluate the range of the quadratic form (Cj¢, ¥), we inspect the terms on the right hand
side of (3.60). For the first (and similarly the second) term, we have

(T'e zd > (M. v)_ zd Y (n 3.61)
xeTy xeTy

In view of (3.16), a term in the sum vanishes at x except when the supports of ¢ and ¥ both
intersect Q + x. Therefore, the scalar product is zero whenever the distance of the supports is
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strictly greater than / — 1. The second term of the bilinear form G1(g, V) := (C1p, ¥) is the
double sum

1 1
(Yo, Tv)_ = > @ > (M. Iy)_. (3.62)

)’GTN XETN
By Lemma 3.3 we have 17;17; = AHxHyA’l =0 whenever (Q_ +x)N(Q_ +y) =2, ie,
if poo(x,y) > 1 — 1. Hence the double sum only contains a non-zero contribution if there exist x

and y such that poo(x,y) <I — 1, suppp N Q + x # &, and supp N Q + y # . Hence there
must exist £, ¢ € Q such that x + & € suppg and y + ¢ € supp . Hence

disteo (supp @, supp ¥) < poo (X +& — (¥ +¢), 0) < poo(x — ¥, 0) + poo(§ — £, 0)
<l—141-2<20-3. (3.63)

This proves (3.57), and (3.58) follows from Lemma 3.6. O

We construct a finite range decomposition by an iterated application of Proposition 3.8. Let
L > 16 and consider

1 .
Qj={1,....1; — 1} withljzL§L1J+1forj=1,...,zv. (3.64)

Here |a]| denotes the integer part of a, the largest integer not greater than a. In particular we
have

SLI <l <L+ 1. (3.65)
8 8
We define T, ‘J'}, and fR/j as before with Q replaced by Q; and set

Cr:=(Ry. ..ka_l)e(iR;{_l . fR/l)

=Ry R ROC(RE Ry ... RY), k=1,...,N, (3.66)
and
Cni1:=Ry... Ry~ ...CRN)G(R}\,R}V_l . R’l) (3.67)
With these definitions, we show that the sequence {Cy}k=1,...n+1 yields a finite range decompo-
sition.

Proposition 3.9. Suppose that L > 16. Then the operators Cy. satisfy

(i) e=YyMle.
(ii) Cg is positive definite fork =1,..., N + 1.
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(iii)) Fork=1,..., N the range of Ci is bounded by %Lk, ie.,

1
(Chp, ¥) =0 if disteo (Supp ¢, suppyr) > ELk (3.68)

and there exist m x m matrices Cy such that

Ci(2) =Cr  if Poo(z,0) > %Lk. (3.69)

Remark 3.10. (i) Let § € (0, 1/2). Then we can obtain the sharper conclusion Ci(z) = Cy if
0(z,0) > 8L¥, provided that L is large enough and we choose the integers [ sufficiently small,
e.g. we may take /; = 8L/ /4] 4+ 1 if L > 8/8. Of course the regularity estimates (2.21) then
depend on § and degenerate for § — O.

(i1) The restriction L > 16 can be removed. If 6 < L < 15 we can take /; = 3 and for j > 2
define /; as before. One can easily check that in this case we still have —1 + 2 Zl;:l (j—D<
L*/2 and this yields the desired assertion (see the proof below). If 3 < L < 5 one can skip the
first few renormalisation steps. Formally one can take /1 = I, = 2 and define /; as before for

j=3.Then T =T2=0,R =Ry =id, € =€ =0and —1 +23*_,¢; — 1) < L*/2.

Proof of Proposition 3.9. Assertion (i) follows directly from the definition. To prove (ii), set

o =R ... Rip, U =R_y... Ry, k=1,...,N+1. (3.70)

Inductive application of (3.18) shows that ¢y = 0 implies ¢ = 0. Now, directly from definitions,
(CNt19, ¢) = (@N+1, oN+1)—. Thus Cy 41 is positive definite. For k =1, ..., N we have

(Cr. @) = ((C — ReCR )i, i) 3.71)

Hence by Proposition 3.8 we get (Cr¢, ¢) > 0 with equality only holding if ¢; = 0, which im-
plies ¢ = 0. Thus C4 is positive definite.
(iii): In view of the equation (Crep, ¥) = ((C — Ry GfR;()(pk, Yk), Proposition 3.8 implies that

(Ckg. W) =0 if distoo (supp gk, supp ¥) > 2l — 3. (3.72)

Iterative application of Lemmas 3.7 and 3.6 yields

supp gk C supp@ + {—n, ..., ng}?, supp Vi C supp ¥ + {—ng, ... ni}?,
k-1
ne=y (I —1). (3.73)
=1
Thus

k
(Crep, ¥) =0 if disteo(Supp ¢k, supp i) > —1 + ZZ(I/ - D. (3.74)
j=1
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Now since /; — 1 < %L/’ and Y 02 L™" < 2 we get 22?:1(11' -1 < %Lk. This finishes the
proof. O

4. Estimates for fixed A

To prove the regularity bounds of Theorem 2.1 and Theorem 2.2 we derive estimates for the
Fourier multipliers of the relevant operators. To this end, we first extend the space Vy to the set
Vy = ((Cm)LNd of complex-valued vectors with the subspace X y defined, again, as the subset
of functions ¢ € Vy with vanishing sum, 3, . @(x) = 0. Various scalar products and norms
are extended to complex-valued functions in the usual way, (¢, V) := erTN (), v*(y))cm,
o, ¥ € Vy, with ¥*(x) denoting the complex conjugate of 1 (x).

To introclyce the discrete Fourier transform, consider the set of (scalar) functions f,(x) =
¢! (PX) p e Ty, labelled by the dual torus

’

(—LN + D (=LY +3)n (LN — D }

TNz{p:(pl,...,pd):pje{ N N RN | R 2

j:l,...,d}. 4.1

. . _Nd . Nd
The family of functions {L™ 2 f}} pefy forms an orthonormal basis of CL™". For any ¢ € Vy,
we can define the Fourier transform component-wise,

Vp)yi= ) [0 () forpeTy. 4.2)

xGTN

For Y € Xy, we get @(O) = er'ﬂ‘n ¥ (x) = 0 with the inverse

Yy =L 3" f0)%(p) (4.3)
peTN\(0}
and
(. vy =L"N > (@), ¥ (P))cn- (4.4)
PpeTN\{0}

In the same way (component-wise) we get the Fourier transform for a matrix-valued kernel

/CGMN,

K(p)= )" fr(-x)K(x). 45)

)CETN

For a translation invariant operator X : X'y — X y with the kernel IC € My, we get

Ky (p) = K(p)¥ (p). (4.6)
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Indeed,

Kp(p)= Y Y Ka=n¥MfHpx)= > > K& =¥ (- =) fo(=y)

XETN yETN XETN yETN
=Y K@ fp(=2) Y v fol=y) =Kp)¥ (p). 4.7)
zeTn yeTn

Henceforth, we call K the Fourier multiplier of X. Applying the equality (4.6) with ¥ = af),
p #0, we get

Kaf, =K(p)af,. (4.8)

Indeed, taking into account that ?;(p’) = LNdSP,p/, we have J?a?p(p’) = IE(p’)a/f;(p’) =
LN, yK(pha = L5, yK(p)a and thus

Kafy) =LV 3" fyXafpy(p)= Y. fr )8 pyK(pa

P eTy\{0) p'€TH\{0}

=K(p)afy. (4.9)

Notice also that, by Lemma 3.5, the kernel of a product of two translation invariant operators is
given by the discrete convolution of the kernels and thus

K1 % Ka(p) = K1(p)Ka(p). (4.10)
Now, we will study the Fourier multipliers of the operators A = V*AV as well as the operators

T and R introduced in the previous section. Given that V; f, = q;(p) f, with ¢;(p) =€Pi — 1
and V}'.‘fp = q;‘.‘(p)fp, j=1,...,d, we have

(Aafp)r =Y q3(P)Arjiskasqi(p) fp foranyaeR™, (4.11)
Jik,s

where A, ;s are matrix elements of A, (A@®q)rj= Yo Zle Ay j:s.k0sqk. In view of
(4.8), we get, for the Fourier multiplier .A(p) of the operator A, the expression

(A(pra), =" g1 (P)Arjiskasqi(p) forany a e R™. (4.12)
J.s.k

Alternatively, we can express this in terms of corresponding quadratic form,

(A(p)a, b)en =(A(a ®q(p)). b ®q(P))oura foranya,beR™, (4.13)
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It follows that the multiplier .;l\( p) is Hermitian and positive definite. More precisely, for any
p € Ty \ {0}, we have

71’2

[Ap | <1Allp? and AP~ < (4.14)

4eolpl?

Indeed, the first bound follows directly from (4.13) and the definition of the operator norm || A||
of the linear map A,

Al := max{|AF|: FeC™, |F|<1}. (4.15)

We also took into account that |g( p)|> < |p|? as follows from the upper bound in the estimate
%ﬂ < |e” — 1|2 < % valid for all t € [—7, 7]. To get the second inequality, we use the lower
bound (2.4) as well as the lower bound above, to get the estimate (]l\( pla,a)cm > %C(ﬂ plal?
forany p € ;E\N.

For the Fourier multiplier of J defined in (3.8), we first recall that the translation operator

Ty 1S deﬁn_ed by (tx¥)(y) = ¥(y — x). Hence we have I,y = 1, [1p(7—x ). Note also that
Ty fp=¢ <“”fp. Writing IT as a shorthand for ITj, we get

T(p)a=1""M(af,)(p) (4.16)

for any a € C™. Indeed, applying 7 to af,, we get

MTaf)(y) =Y Mafp) ()= Y M(t_afy)(y —x)

xeTy xeTn
=Y (P Vaf,)(p—x)= Y M(af,)(y —x) e Pl (P
xeTy xeTy
— Z M (af,y)(z)e (P2 eitpy) :m)(p)fp(y), 4.17)
zeTn

Thus, T(af,) =1~ I(af,)(p) f, implying the claim by comparing with (4.8).
We now use the symmetry and boundedness of T, with respect to the scalar product (-,-), to
deduce the corresponding properties for 7 (p). According to (4.8), we have

(T(@fp). bfp), = (AT(afp). bfp) = LN AT (p)a. b), (4.18)

for any a, b € C"™. Combining this with the fact that T is Hermitian with respect to (-,-)4+ and
with Lemma 3.4(ii), we infer that

(AT (pra.b)e, ={a. A(p)T (p)b)e,  and
0 < (AT (p)a. a)en < (A(p)a, a)g, (4.19)
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for all a, b € C™. Since .Zl\( p) is Hermitian and positive definite, it has a unique Hermitian posi-

tive definite square root .Z(p)l/ 2 with inverse le\( p)~ Y2, Applying (4.14), we get
—~ —~ 1
A2 < 1AV d | Ap) 12 < 2o 420
[ AP 2| < IAIY?1pl and | A(p)~ "7 NGl (4.20)
Setting, finally
T(p):=AP) PT(p)Ap) ™% = Ap) V2 (AP T (p)) A(p) ™/ 4.21)
and
R(p) == A(p) *R(p)A(p) "2 =1-T(p), (4.22)

we get the following bounds.

Lemma 4.1. The operators ’7:( p) and ﬁ’g p) are Hermitian (with respect to the standard scalar
product on C"™) and satisfy, for any p € Ty \ {0}, the following bounds:

(i) there is a constant ¢ < oo (which depends only on ||A|| and co, and the dimension d) such
that

|1=Rp)| = |T(p)| <min(1, c(Ipll)*), (4.23)

(i) there is a constant ¢ < oo (which depends only on || A||, co, and the dimension d) such that

I1R(p)| gmin<1, ;(“17'+1)). (4.24)

These estimates show that T suppresses low frequencies, while R suppresses high frequencies,
reflecting the idea that P, =id — II is a (locally) smoothing operator (cf. Remark 3.2).

Proof of Lemma 4.1. From (4.19), we get
(T(Pa,b)on = a. T(P)b)n and 0 < (T(pla,a)on < {a,a)on (4.25)

for any a,b € C". The operators T (p) and ﬁ( p) are thus Hermitian and 0 < 7:( p) <1 and,
equivalently, 0 < R(p) < 1. This implies that

T <1, |Rp| <t (4.26)

@): In Viev!\ of (4.26) we may assume that | p|l < 1. We first estimate the norm of the Hermitian
matrix A(p)7T (p). First, we show that

(AT (pra.a), = [T af,)|. (4.27)
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To see this, we start from the right hand side,

| T@afn) | = (s, af,), =(Tafy). Aafy) =L~V @af). Aaf,))

=7 3 (A@hR)(P) AP)aTy(p))en = (T afp)(p). Alp)a)e
p'eTn\(0}

=1A(p)T (p)a, a)gn- (4.28)

Here, we first used the fact that I7 is an orthogonal projection with respect to (-,-), passing to the

second line we used the equation A/(aE )p) = .Z( p)a?;( p’) obtained as the Fourier transform
of (4.8) for A, then the fact that f,(p") = LNdSP,p/ and, finally, we applied Eq. (4.16).
Applying (4.8) and using that af, € Xy (for p # 0) and thus also IT(af,) € Xy, we get

|T@ry)|? = (T @afy). Aafy) = (T afy). Apaf,)
= (M @afy). Ap)a(f, — ). (4.29)
Further, given that IT(af,) is supported in Q and |f,(z) — 1] < Vd|p|l for z € Q, we have

1T afplly = 1T @fp)ll 0 and 1(fp = Dlglly = I1fp = 10y < VdIpli9/>H!. With the
help of Schwarz inequality and this observation, we get

[T afp |2 = (M @fy). Apralf, — Dlo)
<@ty o AP |lalVd | pl1*>*". (4.30)

The Poincaré inequality [8,6] implies that
_ ¢
|7 (af,) ||€2(Q) <cl|vi(afy) Hez@ < Cwl |T@ry|, (4.31)
0

with a suitable constant ¢. Combining this with (4.30) and (4.14), we get

_IIA]

|T@afy)|, < «/Ecwlp|3ld/2+2|a|. (4.32)
o
Given that A\(p)'?(p) is Hermitian, we get
[ AT ()] = max(AP)T (p)a. a)e < d & (1A /o) Il (433)

The assertion follows using the second inequality in (4.14).
(ii): In view of (4.26), it suffices to consider the case |p|/ > 1. Again, we first estimate

IA(P)R(p)|l. Since R(p) =1 — T (p) we get from (4.27)

{A(p)R(pa. a)e, =1(A(p)a.a) — (MT(afp). afy).,. (4.34)
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Let w be a cut-off function such that

_ — 1
w(z)=1 ifzeQ\Q, w=0 ifdist(z,Q\Q)>1+ﬁ,
P
0<w<1 and |Vo|<c|pl (4.35)

with a suitable constant ¢. By Lemma 3.1(ii) we have IT1(1 — w)(af,) = (1 — w)1gaf,. Hence

(H(afp), afp)+ = (H(aa)fp), afp)+ + (a(l — a))lep,afp)Jr (4.36)

and

(a(l —w)lg fp, afp)Jr = (a(l — a))lep,A(afp)) = (a(l —w)lo fp, .;l\(p)afp>

=Y (-o)|Apa.a)... (4.37)
zeQ_

Here, in the last step, we used that } (1 —w) =3, (I —w) since w=1o0n Q_\ Q.
Using that |Q_| = I, Egs. (4.34) and (4.36) with (4.37) yield

I(APR(pIa. a)e, = —(T@wfp).afp), + Y olA(p)a.a)s, (4.38)
zeQ_

Given that  is supported in a neighbourhood of order 1 + 1/|p| around the boundary Q \ Q
of Q, the last term is easily estimated

> olA(p)a.d)e,

zeQ_

<4dl4~ 1(1 + )H.A(p) l1al?

< 4ar- 1(1+ |p|)||A|||p| jal?. (439)

To bound the remaining term we introduce another cut-off function @ that satisfies the following
conditions,

_ 2 _

o) =1 ifdist(z,Q\Q)<2+ﬁ, &=0 ifdist(z,Q\Q)>3+ﬁ,
p p

0<&<1 and |V&|<alpl. (4.40)

Then
(M (awfy). af,,)+ = (awf,, 17(af,,))+ = (awf,, H(a(I)f,,))+ + (awfp, (1 — 5))1Qaf,,)+

= (awfp, M(ad fp)), + (Alawfy), (1 - @) 1gafy)
= (aa)f,,,17(6167)]01,,))+ 4.41)

since 1 — @ and A(awf,) have disjoint support. Thus
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(M (awfp), afp), | <llawfpll+|T@dfy)|, <llawfpll+ladfpl+

c B 3
< —llAplAe 1(3 + —>|a|2, (4.42)
4 Pl

where we used that w and & are supported in a strip of size 343/|p| around Q\ Q, that 1/|p| <1,
and that the gradients of w, ® and f), are bounded by ¢|p| and the constant ¢ in (4.42) is suitably
chosen in dependence on ¢ and d. The combination of (4.38), (4.39) and (4.42) now yields the
estimate

||A(p)72(p)|| —c+4d IIAIIIpl - 1+i (4.43)
[P

In view of (4.14) this finishes the proof of (ii)). O

As in the previous section assume that L > 16 and consider
d 1 :
Q;={1,....1; =1} with(; = §LJ +1forj=1,...,N. (4.44)

Also operators 7T, fT;., and IR/l., aswell as C, k=1,..., N + 1, are defined as before (cf. (3.66)
and (3.67)). '

We define A'/? via the action of the corresponding Fourier symbol, Al/ 2(p( p)= Al/2 (p)o( p).
Similarly we define A~!/2. Then the operators iRk =AYV2RA"Y2 and Ty, = Al/szﬂ_l /2 ar
Hermitian. For k =1, ..., N define

Mp =Ry ... Rec1Re  and Mg :=id. (4.45)
Since Ry =id — Ty and €= A~' = A~"1/2A~1/2 we have fork =1,..., N
Cr = A7V [ My MG, — MGV JA~Y2
= ﬂ_l/z[(fkﬂk—l)ﬁfﬁc_l + Mt (M- = TeMi—y (‘}kﬁ[k—l)/]fl_l/z (4.46)
and
Cny1 =AMy My A2, (4.47)

To estimate the corresponding kernels Cy and their derivatives we use formula (4.3) for the
inverse Fourier transform. This yields

1 _
sup law|<—7 Y. |Gm]| (4.48)

L P
*eTw peTn\(0)

and for any multiindex o = («q, ..., oq),
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o 1 ~ o

sup [V < 17 D0 [Cka”|

xety pe?N\{O}

1 -
INd Y e e, (4.49)
peTN\{0}

N

Whereqj—eil’f—landq ]_[d lqjt‘.
Finally, a bound on ||Ck( p)|| will be based on (4.46) (respectively, (4.47)) combined with

bounds on [ My (p)Il and | Ter1(p) Mi(p)|l.
The estimate of the latter will depend on |p|. Namely, slicing the dual torus into the annuli

Aji={peTy\{0): xL™/ <|pl<mL™7*'), j=1,...,N, (4.50)

with the complement

Ap:={p e Ty \(0): |p| >}, .51)
and defining, forany c > 1 and j, k=0, 1, ..., N, the step functions

1 ifpeAj, j=k

Mier(p)i=1 o . : (4.52)
¢ m, lfPEAj,j<k,

and

~ cL3L¥K=D ifpeA;, j>k,
Mye.L(p) = ok . : (4.53)
LE=—D&=j+D/2 > iftpeAj, j<k,

we have the following estimates.

Lemma 4.2. There exists a constant ¢ (depending only on co, | A||, and d) such that for any odd
L>16andany NeN,N > 1,

||/Vlk(p) | < Mier(p) fork=0,. (4.54)

and
||77<+1(p)/\/lk(19) | < MieL(p) fork=0,. -1 (4.55)
Proof. Let p € Aj. For k < j both bounds follow from the bounds ||R I <1 forn=

0,1,...,kand ||77<+1(p)|| < c(L"+1 |p])*. Now, assume that k > j and recall that (after increas-
ing the constant ¢ from (4.24) by a constant factor)

1
IR (p)| \—<1+m> < anfj, forn=j+1,...,N. (4.56)
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Thus

ck=i

k
U!|Rn(p>||< ]"[ | Ru(p)|| < H T = TENEI (4.57)

n=j+1 n=j+1

The first estimate for k > j follows, with the second estimate implied since ||’77<+1 <1, O

To combine these bounds for an estimate on the Fourier multipliers @ (p), we use the follow-
ing lemma.

Lemma 4.3. Let n be a nonnegative integer and ¢ > 1. Then there exists a constant ¢’ (depending
on parameters ¢, n, and the dimension d) such that with

1
n:max(z(d+n—1)2,d+n+6>+2 (4.58)

and for all integers L >3, N > 1, andallk=1,..., N + 1, we have

1

v 2 Miter(DMi e (p)|pl"T? < LILTEEDE), (4.59)
PETN\{0}
1 ~ ~
o 2 Mite (DM e (p)pI"? < ed LTELTETDERTE 0 @4.60)
pem\{m
— Y Myer(PMy(p)lpl"? <LV (d+n - 2). (4.61)
peTzv\{O}

Proof. It suffices to prove the first bound for k =1,..., N + 1. The second and third bounds
follow employing the inequalities Mk lel < cL8 Mk Ler and My o1 < M N.c,L, respectively.

To prove the first estimate we split the sum into the sum of contributions over the annuli A ;.
For p € A, we have

Ip["=2 < w22 CITD0D), (4.62)

Indeed, for j # 0, we get
|p[t=2 < LM (@=m.0) f (—j+D@=2) pn=2 « 7n=27 2 (=j+D)n=2) (4.63)
The expression (2 — n) in the term max((2 — n),0) stems from the fact that for » = 0 and
n = 1, we actually employ the lower bound on |p| from (4.50). For j =0, we have 7 < |p| <

Vd|pleo < Vdm and thus |p|"~2 < 7"72d"? < w"~2d"/2L". The size of the annuli can be
bounded as

'Ld’N| <pdpithe, (4.64)
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Asaresult, for j >k — 1,

1 ~ _
Tav D Micte(P)Mi—1 L (P)Ipl" >
pGAj

< e Hd=2gn/2[ 2 (—jHDd+n=2) 1 8 4k—1-))

< cn”+d—2d"/2L8+d+nL—(k—l)(d+n—2)L—(j—(k—l))(d+n+2) (4.65)
and
| N
Tav 2 2o Micten (D)Mo e n(p)lpl"? SELIHTLTEDETD (4.66)
j=k—1 pEAj
with & = 2¢r"t4=24"/2 gince
N N—k+1 |
—(j—(k=1)(d+n+2) _ j'(d+n+2)
; L - Z L~ < 1 — [—d+n+2)° (4.67)
j=k—1 =0

Now consider j <k — 1. We get

IJ% > Miten(DMi1eL(p)lpl"?
PEA;
(20k—1-))
L&=T=pGk=j)
(20k—1-j)

n+d—2 n/2 121 (—k+1)(d+n—2) 1 (k—j)(d+n—2)
<mt2gn2p 2 L TEThED" (4.68)

< g td=2gn/2 2 (—j+D(d+n=2)

Setting j' =k — 1 — j we get

k—2
LdN Z Z Mk ICL(p)Mk ch(p)|p|n 2
Jj=0peA;
k—1 czj/
(k—1)(d+n—2)
s L Z Li'G+D—(d+n=2)(j’+1) (4.69)

log(2c?)
log3

rest with j' > j, where j =d +n — 2+ £. We get,

Consider the integer £ = | | + 1 and split the sum above into terms with j’ < j and the

~.1

k=2 2 2’

Cc
(a'+n 22—+
Z Li'G'+D—=d+n=2)(j’ +1) Z + Z LU+DE
Jj'=1 '=1 J=j+1
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(1)i+!

702) [ 1(d+n—1)? .
Lt -1

S Je

< JeHpatdn=0? 4, (4.70)

Here, in the first sum, we bounded (d +n — 2 — j')(j' + 1) (with maximum at j' = %) by
%(d +n— 1)2 and, in the second sum, we took into account that L > 3 and thus c2L~¢ < %

Combining (4.66) anq (4.69) with (4.70), we get the sought bound for (4.59) and (4.61) with
constants ¢’ = ¢(2 + jczj) and n = max(%(d +n— 1)2 +2,d +n+8). For (4.60), the constants
must be increased by adding 8 to n and multiplying ¢’ by ¢. O

Proof of Theorem 2.1. By (4.46), Lemma 4.2, and the bound (4.20) we have

1C(P)|| < 2eMi—1,6, (P)Mi—1,6,0 (D) P17 + Mk—1,6,0 (P)Mi—1,6.(p)|p| 2. (4.71)

Now, fork=1,..., N, Ele desired bounds follow from Lemma 4.3 and (4.49). For k=N + 1
we use (4.47) to get |[Cy+1(p)|l < cMN,C,L(p)2|p|’2 and the assertion follows again from
Lemma 4.3 and (4.49). O

5. Analytic dependence on A and proof of Theorem 2.2

We now study the dependence of the finite range decomposition on the map A which appears
in the operator A = V*AV. To this end we will show that the operators IT,, T and R can be
locally extended to holomorphic functions of A and the bounds derived previously for fixed A
can be extended to a small complex ball. Then the Cauchy integral formula immediately yields
bounds on all derivatives with respect to A. We do not claim that the extensions of IT,, T, R to
complex A yield a finite range decomposition for complex A (indeed positivity is meaningless if
A is not Hermitian). The extension is merely a convenient tool to show that the relevant quantities
are real-analytic as functions of real, symmetric, positive definite A.

Let A be a linear map from C”*¢ to C"*¢ such that

A=A+ A 5.1

with Ag and A satisfying the following conditions

(AOF, G)gmxa = (F, AgG) cmxa, (AoF, F)gmxa > co|FI?, forall F,G e C™4, (5.2
and
co
A1l < - (5.3)
2
Here, ¢ > 0 is a fixed constant and, as before, (-,-)cmxs and |- | denote the standard scalar

product and norm on C”*¢ and || A1 || is the corresponding operator norm of Aj.
Again, we consider the operator

A:=V*AV, (5.4)



S. Adams et al. / Journal of Functional Analysis 264 (2013) 169-206 197

on Xy,ie.,

d

(Ag), =Y Vi(AVg);,, where (V) =V,¢,. (5.5)
j=I1

With operator A we associate the sesquilinear form

(9, ¥)a:=(AVe, VY) (5.6)

where (-,-) is the £;-scalar product on Xy, defining the adjoint A* by
(Ap, ¥) = (¢, ¥)a =p, A*Y), with A" =V*A*V, 5.7

where A* is the adjoint of A. Note that for real, symmetric A the form (-,-) 4 is a scalar product
and agrees with (-,-)+. In the following, we use the previous notation H for the Hilbert space
with the scalar product (-,-) 4, and define @]l 4, := (@, <p)L/02.

Using Mz and z* to denote the real part and the complex conjugate of a complex number z,

we summarise the main properties of the sesquilinear form (-,-) 4.

Lemma 5.1. Assume that an operator A satisfies the conditions (5.1), (5.2), and (5.3).
Then the sesquilinear form (-,-) 4 on X y satisfies

1
R(g, )4 > S lglh,, (5.8)
3
@Al < S lgllag¥llag, (5.9)
W 0)a=(@. V) (5.10)

Proof. The first claim follows using the definition of the form (-,-) 4 and the lower bound

(AF, F)gmed = (AgF, F)gmed — %0|F|2 > ~(AgF, F)omxa (5.11)

N =

implied by (5.2) and (5.3).
Using (5.3), the Cauchy—Schwarz inequality for the scalar product (Ao F, G)cmxa, and the
bound from (5.2), we also get

co 12 12
(AF, G)gmed| < (AoF, G)gmea + SIFIIGI < (Ao, F){ra{A0G. G) s
1 12 12
+ E(AOF’ F)(med (AOG’ G)cmxd
3 172 12
< E(AOF, F) dmxa (A0G, G) Cnva (5.12)

implying the second claim.
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The last identity follows from the relation
(AG, F)gnxa = (G, A*F)guxa = (A*F, G)imea. O

In view of the above lemma, the complex version of the Lax—Milgram theorem can be used
to ensure the existence of the bounded inverse operator C4 =.A~!.

In the following, similarly as in the case of the Hilbert space H, we use H(Q + x) to
denote the corresponding Hilbert space (of functions from Xy with support in Q + x) with the
scalar product (-,-) 4.

Next, we define an extension of the operators 7, for a general complex A.

Lemma 5.2. Assume that A satisfies (5.1), (5.2), and (5.3). Then, for each ¢ € X y, there exists
a unique v € H(Q + x) such that

. )a=(p.¥)a forally e H (Q+x). (5.13)
Proof. The assertion follows from Lemma 5.1 and the Lax—Milgram theorem. O

Lemma 5.3. Assume that A satisfies (5.1), (5.2), and (5.3). For any ¢ € X y, we set
HA’x(pZZ v, HA = HA’(), (5.14)

with v € H4(Q + x) defined by (5.13). Using, as before, T, to denote the translation by x, 1¢
for the characteristic function of a set Q, and D for the open unit disc D = {w € C: |w| < 1},
we have

) Maxtxp =1t1lag,
1) [[Tagllay < 3llellag
(i) [Tap =@ forall p € H(Q), [1alT5 = Iy,
(V) Hap=¢lgif¢=00n 0\ Q,
(V) (ITag, ¥)a = (@, [Ta=¥) 4,
(vi) The map z > I1py4 .4, is holomorphic for z in the open unit disc D.

Proof. (i): Given that the shift 7_, is an isometry with respect to (-,-) 4, and maps H(Q + x)
onto H. (Q), we have the identities (tx [Ta@, Y)a = ([1a@, T—xY)a = (@, T—x¥)a = (Tx@, ¥)a
forall y € H4(Q + x). As T, [Tpp € H4+(Q + x), this yields the assertion.

(i1): Taking ¥ = I14¢ in the definition (5.13) of v = I[T4¢ and using Lemma 5.1, we get

1 , 3
§||17A<P||3;0 SNRUTap, Hap)a =R, [ap)a < E||‘P||A0||HA(P||A0~ (5.15)

(iii): The second assertion follows from the first. By definition, we have (IT4¢ — ¢, V)4 =0
for all v € H4+(Q). In particular, by the assumption ¢ € H_(Q) we may take v = [Tap — ¢
inferring that ITqp = ¢.

(iv): Let ¢ = @1 . By (iii) we have IT4¢ = ¢. Moreover ¢ — ¢ vanishes in Q. Thus V(g — @)
vanishes in Q_. Hence (¢ — @, ¥)4 = 0 for all ¢ € H(Q) since Vi is supported in Q_.
Therefore IT4 (¢ — @) = 0 which yields the assertion.
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(v): Since ITa«y € HT(Q) we have

(@, Tasy)a = TTa@, Hax ) 4 = (TTaxr, I 4@) 4
=, Ia) e = (TTpa@, ¥) A, (5.16)

where we used the relation (¢, V)4 = (Y, (p)jg* and the definition of IT4+.
(vi): This follows from the complex inverse function theorem. Fix ¢ and consider the map R
from D x H'(Q) into the dual of H*(Q) given by

R(z,0)(¥) = (v — @, ¥) ag+2a, = ((A0 +2A1) (Vv = Vo), V). (5.17)

Then R is complex linear in z and v and hence complex differentiable. By the definition of
IT4 we have R(z,v) =0 if and only if v = IT4,+;4,¢. Finally the derivative of R with respect
to the second argument is given by the map L, from H T (Q) into its dual with L,(0)(y) =
(U, ¥) Ag+z4, - By the Lax—Milgram theorem, L; is invertible for z € D. Hence the map z -
IT4y+-4,¢ is complex differentiable in z. O

Note that for a real symmetric A the above definition of I14  agrees with the definition of
IT, in Section 3. We define, as before,

Ta=1""Y Mar.  Ra=id—Ta. (5.18)

XETN

Then the following weaker version of Lemma 3.4 holds.

Lemma 5.4. Assume that A satisfies (5.1), (5.2), and (5.3). Then

ITa@llag <Ollglla, forally e Xy. (5.19)

Proof. This is an adaptation of the argument from [3] to the complex case. For the convenience,
we include the details. We have

PUTa@l%, <20%|(Tag. Ta@)a| <2 D |UTaxp. ay0)al. (5.20)

x,yeTn

Set Ty := VII4 x¢. Then T, vanishes outside Q_ + x since 14 ¢ vanishes outside Q + x.
Thus, in view of (5.6) and (5.9), we get, similarly as in (5.12),

|(Taxp. Tayp)a| = (AT, Ty) | = [(ALg_4xTx, Lo_4+yTy)|

K
=[{Alg 4yTy, 1o +xTy)|

< S(Aolg 1yTv, 1o +yT) > (Aolg 12Ty, 1o 11 Ty)' >

3
< (AOHQ_+yTxa IlQ_erTx> + Z(AOHQ_er Ty9 IlQ_er Ty)

3
(Aolg_ iy T To) + 5 (AoLo Ty Ty). (521)
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Now Zy eTy 10,y 1s the constant function 1 and thus

Do |UTa g, May9)a| < —1" D (AT, T ——l" Y (a9, Maxp)a,

LyETN XETN xGTN
<31 Y RUTa w0, Ma )4 =31 Y 9i(p, Ma9)a
xeTy xeTn

' 9
=31%%(p, Tap)a < 512d||¢||A0||7A¢||A0.
Combined with (5.20), this yields the assertion. 0O

Next, we bound the Fourier multipliers of operators T4 and R4. Using the relation 74 , =
. [147_, we get, as before,

Tatafp) =171 e PO M4(afy) @) fp (5.22)

zeTy

and thus, the Fourier multiplier ’T‘A (p) is given by

Ta(pa=1"1%" e "I (af)) (). (5.23)

zeTy

Also, the operator A = V*AV satisfies again the equation
Alafp) = (A(pa) f, (5.24)
with

(A(p)a. b)n = (A(a®q(P)). b ®q(P))gmras  q(p)j=€Pi — 1. (5.25)

Hence,

—~ 3
HA(p)HsEqunw and || A(p)~!| < (5.26)

2co |P|2

Lemma 5.5. Assume that A satisfies (5.1), (5.2), and (5.3). Then, there is a constant ¢ < o0
(depending only on || Ao, co, and d) such that, for all p € Ty \ {0},

(i) ||Ao(p>1/2TA(p>Ao(p> 11211 <9, | Ao(p) *Ra(p) Ao (p)~ /2| < 10.
(i) 174 (p)Il < cmin(1, <|p|l)4>
(i) IRA(P) < cmin(l, $(1+ ).
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Proof. The proof is largely parallel to the proof of Lemma 4.1 for real symmetric A, but the
constants are slightly worse since (-,-) 4 is no longer a scalar product.

(i): The second bound follows from the first since R Alp)=1-— ’TA (p). For the first estimate,
we apply Lemma 5.4 with ¢ = af,, a € C™. This yields

(Ao (P)Ta(p)a. Ta(p)a)en < 81(Ao(p)a, a)gn. (5.27)
Taking a = .Zl\o(p)_lﬂb, we deduce that

(Ao ()2 Ta(p) Ao(p) ™%, Ao(p)/*Ta(p) Ao(p)™"/b) sy < 81(b,b)en  (5.28)

and this finishes the proof of (i).
(ii): First, we assume that | p|l > 1. It follows from (i) that

|74 <9 Ao(p) 2] | Ao(p) 2.

By (4.20) we have || Ao(p) /2]l < | Aol|"/?| p| and [| Ao(p)~'/2| < < 7w ot
Now, assume that | p|l < 1. We first estimate the norm of A( p)7f4(p). Note that

, yielding (ii).

(AP Ta(p)a, b)e <A(p>ZHA(afp @), bfp(z>> =(Ma(afy), A*(bfp))

ZGTN

= (Ma(afp).bfp) - (5.29)
Thus by Lemma 5.3(iii), (v), and (5.9), we get
AP Ta(p)a, blen| = [(MalTatafy). bfp) 4| = |(Tatafy), Mas b)) 4|
3
< Aatafp)] 4[4 @Fp) | 5, (5.30)

To estimate ||[IT4(afp) |l a, we use (5.8) and the fact that (IT4 (), I[1a(¢))a = (¢, [T14(@)) 4 ac-
cording to (5.13) since IT4(¢) € H(Q), yielding

5 ||HA @fp3, <|(Tatafy), Matafy) o =|(afp. Matafy) | =(Aafy). Tatafy))
= [((A(p)a) fp, Aataf))| = |((Ap)a)(fp — 1), Dalaf,))]. (5.31)

In the last step we used the fact that functions in Xy have average zero. Now ITa(af)) is
supported in Q and | f,(z) — 1] < Vd |p|l for z € Q. In combination with (5.26) this yields

5 HHA(afp) I3 < [(Aa) (s, = D1 Aatasy)]

< 5||Ao|||p|2ﬁ la|(IpI)i9? | T a(afp)])- (5.32)
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The Poincaré inequality [8,6] implies that
”HA(“fp)”ez(Q) <Cl||VHA(“fP)”e2(Q) 1/2ZHHA(afP)”A (5.33)
Combining the inequalities above we get

| Aatafp],, < <3vae A 1/02”| P12192)q). (5.34)

The same estimate holds for I74,. Hence, from (5.30),

27 ¢ IIAoII

V(AP Ta(p)a. b)g,| < Z-d———1p|’1*1|a||b|. (5.35)

With the help of (5.26), this yields the claim for a suitable constant c.
(iii): For |p|l < 1 the estimate follows from (i). Thus, we assume |p|l > 1. Again we first

estimate A(p)R 4 (p). Since R4 (p) =1 — Ta(p) we get from (5.29)

I{APIYRAPIA, b) e = 1{A(P)a, b) e — (TTa(afy). bfp) - (5.36)

Let w be a cut-off function such that

o) =1 ifzeQ\OQ, w=0 if dist(z, 0\ Q)>1+|%|,
0<w<, IVo| < é|pl. (5.37)
By Lemma 5.3(iii), we have IT5 (1 — w)(afp) = (1 —w)1gaf),. Hence
(Matafp), bfp) , = (Matawfy), bfp) . + (a(l — )1 fp, bfp) 4 (5.38)

and

(a(l =) fp.bfp) , = (a(l = @)1 g fr, A*(Bfp)) , = a(l — @)1 g fp, (A(P)*b) f)

=Y (U - o) AP)a.b)en = Y (1 =) A(P)a.b)n.  (5.39)
zeQ z€Q_

In the last step we used that w =1 on Q_ \ Q. Since |Q_| = 14, this yields

I{A(PYRA(PIa, bl = —(MTalawfy). bfp) s + Y o{A(p)a,b)e, (5.40)
zeQ_

Given that w is supported in a neighbourhood of the order 1 4 1/|p| around Q \ Q, the last term
is bounded by
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> olAp)a, b)e,

z€eQ_

<4di4~ ‘(1 + ) | Ap) |[lallb]

d-1 1 2
< 6dl 1+|7| [l AolllpI"lallb]. (5.41)
To estimate the remaining term we introduce again an additional cut-off function @ for which

2 _
@) =1 if dist(z, Q\Q)<2+| - &=0 ifdist(z,Q\Q)>3+ﬁ,
p

0<o<l, Vol < clpl. (5.42)

Then, taking into account that 1 — @ and A(awf)) have disjoint support,

(MTA(awf). bfp) , = (awfp. Ma=(bfy)) , = (awfp. Ta=(ba fp)) , + (awfp. (1 —d)1gbfy) ,
= (awfp, Hp=(ba f))) 4 + (Alawf,), (1 — d)1gbf,)

= (awfp, Ma(bd fp)) ,- (5.43)
Hence,
|(Ta(awfy), bfp) ,| < |awfp a0 [ Tas @@ fp)] 5, < |awfp |40 16@ £ 1l 4
< Cll Aol pl*19~ 1<1+| |>|a||b| (5.44)

where we used that @ and @ are supported in a strip of order 1 + 1/|p| around Q \ Q, that
1/1p| <! and that the gradients of w, @ and f), are bounded by ¢|p|. The combination of (5.40),
(5.41) and (5.44) now yields the estimate

-~ 1 1
[A(PRAP)| < CllAo |p|27 (1 + |7|) (5.45)
In view of (5.26) this finishes the proof of (iii). O

We now define and estimate the operators C4 x. Assuming again that L > 16, we use
1 .
Q;i={l,....1[;, —1}* with[; = ELJJ +1forj=1,...,N, (5.46)

to define Ta,j, T ;, Ra,j, and R, ;, in the same way as before. Introducing
Makx:=Ra1...Rak—1Rax, fork=1,...,N, and Myuo:=id, (5.47)
we set

Cak:= MA,k_l(BAM’Aka] —MA,/(GAM;L](, (5.48)
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fork=1,...,N and

Can+1:=ManCaAM) v (5.49)
fork=N + 1.
Considering the same annuli éj, j=0,1,..., N, introduced in (4.50) and (4.51), as well

as the functions My ¢ 1 (p) and My . 1 (p) defined in (4.52) and (4.53), we have the following
bound.

Lemma 5.6. Assume that A satisfies (5.1), (5.2), and (5.3). Then there exists a constant ¢
(depending only on || Aoll, co and the dimension d) such that for all L > 16, all N, and all
j=1,...,N, we have

| Max(p)| < My (p) (5.50)

fork=0,...,N and

| Takr1 (P Mai(p)| < M. (p) (5.51)
fork=0,...,N — 1.

Proof. This is similar to Lemma 4.2 for the case of real symmetric A. However, the bound
IR(p)|l <1 for k < j has to be replaced by

|Rask(p)] <1+ |Tar)| < 1+c(IpILH)*. (5.52)

This yields

J J
[TIRAx(»] < H L+ e(lplLh)’) <e, (5.53)
k=0 k=0

resulting in the additional factor ¢ in the claim. O

With the help of Lemma 4.3, we can now bound ||C4 || in the same way as in the proof of
Theorem 2.1, starting from (5.49) for k = N 4 1 and from the equality

Cak = (TasMar—1)CaM)y ;1 +Ma k-1Ca(Ta s Ma k1)’
— TauMa k—1CA(TaxMa x—1) (5.54)

fork=1,..., N. The latter follows from (5.48) using the equation R4 y =id — T4 .
We can now use the Cauchy integral formula to control the derivatives with respect to A.
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Lemma 5.7. Let D ={z € C: |z] < 1}.

(1) Suppose that f : D — C™*™ s holomorphic and
sup| f ()| < M. (5.55)
zeD
Then the j-th derivative satisfies

|r9 ] < mjt. (5.56)

(ii) Suppose that f : D — C™ "™ and g : D — C™*™ are holomorphic and
sup|[ f@) | <My, sup|g(2)| < Ma. (5.57)
zeD zeD

Then the function h(t) = f(t)g*(t) is real-analytic in (—1, 1) and
|20 | < My Maj!. (5.58)
Here g*(t) denotes the adjoint matrix of g(t).
Proof. Assertion (i). follows directly from the Cauchy integral fprmula. To show (ii), we note
that g(z) =}, a;z/ with a; € C"*™. Define G(z) := }_;a%z’. Then G(z) = g(z*)*. Hence
G|l = lg(z*)|l. Thus H := G is holomorphic in D and satisfies supy, | H || < M M;. Hence
H® () <k!M{M>.Fort € (—1, 1) we have H(t) = h(¢) and the assertion follows. O

Proof of Theorem 2.2. It only remains to show the claim (iii). Let Ag and A be as before and
assume in addition that Ay and A are real and symmetric. Set

A(z) := Ag + zA1. (5.59)

Then the maps

7> A//TA(Z),I((P)» i ﬁ(z),k(P)M\A(z),k(P), e M\A(z),k(p)é\A(z)(P)a
2 Tak(PMao 1 (P)Cac (p) (5.60)

are holomorphic in D. Moreover

[Ma i) < ch e.L(P),
| <

|1 Tao k(P Mayx(p)| < cMie.L.(p),
||MA(z)k(P)CA<z)(P)|| W My c.r.(p),

Cc

| Ta k(P Mack(P)Cac (p)] < o

sz e (p), (5.61)
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again with the functions My ¢ ; and Mk,C, 1, defined in (4.52) and (4.53), respectively. Hence it
follows from Lemma 5.7 that

&~ cj! ~ ~,
E‘I_OCAQHAM{(P) < I CMi—1.e.L(PIMi—1.e.0(P)+ My .1 (p)  (5.62)

for k=1,..., N (with the obvious modification for k = N + 1). Thus Lemma 4.3 and the esti-
mate (4.49) for the inverse Fourier transform yield

sup || V4D Cay k() (A1, ..., AD| < Co(d) j1L =k D@2l pnted), (5.63)

XETN

Finally suppose that ||A|| < 1 and set Ag = %OA Then the desired estimate (2.25) follows from
(5.63). O
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