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ARTICLEINFO ABSTRACT
Article history: The purpose of the present work is to survey the dissimilarity measures defined so far in
Available online 31 August 2011 the mathematical framework of evidence theory, and to propose a classification of these

measures based on their formal properties. This research is motivated by the fact that while

gﬁ’;";ﬁ;ﬁ;ity dissimilarity measures have been widely studied and surveyed in the fields of probability
Distance theory and fuzzy set theory, no comprehensive survey is yet available for evidence theory.
Metric The main results presented herein include a synthesis of the properties of the measures
Inner product defined so far in the scientific literature; the generalizations proposed naturally lead to
Belief functions additions to the body of the previously known measures, leading to the definition of numer-
Additive tree ous new measures. Building on this analysis, we have highlighted the fact that Dempster’s

conflict cannot be considered as a genuine dissimilarity measure between two belief func-
tions and have proposed an alternative based on a cosine function. Other original results
include the justification of the use of two-dimensional indexes as (cosine; distance) couples
and a general formulation for this class of new indexes. We base our exposition on a geo-
metrical interpretation of evidence theory and show that most of the dissimilarity measures
so far published are based on inner products, in some cases degenerated. Experimental re-
sults based on Monte Carlo simulations illustrate interesting relationships between existing
measures.

Crown Copyright © 2011 Published by Elsevier Inc. All rights reserved.

1. Introduction

This paper presents, together with a synthesis of their main properties, a survey of the main dissimilarity measures
defined so far using the mathematical framework of evidence theory. This work leads to the definition of a reduced set of
general formulations, allowing the authors to categorize existing dissimilarity measures and in addition, to define several
new measures. Numerous technical observations are made about the surveyed measures and Monte Carlo simulations are
used to illustrate important differences in practical behaviors. An analysis of these experimentally outlined differences is
made and parallels can be drawn with the previously obtained categorization based on theoretical properties.

It shall be noted that we use the term “distance” herein to designate the intuitive notion relative to a somewhat quantified
difference among a set of objects, even though in the technical literature the term is often used to designate an actual measure
having precise properties. We prefer here to use the technical terms of dissimilarity and similarity, although in the current
section the distinction will not be clear cut as we will respect as much as possible the terminology used in the works referred
to.

The vast body of literature on the evaluation of distances between probability distributions is of course a great source
of inspiration for the definition of dissimilarity measures in evidence theory. Among the reference papers also aimed at
studying dissimilarities in the broad sense, we can cite the works of Basseville [2] and a recent paper of Cha [11] who
proposes a classification of the main distances in probability theory as well as a comparison method for the distances.

*A preliminary version of this paper has been presented at WBF'10 [36].
* Corresponding author.
E-mail address: Anne-Laure.Jousselme@drdc-rddc.gc.ca (A.-L. Jousselme).
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In fuzzy set theory, Bloch proposed a detailed survey of distances between fuzzy sets in [8] where fuzzy distances
are reviewed and classified with respect to the needs in image processing applications. In the framework of imprecise
probabilities, Abellin and Gémez [1] defined three measures for comparison of credal sets ! : an inconsistency measure, an
inclusion index and an informative distance. In [10], de Campos et al. proposed a method for building distances between
fuzzy measures based on associated probability distributions. In possibility theory, Jenhani et al. defined in [34] a distance
between possibility distributions together with some required properties.

Inrecentyears, many works on measuring the distance between belief functions have emerged. For along time, Demspter’s
conflict factor has been the only way to quantify the interaction between belief functions (see for example [54,23]). However,
this factor may not be appropriate to quantify the dissimilarity between two belief functions as the conflict between two
identical belief functions may not equal to 0, a result somewhat counterintuitive. Several approaches have been proposed
for the definition of distances in evidence theory. In [56,46], Perry and Stephanou extended the Kullback-Liebler divergence
for probability distributions, Blackman and Popoli [7] and Ristic and Smets [50] defined a distance based on Dempster’s
conflict factor. Other authors proposed geometrical (Euclidean) distances: Fixsen and Mahler [26] defined a classification
miss-distance, Jousselme et al. [35] proposed a geometric distance accounting for the similarity between focal sets, Cuzzolin
[14] defined an Euclidean measure between belief values and extended it to L, Minkowski measures in [16], Wen proposed
to quantify the similarity as the cosine measure of the angle between two mass vectors [59].

In the technical literature, two main aims may be identified regarding the practical use of distances between belief
functions: (1) for algorithm evaluation or optimization, for example in classification algorithms [26,35,19], or in belief
functions approximation algorithms [57,3,14,20], or for combination rule parameter estimation [21,48,61],(2) as a definition
of agreement between sources of information, for example in clustering techniques [4,60,5,52], or as a basis for discounting
factors [43,29,12,31,38,45]. In algorithm evaluation or optimization, the distance is computed with respect to a reference
belief function Bel” or to an entire reference space, as in works on approximation algorithms where distances are measured
with respect to the subspace of Bayesian or consonant belief functions ([13] for instance), whereas in the definition of
agreement between sources of information no such reference exists. Depending on the application, some formal properties
are required while some others are superfluous. Our position is that none of the distance measures can be said to be superior
to the others in the absolute and that the choice of such a measure should always be guided by practical considerations
relative to a specific application.

In Section 2, we review important basic notions of evidence theory, including notational conventions that will ease the
subsequent analytic exposition, together with an emphasis on the geometrical interpretation in Section 2.2. The properties
of similarity and dissimilarity measures are detailed in Section 2.3. A categorization of the distances is proposed in Section 3,
based on the definition a set of different inner-products between belief functions. It is shown that most of the existing mea-
sures can fit in this general formulation. We also mention other works of interest. In Section 4, we discuss some outcomes
of the present survey: Section 4.1 summarizes the existing measures and proposes new measures, Section 4.2 discusses
the metric and structural properties, the normalization factors are presented in Section 4.3, Bayesian belief functions are
discussed in 4.4, Section 4.5 hightlights two kinds of measures that are metric distances and angles, an alternative to Demp-
ster’s rule is proposed in Section 4.6, different encoding of belief functions are proposed in Section 4.7 and some comments
about extensions to unnormalized and fuzzy belief functions are provided in Section 4.8. An experimental comparison of
distance measures is proposed in Section 5 firstly based on a toy example (Section 5.1) and on a more semantic approach
using additive trees (Section 5.2). Section 6 concludes on future works that will be developed in upcoming publications.

2. Background

The background material presented in this section deals with the following four main points: (1) the geometrical inter-
pretation of belief functions, that will be used in this paper to ease the exposition, (2) definitions on similarity, dissimilarity
and metric measures, (3) basic notions on inner products and distances, and (4) the structural properties of belief functions.

2.1. Basics on evidence theory

Let X be a frame of discernment containing N distinct objects x;, i = 1, ..., N. We denote by x an element of X. The
power set of X, denoted by 2%, is the set of the 2V subsets of X. A Basic Probability Assignment (BPA) m is a mapping from
2% to [0, 1] satisfying the two following conditions:

> m@A) =1 and m(@)=0 (1)
ACX

A subset A of X is called a focal element if m(A) > 0 and we denote by F the set of all the focal elements, i.e. # = {A C
X|m(A) > 0}.Three one-to-one mappings can be defined from m, namely the belief, plausibility and commonality respectively
forallA C X:

1 A credal set K is a closed and convex set of probability distributions. The credal set associated with a belief function Bel defined on a frame of discernment
X is K = {p|Bel(A) < p(A), VA C X}.
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Bel(A) = > m(B), PlA)= > m(B), qA) = > m(B) (2)
BCA BNA%£D ACB
The pignistic probability [55] is defined for all A of X by:
IAN B

BetP(A) = > m(B) (3)
BCX |B|
where |A] is the cardinality of set A. In particular, if A is a singleton {x}, we have Bet P({x}) = > ,cp %.
Let us introduce the following indexes between two subsets of X:
Inclusion index : Inc(A, B) = 1if A C B and 0 otherwise (4)
Intersection index : Int(A, B) = 1if AN B # & and 0 otherwise (5)
S |A N B|
Pignistic index : Bet(A, B) = 5| (6)

The Inc index corresponds to QfrM in [53]. We note that Int is symmetric while Inc and Bet are not. The dual index of Int is
1 — Int which is such that 1 — Int(A, B) = 1iff AN B = & and 0 otherwise. Introducing these indexes allows alternative
notations for Egs. (2) and (3):

Bel(A) = >_ m(B)Inc(B, A) (7
BCX

PI(A) = > m(B)Int(A, B) (8)
BCX

q(A) = >’ m(B)Inc(A, B) 9)
BCX

Bet P(A) = > m(B)Bet(A, B) (10)

BCX

2.2. A geometrical interpretation of evidence theory

The geometrical interpretation of evidence theory can be traced back to the work of Ronald Mahler in 1996 [42], where
the author sets the bases with a random sets interpretation of belief functions.? This interpretation has also been used in
[35] to define a distance between two belief functions, and further developed by Cuzzolin in [14,15] for instance.

Let & be the 2N-dimensional Cartesian space spanned by the set of vectors {e4, A C X}. Any vector v of £ can be then
written as v = > scx aaea, Where a4 € R is the coordinate of v along the dimension ej.

A BPA is a vector® m of & satisfying the properties (1), ie. Yacx@a = 1, ¢ = 0, with oy > 0 together with
as = m(A). A belief function Bel is then represented equivalently by a vector Bel = > 4cx Bel(A)ea, with its belief values
Bel(A) as coordinates of Bel. Equivalent representations hold for Pl and q. B

Using a vector-matrix notation as proposed in [53] is natural and makes the exposition easier. Let us now denote by Inc,
Int and Bet as being the matrices whose elements are defined by Eqs. (4)-(6), and let Inc’ denote the transpose matrix of
Inc. We can then rewrite Egs. (7)-(10) as the following products:

Bel=Inc’-m, Pl=Int-m, q=Inc-m BetP = Bet-m (11)

For example, for N = 2 we have:

101 101 105
Inc={011f, Imt= (011, Bet=|(01] (12)
001 111 111

where the focal elements have been ordered as {x1, X2, (x1, x2)} in rows and in columns. The matrix Inc is a upper triangular
matrix with positive values on the diagonal. The matrix Bet is of rank N (instead of 2¥ — 1 if it had be of full rank) because
Bet P(A) = > yca Bet P({x}). It defines thus a projection over &, the N-dimensional subspace of £x spanned by the singleton
vectors ey, i.e. the space of probability distributions. We will denote in the following by Bet, the rectangular matrix with N
rows and 2V — 1 columns. Then, BetP = Bet, - m is thus the pignistic Bayesian approximation (or pignistic transformation)

2 Note that the geometrical interpretation referred here should not be confounded with the work of Kendall and Mathéron [37,44] on random sets, as the latter
work provides a geometrical setting for random sets in R and not to probability distributions explicitly.
3 As a convention, a vector v is a column vector, and its transpose v’ a row vector.



A.-L. Jousselme, P. Maupin / International Journal of Approximate Reasoning 53 (2012) 118-145 121

Table 1
Axioms for metrics. The properties hold for all (y, z, t) € 5.

Metric Semi-metric Quasi-metric Pseudo-metric Semi-pseudo-metric Pre-metric

(d1) Nonnegativity d(y,z) >0 X X X X X X
(d2) Symmetry d(y,z) =d(z,y) X X X X

(d3) Definiteness dy,z) =0&y=1z X X X

(d3)  Reflexivity dly,y) =0 X X X X X X
(d3)" Separability dy,z) =0=y=z X X X

(d4) Triangle inequ. d(y,z) <d(y,t) +d(t, z) X X X

of Bel, and BetP is a vector of size N x 1.In general, we will denote by W, the N x 2V — 1 rectangular matrix corresponding
to the restriction of the square matrix W to the N singletons (Bety, Inc,, Int,, . . .). Note that Bet is denoted by BetPfrM and
Bet, by betPfrM in [53].

2.3. Similarities and dissimilarities

In this paper, the term “distance” is used to denote a general and intuitive notion of distance quantifying how much two
objects are different. This intuitive notion encompasses all the other more formal terms used in the paper. In particular, we
distinguish formal notions defined by axiomatic properties of Table 1 such as (full) metric,* pseudometric, semimetric. All
other distances satisfying less axioms than a premetric will be called nonmetric.

Let y be an element of a given space S. In this paper, S will represent either £, the space of belief functions in which case
y = m, or 2%, the set of focal elements in which case y = A.

Afunctiond : S x S — Ris a (full) metric if and only if d satisfies the following properties for all (y, z, t) € S°:

(d1) Nonnegativity: d(y, z) > 0.

(d2) Symmetry: d(y, z) = d(z, y).

(d3) Definiteness: d(y,z) =0 <y = z.

(d4) Triangle inequality: d(y, z) < d(y, t) 4+ d(z, t), Vt.

Property (d3) can be split into (d3)’ and (d3)”, the properties of:
(d3) Reflexivity®: d(y, y) = 0.
(d3)” Separability: d(y,z) =0 =y = z,

(d1) together with (d3) define positive definiteness.

If d satisfies only some subsets of the set of axioms above, then different degenerate forms of metrics are defined, as
summarized in Table 1.

The weakest kind of metric is a premetric which is only nonnegative (d1) and reflexive (d3)'. A quasimetric is all excepted
that it is not symmetric. A pseudometric is almost a (full) metric excepted that it does not satisfy the separability property
(d3)”, and consequently, the definiteness property (d3). The separability property guaranties that a null distance is obtained
only between an object and itself. If not satisfied, two distinct objects may have a null distance. A semimetric satisfies all the
properties excepted the triangular inequality (d4). And a (full) metric satisfies all axioms from (d1) to (d4). Some combinations
of the prefixes semi, pre, quasi, pseudo may be combined leading to other kinds of degenerate metrics. Of particular interest
in this paper, a semipseudometric is a distance satisfying all five axioms except (d4) (semi) and (d3)” (pseudo). A distance
which does not minimally satisfy the two axioms of nonnegativity and reflexivity will be called nonmetric.

Afunctions : S x S — Ris a similarity if and only if s satisfies the following properties for all (y, z) € S?:

(s1) Symmetry®:s(y, z) = s(z, y),
(s2) s(v,y) > s(y,2),forally # z.

Furthermore if s satisfies:
(s3) Normality: s(y,y) =1,

then, s is normed. A dissimilarity minimally satisfies the axioms (d1), (d2) and (d3)'. Several techniques exist that allow the
definition of dissimilarities from similarities (see [30]), like the simple relation d = 1 — s. For instance, the cosine measure
which is known to be a similarity measure can be transformed into a dissimilarity measure by defining cos?(6) = 1—cos(8).

4 Although being redundant, the term “full metric” will be sometimes used in this paper to distinguish it from a pseudometric.
5 The reflexivity axiom is also called identity axiom. Also, note that a weakest form of the reflexivity axiom can be defined as d(y, y) = & where « is a constant.

6 Note that in some cases, like in directional statements involving an object and a referent (e.g. , “A is like B"), the symmetry property may be considered too
strong for similarity measures [58].
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2.4. Inner products and distances

An inner product ® over a linear space V is a mapping

®:VYVxV—R
V1, v2) —> ®(V1, V) = &
which must satisfy the 3 following axioms for all vectors vy, v,, v3 of V and all scalars a, b € R:
(ip1) Symmetry: ®(vi, v2) = ®(V2, V1),

(ip2) Linearity in the first argument: ®(avy + bvy, v3) = a ® (v1,Vv3) + b ® (v3, v3),
(ip3) Positive-definiteness: ®(v, v) > 0 with equality only forv = 0.

A linear space V endowed with an inner product ® is called an inner product space. This is true for £ in particular.
A general representation for an inner product is:

Qw (1, V2) = Vi Wy, (13)
where W is a matrix of weights (weighting matrix) required to be symmetric and positive definite.” The angle between v;

and v, is given by:

(14)

( Qw(v1, v2) )
6 = arccos{ ————

lviliw.lIvallw

where the norm of a vector v is defined as ||v||w = +/®(v, v) and represents the length of v. The norm can be used to define
a distance function on Ex by:

d(vy, v2) = [[vi — vallw = /(1 — v2)W(v; — v5) (15)

An inner product is degenerate if it satisfies all the properties except the separability property, i.e. if ||v||y = 0 does not
imply v = 0. In this case, W is only positive semidefinite. The induced norm is then a pseudonorm and the induced distance,
a pseudometric (see Table 1).

If W is square, symmetric and positive definite, then W can be uniquely factorized as W = U’U, where U is upper
triangular with positive diagonal entries (Cholesky decomposition). Note that this result also holds whenever W is positive
semidefinite. Then, we can write (13) and (15), respectively as:

®(v1, v2) = (Uvy)'(Uvy) (16)

and

d(vi, v2) = (U] — v2)) U(v; — Vo) (17)

2.5. Structural property of belief functions

Besides the axioms introduced in the previous section, a distance between belief functions should satisfy other properties
very specific to the nature of belief functions. Although the development of such properties is out of the scope of the present
paper, we will however consider the following properties:

(sp1) Strong structural property (interaction between focal elements):

A distance measure d between two belief functions Bel; and Bel,, is said to be strongly structural if its definition
accounts for the interaction between the focal elements of Bel; and Bels, i.e. if s(e4, eg), where s quantifies the
interaction between the basis vectors, plays a role in the definition of d.

(sp2) Weak structural property (cardinality of focal elements):

A distance measure d between two belief functions Bel; and Bel, is said to be weakly structural if its definition

accounts for the cardinality of the focal elements of Bel; and Bely, i.e. if |A| plays a role in the definition of d.
(sp3) Structural dissimilarity (interaction between sets of focal elements):

A distance measure d between two belief functions Bel; and Bels, is said to satisfy the structurally dissimilarity
property if its definition accounts for the interaction between the sets F; and 7, of focal elements of Bel; and
Bely, i.e. if dp(F1, 72), where d quantifies the interaction between the sets of focal elements.

7" A matrix is positive definite iff all its eigenvalues are strictly positive (; > 0), and it is positive semidefinite iff its eigenvalues are positive (1; > 0).
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Information-based Cosine similarity
Euclidean L, (m) Denoeux, 2001 Wen et al., 2008
Divergence Cross-entropy  Weighted L, (Jaccard) Euclidean L, (Bel)
Perry and Stephanou, 1991 Denoeux, 2000 jousselme ez al., 2001 Cuzzolin, 2008
Conflict Chebyshev L, BPAM 2D coefficient Euclidgan L, (Bel)
Dempster, 1967 Tessem, 1993 Fixsen and Mahler, 1997 Liu, 2006 Cuzzolin, 2009
Squared error Modified weighted L,
Zouhal and Denoeux, 1998 Diaz et al., 2006
Auribute distance TBM pairwise dissimilarity
Blackman and Popoli, 1999 pellinger measure
Manhattan L, (Bel) Ristic and Smets, 2006

Klir, Harmanec, 1999

Fig. 1. Historical contributions to the measurement of distance between two belief functions.

Indeed, compared to traditional spaces, the basis vectors e4, A C X, of the space &x of belief functions can be linked
through some similarity or dissimilarity measures, making this space in some sense “curved”. For instance, the basis vectors
ey and eg where A = {x1, x2, x3} and B = {x1, x,} are more similar than the basis vectors e4 and ec where C = {x4, Xs5}.
This structural property is an interesting property to be satisfied by a distance measure between belief functions and will
be considered in the upcoming analysis as the axiomatic metric properties will be.

2.6. Notations

In the remaining of this paper, we will denote by d a dissimilarity measure, by s a similarity measure, by ® an inner
product, and by cos a cosine measure. Moreover, a subscript W will be added to the previous ones to specify the weighting
matrix. A superscript s or d will be added to ® to specify if W defines a similarity or dissimilarity respectively. A superscript
(p) will also be added to d to denote the Minskowski family, p € {1, 2, ..., oo}.

3. Survey of the main distances in evidence theory and classification

Since the introduction of Dempster’s conflict measure [17], about 20 distance measures between belief functions have
been defined in the technical literature. Fig. 1 summarizes several contributions that will be reviewed in this paper. We hope
this survey is exhaustive and apologize for any forgotten contribution.

Most of the distance measures defined so far in the evidence theory framework are derived from inner products, either
directly (see Section 3.3), or through metrics. The main family of metrics considered is the Minkowski family (Section 3.2),
denoted as L, whose most famous representative is the Euclidean metric family L, (see Section 3.2.2). L1 metrics (Manhattan)
and Ly, metrics (Chebyshev norm, also called infinity, uniform or supremum norm) will be reviewed in Sections 3.2.1 and
3.2.3 respectively. The Fidelity family of distances will be described in Section 3.4 and information-based distances will be
presented in Section 3.5. This categorization leads naturally to generalizations that will be made explicit in the following,
and that will help us obtain the definition of more than 40 new measures of distances between belief functions in Section
41.

As an introduction to this section, we present two composite measures that cannot be formally classified into the metric
family even if some of their individual components could be to some extent.

3.1. Composite distances

The first work addressing specifically the problem of quantifying the distance between two belief functions is that of
Perry and Stephanou who have proposed in [46], based on [56], a measure of divergence between two belief functions to be
used by a classifier. The authors argue that an evaluation of distance should measure “the difference between the amount
of information available when they are considered separately and when they are combined”. They thus proposed what they
have called “an extension of the symmetric version of Kullback-Liebler divergence”?® for probability distributions based on
the fact that the updating rule is Dempster’s combination rule rather than Bayes’ rule:

_AaNnA

dps(my, mp) = |F Ule(l
|71 U Al

)+ (miz — my) (M2 — my) (18)

dps(1) dps(2)

where F; is the set of focal elements of m; and my; is the BPA obtained by combining m; and m, with Dempster’s rule.
The resulting expression has two components: (1) a measure of structural dissimilarity (dissimilarity between sets of focal
elements), dps(1) and (2) ameasure of information change relatively to the orthogonal sum, dps(2). The member dps(1) quantifies

8 The reader is referred to the original paper [56] for an argumentation of the authors in favour of this formulation.
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how close the two sets of focal elements are from each other: If Bel; and Bel, have the same focal elements (F; = /), then
dps(1) = 0 meaning that Bel; and Bel, are structurally identical. Referring to the discussion in Section 4.5 about the angles
and distances, two belief functions with the same set of focal elements (dps(1) = 0) are found to be collinear.

The underlying intuition in Perry and Stephanou’s divergence is that two aspects must be considered, namely the interac-
tion between focal elements (the so-called structural property in the remainder of the present article) and the difference in
mass values. The distance dps can be analyzed component by component: the first component dps(1) satisfies the structural
dissimilarity property (sp3) and the basic axioms (d1) and (d2). The second component dps(2) satisfies the strong structural
property (sp1) due to the use of Dempster’s combination and the basic axiom (d2) but fails to satisfy the non-negativity
axiom (d1). The global distance dps has thus at least four shortcomings: (1) the range of dps(1) is much higher than that of
dps(2), which puts a (too) large emphasis on the structural property (larger if |X| is high), (2) dps is a nonmetric measure
as it does not satisfy the (d1), (d3) (dps2)(m, m) # 0), (d3)” and (d4) axioms, (3) dps(2) (thus dps) is not defined if the
(Dempster’s) conflict between my and my is 1 (as is m12), (4) dps is undefined for dps(ea, eg) such that AN B = <.

In [7], Blackman and Popoli defined what they called an “attribute distance” to be used in association algorithms:

1— %, (my, my)

d
1 — maxj=1 2 ®, (m;, m;)

dgp(my, my) = —2log [ ] + (m; + my)'g4 — m;Gm,

(19)

dgp(1) dgp(2)

where ®fm(m1, my) is Dempster’s conflict introduced in (43), g4 is a vector whose elements are Al-1

X|—1
matrix whose elements are G(A, B) = %, A, B C X, where m’.g, is the partial ignorance introduced in [56].

The first component of (19) (denoted by dgp(1) hereafter) has been called “attribute distance” by the authors while the
second member (denoted by dpp(2) hereafter) has been called “ignorance distance”. The quantity dpp(1) remains undefined

whenever ®flm(m1, my) = 1 (total conflict) and is equal to zero whenever ®fm(m1, my) = 0 (null conflict). However, a null
conflict (in Dempster’s sense) between mq and m, does not imply that m; = mj. The second term dpp(2) serves as a penalty
factor aiming at the discrimination between cases of perfect match and those depicting an ignorance situation. Summing
up these two components leads to a non positive measure, and thus dgp is a nonmetric distance (axiom (d1) is not satisfied).
In fact, (d2) the symmetry axiom is the only axiom satisfied by dpp.

Composite distances lead to deceiving results in terms of metric properties as they only satisfy the symmetry axiom
(d2). However, the individual components involved, i.e. dps(1y, dps(2), dp(1), dBp(2), are interesting since each highlights some
requirements in particular, a distance measure between belief functions should account in an aggregate manner for both
the structural properties (difference in the 7;s) and the mass dissimilarity (difference in the m;(A;)). Most of the distances
presented in the following aim at addressing these requirements. We have been inspired by [11] for the structure and
terminology used in the upcoming subsections.

and G = gug) is a

3.2. Minkowski family

The Minkowski family of distances between two belief functions can be written under the following general form:

b (my, my) = ([(Uml - Umz)%]/ [(Um1 - Umz)%])E (20)

where U is the upper triangular matrix of the Cholesky decomposition of the matrix W, that is W = U’U, and p is an integer
higher than 1. If v/ = [v; ... vy], then v¥ for & € R is the vector whose components are v{. Typical cases of interest are
obtained withp = 1,p = 2 and p = o0 leading to the Manhattan (or city-block), Euclidean and Chebyshev distances
respectively. Recently, Cuzzolin defined in [16] L, measures between belief functions to address the problem of consistent

approximations of belief functions:
1

P (my, my) = (Z |Bel; (A) — Belz(A)|P) on

ACX
This is just a special case of the general formulation (20) with U = Inc’.

3.2.1. Manhattan distances - L4
The general L measure for belief functions is obtained for p = 1 in (20):

iy, ) = [wmy — vma | Jom — ums) ! (22)
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We obtain for U = Inc’:

dia) (my, my) = > Bel; (A) — Bely(A))| (23)
ACX

This distance of type Ly has been introduced by Klir and Harmanec in [40,32] and further used in [20] as an error measure
for belief function approximations. Note however that the original formulation of (23) in [40] did not use the absolute
value because the distance was defined for approximations of belief functions purposes and Bel, was a necessity measure
consistent with Bel; thus such that Bel; (A) > Bel,(A), VA C X. We added the absolute value for the definition in the general

case. In [14], Cuzzolin identified d'l as inappropriate for the probabilistic approximation of a belief function as all Bayesian

Inc
belief functions consistent with a given one Bely have the same d,(;C) distance from Belp. In [20], Denceux introduced the

counterpart of (23) for plausibility functions, obtained by letting U = Int:
diy) (mi, mz) = > [PlLi(A) — Pl (A)] (24)
ACX

This distance measurement has been used in [20,22,16] for belief functions approximations. Also, in [45] a restricted version
of (24) to singletons is used, thus with U = Int;:

di(my, my) = > [Pl (x) — Pl (x) (25)

xeX
As already noticed in [20], the duality of the Bel and Pl measures, i.e. PI(A) = 1 — Bel(A), makes the expressions (23) and
(24) equal while it is no longer true under the open world assumption (unnormalized belief functions). Also, this property
does not hold for (25) as d,(,}t)x(mh my) # d,(,:c)x(ml, my).

3.2.2. Euclidean distances - Ly
When p = 2, (20) becomes:

d? (my, my) = \/(my — my)'W(m; — m,) (26)

where W = U'U is a positive semidefinite matrix. Several L, distances (hence several inner products) can then be obtained
by modifying the weighting matrix W.
The simplest inner product in & is:

®;(my, my) = mj I'my (27)

where 1 is the identity matrix. The inner product ®; does not satisfy any structural property as it only accounts for the
mass distribution over the focal elemegts and not for the interaction between the focal elements themselves. Like its
inner product, the associated distance d; suffers from the same drawback. For example, the BPAs m; ({x1, x2, x3}) = 0.8,

m1({x2, x3}) = 0.2 and my({x1, x2, X3, X4}) = 1 are very far from each other according to d,(2), while intuitively they are

not. d,(z) has been introduced first in [46] and used for instance in [19] as an optimization criterion in the training of a neural
network, in [49] in a process of combination of pairwise classifiers or in [50] in an association algorithm.® However, one
interesting property of this distance is that it is definite, and thus dl(z) (mq, my) = 0 & my = my. In fact d,(z) satisfies all
the axioms,(d1) to (d4), of a full metric.

In order to evaluate the performance of identification algorithms, Fixsen and Mahler proposed in [26] a “classification
miss-distance metric” called BPAM, for Bayesian Percent Attribute Miss based on the following inner product:

®p(my, my) = m) P my (28)
where P is the matrix whose elements are:
ANB
pap = PACD A Be o (29)
p(A)p(B)

with p being an a priori probability measure assumed to exist on X representing some background knowledge on the
hypotheses of X, such as class priors in a classification problem. The definition of (29) results in an extension of the “trivial
plausibility measure” p defined such that p(A) = 1ifA # & and p(&) = 0 which defines “Dempster’s agreement” [26].
The resulting inner product is richer than ®; as it satisfies the strong structural property (sp1). For instance, P(A, B) = 0

if and only if AN B = &, otherwise it is between 0 and 1. The corresponding distance, denoted as d,(az), is thus more

appropriate than d,(z) to quantify the distance between belief functions. However, d,(;z) is a pseudometric (the condition of
separability (d3)” is not respected) since P is only positive semi-definite. This means that one can obtain m; 7# mj such

9 We assume that the authors of [50] referred to Eq. (27) instead of their expression (34) which is always equal to 1, as noticed in [27].
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that d,()z) (mq, my) = 0. The definition of p is assumed to be known before hand and depends on the application at hand (for
instance, prior distribution over a set of classes). However, without any knowledge about p a uniform distribution can be

reasonably considered and we obtain P(A, B) = NIJ‘\[TBII; L
In [35], with the aim of defining a “full” distance accounting for the interaction between the focal elements (satisfies the
strong structural property), we introduced an inner product based on the Jaccard index, itself a classical similarity measure

between sets:

®;(my, my) = mjJac my (30)

where Jac is the matrix whose elements are Jaccard indexes:

|AN B
|AUB|’

J(A,B) = forA, B € 2X\@ (31)

4@

The matrix Jac is positive definite and the corresponding distance | is a full metric.'© Besides satisfying all the metric

axioms,(d1) to (d4), ](2) also satisfies the strong structural property (sp1). This distance has been widely used in several
applications such as for instance in the estimation of discounting rates [28,43,18,31].

In [24], Diaz et al. proposed to extend d](z) in two ways: by replacing J(A, B) by any similarity measure between sets
S(A, B) and by using one of 17 possible measures for the definition of the weighting matrix. For instance, a Dice index can
be used:

2|ANB|

D@A,B)= ———, forA,Be2X\o 32
(A, B) AL+ IB] \ (32)

The properties of the resulting distance dgz) depend on the properties of the matrix S and the main remaining question is

whether S is positive definite or semi-definite. Without a formal analysis of the properties of D, we cannot know if déz) isor

not a full metric. However, we will see in Section 5.2 how these properties can be suspected from the membership of d(DZ) to
a particular family of measurements.

The other extension proposed in [24] (the main purpose of their work) relies on the modification of S by a function F
so that the resulting similarity measure “rewards” small cardinalities while penalizing high cardinalities of focal sets. The F
function is piecewise: One piece for “reward” and one piece for “penalty”, and the connection is done through a p parameter.
The modification of inner products is then defined by:

®(s)(m1. my) = mj F(S,R) my o)
where R = Y8l g is the matrix whose elements quantify the similarity between focal elements. As an example, let us

X
consider A = ~|{x‘1, X2, X3, X4, X5}, B = {x1, X2, X3}, C = {1, X}, D = {x1}. Diaz et al. [24] argue that it is easier for A and B to
be similar (since they have high cardinalities) than it is for C and D, and thus the similarity should be corrected accordingly.
Hence, while we have J(A, B) = J(C, D), we have F(Jac, R)(A, B) < F(Jac, R)(C, D). All the distances based on (33) satisfy
the strong structural property (sp1) as well as all the metric axioms excepted the separability axiom (d3)” depending on the
definiteness of S.

With the aim of computing the orthogonal projection of a belief function onto the probability simplex, Cuzzolin proposed
in [13] the standard Euclidean distance between belief functions. Although not defined explicitly, the underlying inner
product is:

®},c(m1, my) = m] Inc Inc’ m, (34)
where Inc has been introduced in Section 2.2, and the elements of the matrix Inc Inc’ are:
Inc2(A,B) = [{AC C}N{BCC}|, VCCX (35)

where {-} denotes a set of subsets of X. In other words, Inc; is the number of subsets C of X which contain both A and B. The
weighting matrix Inc Inc’ is also a way to quantify the interaction between focal elements rather based on their inclusion

than on their similarity. Thus, the resulting distance d? satisfies the strong structural property (sp1). Moreover Inc Inc’ is

Inc
positive definite and the resulting distance, d,(,fc) ,is thus a full metric. As already noticed, replacing the belief function by the

plausibility, i.e. replacing Inc by Int leads to the same measure.

Another way to compare belief functions is through their betting ability: Two belief functions are close if their betting
functions are close, i.e. if their pignistic transformations are close. Any distance between probability distributions can then
be used. Zouhal and Denceux in [61] proposed to measure the distance between a belief function and an indicator vector
using the L, measure based upon the inner product:

10 ynitially conjectured in [35], a formal proof of this property has been recently proposed in [9].
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®perx (M1, M) = m) Bet,, Bety, my (36)
where Bet, is the N x 2¥ — 1 matrix introduced in Section 2.2 and the elements of Bet)’< Bet, are:

|AN B
|Al.IB|~

Bety, (A, B) = forA, B € 2%\ @ (37)
As previously noticed, Bet;, Bet, is not of full rank, i.e. positive but only semi-definite, and the corresponding distance dézezx is
a pseudometric. Nevertheless, Bet), Bet, quantifies the interaction between the focal elements and d,(;iix satisfies (sp1). Also,
we have that Bety, (A, B) = %P(A, B) whenever p is uniform over X, and d,()z) = JIX| déigx thus dgiix has the same properties
than d,(,z). Note also that the inner product (36) could have been defined through the square matrix Bet, as introduced at
the end of Section 2.2 leading to a different distance dgi but which remains proportional to dl(;igx as dl(giz = «/id,(;gx The

distance déf,gx has been used in [45] for learning discounting rates.

In [19], Denceux defines a series of Euclidean distances dl()z) in the very special case of BPAs with N + 1 focal elements (N

singletons plus X). Three distances defined in this work turn out to be d,(,ft)x, d,(,?c)x and dlgﬂx.

3.2.3. Chebyshev distances — Ly
Chebyshev distance is induced by the supremum (or infinity or uniform) norm and is equal to the limit of (20) when p
grows toward +00. Ly, relies on a max operator and with p = oo, (20) becomes:

dyy” (my. ma) = max {1(U m1)'es — (U my) el (38)

Aiming to assess the quality of Bayesian approximation algorithms of belief functions, Tessem [57] proposed three “error
measures” which turn to belong to the Ly, family of Chebyshev distances:

dye;’ (my, my) = max | (Bet my)’ e4 — (Bet my)’ e} (39)
ACX
the equivalent measures between belief values:
d,(,ff)(m1, my) = max {|(Inc/ m;)’ eq — (Ind’ my)’ eA|} (40)
ACX
and between plausibilities of singletons:
iy (m1, m2) = max {|(Int m;)’ e — (Int my)’ e (41)

where e, is the singleton basis vector corresponding to x.
Note that Ly, distances can be applied to continuous spaces in an easier way than L; and L, distances, hence a possible
interest for continuous belief functions.

3.3. Inner product family

The general formulation for an inner product in & is:
®w (mq, my) = my;Wm, (42)

All the inner products introduced in Section 3.2 are summarized in Table 2. While they are all symmetric and linear regarding
the first component (axioms (ip1) and (ip2)), some of them are degenerate as their matrix W is not positive-definite.

The weighting matrices W can be qualified as either a similarity or a dissimilarity matrix over 2%, hence the corresponding
superscript either s or d on ®.

3.3.1. Inner product

Dempster’s conflict quantifies the conflict between two belief functions from two independent sources. Although it has
not been defined to quantify a dissimilarity between two belief functions it has however been used for such a purpose as
for instance in [52] or [23] in clustering algorithms and to some extent in [50] in association algorithms. It can be put under
the form of an inner product as:

®f (my, my) = m} (1 — Int) m, (43)

where Int is the matrix of intersections between two subsets of X introduced in Eq. (5). Note that (1 — Int) is neither positive
nor negative nor definite and should thus not be called an inner product but we put it in this family of measures as it satisfies
the general formulation. We can also write:
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Table 2
Inner products ®y (my, my) = my’Wmy,. The superscript s of ® means that W is a similarity measure between sets, whereas
a superscript d means that W is a dissimilarity measure between sets.

Notation w Def. Ref.
®F I I(A,B)=1iffA=B [49]
®ne IncInc’ Inc(A,B) =1iffAC B [14]
@t Int Int(A,B) = 1iff ANB # @ [17]
®ine2 Int'Int Int(A, B) = 1iff ANB # & [57]
Ol Int Int, Inty(x,B) = 1iffx € B [57]
Ot Bet'Bet Bet(A, B) = 7! -

Oerx Bet Bet, Bety (x, A) = ‘X‘Q‘A‘ [61]
®5 P P(A, B) = FCE, [26]
®; Jac J(A.B) = {305 (35]
®3 S S(A, B) any similarity measure [24]
®;‘(s) F(S,R) F reward-penalty function [24]

®§lm(m1 s mz) =1- m/llnt my
=1— @}, (my, my) (44)

where ®;,,,(my, my) is Dempster’s agreement as called in [26]. We can easily check that Int defines a similarity measure over

2% (Axioms (s1), (s2) and (s3) are satisfied) whereas 1 — Int defines a dissimilarity measure over 2X (Axioms (d1), d(2) and
(d3) satisfied in 2%). Unfortunately, this does not imply that ®]_pn is a dissimilarity measure in & as it is indeed not the

case. We note that ®%, = ®9_,,, =1 — &3,

The inadequacy of ®§1n[ to characterize the dissimilarity between belief functions has been noticed in several works, as
for instance in [41] or in [43] where the authors highlight the fact that the internal conflict ®§1nt (m, m) is not 0. We can easily
check that ®fnt indeed satisfies (d1) and (d2) but fails to satisfy the reflexivity and separability axioms (d3)’ and (d3)” and
thus ®fm is a nonmetric measure. ®fnt however satisfies the strong structural property (sp1). Fig. 6 in Section 5.4 illustrates
®¢ ’s behavior compared to a known dissimilarity measure.

Based on ®fm, Ristic and Smets [50] defined what they called an “additive global dissimilarity measure” as:

drs(my, m3) = — log (1 — ®ff, (1, my)) (45)

Although dgs has the properties of @, it suffers from the same drawback than ®¢,, and does not satisfy the axiom (d3)’ of
reflexivity, i.e. dgs(m, m) # 0. Moreover, dgs is not defined whenever ®fm(m1, my) = 1.

3.3.2. Cosine
The cosine measure however, defines a measure of similarity between belief functions. A general formulation is given by:
m;W m,
cosyw(my,my) = ———— (46)

[y [[w - |[my|[w

In[59], Wen et al. use ®; = mI m; to define a cosine measure resulting in a valid measure of similarity between two belief
functions which, as ®3, does not satisfy any structural property. A distance measure in £x with semipseudometric properties
can be obtained by:

cosly (my., mz) = 1 — cosy (my, mz) (47)

Indeed, cos?,v satisfies Axioms (d1), (d2) and (d3)’ as soon as W is positive semidefinite. More particularly, (d2) and (d3)’ are
always satisfied whatever the properties of W, but (d1) is satisfied only if W is positive.

3.4. Fidelity family

Fidelity is a popular measure of distance in quantum theory, and is based on the square root of probability distributions.
The general formulation of the fidelity coefficient, also known as the Bhattacharyya coefficient, for belief functions is given
by [6]:

1
®(m1, my) = /m'W /m; (48)
where /m = (m, )% is the vector obtained by taking the square roots of each component of m. All measures of this family
1

are functions of some ®a,. Fidelity family is also called “squared-chord” family and is a popular distance with paleontologists
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and in palynology studies. In probability theory, the Bhattacharyya (or fidelity) coefficient measures the amount of overlap
between two statistical populations.
It has been originally extended to belief functions by Ristic and Smets in [50] who proposed a Hellinger distance ! [33]
1

based on ®{,:

d™ (my, my) = (1 @7 (mi, mz))2 (49)

A modified version of (49) has been proposed by Florea and Bossé in [27], obtained by replacing the square root by any
a-root, with a € R**. Based on I, this distance does not satisfy either (sp1) nor (sp2) but it is nevertheless a full metric
(Axioms (d1) to (d4) are satisfied).

3.5. Information-based distances

Besides the extension of the probabilistic form of the metric distance family, another quantification of the idea of distance
between two belief functions can be materialized by estimating the difference in their information content. As introduced
at the beginning of this section, the first attempt is due to Perry and Stephanou [46] who proposed an extension of Kullback-
Liebler divergence. But other works are worth mentioning.

In [20], in order to measure the quality of belief function approximations, Denceux proposed to quantify the distance
between my and m, by the difference between the information contents of m; and my. The measure of uncertainty used
is the generalized cardinality of a belief function defined in [25] as GC(m) = > 4cx m(A)|A| or using the matrix notation,

GC(m) = m’c,4 where ¢y is the column vector of cardinalities ' of A (denoted as CardA in [53]). We have thus:

dge(my, my) = |(my — my) cal (50)
The general formulation was also mentioned in [20]:

dy(my, my) = [U(my) — U(my)| (51)

where U is any uncertainty measure defined for belief functions (see for instance [39] for a survey). Note that for the
practical use in [20] it was always true that GC(my) > GC(my) and thus that dgc(my, my) > 0. Although the original
measure did not explicitly include the absolute value we think it was implicit. And accordingly we have decided to add it
in the present definition insuring that the resulting distance satisfies the minimal property of nonnegativity (axiom (d1)).
Moreover, with the formulation (50) axioms (d2) and (d3)’ are satisfied while axioms (d3)” and (d4) are not satisfied, making
dcc a semipseudometric.

Also, in [19], Denceux proposed that a cross-entropy measure dcg(my, my) = —mj log, (my) + (1 —m;)’ log, (1 — my)

could be used as an alternative to the Euclidean distance d52> for optimizing neural network weights.
3.6. Two-dimensional distances

In [41], Liu defined a two-dimensional measure to formally quantify the conflict between belief functions, as she noticed
that neither Dempster’s conflict alone, nor a distance alone is satisfactory. She then proposed the following index:

A2 = (@ (m1, my); dig” (my, my)) (52)

She argues that “only when both measures are high, it is safe to say the evidence is in conflict” [41]. Indeed, ®fm acts as the

angle measure while dl(;‘zf) is the metric measure, the two measures being based on two different inner products (see Section

4.5). This principle can be extended to any other two inner products and the general formulation extending (52) is then:
A2y ) (my, ma) = (&, (m1, my); dy(my, my)) (53)

It is not required for ®¢ and d to be defined upon the same inner product, hence one may be based on a weighting matrix
W while the other on a different matrix V, possibly increasing the complementarity of the two measures. As we will see in
Section 5.2, the correlation coefficient between measures may also be a criterion for building two-dimensional measures.

4. OQutcomes

We provided four general formulations of distances between belief functions in Eqs. (20), (42), (47) and (48), which
encompass most of the distances defined so far in the technical literature. Moreover, we provided a general formulation (53)

' Up to a factor 2.

12 yector ¢y is closely linked to vector g4 introduced in Section 3.1 and we have g4 = =1

X—1°
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Table 3
Distances between belief functions in their respective family (L,, inner product or Fidelity), according to several definitions of the weighting matrix W. The
distances defined so far are in gray cells while new ones are in white cells.

Ly Inner product Fidelity
W =U'U p= p= p =00 P cos (Hellinger)
1 av a2 > ®] cosy d
IncInc’ d,(,}c) d,(,fc) d,(,‘,)co ) e COSIne dl(:'c)
Int it dipe din” o cosine iy
Int'Int dl(r:t)Z dl(:t)z dl(:?roz) Rlntz COSin2 dl(:lt)
ll'lt)’( Int, dI(I:l)X dl(r? t)x dl(r?;) ®in tx COSnex dl(lljti
Bet'Bet ey dyer dier Bt cosper dyey
Bet Bet, ey i digor D cospe e
P at d? > & cosp i
Jac d a® > ®; cos; a4t
s dtV d dg> ®% coss a”
F(S,R) dp(é,m d% R) dﬁ?.):e) ®ks.R) COSF(s,R) d;b('s),R)

Table 4
Axiomatic properties of the distances defined so far (see Table 1 and Section 2.5 for the axiom definitions).
Distance Metric Structural
(d1) (d2) (d3y (d3)” (d4) (sp1) (sp2) (sp3)

d,(H) X X X X X
d,(z) X x X X X
d,(,fc) X X X X X X
d](z) X X X X X X
d;z)) X X X X X X
dl()g X X X X X X
d,(;gx X X X X X
e x x x x x
d,(,Z) X X X X X
dee X X X X
cos,d X X X
®Idnt X X X
dgs X X X
dgp X X X
dgpq) X X X
dpp(2) X X
dps X X X
dPS(l) X X X
dps(2) X X

for a two-dimensional measure. In this section we synthesize further our survey and sketch some ideas to be developed in
future research.

4.1. Summary and new measures

Table 3 summarizes the distances defined so far (gray cells) and provides the natural generalizations (white cells) hence
new distances.

Twenty-three distances have been defined so far and the generalization has led to more than 40 new ones. The Minkowski
L, family is the most numerous while Ly and Ly, have been seldom used. Extending the L, distances to the study of L; and
L~ distances requires in some cases a Cholesky decomposition of the weighting matrices W. A single cosine measure has
been defined so far but a multitude of measures of this kind remains to be explored. This comment also applies to the
Hellinger distance and to other distances of the Fidelity family which are based on Bhattacharyya’s coefficient involving the
squared-root of the BPAs.

4.2. Metric and structural properties

Table 4 summarizes the algebraic properties of the distances together with their structural properties.

Distances with the highest number of metric properties appear at the top of the table while weakest metric distances
appear at the bottom. All distances are symmetric. Most of the distances are nonnegative. However, the two composite
measures dps and dgp may have negative values due in both cases to their second member dps(2) and dpp(2) respectively.
The second discrimination criterion between the distances is the definiteness property (d3) which splits into the reflexivity
property (d3) and the separability property (d3)”. The reflexivity means that d(m, m) = 0 and if not satisfied makes
the distances qualifying as nonmetric distances. In our case of study, distances not satisfying this property are all based on
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Table 5
Classes of distances according to their metric properties crossed with the structural properties. The (%) symbol on dgc indicates that it satisfies the weak
structural property (sp2) while the others all satisfy the strong structural property (sp1).

Metric Pseudometric Semipseudometric Nonmetric
2 ) 2
Structural dy’ dy) dP dfy) a2, d2 df? dec (%) @1, drs dgp dps
Non-structural d? ¢ cos!
Table 6
Ranges of the distances.
Min. Max.
a® 0 1
d® 0 V2
a2 0 Vs
d? 0 NG
iy 0 V2
a$ 0 V2
d$2) 0 NG
e 0 1
a? 0 V2IX|
dee 0 X] —1
cos,d 0 1
e 0 1
drs 0 +00
dgp -1 +o0
dps -1 21X

Dempster’s conflict or Dempster’s rule. The reflexivity property is often desirable as intuitively, two identical belief functions
should have a distance of 0. The separability property guaranties that a null value for the distance implies that it has been
computed between two identical belief functions. Only 6 distances satisfy (d3)”. To be able to conclude on the practical
utility of such a property a case by case study would be required since the possible situation of two distinct belief functions
yielding a null distance may not have a high impact in some practical situations. The last property is the triangle inequality
(d4) which guaranties that the direct path between two belief functions is always lower than when a third belief function is
involved. Among the metric distances, only dgc and cos}i do not satisfy (d4) which make them semipseudometrics.

Three distances do not satisfy any structural property, namely dl(z), d,(H) and cos?, all based obviously on the identity

matrix. dgc satisfies a weak form of structural property (sp2) and dps satisfies two structural properties (sp1) and (sp3),
the latter property appearing to be even weaker than (sp2). The strong structural property (sp1) is satisfied by all the
other distances. Structural properties are desirable when quantifying the distance between belief functions as they allow to
distinguish the standard distances between probability distributions from the specific distances between belief functions.
Indeed, relaxing the additivity axiom does not shelter us from the particular feature of the space of belief functions whose
basis components remain linked by some underlying similarity measures or at least some interactions.

Eight (8) classes > have been identified and shown in Table 5 regarding the properties of Table 4, i.e. full metrics, pseudo-
metrics, semipseudometrics and nonmetric measures cross-tabulated with the structural properties.

The most two populated classes are the structural metrics (all belonging to the L, family) and the structural nonmetrics. We
have only two distinct cases of pseudometrics (since dgzx [0 d,(;z) ), based on the same weighting matrix and belonging to the
Minkowski family. The single structural semipseudometric dg¢ satisfies only the weak structural property. Although most of
classes have at least one candidate, some are empty and in particular we have no example of nonstructural pseudometric nor
nonmetric. Four distances namely d,(,fc) d](z), d;z(;) and dl()z) qualify as structural metrics and satisfy thus the highest number of

properties considered in this work. The experimental study of distances’ behaviors of Section 5.2 will be structured according
to these classes.

4.3. Normalization

All the distance measurements introduced in Section 3 have been presented without any normalization factor. In
Table 6, the range of each distance is computed, these values could possibly be used for normalizing the distances.

In accordance to the metric properties, all distances have a minimum value of 0, except dps and dgp which can have
negative values.® Two distances are not bounded, dgs and dgp due to the use of the log function. Most of the maximum
values are constant while 4 depend on |X]|.

13 We reserve the term “family” for categorizing the distances according to their definitions (L,, cosine, Fidelity, etc.) while the term “class” is used for categorizing
the distances according to their axiomatic properties (full metric, pseudometric, etc.).
14 Note that the exact minimum value has not been computed and may been higher than -1 while being obviously negative.



132 A.-L. Jousselme, P. Maupin / International Journal of Approximate Reasoning 53 (2012) 118-145

0/ R

4 A

X/ Y

0 >W<o
(a) Equal distances (b) Equal angles (¢) Equal an-
and different an- and different gles and equal
gles. distances. distances.

Fig. 2. Two dimensions for the measures of dissimilarity between belief functions.

4.4. Bayesian belief functions

The property which guaranties that a distance between belief functions reduces to a known distance between probability
distributions whenever the belief functions are Bayesian is called “probability consistency”. Among the distances identified,
all the Minkowski distances reduce to the traditional Minkowski distances between probability distributions d(p1, p2) =
JIp1 — p2|P,p = 1, 2, 400. The cosine measure remains the cosine measure restricted to the probability space. Dempster’s
conflictis 1 — p/]pz and corresponds to 1 minus the inner product between two probability distributions, d;(H) reduces to
a Hellinger distance. dps, dgp, dgs d¢c reduce to no known standard measures.

4.5. Metric and angle as complementary measures

At least two kinds of measures quantifying a notion of “distance” between three vectors vy, v, and v3 exist: (1) the metric
which quantifies how close two vectors are from each others (d(vy, v;) < d(vq, v3) means that v, is closer to v; than vs
is (see Fig. 2(b))); (2) the angle which quantifies how orthogonal two vectors are (cos(vy, Vo) < cos(vq, v3) means that v,
is more parallel (or less orthogonal) to vy than vs is (see Fig. 2(a))). Two vectors can thus be very far while collinear (angle
is null), whereas they can be very close while being orthogonal. Fig. 2 illustrates three cases of interaction between three
vectors: equal distances and different angles, equal angles and different distances and equal angles and equal distances.
There exist several pairs of vectors which have the same angle 6 (or cosine value) and distinct distances, as in Fig. 2(a), the
pair (cos; d) does not allow to completely discriminate the interaction between vjs as it defines a kind of “cone” around a
symmetry axis (see Fig. 2(c)).

Metric and cosine measures can thus be seen as complementary measures of distance between belief functions. In the
survey of Section 3, the pair (cos;j, d,(z)), where cos}j = 1 — cosy, characterizes globally how much two belief functions are

far and orthogonal. This pair can be generalized to any other weighting matrix W, and also to other pairs (cos&,, dy). Thus,
we have a general pair:

degy vy (ma, ma) = (cosfy (my, my); dy (my, my)) (54)

where the inner product ®? of (53) has been replaced by the cosine measure cos? in (54). Compared to the 2D measure
initiated by Liu [41], we change the inner product by the cosine measure because the latter has more metric properties than
the former, in particular it satisfies the reflexivity axiom (d3)’. This point will be developed in the following section in the
specific case of Dempster’s conflict.

4.6. Alternative to Dempster’s conflict

Whereas the metric distance is a natural measure of dissimilarity, the cosine measure is itself a natural measure of
similarity. Indeed, if & denotes the angle between two vectors v; and vy, then cos(d) = —1 means that v; and v, are
opposite (v = —av,, with @ > 0), cos(9) = 1 means that vy and v, are the collinear (vi = av;), cos(f) = 0 means that
they are orthogonal and in between values represent intermediate similarity values. In the specific case of belief functions,
v = m and since m(A) > 0 for all A C X, we always have that 0 < cos(9) < 1.

Dempster’s conflict defines a notion of orthogonality in the sense that two belief functions are orthogonal (according to
Dempster) if their conflict is 1. However, as noticed in Section 3.3, Dempster’s conflict ®¢,, is even not a premetric as it fails
to satisfy the reflexivity axiom (d3)’, an essential property in many applications.
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In order to maintain the notion of conflict that it defines while having the properties of a semipseudometric, one could
think of the following cosine-based measure:

d mIntm,
cosp(my,mp) =1 — —— (55)
[l [[ne - ([0 ||ne
®3 (mq, m
-1 In[( 1 2) (56)

@ (my, my)./®5, (my, my)

where || - ||;nc denotes the norm relatively to the matrix Int and ®;,, is Dempster’s agreement. Indeed, normalizing the
inner product by both the norm of m; and m, guaranties that cos]dm(m, m) = 0, axiom (d3)" of reflexivity is satisfied.

Unfortunately, because Int is nonpositive, cos,dm is not positive. So we gained one interesting property but we lost another
one, the nonnegativity (d1).

The alternative matrix Int Int however is positive definite and could thus be used as a basis for an alternative measure
to Dempster’s conflict:

m/Int Intm,

d
cost ,(m,m) =1— —7———— (57)
nez [l || ez [l002 | ez
Pl P1
(IPLy ||| PL |

where we noticed that Int is symmetric and Pl = Int m. Now the three basic axioms of a semipseudometric measure (d1),
(d2) and (d3)’ are satisfied. But remains the question of the meaning of IntInt. Indeed, the elements of IntInt are:

Inty(A, B) = |{ANC}N{BNC}|,VC C X (59)

that is the number of subsets C C X intersecting with both A and B. cos},;, quantifies thus a “second-order” notion of
agreement since Int, quantifies how much two given subsets intersect through the mediation of a third one. The “first-
order” agreement (Dempster’s) only quantifies if or if not two given subsets intersect directly with each other. The minimum
agreement between two subsets A and B according to Int, (A, B) is 2V 2 and is reached when AN B = @ and A and B are
singletons. If AN B = @ and A and B are not singletons, then Int; is thus higher and depends on the cardinalities of A and B.
The maximum of Inty (A, B) is Int; (X, X) = 2¥ — 1. Thus, two belief functions without focal elements in interaction, which
would mean a null agreement according to ®;,,, may exhibit a nonnull agreement according to cosj,,,.
The associated Euclidean distance in the inner product space with Int Int as weighting matrix is:

dﬁt)z(mu my) = \/(m1 — my)'Int'Int(m; — my) (60)
= [|[Pl; — Ply| (61)
= ||BEI1 — Be12|| (62)
2
= dl(nc) (63)

Thus, the standard Euclidean distance between belief functions would be the associated metric to a measure of angle derived
from a “second-order” Dempster’s conflict. This is due to the duality of Pl and Bel in the closed world. Nonetheless, the two
weighting matrices Int Int and Inc Inc’ are different and thus cosf,, # cos?,. and they measure two distinct kinds of
angles.

4.7. Encoding of belief functions

The four well known functions of basic probability assignment, belief, plausibility and commonality are four different
encodings of the same information. Defining Euclidean distances between two functions of the same kind leads to different
distances when referring to a representation of reference that is a BPA, hence different values for the same two objects. For
instance, we saw that d,(Z) (the Euclidean distance between BPAs) is different from d,(,fc) (the Euclidean distance between

@ _ 4@

belief functions). Also we have dj,; Imt2 due to the duality between Pl and Bel under the closed world assumption. But
2
d

i+ the Euclidean distance between two commonality functions built upon the weighting matrix IncInc is different from
the three others and would be worth to be considered in future works.
Besides these well known encodings of belief functions other encodings can be defined with however less obvious
interpretations. For instance, we may define:

f] = U]m (64)

where Uj is the upper triangle matrix resulting from the Cholesky decomposition of the Jaccard matrix Jac. Or expressed
under the form of Eq. (10):
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fi(&) =D mB)U(A, B) (65)

BCX

where Uj(A, B) is the element (A, B) of matrix U;. Equivalently, we could define fp, fp, etc, corresponding respectively to Dice
matrix, BPAM matrix.

The interest of considering the basic encoding for belief functions (i.e. the BPA) lies in the fact that it highlights the
strong structural property of the weighted Euclidean distance. However, we could define some combinations such as for
instance Bel; defined such that Bel; = UjBel = UjInc'm. Then the Euclidean distance between BelJl and Belj2 would be
defined as:

d,(z) (Bel!, Beljz) = d,(,fc)] (mq, my)

= /(Bel] — Bel?)'(Bel] — Bel?)

= \/[U]lnc’(m1 —my)]'UjInc’ (my — my)

= \/(m1 — my)/Inc Jac Inc’(m; — my) (66)

Such formulations would reinforce the impact of the similarity between the basis vectors of £x.

4.8. Generalizations

1. Fuzzy belief functions:

The above measures can be further generalized to fuzzy belief functions by making the weights W (A, B) be
measures of similarity between fuzzy sets. As an example, in [47] Petit-Renaud and Denceux defined an error
criterion for fuzzy belief structures based on ®I‘§R(m1, my) = m/1 Dprmy, where Dpy is the matrix composed of
elements dpg (A, B) which itself is a distance between fuzzy sets A and B.

2. Open world assumption:

We restricted the study of the distances to the closed world assumption (or normality assumption,i.e. m(&) = 0).
Although the extension to the open world assumption would require a deeper analysis, a preliminary analysis
showed that most of the distances presented keep all their properties for BPAs with a non-null mass to the empty
set, while others degenerate from metrics to pseudometrics. The latter are L, distances involving weighting matrices

which become nondefinite when the dimension ey isadded (dju’) , d%), d,(Jp ) ). 1t seems that d,(,f ) keepsits definiteness

C
property.

5. Experimental comparison
5.1. Toy example

We illustrate the behavior of the different classes of distances of Table 5 on the toy example introduced in [35] and reused
in[41]. Let X = {xq, ..., x10} be a frame of discernment and let Bel; be a belief function defined over X such that

Bel; = {(X, 0.1), ({x2, x3, x4}, 0.05), ({x7}, 0.05), (A, 0.8)} (67)

A; is a variable focal element ranging from {x;} to X, one element x; being added at each step. Let Bel* be a categorical
belief function representing a targeted belief function (e.g. representing the ground truth in a given problem) and defined

by
Bel* = ({xq, x2, X3, X4, X5}, 1) %)

The three graphics in Fig. 3 show the behaviors of the distances identified in Section 3 assembled into the several families
identified in Table 5, i.e. (full) metrics in the first graphic, pseudometrics and semipseudometrics in the second graphic, and
nonmetrics in the third graphic. Nonstructural distances are represented with dashed lines. In each of the three graphics,
distances of a variable belief function Bel; (one focal element A; only is variable) to a categorical belief function Bel* of the
form m* ({x1, X2, X3, X4, X5}) = 1 are shown, with A; varying from {x;} to {x1, ..., x10}. For the simulations, all distances
have been normalized with the range values of Table 6.

For the metrics class of distances (first graphic), we observe similar behaviors for all the structural distances while denoting

however a small difference for the d,(,fc) distance. The two nonstructural distances behave similarly while differently from
the structural ones, as they unsurprisingly remain constant when A; varies and only decrease when A; reaches A* at time
step 5. We also note a slight increase of d,(z) at the last time step when A; reaches X since the number of focal elements for

Bel; has changed from 4 to 3.
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Fig. 3. Distances of a variable belief function Bel; (i.e. A; varies from {x1} to {x1, ..., x10}) to a categorical belief function Bel*, i.e. m*({x1, X2, X3, X4, X5}) = 1.

Nonstructural distances are represented with dashed lines.

The second graphic shows the behaviors of the pseudometrics and the semipseudometrics together. Only 3 pseudometrics

are visible since dl(;igx x d,(az) and because the distances have been normalized, dgz) and dggx are confounded. The two

pseudometrics of type dpe; (and of course d,(gz)) behave similarly. The two semipseudometrics have distinct behaviors: dg¢
increases linearly with the number of elements in A, while the nonstructural cosine measure remains constant while A¢
varies and reaches a minimum at time step 5 where A; reaches A*.

The nonmetric measures are shown in the third graphic. The two belief functions considered yield to a constant Dempster’s
conflict, ®}1m(mt, m*) = m;({x7})m*({x1, X2, X3, X4, X5}) = 0.05, and consequently dgs and dgp remain also very low since
they are based on ®}1m. We observe however a slight increase of dgp due to its second member dgp(2). The behavior of dps is
similar to other nonstructural distances while we note a decrease at the last time step when A; = X. Indeed, dps(1), the first
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member of dps, remains constant and equal to 5 except when A, reaches A* where it is 3. The second member dps(2) remains
negative 1> .

In the light of the example above, it appears that the structural properties (sp1) and (sp2) strongly influence the behavior
of the different distances. Moreover, the structural dissimilarity (sp3) (only satisfied by dps) is not sensitive to this example
of convergence toward a categorical belief function, and makes this “structural distance” close to nonstructural ones. The
accounting of the focal elements interaction defined by (sp3) (i.e. the interaction of sets of focal elements) is thus too rough
compared to (sp1) and (sp2). Also, we do not denote any significant behavior difference between metrics and pseudometrics
while distances involving Dempster’s conflict behave similarly.

5.2. Semantic comparison

The results discussed in this part give only a hint of what a deeper study of this kind would bring. Rather than drawing
specific and complete conclusions, the main aim of this experimental section is to highlight some properties of the distances
that would be worth considering when selecting a distance for a particular practical purpose.

We follow the technique described in [11] for analyzing the semantic similarities between dissimilarity measures between

belief functions. N belief functions are randomly generated {Bel”}lr\l];1 (as described by Algorithm 1).

Input: X: Frame of discernment
Output: Bel: Belief function (under the form of a BPA, m)
Generate the power set of X — 2%
Generate a random permutation of 2X — R(X);
Generate a integer between 1 and Nypax — k;
foreach First randomly generated k elements of R(X) do

| Generate a value within [0, 1] — my;

end
Normalize the vector m = [my ... m;] — m*;
m(Ar) = my;

Algorithm 1: Random generation of a belief function.

We have generated five different types of BPAs: (1) simple support, i.e. m(A) = o, m(X) = 1 — «,(2) dichotomous, i.e.
m(A) = a,mA) = B,m(X) =1 —a — B,(3) complete, i.e. with 2XI'— 1 focal elements (4) with a fixed number of focal
elements and (5) consonant, i.e. with nested focal elements. These types of BPAs have been used in the following to compare
some behaviors of the distances in specific experiments.

The distances previously introduced in Section 3 and gathered in a set D are then computed for each of the N pairs
(m", m"), where m" is a unique belief function of reference also randomly generated. Note that because the algorithms for
random BPAs generation all involve a controlled number of focal elements (either 2, 3, 5 or 21X — 1) and that the masses are
then uniformly assigned, the impact of the BPA of reference on the result provided in the following is very low.

Theresults presented in this section have been obtained for frames of discernment whose cardinality |X| ranges from 2to 8,

for anumber of replications Ns between 1000 and 10000 depending on the experiment, and for a set of distances of cardinality

|D| = 15.In d,(,z), the prior probability distribution has been assumed to be uniform over X so that P(A, B) = Imml .In df(,)).

F has been chosen as in [24]. Although in the original paper [46], for the function dps, the authors restricted the m;s to be
simple support belief functions, we removed this restriction in our simulations.

Fig. 4 shows the scatter plots for each pair (d;(m", m"), dj(m", m")), d;, dj € D for a cardinality of X of 8. The boxes
on the diagonal of the scatter plot show the distributions of the measures. A straight line in the scatter plots means strong
correlation (as for instance between dgs and ®;’m, in accordance to their respective definitions) while a cloud of points means

a weak correlation (as for instance between ®{, and dgi?) )

Due to the ordering of the distances according to their axiomatic properties, the correlation of the metrics and pseudo-
metrics appear on the top of the figure. We observe a strong correlation between all the structural distances of the L, family
metrics and pseudometrics. No clear conclusion can be drawn whether the correlation is due to the family (L,) or to the
class (metric versus pseudometric), since we do not have enough examples of each class. We can simply notice a stronger

correlation between the three nonstructural metrics whose weighting matrix are known similarity measures between the

focal sets, say dj(z), d;z(;) and d,()z) than with the nonstructural metric d,(,?c) .

The distances involving Dempster’s conflict (and the conflict itself) ®fm, dgs, dps and dpp are not correlated with the
metric and pseudometric distances. Note that in this particular case of complete BPAs, the first member of the distance dps
is always 0 and thus we only observe the second member dps() in the scatter plots. For other kinds of BPAs, we would have
observed steps corresponding to the integer values dps(1).

15 Note that here the values have been normalized relatively to |F; N Z;| + 1 which is the maximum value in this example, and not to 2XI'so that the values
are not too close to 0.
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Fig. 4. Scatter plots for a frame of discernment of 8 elements and a random generation of complete BPAs.

The dg¢ distance which qualifies as a semipseudometric seems to be noncorrelated with most of the distances apart from
those involving Dempster’s conflict, and would be perhaps a good candidate to be used in a 2D dimensional measure.

The scatter plots of Fig. 4 give an idea of the strength and direction of correlations between distances. In the following
subsections, we will detail some particular features of these correlations on different kinds of BPAs. The comments below
should then be read in correspondence to this scatter plots figure.

5.3. Distributions

The distributions for each distance appear on the diagonal of Fig. 4. Two main features of these distributions are discussed
here: (1) the symmetry and (2) the range of values.

A nonsymmetric distribution means that higher (or lower) values of distances will be favored and that a median distance
will not be in the middle of the interval range. The symmetrical properties of the distributions of distance values may have an
impact in practice for instance if a threshold is used to select “close” belief functions to a reference one. This threshold should
then be adjusted taking into account the symmetry of the distribution. Most of the distributions of distance values show a
symmetric bell shape, except dgp and dgc whose distributions are nonsymmetric. The nonsymmetry of dgc may be explained
by the squared-root added to its definition, which was perhaps a too drastic and simple way to render it nonnegative and
symmetric.

The range of the distance values may have an impact in practice especially when the distance is used in optimization or
as a selection criterion. For instance, if the range of values is low, then the computations may be very sensitive to rounding
errors when comparing distance values. Thus, a wide range is desirable. The range values (maximum minus minimum) are
displayed in Fig. 5 for complete BPAs and simple support BPAs and for |X| varying. It appears that for complete BPAs, the
range decreases with the increase of |X| even if the theoretical value is constant (see Table 6). This can be explained by the
conjunction of the fact that the BPAs are complete and the constraint of the BPAs’ coordinates which are positive and to sum
up to 1. We also observe a particular behavior for dps whose range is very close to 0. Indeed, since the BPAs are complete,
dps(1) is always null. But dps(2) is always below 1 and the distance has been normalized by 21 which corresponds to the
maximum value possibly reached by dps.

For simple support BPAs however, the range evolves differently. Indeed, because the number of focal elements is fixed to
two, the range remains almost constant or at least neither increase nor decreases whatever the value of |X|. In practice, that
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Fig. 5. Evolution of the ranges of the distances according to the cardinality of X. The statistics have been computed over 10000 replications.

Table 7
Correlation matrix of the distances corresponding to the scatter plot of Fig. 4, i.e. for |[X| = 8 and Ny = 6000. The pair (®fm, déﬁ?) proposed as a 2D measure of
conflict in [41] has been highlighted in gray.

d® 100

d? 030 100

d” 028 085 100

d) 029 083 099 100

d¥ 022 085 098 096 100

d? 020 087 090 08 095 100

d$,020 087 090 088 095 100 100

019 081 085 083 08 094 094 100

d™o095 020 028 028 022 020 020 019 100

c0s099 030 028 029 022 020 020 019 094 100

®d, —002 —009 006 006 006 007 007 [J077 —003 —002 100

dgs —002 —009 006 006 006 007 007 007  —003 —002 100 100

dps —016 —010 —003 —002 —004 —004 —004 —004 —016 —017 042 042 100

dp —004 —013 005 004 009 015 015 015 —004 —004 —027 —027 —047 100

dgc 003 026 008 009 005  —001 —001 —001 003 003 007 007 009 —061 100
a” dine 4 dézg)) dy’ d;” iy dger cosf ®fhe drs dps dgp dec

means thatin an application in which the number of focal elements is intended to grow (like in a long sequential combination
process), then we must be conscious that the algorithm may be more sensitive to rounding errors as the cardinality of X is

high. Perhaps, a kind of normalization relatively to the number of focal elements may be considered.
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Besides the range, higher-order statistics such as the standard deviation, the skewness and the kurtosis are interesting:
The standard deviation is a measure of spread and according to equivalent arguments in favour of a wide range, a large
spread may be desirable; the skewness is a measure of symmetry and could be studied more deeply for applications where
the symmetry of distance values is involved; and the kurtosis is a measure of “peakedness”. For instance, in a preliminary

study we observed the effect of the F function on d](2) according to these statistics: df(;) is more spread (0.0075 > 0.0071),

less symmetric (0.252 < 0.285) and less peaked (0.484 < 0.516) than dj(z). The impact of the F function over Jac can also
be observed in box (1, 1) in Fig. 8.

5.4. Correlation

For each pair of measures in D, we computed a Pearson coefficient, and built corresponding matrix whose elements are:
e (d! — d)(d! — dy)
JEN @ - d2 [N (d - dp)?

withd; = % N_, di.1fc(d;, dj) = 0, the two distances are uncorrelated while the distances are all the more correlated when
c(d;, dj) is close to 1 (or -1). A negative value for c(d;, dj) means that d; and d; are in dissimilarity/similarity correspondence,
while a positive value means that they are either in dissimilarity/dissimilarity correspondence or in similarity/similarity

correspondence. As an illustration, a characteristic of nonmetric distances is that their correlation coefficient relatively to a
known dissimilarity measure is either positive or negative. This behavior can be seen in Fig. 6, relatively to the metric d](z).

Table 7 lists the correlation coefficients corresponding to the scatter plots of Fig. 4.

Alow correlation (close to 0) between two measures means that they quantify two distinct (and possibly complementary)
aspects of the distance between two belief functions while a high correlation means that they are redundant. Hence, weakly
correlated pairs of distances could be good candidates for two dimensional measures. The pair (®§1m, dl(;;f)) proposed in
[41] has been highlighted in gray in the table. It has a quite low correlation and is thus justified for a 2D measure, according

this criterion (see also Fig. 9). However, alternative pairs could be interesting candidates such as (dgz?), dce), (dlg, dps),

c(d;, dj) =

(69)

(dl(,z), dps) and (dg:f), dpp) as their correlation coefficients are very close to 0.
Fig. 6 shows the evolution of the correlation coefficient between a metric of reference dj(z) and all the others while |X|
increases. We chose dj(z) as a representative distance of the class of structural metrics, i.e. distances satisfying the higher

,(32 . Due to the strong

number of properties. Any other distance in this class could have been chosen instead, such as d

correlation of the distances in that class, the results obtained with d,(nzc) for instance were very similar to the one presented

here in Figs. 6 and 8. For a clearer visualization, we selected a subset of distances representative of their respective classes.
2)

In particular, we dropped one of the two obviously strongly correlated pairs of distances, say (dj(z), d;(l))' (dl(;igx, d,(f)),
(2)

(®4,, dgs). Note that we observed similar results with the metric d;..

In general, the correlation decreases as |X| increases. The nonmetric distances point out their nature since their corre-
lation coefficient is either positive or negative meaning that they are either in dissimilarity/dissimilarity correspondence
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or in similarity/dissimilarity with a known dissimilarity measure (here a full metric). We observe that the evolution of the
correlation coefficient is very similar for all the nonstructural distances whatever their metric properties. Also, the metrics
and pseudometrics have similar behavior.

Fig. 7 shows the evolution of the correlation coefficient of the pair (dg;f), ®fm) defined as a 2D measure in [41], for four
different kinds of BPAs: Simple support, consonant, dichotomous and complete.

It appears that for consonant BPAs, both measures are highly correlated although the correlation decrease slightly as
|X| increases. In this case, the 2D measure may be not so much informative. However, the correlation is relatively low for
complete BPAs and even lower as |X| is high, which makes the 2D measure very relevant in that case. Finally, nothing can be
said in the case of simple support and dichotomous BPAs although the correlation seems to oscillate around 0.5 in the latter
case.

Fig. 8 shows the superposition of the scatter plots for several cardinalities of X, for a structural metric chosen as repre-

sentative of its class (dj(z)) against three types of distances: Other L, metrics (first column), nonmetric distances or a Fidelity
measure (second column) and L, pseudometrics (third column).
As already observed in Fig. 5, the ranges of values for all the measures decrease as |X| increases. This is due to the particular
kind of belief functions (complete BPAs) used in the simulations.
In light of the combined results of Figs. 6, 7 and 8, several remarkable cases need to be discussed:
° c(dj(z), d,(fc)) - ¢ in Fig. 6 and box (4, 1) in Fig. 8: While the correlation between these two structural metric distances
is very high for |X| = 2, it decreases sightly as |X| increases. Moreover, the slope a increases with |X|: It moves from

ay = «x relation for |[X| = 2 toay = ax relation with a > 1, and thus the one-to-many relation increases. In
other words, the range of dj(z) decreases more than that of d,(,fc) . Hence, for high cardinalities a single value for d}z)
)

corresponds to many distinct values for dj;/.

° c(dj(z), dgif)) - > in Fig. 6 and box (3, 3) in Fig. 8: We observe here the difference between structural metric dj(z)
and structural pseudometric and see that the latter yields several values when the former gives only one. The same
behavior occurs for the other pseudometrics.

° c(dj(z), ®¢,) - O in Fig. 6 and box (2, 2) in Fig. 8: The nonmetric characteristic of ®,, mentioned in Section 3.3 is
illustrated here as the correlation is either positive (dissimilarity) or negative (similarity). The same behavior can be
observed for dps (and also for dgp although not shown here).

° c(dj(z), d,(H)) - — in Fig. 6 and box (4, 2) in Fig. 8: This illustrates the comparative behavior between two metrics of
two distinct families, namely L, and Fidelity respectively. The correlation between these two distances decreases a

lot as |X| increases. Moreover, the values of d,(H) are clearly distinct for distinct sizes of X.

° c(dj(z), d,(z)) - — in Fig. 6 and box (3, 1) in Fig. 8: This illustrates the behaviour of two metrics of the same family

L, one structural dl(z) and one nonstructural d,(Z). The correlation between these two distances is very similar to the

correlation between two other L, distances (for instance dj(z) and d(Dz) ) while a different behavior is observed between

two distances of distinct families dj(z) of L, and d,(H) of Fidelity. This may be a clue for a deeper analysis of the impact

of the families of distances with respect to their metric or structural properties.
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Fig. 7. Evolution of the correlation coefficient of the two dimensional measure (déﬁf) s ®fm) according to the cardinality of |X| for several kinds of BPAs.
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Fig. 8. Superposition of the scatter plots for several cardinalities of X (from 2 to 7) with 1000 replications of complete BPAs. Three groups of distances are compared
to a structural metric chosen as reference, dj(z).
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Fig. 9. Superposition of the scatter plots for several cardinalities of X (from 2 to 7) between four distances: Two pseudometrics of the same family, one similarity
measure and Dempster’s conflict.

Fig. 9 shows the scatter plots between several classes of measures: Two pseudometrics belonging to the same family L,

déce’f) (Loo)and d}feix (L), Dempster’s conflict ®,. and the similarity measure cos{ = 1— cos{. We first observe that although

the two pseudometrics are based on the same weighting matrix Bet'Bet, these behave differently when compared to the
two other distances. This highlights the impact of the p coefficient within the L, family. Maybe the latter could be the subject
of further investigations.
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The correlation c(d,(giz, cosy) is remarkable as it remains high whatever the cardinality of X while it is very distinct from

one cardinality to another.

The couple (dg;f), ®fnt) corresponds to Liu’s 2D index and should be completed by the curve with diamonds in Fig. 7
corresponding to complete BPAs. In both graphics, we see that the correlation remains very low as | X| increases. However, we
also observe that the space in the scatter plot is only half-covered (upper-right triangle) meaning that a kind of correlation
exists between these two measures. The Pearson coefficient is only one measure of similarity among others, and behaviors

such as this one suggest studying other measures of similarity between distances.

5.5. Additive trees

Based on the correlation coefficient values, we built the additive trees (dendrograms) for all six cardinalities of X (Fig. 10).
The dendrograms are built using the correlation coefficient given by Eq. (69) as a similarity measure. For the construction
and interpretation of the trees the method presented in Sattath and Tversky’s classical paper [51] is used. The dissimilarity
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Fig. 10. Additive trees computed on a Pearson correlation matrix between 10000 replications based on Algorithm 1 generating complete BPAs over a frame of
discernment whose cardinality varies from 2 to 8.
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of two objects represented on these additive trees is simply given by the length of the path joining them, the longer the path,
the more dissimilar are the objects under study.

Referring to the classes identified in Table 5, four groups of distances are considered: Nonmetrics (red circles), pseudomet-
rics (green circles), metrics (blue circles) and nonstructural distances (yellow circles). These four groups clearly appear in the
trees although the tree structure is slightly sensitive to the size of the frame of discernment. Rather than the family (L, inner
product or Fidelity) it appears that the axiomatic properties play a major role in the similarity of the distances. Moreover,
the nonstructural property seems even stronger than the metric properties since the three nonstructural distances remain
clearly regrouped as |X| varies while one is a dissimilarity (cos?), one is a L, metric (d,(z)) and one is a Fidelity metric (d,(H) ).

Metrics and pseudometrics are very close to each other and form two very compact groups. Nonmetric distances are not
so well assembled in a compact group but seem to behave very differently from the others. This is very clear for dps while
dcc is sometimes closer to the other kinds of distances. We must outline that the nonmetric distances have another feature
in common apart from their nonmetric properties, which is that they all involve Dempster’s conflict. A deeper analysis
including other nonmetric measures not based on ®{,, or metric measures based on ®§1nt would be required to discriminate

the influence of ®, relatively to the metric properties.

The results of the experimentations presented here are not exhaustive and a lot of work remains to be done. However,
these preliminary results highlighted some remarkable experimentally observed features that we have been able to relate
to the theoretical properties. In practice, these results suggest that the choice of a measure should be guided by (1) the
structural properties, a structural distance being in general more desirable for the quantification of the distance between
two belief functions, (2) the metric properties since the definiteness may be also desirable in some cases. Regardless these
“technical” properties, semantic properties would also be worth some consideration as the meaning of the distance may be
of prime importance in some applications. For instance, dgc quantifies a difference in information contents which is very

different from dég)t which quantifies the difference in decision abilities. It is not clear however how important is the family

the distances belong to, although we have been able to notice some impact of the p coefficient in the L, family for instance.

6. Conclusions and future work

In this paper we have presented, together with a synthesis of their most important properties, a survey of the main
dissimilarity measures defined so far using the mathematical framework of evidence theory. The principal results of this
study are briefly recapitulated here, followed by a short discussion on future work.

We have first outlined the existence of a formal link between the existing distances defined so far in the mathematical
framework of belief functions and the theory of inner products. This helped us propose a grouping of the dissimilarity
measures into five families, i.e. Composite, Minkowski, Inner product, Fidelity and Information-based, families for which
we have provided general formulations. Building upon these generalizations we have subsequently defined more than 40
new distances. Then, we have proposed a classification based on the one hand (a) on the study of the metric properties of
the surveyed distance measurements allowing us to distinguish four groups (metrics, pseudometrics, semipseudometrics
and nonmetric measures) and on the other hand (b) on structural properties allowing us the distinguish two groups of
measurements (structural and nonstructural). This classification has been used later in the paper to interpret the results of
simulations aimed at the experimental comparison of the surveyed distance measurements.

We have also provided a general expression for two-dimensional indexes expressed as couples composed of a cosine
and a dissimilarity and proposed an alternative formulation to Dempster’s conflict based on a cosine measure. Using a toy
example about the monitoring of the convergence to a categorical belief function, we have illustrated the behavior of the
different families of distance measurements.

Experimental comparisons based on the simulation of randomly assigned belief masses for different frame of discernment
cardinalities allowed us to highlight the practical effects of the theoretical properties outlined in the present work, in
particular (a) that of the non metric property of Dempster’s conflict, as well as (b) the high correlation of measurements
obtained within the same formal family. We have thus been able to relate experimental observations to some of the theoretical
properties of the measures studied, admittedly an unexpected finding for the authors.

This paper can be seen as a first attempt to synthesize the theoretical properties of the existing distance measurements in
the mathematical framework of evidence theory. Much work remains to be done, either on the theoretical or on the practical
front of this emerging specialty. In future work we will refine the theoretical underpinnings outlined here, and pursue the
study of the new distance measurements discovered in the present study.

An important endeavor is to develop practical applications using the newly discovered measurements and to study their
behavior under different contexts of use. In the short term, future experimental work will include the development and
comparison of clustering and information retrieval methods.
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