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1. Introduction

Unless stated otherwise, we follow [3] for terminology and notations, and we consider finite connected (and strongly

— - =

connected) simple graphs (digraphs). In particular, denote V( G) = {vq, ..., vy} the vertex set of G, E( G) the arc set
—

of G. Clearly, if G is an undirected graph, and G is the digraph obtained from G by replacing each edge with the pair of

oppositely arcs joining the same pair of vertices. For a digraph G = (V, E), two vertices are called adjacent if they are

connected by an arc. If there is an arc from vertex u to vertex v, we indicate this by writing uv, call v and u the head and the

tail of uv, respectively. The digraph _G) is called strongly connected if for every pair of vertices x, y € V(_G)) there exists a
directed path from x to y and a directed path from y to x. Recall that the vertex connectivity (edge connectivity) of a graph G,
denoted by « (G) (7(G)), is the minimum number of vertices (edges) whose deletion yields the resulting graph disconnected.
Similar to the definition of vertex connectivity of undirected graph, the vertex connectivity (arc connectivity) of a digraph,

— —
denoted by x( G) (n( G)), is the minimum number of vertices (arcs) whose deletion yields the resulting digraph non-
strongly connected. The above two parameters are very important in characterizing digraph connectivity. The complete

digraph of order n is the digraph Z in which every pair of vertices is an arc. Let D(E)) = (d;j) be the distance matrix of a
digraph _G> where d;j = d—G> (vi, v). Dy = Z?:l dj (i = 1,2,...,n)is called the distance degree of vertex v;. Clearly, we
can assign the subscripts of vertices ofV(_G)) such that Dy < D, < --- < D, so we may let {vq, v, ..., vy} be such vertex
ordering until stated otherwise. We call _G) distance regular if Dy = D, = --- = D,. The matrix D(_G)) is nonnegative and
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irreducible when G is strongly connected. The largest eigenvalue of D( G ) is called the distance spectral radius of a digraph
— — — —
G, denoted by o(D( G )). The positive unit eigenvector corresponding to o(D( G )) is called the Perron vector of D( G ).

Theorem 1.1 (Perron-Frobenius [13]). Let A be a nonnegative irreducible square matrix with order n. Suppose A1, Az, ..., Ay
are the eigenvalues of A. Then
(i) p(A) is a simple eigenvalue of A and |A;] < p(A) for any eigenvalue A; (1 <i < n);
(ii) there exists a positive unit eigenvector corresponding to p(A), which is called the Perron vector of A;
(iii) if there are exactly h eigenvalues of A whose moduli are equal to o(A), say, A1, Az, ..., Ay, then X1, Xy, ..., A are the roots
of At = o(A)".

The distance matrix is very useful in different fields including the design of communication network, graph embedding
theory as well as molecular stability. In [1] Balaban et al. proposed the use of distance spectral radius as a molecular
descriptor. And in [5], it was successfully used to infer the extent of branching and model boiling points of alkanes. Recently
in [18,19], Zhou and Trinajsti¢ provided upper and lower bounds for ¢(G) in terms of the number of vertices, Wiener
index and Zagreb index. Subhi and Powers in [16] proved that for n > 3 the path P, has the maximum distance spectral
radius among trees on n vertices. Stevanovic¢ and Ili¢ in [ 15] generalized this result, and proved that among trees with fixed
maximum degree A, the broom has the maximal distance spectral radius. Furthermore, they proved that the star S, is the
unique graph with minimal distance spectral radius among trees on n vertices. In [6], Ili¢ characterized n-vertex trees with
given matching number m which minimize the distance spectral radius. Recently, Bose et al. [4] determined the unique
graph with minimal distance spectral radius with given pendent vertices. Yu et al. [17] proved that the graph S;, (obtained
from the star S, on n (n # 4, 5) vertices by adding an edge connecting two pendent vertices) has minimal distance spectral
radius among unicyclic graphs on n vertices, and the graph P}, (obtained from a triangle K5 by attaching pendent path P,_;
to one of its vertices) has maximal distance spectral radius among unicyclic graphs. For other studies of distance spectral
radius we suggest readers to refer to [2,7,8,10,11,14,20]. So far, there are fewer articles concern the distance spectral radius
of digraphs.

The rest of the paper is organized as follows: In Section 2, we give two useful lemmas. In Section 3, we characterize the
extremal digraphs and graphs with the minimum distance spectral radius among all digraphs and graphs of fixed order
with given vertex connectivity and edge connectivity. In addition, we compute the distance spectral radius of the extremal
digraphs and graphs. In Section 4, we characterize the graphs with the maximum distance spectral radius among all graphs
of fixed order with vertex connectivity 1 and 2.

2. Preliminaries
A reformulation of inequalities from the theory of nonnegative matrices [12, Chapter 2] yields the following lemma as
follows.

Lemma 2.1. If A is a nonnegative irreducible n x n matrix with the largest eigenvalue o(A) and row sums Sy, S, ..., Sp,
then

giﬁnn si<o(A) = Max s;.
Moreover, one of the equalities holds if and only if the row sums of A are all equal.
For a simple connected graph, we have the similar lemma.
Lemma 2.2. Let G be a simple connected graph with n vertices. Then
Dy < o(D(G)) < Dn.
Moreover, one of the equalities holds if and only if G is a distance regular graph.

The following lemma is an immediate consequence of the Perron-Frobenius Theorem.

=2 . . —> — — —
Lemma 2.3. Let G be a strongly connected digraph withu, v € V(G )anduv € E(G).Theno( G) > o( G + uv).
3. Minimum distance spectral radius of digraphs and graphs with given connectivity

Let Dn  be the set of strongly connected digraphs with order n and vertex connectivity K(E)) = k. Let _G)l v _G)z
denote the digraph obtained from two disjoint digraphs E)l, 32 with vertex set V(E)l) U V(E)z) and arc set E =
— — — — — ks R — — —
E(G1) UE(Gy) U {uv,vulu € V(Gq),v € V(G,)}. Let X ,_, denote the set of digraphs Ky v (K U K n—s_x) UE
where E is an arc set and E = {uv|u € V(Tgs), UNS V(Tgn_s_k)}. A digraph _G) is a minimizing digraph of D, x ifE) € Dk

— - =
and o( G) = min{o( G )| G € Dpi}.
Let J,«p be the a x b matrix whose entries are all equal to 1, I, be the n x n unit matrix, Ogxp (24x5) be the a x b matrix
of entries are all equal to 0 (2).
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—k,n—k—1

—k,1
Fig. 1. The digraphs X,_; and X,

The following result can be found in [3], we cite it as our lemma.

- —
Lemga 3.1. Let G be an arbitrary strongly connected digrap_h) with vertex connectivity k. Suppose that S is a k1/>ertex cutof G
— —
and Gq,..., G aret_h)e strongly connected components of G —S. Then there exists an orderingof G 1, ..., G ssuch that, for
— —
1<i<sandv eV(G;),everytailof vin Gq,..., G,

Remark 3.2. By Lemma 3.1, we know that there exists a strongly connected component of _G) — S, say _G>1, such that no
— . . . = — —/ — — . - . .
vertex of V(G 1) has in-neighborsin G —S — Gq.Llet G; = G —S — G.Since G is strongly connected digraph
. L. — - = — —/ - = — —/
with vertex connectivity (G ) = k, we add arcs to G [V( G 1)], G[V(G ;)] and the arcs from G [V(G1)]to G[V(G )]

— . —/ —/ . —/ —k,s
unless no more arcs can be added to G, the new digraph denoted by G . Clearly, G isalso k-connectedand ¢ € X, _..

Therefore, by Lemma 3.1, we have the digraphs which achieve the minimum distance spectral radius among all digraphs in
Dy, must be in R):js
—k,1 — k,n—k—1 —k,1 —k,n—k—1
The following lemma shows that o(X ,_;) = p(X,,; ), where X, ;and X,,,;  areshown inFig. 1.
Lemma 3.3. Let D be the distance matrix of 7%:11 and D’ be the distance matrix of FC)’;I; IH. Then Pp(X) = Ppr(M).
Proof. It is easy to see that D’ = D*. Therefore, we have Pp(1) = Py (A). O

Lemma34. et f(x) = —4x* +4(n—k)x+4n—4,1<x<n—k— L Thenmin{f(x)|]1 <x <n—k—1} = f(1) =
f(n—k—1)=8n— 4k — 8.

k,
In the following, we will consider which digraphs minimize the spectral radius in 7{);;

. —k1 —kn—k-1 S . . .=k .
Theorem 3.5. The digraphs X _; and X, are the minimizing digraphs among all digraphs in X ,_,. Furthermore, if

g/ “ak_ k,1 k,n—k+1
_G) € Dn i then Q(E)) > "H("Zw with equality holding if and only if either _G) = R)nq or _G) = 36) m

k+1
— . . . —ks — — —> . —>
Proof. Let G be an arbitrary digraph in X' ,_; and S be a k-vertex cut of G .Suppose that G ;and G, (with [V(G 1)| =m
%
and |V(G,)| = ny = n — k — ny, respectively) are two strongly connected components of _G> — S and with arcs

— —
E = {uquy; € Eluy € V(G q),uy; € V(Gy)}. Itiseasytoseethat1 < n; < n — k — 1. Let D be the distance matrix of
—

G .Then

]n] xny — In1><n1 ]n1><k _In1><n2
D= ]I<><n1 Jexk — Ikxk Jk><n2

2n2><n1 ]n2><k ]nzxnz - In2><n2
and
Pp(2) = |AI —D|
()V + ])Inlxnl _]nlxnl _]nlxk _]n1><n2
= _kanl ()‘ + 1)II<><I< — Jkxk _]k><n2
_2n2><n1 _]nzxk ()‘ + ])Inzxnz _]nzxnz
A—np+1 —k —ny
=Gx+D"3 - r—k+1 —n,
—2n2 —k A — n, +1
. nalA—n—k+1 —ny
_(A+]) —2n1—k )\—n2+1

=Q+D" P —m=Dr—nmm—n+1=G+ D" AP =-m=Dr—n(n—k—ny) —n+1].
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Thus we have Q(E)) as the largest root of the equation
xz—(n—2)x—n1(n—k—n])—n+l=O.

Then we have

= n—2+\/(n—2)2—4[n%—(n—k)n1—n—l—l]
o(G) =
2
. n—24/(n—224+8n—4k—38
- 2

n—2+.m+2)?—4k-38
5 .

by Lemma 3.4

. — —k,1 A
If the above equality holds, then by Lemma 3.4, we haven; = lorny =n—k— 1.Ifn; = 1,then G = X,_;, and if
— —> k,n—k+1
n=n—k+1,then ¢ = X,
— —k,1 — —> k,n—k+1 —> — / 2_4k—
For the converse, if G = X,_;or G = X, , then it is routine to show that o( G ) = W, thus we

complete the proof. O

— —
Let D, k be the set of strongly connected digraphs with order n and arc connectivity n( G ) = k. In the following, we will

—
consider the minimizing digraph when arc connectivity is equal to vertex connectivity, i.e. n( G) = k( G ) = k, we state it
without proof.

o - . —k1 —kn—k=1 s .
Theorem 3.6. Forevery k > 1,if n(G) = «(G) = k, then the digraphs X ,_; and X, are the minimizing digraphs
in 5,1.](.

0/ 2N e el R a2 ) e = 02
Let5°(G) = min{§~ (G ), §7( G )}. The following result shows the minimizing digraphs when n( G ) =6"( G ) = k.

. e e . —k,1 —k,n—k—1 . X
Theorem 3.7. For every k > 1,if n( G) = 8°( G ) = k, then the digraphs Ko_yand X, 4 are the minimizing digraphs
in 5,«,,;{.

Proof. If SO(E)) = 8+(_G>), let u be a vertex of V(_G>) with outdegree k. Then the arcs with the tail u form an arc cut, and

k.1 _

G — uis a complete digraph. By Lemma 2.3, we have the digraph 36),:71 as the minimum digraph in D, k. Similarly, we can
— k,n—k—1 _

show thatif °(G) = 8‘(?;)), then the digraph sz is the minimizing digraph in D, . Therefore, we complete the

proof. O

However, the minimizing digraphs are not determined when 80(_0)) > n(_G)) > K(E)). According to the above

. . —k1 —kn S . L= . .
results, we believe that the digraphs X, _; and X are the minimizing digraphs in Dy x. Thus we give the following
conjecture.

—k,1 —k,n—k—1 —
Conjecture 3.8. Forevery k > 1, the digraphs X, _, and X, are the minimizing digraphs in Dy, y.
Denote by gﬁ (respectively, 9_’;) the set of all graphs of order n with vertex connectivity k (respectively, edge connectivity
k). A graph G is a minimizing graph of §X(or %) if G € gk(or §¥) and 0(G) = min{0(G)|G € §X(or §¥)}. Let G; v G,
denote the graph obtained from two disjoint graphs G, G, by joining each vertex of G; to each vertex of G,. Denote
by K,l,“_sS the graph of K, v (Ks U Ky—s_). In [9], Liu characterized that Kr’ffl is the unique minimizing graph in the class
gk k> 1.

Theorem 3.9 ([9]). The graph K,f’_]l is the unique minimizing graph in the class 9,’,‘1 k> 1.

The following remark compute the smallest distance spectral radius among g’;

Remark 3.10. It is easy to see that

. 0 Jixk 21 (n—k+1)
D(Kn;]) = Jiex1 Jixie = Tk ]kx(n—k—l)
20—k—1)x1  Jo—k=1xk Ja—k—1)x(n—k=1) — ln—k—1)x (n—k—1)
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Fig. 2. A transformation from K,’f;ll to G.

Therefore, we have

A —Jixk —21x(n—k+1)
Pp(A) = —Jix1 (A + Dl — Jexk ~Jkx (n—k=1)
—2m—k-1)x1 —Jn—k—1)xk A+ DIg—k—1yx (n=k=1) — Jn—k=1)x (n—k—1)
A —k —2n—k-1)
=GA+D"3|-1 A—k+1 —m—k—-1)
-2 —k A—(n—k—-2)

=0+ 1D"30 = m—3)1% = (5n—3k—6)A + kn — k> + 2k — 4n + 4].

That is, Q(K,ffl) is the largest root of the equation x> — (n — 3)x> — (5n — 3k — 6)x +kn — k> + 2k —4n+4 = 0.

In the following, we will consider which graph minimizes the distance spectral radius among all connected graphs in g’,‘,
If k = n — 1, then G is the complete graph of order n. Thus, we may suppose 1 < k <n — 2.

Theorem 3.11. Forevery 1 < k < n — 2, the graph K,ffl is the unique minimizing graph in the class 97,;

Proof. Let K:’_]l with |V;| = kand |V,| = n — k — 1 be the graph as shown in Fig. 2, and let x be the Perron vector of K,’f’_]].
By symmetry, all the coordinates of V; are equal, say x;, and all the coordinates of V, are equal, say x,, and let x, = xo.
Therefore, we have

o0xo = kx1 +2(n — k — 1)xa,
ox1 =Xo + (k— Dx; 4+ (n — k — 1)xy,
0X2 = 2xg + kx1 + (n — k — 2)x3,

and then xp > x, > xy.Since o > n — 1, we have

n_ J—
Xo = X —Xy < X X2,
0 1+ o+ 1 2 1+ % (1)

x1=—X/(e+ 1) +x,

and thus, we have

e+ 1D —(n—k—1)
(e+MDe+2)
Since o > n — 1, (2) implies 2x; > x,.

Let G be a graph that attains the minimum distance spectral radius in 9’; and G # K,’,"_ll. Note that the assertion is easy
to obtain when n < 5. Then we assume n > 6 and G # K, since k < n — 2. Note that each vertex of G has degree not
less than k otherwise G € 9,’;. If there exists a vertex u of G with degree k, then the edges incident to u form an edge cut,
and G — u is complete. The result follows in this case. So we may assume that all vertices of G have degrees greater than k.

Let S be an edge cut of G containing k edges. Since G is k-edge connected, G — S consists of exactly two components, G1, G,
of order ny, ny, respectively. Without loss of generality, we may assume that n, > n; > 2 since §(G) > k + 1, and then

X1 X2. (2)

ny >3 >3
Let u be a vertex of V(G;) which is incident to most of the edges in S. Assume that u joins t vertices of G,. Surely
t < min{k, ny}. If t = k, there exists no edges joining G; — u and G,. Let F be a vertex set of V, with |F| = n; — 1.

Then G can be obtained from I<,ff1 by deleting the edges between F and V(K,ffl) — F — {u} and adding the edges between u
and F as shown in Fig. 2. Therefore, we have

X [D(G) — DKy ')Ix = 2(n1 — Dxalkxs + (n — ny — k)xa] — 2(m1 — Dxaxo
= 2(ny — Dxp(kxy + (2 — k)X2 — Xo). (3)
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Fig. 3. A transformation from K,f’_ll to G.

Now, we will consider the following two cases.
Case1:n, > k+ 1.
Then we have kx; + (n, — k)x, > X1 + X, > Xg, and

(3) > 2(111 — 1)X2(X1 + X3 —Xo) > 0.

Therefore, we have x'D(G)x > fo(K,ffl)x, a contradiction.
Case2:n, = k.
Then k = n, > n/2 > 3, and since 2x; > x;, thus we have

(3) = 2(n1 — Dxa(kxy — X0) = 2(n1 — Dx2(3x%1 — Xo)
> 2(n1 — 1)X2(X1 =+ Xy —Xo) > O,
which implies xX!D(G)x > fo(Kr’f’_]])x, a contradiction.

So in the following, we may assume that t < k.

We partition V(G) into {u}, V;i(G), i,j = 1,2 as shown in Fig. 3. Suppose A;(G) = [V12(G), V11(G)] N S, Ax(G) =
[V12(G), V22(G)] N S, B1(G) = [V21(G), V11(G)] N S and By(G) = [V21(G), Va2(G)] N S. Suppose that |A;(G)| = a; and
|Bi(G)| = b;, fori = 1,2. Then a; + a; + by + b, = k — t. Similarly, we may get G from K,f‘_]] by using the symmetry
of G1, G, and the structural properties of K,’f’_ll. In fact, we can partition the vertex set V(K,{f’_ll) into u, Vij(K:’_]l), i,j=1,2,
as shown in Fig. 3, such that |V;;(G)| = |V,-j(Kr’f’_ll)|. Then we can easily construct a graph isomorphic to G from Kr’f’_ll by
deleting some of the edges between V]Z(K,f'_]]) U Vo (K,f’_]1) and V4 (K,f’_ll) U Vs, (K,',"_l]) such that the resulting graph satisfies
a = |[Via(Ky'), Vi (K D11 a0 = (Vi (K, Vaa (K D11 by = ([Var (R ), Van (K D11 by = [V (), Vaa (K )]
and adding the edges between u and V5 (I(,:‘f1); see Fig. 3.

Noting that n; > k+ 1 — t as the degree d¢(u) > k. Since o(G) > n — 1, (2) implies

20°+20+47

2 [Q“LQJF} 2> 2. 4)
(0e+ D +2)

Since x, > X1, we have a1x? + aX1x; + bix1X; + byx3 < (k — t)x3. Therefore,
X'[D(G) — D(K,ffl)]x = 2(k — O)xq[tx; + (n — ny — (k — t))x3]

+2(n — (k—t) — Dxp[txy + (n — ny — (k — t))x7]

— a1X3 — XXy — bix1xa — boxs — (ny — 1 — (k — £)x1%0

(k— D Q2tE —x5) +2(k — t)x1(n — ny — £)xy

+2(n — 1= (k= t)x;[txy + (n — ny — £)x2 — Xo]. (5)

v

Now, we consider the following two cases.
Case1:np, >t + 1.
Then we have

(5) > (k—6)(2x3 —x3) +2(n; — 1 — (k — £))X2(x1 + X2 — X) > O,

which implies xtD(K,ff])x < x'D(G)x, a contradiction.
Case 2:n, = t.
Thenn —n; —t =n, —t = 0,and we have n, =t > n/2 > 3. Since 2x; > x,, we obtain

(5) = (k— )25 —x3) +2(n1 — 1 — (k — £)x2(3%1 — Xo)
> (k—6)2x3 —x3) +2(n; — 1 — (k — t))x2(x1 + %, — %) > 0.

Hence we have xtD(K,ffl)x < x'D(G)x, a contradiction. Therefore, we complete the proof. O
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Fig. 4. The graph G*.

i Va Vi1 d
Fig. 5. The graph H.
4. Maximum distance spectral radius of graphs with given connectivity

A graph G is a maximizing graph of 9,’; ifG e 9’,; and o(G) = max{p(G)|G € gﬁ;}. Subhi and Powers in [16] proved that for
n > 3 the path P, has the maximum distance spectral radius among trees on n vertices. It is not difficult to see that P, also
has the maximum distance spectral radius among all connected graphs. Then we will have the following theorem. Noticing
that the graph in section may do not satisfy the inequality D; < D, < --- < D,,.

Theorem 4.1. The graph P, is the unique maximizing graph in the class 9}1.
Proof. Since « (P,) = 1and by the result of Subhi and Powers’, we have P, as the maximizing graphin g!. O

Next we will consider the maximizing graphs in the class §2. Let G € §2 be a graph with diameter d. Let x be a vertex such
that d(x, y) = d for some y € V(G). Note that G is 2-connected, then V (G) has a partition V(G) = {x} UV, U - - - UV, where
V; is the set of all vertices satisfying d(x,z) =i,z € V;, |Vj| > 2foreachi=1,2,...,d— 1.Let G* = {G|G be a 2-connected
graph with diameterd = L%J }. Thus, for any G € G*, there is a partition V(G) = {x}UV;U- - -UV, such that |V;| = 2 for each
i=1,2,...,d— 1and |Vy| = 1 when niseven; |V4| = 2 when n is odd; see Fig. 4. Let G € §2,x € V(G), and d(x,y) = d
for some y € V(G) be the largest length of the distance from x. Thus, V(G) can be decomposed intoV = {x} UV, U--- UV,
where V; is the set of all vertices satisfying d(x, z) = i, z € V;. Note that |V;| > 2, then it is not difficult to see that either

n n
Vil 42Vl 4+ dVa <2Xx14+2X24 - +2x (bJ —1)+bJ 6)
if n is even, and equality holds if and only if d = ng,or
n n
Vil 4 21Vol + - 4 dVa] <2xT+2X24---+2 X (bJ —1)+2bJ 7

if n is odd, and equality holds if and only if d = L%J.

Lemma 4.2. Let G be a graph of 9,31 and G’ be a graph of G*. Then D,,(G') > D,,(G), the equality holds if and only if G € G*.

Proof. Let x € V(G) and d(x,y) = d for some y € V(G) be the largest length of the distance from x. Then V(G) can be
decomposed into V = {x} U V; U --- UV, where V; is the set of all vertices satisfying d(x, z) = i, z € V;. Obviously, V; is a
cut-set of vertices of G foreachi = 1, 2, ..., d — 1since G is 2-connected, thus we have |V;| > 2 foreachi=1,2,...,d—1.
Noticing that the diameter of G is at most ng. Assume f = max{ZveV(Q dix,v)|x € V(G),G € %}. It follows from
inequalities (6) and (7) that Zuev(c) d(x,v) = f ifand only ifd = ng i.e. G € G*. We complete the proof. O

For A, B C V(G), denote [A, B] the set of edges (of G) whose one end is in A and the other end is in B. Let H be a graph
with vertex connectivity 2 and |V (H)| = n = 2d + 1 such that V(H) has a partition V(H) = {x} UV; U --- UV, for some
y € V(H), |V;| = 2 and V; is an independent set of H foreachi =1, 2, ...,d,and |[V;, Vi;1]| = 2fori=1,2,...,d—2and
[[V4—1, V4]| = 4; see Fig. 5.

Lemma 4.3. Let H be a graph defined as above (see Fig. 5). Then o(C,) > o(H).
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Proof. It is easy to see that D,(H) > D,_1(H) and D,(H) = D,(C,). Suppose that X = (X1, X2, ..., X,) is the Perron vector
of D(H), X; = maxj<j<; X; and X, = max; x;. Then
p(D(H))x;s < Ds(H)x, p(D(H))x; < D (H)xs.

Hence p(D(H)) < «/Dn—1(H)Dn(H) < Dy(H) = Dp(Gy) = 0(Cp). O

Using Lemmas 4.2 and 4.3, we immediately have the following result.

Theorem 4.4. The graph C, is the unique maximizing graph in the graph 9%

Proof. Let G be a graph in 9,% and G’ € G*. By Lemma 4.2, we have D,(G') > D, (G), the equality holds if and only if G € G*.
It is well known that o(G + e) < o(G), for any e€E(G). We have o(G') < o(C,) or o(G') < o(H) < o(Cy) since G’ can be
obtained by adding some edges to C, or H, and the equality holds if and only if G’ = C,. Thus we complete the proof. O

Remark 4.5. It is easy to see that

n®—1

oG =DiG) =1 , 4

— nis even.
4

Thus, we have for any graph G with |V (G)| = n, if G is k-connected (k > 2), then

nis odd;

n? —1

oD@) < 4

— niseven
4

the equality holds if and only if k = 2 and G = C,.

nisodd;
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