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We consider Einstein gravities coupled to a cosmological constant and multiple SU(2) Yang-Mills fields in
general dimensions and find that the theories admit colored Lifshitz solutions with dynamic exponents
z > 1. We also introduce a Maxwell field and construct exact electric charged black holes that asymptote
to the z=D — 1 colored Lifshitz spacetimes and analyze their thermodynamical first law. Furthermore,
we introduce a dilaton to the system and construct Lifshitz spacetimes with hyperscaling violations.

After turning on the Maxwell field, we obtain a class of hyperscaling violating Lifshitz black holes when

0= p5%5[z— (D -1
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1. Introduction

Holographic technique provides a powerful and wide-ranging
tool to study strongly-coupled field theories by embedding them
in the boundaries of some gravitational backgrounds such as the
anti-de Sitter (AdS) spacetimes. In condensed matter physics the
gauge/gravity duality has been applied successfully to - among nu-
merous other systems — quantum critical points exhibiting Lifshitz
[1] and Schrodinger [2] symmetry. Lifshitz quantum critical points
are invariant under the scaling symmetry
X — AX,

t — M, (1)

where z is the dynamical critical exponent. In [1], a candidate
gravity dual for Lifshitz fixed points was proposed, with metric

2

ds? = ¢? (—rzzdt2 + c% + rzdxidxi> ) (2)
This is the so-called Lifshitz spacetimes. It is invariance under (1)
provided if one scales r — r/A, where r is the coordinates of the
extra dimension. When z = 1, the metric reduces to the usual AdS
metric in Poincaré coordinates with AdS radius £.

Recently, non-relativistic backgrounds with scale symmetry as a
conformal isometry — but not an isometry - were also put forward
as holographic duals to quantum systems exhibiting hyperscaling
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violation [3-6]. The hyperscaling violating Lifshitz metric is of the
form

dr? o
ds? =17 (—rzzdt2 + r2 + rzdx‘dx'> , (3)

r
where 0 is the hyperscaling parameter. When 6 = 0, it reduces to
the Lifshitz spacetime.

Lifshitz and hyperscaling violating Lifshitz backgrounds have
been discussed in a number of recent papers, including [7-35] and
the references therein. Especially, some exact charged black holes
in SU(2)-colored Lifshitz spacetimes were obtained in four and five
dimensions [7,8]. In this theory, Lifshitz spacetimes themselves can
be colored in Einstein-Yang-Mills gravity.

The main work of this paper is to generalize the program in
[7,8]. In these two papers, the authors considered Einstein grav-
ity with a cosmological constant minimally coupled to one SU(2)
Yang-Mills field. The self-interaction of the Yang-Mills field allows
one to find a class of colored Lifshitz vacua. In this construction,
the dimension of the Euclidean space x' is related to the number
of SU(2) generators. Since the group SU(2) has three generators,
it turns out that there are two possible non-trivial choices of the
gauge potentials, giving rise to four and five spacetime dimen-
sions [7,8]. In order to consider non-abelian Lifshitz spacetimes in
higher dimensions, we need to consider larger groups. The sim-
plest way is to generalize the single SU(2) Yang-Mills field to
multiple SU(2) fields. We shall construct such theories in Section 2.
Not so surprisingly, we find that the theories admit colored Lifshitz
vacua with the scaling exponents z > 1 in higher dimensions. Fur-
thermore, we find that introducing a Maxwell field allows us to
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construct some exact charged black holes in the colored Lifshitz
backgrounds. In Section 3, we introduce a dilaton and construct
Lifshitz spacetimes with hyperscaling violation. We conclude the
paper in Section 4.

2. Lifshitz black holes in Einstein-Yang-Mills-Maxwell theory
2.1. The set up

We start with Einstein gravity in general dimensions coupled
to a cosmological constant and N SU(2) Yang-Mills fields A{ (a =
1,2,3and I =1,2,---,N) and Maxwell field A. The Lagrangian is

N
1 1
L‘,D:4/—g<R—2A—ZEF,2—zF2>, (4)
=1 I

where F2 = Fjj, F4*V. The Yang-Mills and Maxwell field strengths
are defined as

Fo, =0, A% — 9,A% + €™ A AS, F=dA (5)
The full set of covariant equations of motion are:

VY B Ab PO =0, v, F* =0, (6)

2A 1 v 1,
Ruv=mguv+2? & FlupFlva_mFlglw

I=1°1
1 2
+ (gpa]:up]:va - m]: g/’“)) . (7)

Note that we have suppressed the index I in the equations of
motion for Yang-Mills fields for simplicity, because they take the
same form for all Yang-Mills fields.

Now we consider a class of solutions whose metrics take the
form

dr? o
ds? = —h(r)dt?> + — + r’dxidx, 8
(ndt* + G + 19X (8)
where i takes values 1,2 for I =1,2,---,m, else 1,2,3 for I =

m+1,m+2,---,N. The motivation for putting the indices in this
form will be clear presently.

In this paper, we construct charged black holes in Lifshitz vacua
in general dimensions. It is well-known that a Maxwell field with
Lifshitz symmetry cannot satisfy its equations of motion. It was
shown in [7] that Lifshitz vacua can be supported by Yang-Mills
fields, owing to their self-interaction. For general dimensions, we
consider multiple SU(2) Yang-Mills fields. The ansatz for N SU(2)
fields is given by

Y2 TUAY =2y (r)(tldx) + T2dx), 1=1,2,---.m
Yo TUAY =y ()(tdx] + T2

+73dx}), I=m+1,m+2,.--- N

9)

where 7% are the Pauli matrices. In order to find certain exact solu-
tions, we find that the coupling constant must satisfy the following
relation

2g2, 1=1,2,---.m
g%={ > (10)
g5, I=m+1,m+2,---,N

A=

To understand this ansatz, we note that turning on a single gauge
potential of an SU(2) triplet effectively reduces to a Maxwell field
and hence it is ruled out by the equations of motion. We thus
need to turn on two or all three gauge potentials of each SU(2) to

make use of the self-interaction. This implies that the spacetime
dimension is given by

D—-2=2m+3n. (11)

The total number of SU(2) Yang-Mills fields is

N=m-+n. (12)

For low-lying dimensions, the choice of (m,n) is unique; however,
when D increases, we can have different sets of (m,n) for each D.
For example in D =8, there are six x’s, and hence we can either
use two SU(2) triplets with each occupying 3 of the six dimen-
sions, or use three SU(2) triplets, but with only two gauge fields
turned for each triplet. We enumerate all the possible combina-
tions of (m,n) and the number of Yang-Mills fields needed up to
D =11 dimension in the following table.

D 4 5 6 7 8 9 10 11
(m,n) (1,0) (0,1) (2,0) (11) (0,2) (3,00 (2,1) (12) (40) (31) (03)
N 1 1 2 2 2 3 3 3 4 4 3

Although the Maxwell field cannot support the Lifshitz vacua,
they can be used to construct charged black holes that are asymp-
totic to the Lifshitz vacua. The ansatz for the Maxwell field is
A = @(r)dt. Then the Maxwell equation implies that

=777 (13)

In this paper, a prime denotes a derivative with respect to r.

Substituting all of the ansatz into the equations of motion (6)
and (7), we find that the full set of equations are now reduced to
three independent ones:

" W f  D—4\ , 2y
'/’+<ﬁ+ﬁ+ . ) _W_O’ (14)
f/ h/ 21///2 B
o 2yt 2q? 4Ar
?+E+g52r3f (D—Z)rZD*5f+(D—2)f
+ @ =0. (16)

Interestingly, these equations depend only on the total dimen-
sion D, rather than the individual (m,n). The equations for D =
4,5 were obtained in [7].

2.2. Colored Lifshitz vacua
We first turn off the Maxwell field by setting g = 0. It is

straightforward to show that there exists a class of Lifshitz space-
times with dynamical critical exponent z > 1:

r2 z+D-3
h=02r%2, f=€—2, Y= —e " ¢=0, (17)

with
A__(D—2)(22+(D—2)z+(D—1))

B 442 '
> z+D-3

& =2z-—ne
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After performing a scaling xi — Ex}, the solution takes the form

dr? oo
ds® = ¢2 <—r22dt2 +—+ rzdx’,dx}) ,
r

D—3
v =pr, pz\/L2 : (19)

Note that the condition for z > 1 is required by the positiveness of
the Yang-Mills coupling constant square gf > 0. The solutions for
D = 4,5 were obtained in [7].

2.3. Charged Lifshitz black holes

Having obtained the colored Lifshitz vacua in Einstein-Yang-
Mills theory in general dimensions, we would like to construct
black holes that are asymptotic to these vacua. This can be done by
turning on the Maxwell field. We obtain a class of exact solutions
for z=D — 1, given by

- dr? o
ds® = ¢2 <—r2(D’1)fdt2 + % + rzdx',dx’,> ,

ref

292
~ q Y2
f=1=p—ppo> (20)
with

1 (D —1)3(D —2)

2 _ _
gs —6_27 A—_T (21)

The gauge potentials of Yang-Mills and Maxwell fields are given by
v =vD-2r, ¢=qo+qr. (22)

Here g is a constant which can be viewed as the gauge parameter
or simply as an integration constant. We shall choose a gauge such
that A vanishes on the horizon. The solutions describe black holes
with event horizons at r =19 > 0 where f(rp) =0.

In the following, we set £ =1 for simplicity without loss of
generality. The temperature and entropy can be calculated using
the standard method, given by

1 _ _
T=E(D—2)rg Los=1twrd 2, (23)
where w = [ dx‘;dxﬂ. The electric charge can be easily obtained,
1 w
= — *F = —4q. 24
Q=g [ F=ira (24)

r—o0

There is a subtlety in the definition of electric potential. Following
the discussion in [7,36], we define directly

to be the electric potential. (Note that we have chosen a gauge
such that A vanishes on the horizon.) It is easy to check that

TdS + ®dQ = 0. (26)

This is the thermodynamical first law for our black holes con-
structed above. We find that the mass parameter of these black
holes is zero, so these black holes are charactered only by the elec-
tric charge Q.

3. Hyperscaling violating Lifshitz black holes with a dilaton

The concept of hyperscaling violation has been developed in
condensed matter and in the context of gauge gravity duality. It
provides a new holographic realization. In the following we can
see, by including dilaton, the theory supports a class of asymptotic
Lifshitz spacetimes with an overall hyperscaling violating factor.

3.1. Colored hyperscaling violating Lifshitz vacua

In this section, we introduce a dilaton ¢ to the system and pro-
pose the following Lagrangian

N
Lo=-g (R ~V($)- %(awz -2 ;?EM’F% - %e*“’ﬂ) :
I=1 I
(27)

The full set of covariant equations of motion are given by

V(€ FY) 4+ P AD P FY =0, V(e F)=0, (28)

N
A oaer2 P aega, OV
Op=) —se™Fi+2eMF24 — 29
¢ §4gf 'y 09 (29)
1
R;w:iau(bav‘ﬁ
ARSS| 1
+Z_2€M)(gpaF?upF?va_iFIngV>
£ 2g] 2(D-2)
L LV
20—2)” &) T D2

(30)

1
+ Eew (gp"f,wfw -

Motivated by string theory, we consider the following exponential
behavior of the scalar potential,
V=Ae (31)

and ansatz for the scalar,
6
¢ = 7 logr, (32)

where 0 is the hyperscaling parameter. Meanwhile, the ansatz for
Maxwell field is A = @dt. Then the Maxwell equation implies

/ q h

¢ = oem T (33)
r-—2

Now we consider a class of solutions whose metrics take the form

dr? o
% + rzdx',d’,> . (34)

Using the same ansatz for Yang-Mills fields, the equations of mo-
tion (28), (29), (30) now reduce to

Y ff W (D=26 D-—4\ , 2y3
"“(WWT+—> BT

0 f/ h ‘l’/z 62 92 0 _
()75 ommm o o
0 f/ H w4 q

2Ar (D—-2)6?  (2D—-5)0  2(D—3)
+(D—2)f 2 7 T T

We find the following Lifshitz vacua with hyperscaling violation

ds? =17 (—h(r)dt2 +

0, (35)

0. (37)

dr? oo
ds? =rf (—rzzdt2 +—+ rzdxl,dx’,> :
r

w=\/22+(D—2)9+2(D—3)r, o0,

4
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B 20 ,  2z2+(D-2)8+2(D-3)
VD -20z+0) &7 8z—1) ’
A=—¥{(D—2)92+[DZ+B(D—2)]0

+2[224+ (D —2)z+ (D — 1]}, (38)

when 6 = 0, the dilaton decouples from the theory, so it reduces
to the Einstein-Yang-Mills-Maxwell theory. The solution reduces
to the one obtained in Section 2.2.

3.2. Charged hyperscaling violating Lifshitz black holes

Naturally, it is time to construct black holes solutions. Also this
can be done by turning on the Maxwell field. We find that when

0

=D_2[z—(D—1)], (39)

we can obtain a class of charged Lifshitz black holes solutions with
hyperscaling violation, given by

2_ .0 22 AP o
ds® =1 [ —r* fdt* + — +r7dxdx; |,
r2f
fero T (40)
2(z—Dr2@D

with
- 2[(z—(D-1)]

(D-1DD-2)(z-1)

1 2
&=, A=-[DE-1*+z-1] (41)
The various fields are given by
Yv=~z—-1r, @=¢o+qr,

2(D -1
¢=\/%<z—1>[z—(v—1>]logr, (42)

when 6 =0, corresponding to z= D —1, also the dilaton decouples.
The solution reduces to the one obtained in Section 2.3.

These black holes satisfy the same thermodynamical first
law (26), with
_z—1,

1 w
T_ ’ S=_ Z_la =_—4 CDZ_ 5 43
27T rO 4wr0 Q 167Tq qu ( )

where rg is the horizon, satisfying f(rg) = 0.

4. Conclusions

In this paper, we generalized the work in [7,8] and constructed
non-abelian Lifshitz spacetimes with dynamic exponents z > 1 in
general dimensional Einstein gravities coupled to a cosmological
constant and N SU(2) Yang-Mills fields. We also introduced a
Maxwell field and constructed exact charged black holes when
z= D — 1. Furthermore, we introduced a dilaton to the system and
construct Lifshitz spacetimes with hyperscaling violations. Analo-
gously, we obtained exact charged black holes with hyperscaling
violation when 6 = %[z — (D — 1)] after turning on the Maxwell
field. All the black holes we constructed satisfy a non-trivial ther-
modynamical first law (26) with vanishing mass, both the Yang-
Mills fields and dilaton did not modify it.

The N SU(2) Yang-Mills fields can be viewed as subgroups of
a sufficiently large group. It establishes the principle that non-
abelian Lifshitz black holes can exist in arbitrary higher dimensions

provided that the Yang-Mills group is sufficiently large. It is of
great interest to investigate the classification of such Lifshitz space-
times for general Lie groups. Furthermore, the Lifshitz spacetimes
we constructed provide abundant background for studying strongly
coupled system.
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