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Abstract

Let G be a finite solvable group, and let F(G) be its Fitting subgroup. We prove that there
is a universal bound for the derived length of G/F(G) in terms of the number of distinct
conjugacy class sizes of G. This result is asymptotically best possible. It is based on the
following result on orbit sizes in finite linear group actions: If G is a finite solvable group and
V a finite faithful irreducible G-module of characteristic r, then there is a universal logarithmic
bound for the derived length of G in terms of the number of distinct r'-parts of the orbit sizes
of G on V. This is a refinement of the author’s previous work on orbit sizes.
© 2004 Elsevier Inc. All rights reserved.
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1. Introduction

A well-established area in the character theory of finite groups is the question which
structural information on the group can be obtained from information on its irreducible
complex characters. Early on it has been observed that results on conjugacy class
sizes often share some similarity with results on character degrees, and so a question
formulated for character degrees often can also be studied for conjugacy class sizes,
and such questions have led to interesting results in the past, see e.g. [2, §33].
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In this paper we are concerned with the Taketa problem for conjugacy classes. The
original Taketa problem asks for bounds for the derived length dl(G) of a finite solvable
group G in terms of the number |cd(G)| of its irreducible complex character degrees.
(See [6] for a survey of recent results on that problem.) Thus the Taketa problem for
conjugacy classes asks for bounds for dI(G) in terms of |cs(G)|, the number of distinct
conjugacy class sizes of G. (Here cs(G) = (19| | g € G} is the set of conjugacy class
sizes of G.) For p-groups, it has already been raised by Mann [10, Question 28]. It turns
out that the Taketa problem for conjugacy classes is even more difficult than the original
Taketa problem, at least for p-groups. It has long been known that dI(G) < |cd(G)| for
p-groups, so at least there is a linear bound (even though it is conjectured that the true
bound is logarithmic). On the other hand, it has been shown only recently by Ishikawa
[5] that p-groups with |cs(G)| = 2 have derived length 2 (and nilpotency class at most
3), and it is not known whether there is a bound for the derived length of p-groups G
with |cs(G)| = 3.

While there may not be any deeper general relationship between character degrees
and conjugacy class sizes, there is at least one reason for the many similarities between
results on the two invariants, namely the fact that the orbit sizes in the action of a
group G on a G-module V are conjugacy class sizes of the semidirect product GV,
whereas the orbit sizes of G on Irr(V) are character degrees of GV. It seems as if
whenever a result on c¢d(G) can be obtained via studying orbit sizes, a corresponding
result can be proved for conjugacy classes. For p-groups, the orbit size approach breaks
down, which might in part account for the fact that for p-groups there is no relationship
between |cd(G)| and |cs(G)|, as was shown by Moreté and Fernandez-Alcober [1].

Since the author’s recent results on the Taketa problem in [7-9] were based entirely
on results on orbit sizes, Moreté asked whether those results would also yield results
for the Taketa problem for conjugacy classes. The answer is yes, almost. We have to
do some extra work. With this we obtain our main result:

Theorem A. There exist universal constants Cy, Cy such that the following holds. If
G is a finite solvable group with Fitting subgroup F(G), then

di(G/F(G)) < Cy log, les(G)| + Co;
in particular, for the Fitting height h(G) we have
h(G) < Cp log, |es(G)| 4+ Ca + 1.

Of course, the result on i#(G) follows immediately from the bound on dI(G/F (G)).
We will prove Theorem A below with C; = 24 and C, = 364 (see Corollary 3.2
below). Certainly these constants (which come straight from [7, Theorem 2.1]) are not
the best possible ones; however, asymptotically a logarithmic bound in Theorem A is
the best that one can hope for, as is evidenced in Example 3.3 below.

The decisive link between conjugacy class sizes and orbit sizes is provided by
Lemma 2.1 below and is essentially an old argument due to Glauberman. To use
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that result, unlike for the Taketa problem it is not sufficient to bound dI(G) in terms
of the number of different orbit sizes of G on a G-module V, but rather we need to
bound dI(G) in terms of the r’-parts of the number of different orbit sizes of G on V,
where r is the characteristic of V. So write

m (G, V) = [{[v°] | ve V)

for the number of r’-parts of the orbit sizes of G on V. Inspection of the proofs in
[7,8] shows that they yield bounds for dI(G) in terms of m, (G, V) in many situations,
in particular, when |G| is odd. So for odd-order groups Theorem A follows right away
from [7, Theorem 2.1] and Lemma 2.1 below. In the general case, however, there is
one special situation where the proofs in [8] just do not yield a result on m, (G, V).
This situation is dealt with in Section 2 of this paper. Together with the previous work
this yields our second main result, from which Theorem A will follow readily.

Theorem B. Let Ci and Co be as in Theorem A. If G is a finite solvable group and
V a finite faithful irreducible G-module of characteristic r, then

di(G) < Cy logm, (G, V) + C».

Obviously this is a refinement of the theorem in the introduction of [7], and we will
prove it with the same constants C1, C as the ones in [7, Theorem 2.1] (see Theorem
3.1. below).

We finally note that the general conjecture that d1(G) is bounded in terms of |cs(G)|
clearly by Theorem A is now reduced to the following

Conjecture C. There exists a function f : N — R such that if G is a finite solvable
group, then

dI(F(G)) < f(es(G)D.

This, of course, still includes the highly difficult case of p-groups.

Notation: Our notation is mostly standard. As in [11], we write, if V = GF(g™) for
some prime ¢, the semi-linear group I'(¢™) = T'(V) = {x — ax’ | a € GF(¢"™)*, 0 €
Gal(GF(¢")/GF(g))}. If n € N and p is a prime, then n, is the p-part and n, is the
p'-part of n. If G is a group, then O,(G) denotes the largest normal p-subgroup of
G, and a p-element of G is an element of order a power of p. The minimal number
of generators of a group G is written as d(G).

For groups A, B we say that A acts fixed point freely on B if A acts on B (via
automorphisms) and the semidirect product AB is a Frobenius group with kernel B. We
also say that a € A acts fixed point freely on B if (a) acts fixed point freely on B.

Moreover, for a real number x by [x] and |x| we mean the upper and lower integer
part of x (respectively).
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2. p’-parts of orbit sizes

In this section we collect all the results that we need to prove our main results.

2.1. Lemma. Let G be a finite solvable group and p be a prime. Write P = 0,(G)
and V = P/®(P). Suppose that G has r orbits in its action on V whose sizes have
mutually distinct p'-parts. Then G has r conjugacy classes whose sizes have mutually
distinct p’-parts. In particular, |cs(G)|>r.

Proof. Let v; € P (i = 1,...,r) such that the v; := v;®(P) are representatives of
orbits of G on V whose sizes have mutually distinct p’-parts. Fix j € {1,...,r}.
If x € vj, then clearly Cg(x)®(P)/®(P)<Cq/pp)(V)), and thus we see that (x)
|CG(x)|p <ICqapy (V). the latter being the p’-part of the stabilizers of v} in the
action of G on V. Now let H be a Hall-p’-subgroup of that stabilizer. Then H acts
on P and fixes the set v; (as a set). By an argument of Glauberman [3, I, Satz 18.6]
we see that there exists a w; € v; such that H<Cg(w;). With (x) we conclude
that H is a Hall-p’-subgroup of Cg(w;). Since j was arbitrary, it follows that the w;
(j =1,...,r) are representatives of conjugacy classes of G whose sizes have mutually
distinct p’-parts, as wanted. [

2.2. Hypothesis. Let G be a finite group and V be a finite faithful FG-module, where
F is a field. Suppose that there is an S<IG which is elementary abelian of order ¢’ for
a prime ¢, and suppose further that Vg = W1 @ --- @ W, for S-submodules W; of V
such that if j € {I,...,¢} and x € S, then x acts either fixed point freely or trivially on
W;. Assume also that each g € G (possibly trivially) permutes the W; (i =1,...,1).

2.3. Lemma. Assume Hypothesis 2.2 and that [ >2.

(a) There is an x € S such that x acts trivially on at least f#} of the W;.

(b) Let x € S such that the number r of W; on which x acts trivially is maximal. Let
y € S with y ¢ (x). Then y acts trivially on at most r — [’%’] of the W; with
W; <Cy(x).

q(s—1)—1

In particular, ifrg%t for some s € N then r — f%} < 76=D

r< L_lr.

qs
Proof. (a) Let 1 # x; € S and x; € S — (x1) and put U = (x1,x2)<S. Then U has
g + 1 nontrivial cyclic subgroups. Moreover the Cy(W;), i = 1,...,t, are nontrivial
subgroups of U. Hence there must be an 1 # x € U such that (x) is a subgroup of at
least (q’?} of the Cy(W;). So (a) follows.

(b) Let X be the sum of those W; on which x acts trivially, and let Y be the
sum of the W; on which x acts nontrivially. Hence V = X @)Y and X is the sum
of r of the W;, and Y is the sum of ¢+ — r of the W;. Consider the action of U =
(x,y) on Y. As x acts fixed point freely on Y, note that for all W; <Y we know that
Cy(W;) is a nontrivial cyclic subgroup of U, and altogether there are ¢ nontrivial
cyclic subgroups of U different from (x). Hence there is a z € U that acts trivially
on at least f’%’] of the W; <Y, and clearly we may assume that z = x’y for some
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i € N. Now by the definition of r clearly z can act trivially on at most » — [-=L] of the
W; <X, and as x acts trivially on X, this means that also y can act trivially on at most
r— |'ij"| of the W; < X which is the first statement of (b). The second follows by simple
arithmetic. [J

2.4. Lemma. Assume Hypothesis 2.2 and that the Cs(W;) (i = 1,...,t) are mutually
distinct. Then the following hold:

t
@ Cg(S) < [ Nog(Wp).
i=1

(b) Suppose that there is an | € R such that |Cy(g)| < |V|% for all g-elements g €
C6(S) and |Cy ()| <|V|'T for all g € S. If |G|<|VI|¥, then G has a g-regular
orbit on V (i.e., an orbit whose size contains the full g-part of |Gl).

Proof. (a) Let j € {1,...,t} and g € C(S). Then Cs(W;) = Cs(W;)8 = Cg(Wf),
and so by hypothesis W; = W}g . This proves (a).
(b) First we observe that by a routine argument (see e.g. [9, Lemma 1.2]) it follows

that |Cv(g)|§|V|% for all g € G — C(S), and so by our hypothesis we conclude
that

ICy(9)| < |V|% for all g-elements g € G.

Now assume that G has no g-regular orbit on V. Then V = Ugec_{l}’g a g-clement Cv(g),

811 L
and thus |V|< deG_{l}’g aq-element'CV(g)| < |G| |V| # . Hence |G| > |V|8, a
contradiction. This proves the lemma. [J

We are now ready to prove the crucial result we need. For the proof, we need the
notion of a special pair as introduced in [8, Definition 3.2]. For the convenience of the
reader we reproduce this definition here.

2.5. Definition. Let p be a prime and E be a group with a normal subgroup N <E
such that E/N is elementary abelian of order p™ for an integer m. Suppose that
E acts on a vector space V over a finite field such that V is a faithful E-module
which is induced from a completely reducible N-module W;. Consequently we can
write

VN = Wl D---6b me

with W; = W]x 7 for a suitable Xje E/N (j=1,..., p™). Furthermore, suppose that
N/Cn(W)) S L (as a linear group on W;) for all j, where L is a solvable group
acting faithfully and irreducibly on W; and having exactly one nontrivial orbit in its
action on W;. We also assume that Z(F(N/Cy(W;))) > 1 and that this group acts
fixed point freely on W;.
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Note that by Huppert’s classification of solvable doubly transitive permutation groups
(see [11, Theorem 6.8]) we know all the possible isomorphism types of L. Next we put
M = Z(F(N)). So we have 1 < M, M is abelian and M/Cy(W;) > 1 acts fixed point
freely on W; (for all j). We assume that for any prime ¢ dividing [M| for Q € Syl, M
we have one of the following:

CoWj)=1for j=1,..., p" (so that in this case Q is cyclic)

or () the Co(W;), j=1,..., p", are mutually distinct.

Observe that the latter condition is equivalent to demanding that even the Cgq, o)(W;),
j =1,..., p™ are mutually distinct, as Q acts faithfully on V and d(Co(W;)) =
d(Q) —1 for all j.

If we have this setting, then we say that (E, V) is a special pair and also write
(E, V)= (E,V,N, M, p™).

2.6. Theorem. Let p be a prime. Suppose that G is a finite solvable group which acts
faithfully and irreducibly on a G-module V over GF(p') for some f € N. Also suppose
that for some N<G we have the Clifford decomposition Vy = W1 @ --- ® W, (where
n = p™ for some m € N) into homogeneous components W; (i = 1,...,n) which are
faithfully and primitively permuted by G/N. Suppose further that H := Ng(W1) has
exactly one nontrivial orbit on Wi. Put M = Z(F(N))<JG and k = d(M). Assume

that k< ’"Tz log, p. Then

my(G,V) > {*TJ

Proof. Clearly we may assume that m >100. Let N < E<G such that E/N is the
unique minimal normal subgroup of G/N. As in the beginning of the proof of [8,
Theorem 3.20] we see that (E, V) is a special pair. We proceed in several steps.

Step 1: M (and thus F(N)) is a p’-group and k}%m. For any noncyclic Sylow
subgroup T of M we have d(T) > %m

As char(V) = p, it is clear thafp does not divide |M|. Next note that CE(N)< N,
because otherwise there would be an x € Cg(N) — N so that Wy and W} (# Wp)
would be isomorphic N-modules contradicting the fact that Wy and Wi are differ-
ent homogeneous components of Vy. Thus E/N is isomorphic to a chief factor of
G/Cg(N) S AutN.

Clearly the structure of N is well known (see [11, Theorem 6.8]). We next show
that M is not cyclic by using an argument already employed in [8, p. 91]. First recall
that Cg(N) < N. Assume that M is cyclic. Then M acts faithfully on each W;, so E/N
is isomorphic to a chief factor of G/Cg(N) < Aut(N). But as m>100 and N is
isomorphic to a subgroup of H/Cg(Wj) which has only one nontrivial orbit on Wi, it
is clear that Aut (N) does not have such a large composition factor. This contradiction
shows that M is not cyclic and thus k >2.
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Remember that as (E, V) is a special pair, any noncyclic Sylow subgroup 7 of M
satisfies Definition 2.5(*), and hence if S € Sylp(E), then d(S/Cs(T))>m. As p does

not divide |T'|, a result of Isaacs [4, Theorem A] readily implies that m < %d (T) and
thus d(T)>3m.

Step 2: We have that

13, ﬁlo
|G| < pa™ [Wy| T o8P

Observe that |G|<|G/E|-|E/N|-|N]|, and as E/N is an irreducible and faithful G/E-
module, by [11, Theorem 3.5] we have |G/E|<p%m and thus |G|<p%m -p™-|IN| =
p%m -|N|. Next note that by the proof of [§, Lemma 3.5] we may assume (by possibly
renumbering the W;) that

k k
(CvWn = Cx (@W,) = 1
i=1

i=1
and thus
IN| < IN/Cn(WD)I-.

Now from [11, Theorem 6.8] it is clear that |H/Cg(W1)|<|W1|2, and hence |[N/Cy
(W) <|H/Cg(W))|<|W|%. So altogether

13 13 13 13 m?
|G| < p*™ IN| < p3™|IN/Cy(WDIE < pam w2k < pam . |wy| T loa2p,

as wanted.

Step 3: We may assume that q Sp\/ﬁ for any prime q dividing |M| with noncyclic
Sylow g-subgroup of M.

Suppose that there is a prime ¢ dividing |M| such that the Sylow g-subgroup of M is
not cyclic and such that ¢ > pﬁ. Let 0 # w; € W; for all i and define v; = Z{:] w;
for j =1,...,n, so that Cy(v;)>Cpn(v;) for all i <j. Now by Step 1, if Q € SquM,
then Q is abelian and d(Q)}%m. So if we put s = L%mj, then it is clear that there

are x1,...,xs € {v; | i =1,...,n} such that Cp(x;) > Co(x;jy1) fori =1,...,5—1,
which implies that % >q > p\/’? Moreover, as in Step 2 by [11, Theorem 3.5]

we see that |G/E|<p%m and thus |G/N|q<p%’”§q%ﬁ (as g # p). Therefore it is
easy to see that

s—2
[Co(xpo Wl > 1Ce(xXrppne I fork=1,..., —1
[kz/m+11 [(k+1) 7 /m+1] % I
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and consequently

s—2 .
=
v/m

43m—-3 _ 2 _
. 2_ )
9 m 9 "

mp/(G7 V) 2

so that we are done. Hence Step 3 is proved.
Step 4: Let 1 # x € M. Then x acts fixed point freely on at least #gp of the W;.
2

To prove this, we may assume that the order of x is a prime pj, so x € Q;(Py),
where P; € Syl, M. Now let P, = (x® | g € G), so P is an elementary abelian normal
subgroup of G and thus, as V is an irreducible and faithful G-module, Cy (P>) = 0.
Now choose g; € G such that the x; =x%,i=1,...,d =d(P,), form a minimal set
of generators of P,. Then if x acts fixed point freely on exactly #yp of the W;, so does
each x;. In particular we see by an easy induction that Cy ({(xy, ..., x;)) is the sum
of at least p™ — ity of the W;. As 0 = Cy(Pp) = Cy({xy, ..., xq)), this means that
p" — dty<0 and thus 7> % Now by hypothesis we have d < % log, p, and so the
assertion of Step 4 follows.

Step 5: Conclusion.

We begin by choosing a prime ¢ dividing |M| in the following way. Remember that
Vis a GF(p/)-vector space; let pg = p/ and s = dim W;. By Huppert’s result [11,
Theorem 6.8] (which is also restated in [8, Theorem 3.1]) we know the structure of
L := Ng(W1)/Cg(Wy), and using that result we choose g as follows:

Case A: Suppose that L<I'(py). Then as L has exactly one nontrivial orbit on
Wi, clearly (py — 1)| |L|, and so |L]| is divisible by all Zsigmondy prime divisors of
py— 1.

(i) If there is a Zsigmondy prime divisor r of pj—1 (i.e., a prime r dividing pj — 1,
but not dividing p6 — 1 for any 1<i<s — 1) such that the Sylow r-subgroup of
M is not cyclic, then let g =r.

(ii) If there is a Zsigmondy prime divisor r of py — 1, but none for which the Sylow
r-subgroup of M is not cyclic, then let ¢ be any prime divisor of M for which the
Sylow g-subgroup of M is not cyclic (such a prime exists by Step 1).

Next suppose that there is no Zsigmondy prime divisor of py—1. By [11, Theorem
6.2 and Proposition 3.1] we have either s =2 and pyp = p is a Mersenne prime,
or n =6 and pg = 2.

(iii) In the first case, if there is an odd prime divisor r of p? — 1 such that the Sylow
r-subgroup of M is not cyclic, let g =r.

(iv) Otherwise let g = 2.

(v) If n =6 and p = 2, then if the Sylow 7-subgroup of M is not cyclic, let g = 7.

(vi) Otherwise let ¢ = 3.

Case B: Suppose that L is one of the exceptional groups in [11, Theorem 6.8].

(i) In the situation of [11, Theorem 6.8(a)], choose g = 2.
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(ii) In the situation of [11, Theorem 6.8(b)], if there is an odd prime r of |F(L)|
such that the Sylow r-subgroup of M is not cyclic, let ¢ = r, unless |W;| = 72
and |F(L)| =233 and the Sylow 2-subgroup of M is not cyclic, in which case
we let g = 2.

(iii) Otherwise let g = 2.

Observe that in any case Qo € Syl,M is not cyclic, and put Eg = Q;(Q0)<G.
Then (by Step 1) d = d(Eg)>3%m. Now define 1 = Ag < A < -+ < Ag = E
as follows: Ap = 1, and if A; has already been defined for some i>0 then ob-
serve that Cy(A;) is a sum of some of the W;, and let a;;+; € E be such that
Hj | W;<Cy(A;) and ag;41 acts trivially on W;}| is maximal. Then put A;1; =
(A;, aj+1). Observe that with this definition of the A; by Lemma 2.3(a) (applied to
E/A; acting on Cy(A;)) and an easy induction we have that Cy(A;) is the sum of
at least (qi—r’;)i of the W;. Moreover, by Step 4 each y € E acts trivially on at most

m____4p"  _ so—l
m2logyp ~ 50

p p™ of the W;, where sg = m? log, p. Hence by Lemma 2.3(b) and

an easy induction we observe that each y € Eg — A; acts trivially on at most %ri
of the W; with W; <Cy(A;), where r; denotes the number of W; with W; <Cy (A;).
In particular, we have [Cy(A;)| = |W1|" and thus

a'sp—1

ICeyanM < ICv(AD o for all 5 € Eg/A; (i =1.....d).

Now fixi € {1,...,d} and put M; = Ng(A;) and V; = Cy(A;). If v € V; lies in a regu-
lar orbit of Eg/A; on V;, then A; = EgNCq(v)<ICq(v) which implies that Cg (v) < M;.
Also note that by our construction of the A; it is clear that Ep/A; acts faithfully on V;,
and therefore we have Ng(V;) = M;, because clearly Ng(A;) <Ng(V;), and if there
were a g € Ng(V;) — Ng(A;), then we would have Cy(A;) = Cy(A;)® = CV(Af)
and A; < (A;, A)<Ep and Cy(A;) = Cy((A;, A?)) so that there would be a h €
(Aq, A‘ig ) — A; acting trivially on V;, against the faithful action of Ep/A; on V;.

Now consider the action of M; = M; /Cum; (Vi) on V;. Using Lemma 2.4 we want to
identify values of i for which M; has a g-regular orbit on V;. Note that if v; € V; is in
such an orbit, then v; is in a regular orbit of Ey/A; on V; and thus Cg(v;) = Cy, (v;)
and

ICcwdlg = 1Cx;(Vdlg = [Cc(Vi)lg, 0

the latter equality following as M; = Ng(V;).

Observe that the action of M; satisfies the general hypothesis of Lemma 2.4, where
Eo := Eo/A; > EoCym, (Vi)/Cum; (Vi) plays the role of S; in particular, the Cfo(Wj) (for
all W;<V;) are mutually distinct just because the Cg,(W;) are different, as (E, V)
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is a special pair. By Lemma 2.4(a) we have

CiE) < () Ng(Wp) S Xj win w, <y, T(W)). (1)
j with W; <V;

We now have to verify the hypothesis of Lemma 2.4(b), which is a little more trou-
gl _

bleson_le. As seen above, we have (x) |Cy, ()| <|V;| 450 for all ¥ € Ey. Next we put

li = gq'so and want to show that

81;—1

[Cv, )| < |Vi| ¥ for all g-elements y € Cﬁi(E_o). (2)

To see this, we have to consider all situations A(i)-(vi) and B(i)—(iii) outlined above.

In Case A(), let Q € Syl (C*(Eo)). Then by (1) and [11, Lemma 6.5(c)] it
follows that Q < F(C3-(E0)) S X; win w, <v;To(W;), and so ‘O<M; is abelian and
‘O <M. Therefore we have 0 = QoCwm; (Vi)/Cp, (Vi) =: ‘0o. Now if x € Q¢ with
x? € Cp,(V;), then x? acts trivially on all W; with W; <V;, and as for each z € M
and [ € {1,...,n} z acts either fixed point freely or trivially on W;, we further see
that x € Cy, (V7).

This shows that Ql(@)<QI(QO)cM,(V, )/Cum; (Vi) = ©1(Qp), and as trivially
Q1(Q0) <Q1(Qo), we have that Q;(Q) = Q1(Q0) = Qi(Qo) and so Q;(Q) = Ey.
Thus all g-elements of Cy;- (Eo) are in Q. The same is true (for similar reasons)
in Cases A(iii) and A(V) (as is clear by (1) and [11, Lemma 6.5]), and B(ii) when

g € {2,3}. So in all these cases it follows immediately by (x) that |Cy, (y)|<|V| i
for all ¥ € Qso that (2) follows.

In Case A(ii) let r be a Zsigmondy prime divisor of pj—1, and so r| |L|. Let x € L
be of order r. By [11, Lemma 6.4 and Lemma 6.5(c)] we have C(x) = F(L) and r
does not divide |L/F(L)|.

Now consider the case that x ¢ Ny := NCg(W;)/Cg(W1). We want to show
that No is cyclic. Clearly No<JL and (x)<JL, hence [Ny, (x)I<No N (x) = 1, so
No<Cr(x), and Cr(x) is cyclic by [11, Lemma 6.5(c)]. Thus indeed Ny is cyclic,
and thus N is abelian. Next consider the case that x € NCg(W1)/Cg(W1). Then even
x € MCg(W))/Cg(Wy), and since in Case A(ii) we know that (x8 | g € G) = (x) is
cyclic, we see that

CN({(NCN W) /Cn (W) < Cnyeywy((x)Cn (W) /Cn (W;))
< F(N/Cy(Wp)) =: Fi/Cn(W;)

for all i, whence Cy({x))< ﬂl 1 Fi = F(N) (by [11, Proposition 9.5]). Hence
Cy({x)) = F(N), and so N/F(N) = N/Cn({x)) S Aut ({x)) which is cyclic. There-
fore in Case A(ii) we always know that N/F(N) is cyclic and thus any g € N — F(N)
acts nontrivially on each W;. In Case A(vi), by [11, Lemma 6.5] every 3-element
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g € N — F(N) acts nontrivially on each W;, and the same is true in Case B(ii)
when g = 3. Hence in these cases we see that |Cy, (g)|§|W1|% for all g-elements
g € N— F(N) and thus |Cy,())] <|Vi|% for all g-elements y € CE(E_O), which im-
plies (2). .

Next observe that in Case A(iv), if K is the inverse image of a Sylow 2-subgroup of
Xj with WJ<V1"0(W-) in the embedding C37-(Eo) S Xj with W/gvl"(W') then K <M;,
and similarly as 1n the Case A(i) we obtain that Eqg = Q;(K), so that by (*) we have

|Cy, (y)|<|V| 1 for all y € K. Moreover no 2-element of C+- ’_(Eo) centralizes K,

and so the usual routine argument already mentioned in the proof of Lemma 2.4 yields
2 -1 -

ICv. ()< |V;| & and thus (2) for all 2-elements of CE(EO), as wanted.

A similar argument yields (2) in the remaining cases as well. In Case B(ii) when g =
2, and in Case B(iii) simply work with K being the inverse image of X; yin w; <v; 98

in the embedding CM(E_O) s Xj with W gvl.Ng(Wj)/C(;(Wj) and proceed as in Case
A(iv). In Case B(i), work with K being the inverse image of X ; J with W; <V, E(2°) (where

E(2%) denotes an extraspecial group of order 2°) and note that for y € K by [9, Lemma
L2] [Cw; DI W |3/4 whenever y acts nontrivially on W;. Moreover as each x € Eo

acts trivially on at most = L of the W; with W; <V;, we see that each y can also act
trivially on at most =L - of the W; <V;, and thus
;=1 3/4 IL 41;-1
@I < Vil (VPR = v

for all y € K. Finally, as no 2-element y € CM(E_O) — K centralizes K, the routine
argument used before yields (2).

So (2) is proved in all cases. Now Lemma 2.4(b) yields a v; € V; satisfying (0)
__ e
provided that |M;|<|V;|®¥i . To make this happen, it suffices that

m
P

|M;| < |Wy |8ttt

m
P

as |V;|>|Wy|@+D' (as we saw above with Lemma 2.3(a)), and for that as by Step 2

—_— 13 mz
IM;| < |G| < pa™ |Wy| T ler,

it suffices that

pm

3., ﬁlo i
pé |W1| 2 gzl’g |W1|81,-<q+1)
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or

"

13 -
P < W |

m2
—%5logy p
As I; =q'sy = qimTzlogz p and, by Step 3, qu\/ﬁ, we see that

2
Bli(q + 1) < 8p"Y" - (logy p) (pY" + 1 < 2 m?p? M log, p

and so it suffices that

pm

2

m
13 "5 log, p

S m 2i+1,,2 ,2i/m 2
pé < |W1| mep og p A

From now on consider only i with i < %./m. Then the exponent of |Wj| in the previous
inequality is positive, and as clearly |W;|> p, it suffices to have

13 . p" m21
-m < — . —— 1o
4 2itlm2p2ivmlog, p 2 g2P

2 .
and as ’"7 log, p> %m, for that it suffices that

5 pm—2iﬂ
mIORP S S TaTlog, p

which is equivalent to

2+ (log, p)? < pm72i\/r7.

For this, as p>2, it suffices that
m*(log, p)? < pHVm—i-l
and this is implied by

m*(log, p)? < p"THYM,
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Now as igéa/m, then ig*/T'; — ﬁ = TT’% and m — 4i/m >4, and hence it suffices
that

3
~
N

m—4i/
( )
V1ogy p

P

v/10g p
i <§+/m with

and as

>2, we conclude that to apply Lemma 2.4(b), it suffices to have an

m4 < 2m—4iﬁ — 2\/%(\/%—41')' (3)

Now as ié%ﬁ, then (3) holds if m*<2% which is the case as m>100. Hence by
Lemma 2.4 fori =1, ..., L%\/n_aj there are v; € V; such that |Cg(vi)ly = |Cc(Vi)lg,
and thus as Vi > Vo > --- > Vy and Cg, (V1) < Cgy(V2) < --- < Cgy(Vy), we have

ICcly < [Cclg << ICav1 /m)lg

so that m (G, V) > I_%\/ﬁj which is the assertion of the theorem. So the proof of the
theorem is complete. [

We now can strengthen [8, Theorem 3.20].

2.7. Theorem. Suppose that G is a finite solvable group which acts faithfully and
irreducibly on a G-module V over a finite field of characteristic r. Suppose that for
some NG we have the Clifford decomposition Vy = W1 @ ---®d W, (for an n > 1)
into homogeneous components W; (i = 1,...,n) which are faithfully and primitively
permuted by G/N. Suppose further that H := Ng(W1) has exactly one nontrivial orbit
on Wi. Surely n = p™ for some prime p and an integer n. Then

mr,(Gv V) 2 ’V\/ﬁ—‘ .

224

Proof. The idea is to proceed exactly as in the proof of [8, Theorem 3.20] and adjust
it whenever it does not yield the wanted conclusion. We will see that there is only
one situation where such an adjustment is needed. The first part of the proof of [8,
Theorem 3.20] shows that we may assume that (E, V, N, M, p™) is a special pair,
where M = Z(F(N)). Put k = d(M).

Assume that k > ’”Tz log, p. In this case in [8] we show that there are at least 7
orbits whose sizes have different g-parts for some ¢| |M|. Hence g # r and we are
done in this case.
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So we may assume that k< % log, p. This situation is subdivided into two cases:

Case 1: p [ |M]|.

If each v € W is centralized by some Sylow p-subgroup of H, then [8, Lemma
3.14] yields m — 8 orbits of G on V whose sizes have mutually distinct p-parts. So
if p # r, we are done here. Therefore let p = r. This is exactly the situation where
Theorem 2.6. is needed, and it yields the conclusion here.

So we may assume that not every v € W is centralized by some Sylow p-subgroup
of H. Here we first consider the case that there are p-elements x € H/Cy(Wp) —
NCpy(Wyp)/Cyh(Wy) that act fixed point freely on Wj. Then [8, Lemma 3.19] is involved

which yields, with one exception for p = 3, f%] elements of V having mutually
distinct g-parts for some prime g| |M|. Thus ¢ # r and we are done here.

So now suppose that NCgy(W1)/Cy(W1) contains all p-elements of H/Cy(Wp)
acting fixed point freely on Wy, or that we are in that one exception for p = 3. Here
in one instance 7 orbits of sizes having mutually distinct p-parts are found using [8,
Lemma 3.15], but note that by the table on [8, p. 88] we have r # p, so that we are
done. In the remaining cases the orbits found have mutually distinct g-parts for some
prime ¢ dividing |M]|, so g # r and we are done with Case 1.

Case 2: p| |M]|.

Case 2a: The Sylow p-subgroup of M satisfies Definition 2.5(x).

Then [8, Lemma 3.15] is used to establish the existence of % orbits whose sizes
have mutually distinct p-parts. But as p| |M|, clearly p # r, and so we are done here.

Case 2b: The Sylow p-subgroup of M does not satisfy Definition 2.5(x).

Here in one instance the wanted result is obtained by using what has already been
established in Case 1, and in the remaining cases [8, Lemma 3.19] is involved, where

’VE/T’E-‘ orbits are found having mutually distinct g-parts for some prime ¢ dividing |M|.
Hence g # r, and the proof of the theorem is complete. [

3. The main results

We now can prove our wanted generalization of the main result in [7].

3.1. Theorem. Let G be a finite solvable group and let V be a faithful and irreducible
G-module over a finite field of characteristic r. Then

dI(G) < 24log, m, (G, V) + 364.

Proof. We proceed exactly as in the proof of [7, Theorem 2.1]. Essentially this proof
puts two results on orbit sizes together, namely [7, Theorem 1.5; 8, Theorem 4.5]. The
first of these results bounds dI(O,(G)) (for some prime ¢) logarithmically in terms of
the number b(G, V) of g-parts of the orbit sizes of G on V. So clearly ¢ # r and then
b(G,V)<m;(G,V), and it remains to adjust the proof of [8, Theorem 4.5] to yield
a bound on m, (G, V). All bounds on orbit sizes in that proof come directly from [8,
Theorem 4.1]. Part (a) of that theorem distinguishes orbit sizes by their g-parts for a
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prime ¢ such that G has a normal g-subgroup of class 1 or 2. Hence ¢ # r, and we
get a statement for m, (G, V) here. As to part (b) of [8, Theorem 4.1], it is proved that
m(G, V)>s1 and m(G, V) > sy for certain parameters s1 and s2. As to the first bound,
this comes from orbit sizes having mutually distinct g-parts for some prime g dividing
an abelian normal subgroup of G, and so ¢ # r, and we indeed have m, (G, V) >s;. As
to the bound m (G, V) > s,, this is obtained by using [8, Theorem 3.20]. So here we in-
stead use our new result Theorem 2.7. and obtain m, (G, V)>s;. We are
done. [

We finally can prove the wanted result on conjugacy class sizes.

3.2. Corollary. Let G be a finite solvable group. Then
dI(G/F(G)) < 24log, [cs(G)| + 364.

Proof. Put k = dI(G/F(G)) and G = G/F(G). It is well known that (additively writ-
ten) we have F(G)/®(G) = @521 V; for some irreducible GF (pl-)E modules V; with
suitable primes p; (i = 1,...,¢) and that G acts faithfully on F(G)/®(G). Thus we
may assume that E(k_l) acts nontrivially on Vi, so that with Go = G/ Ce(V)=G/Cs (V1)
we have that dI(Gg) = k, and Gq acts faithfully and irreducibly on V;. Let r = py.
Then by Theorem 3.1. we have

k = dl(Go) < 24log, m,(Go, V1) + 364.
Now clearly V; is isomorphic to a Gp-submodule of P/®(P), where P = O,(G), and

thus m, (Go, V1) <m,(Go, P/®(P)), and as F(G) acts trivially on P/®(P), we also
have

my(Go, P/®(P)) = mu (G, P/O(P)).
Now by Lemma 2.1 we have m, (G, P/®(P))<|cs(G)|, and so altogether we obtain
dIi(G/F(G)) = k<24log, |cs(G)| + 364,
as wanted. OJ

3.3. Example. We finally show that the logarithmic bounds of Theorem A are asymp-
totically best possible. To see this, let C3 and Cs be the cyclic groups of order 3 and 5
(respectively), and for n € N let G, be the iterated regular wreath product C5:C3:C52
C3...1Cs5:C3 with 2n factors. Then it is easy to see that |G,|3<3 Zi":?)l 5k <352H

and likewise |G,|s <552n. Thus |G,| has at most (5% 4+ 1)2<5%+! divisors, so that
trivially |cs(G,)| <51,
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Furthermore clearly h(G,) = dl(G,), and dI(G,) = 2n by [11, Proposition 3.10].
Then

1 ant1y _ 1 1 1
h(Gy) = di(G,) = 2n = 510g5(5 )—5 Z Elogs |CS(Gn)|—§,

which shows that in general we cannot expect stronger than logarithmic bounds for
dl(G) in terms of |cs(G)| in Theorem A.
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