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Abstract

Starting from the non-BPS @ + 1)-brane action, we derive an effective actiorn(jr+ 1) space dimensions by studying the
fluctuations of various bosonic fields around the time-like tachyonic kink solution (obtained by Wick rotation of the space-like
tachyonic kink solution) of the non-BPS brane. In real time this describes the dynamics of a space-like or Euclidean brane
in (p + 1) dimensions containing a Dirac—Born—Infeld (DBI) part and an Wess—Zumino (WZ) part. The WZ part is purely
imaginary and so the action is complex if it represents the source of the time-dependent background of type Il string theory,
i.e., S-brane. On the other hand, the WZ part as well as the action is real if it represents the source instyjveg ftheory,

i.e., E-brane. The DBI part is the same as obtained before using different method. This is then further illustrated by considering
brane probe in space-like brane background.
0 2004 Elsevier B.VOpen access under CC BY license.

Non-BPS Op + 1)-branes exist in both type 1A (> 2) derivatives of tachyon are neglected) for lafge
(for p = even) and type 1IB (fop = odd) string theory  the fluctuations of massless modes on the kink solution
and are unstable due to the presence of open stringinterpolating between the two vacuaZt= —oco and
tachyon in their world-volume [1]. The dynamics of T = oo, passing througil" = 0, correctly reproduce
the non-BPS branes can be described by an effectivethe DBI action of the BPS p-brane without any
tachyon field theory [2-5] and if the tachyon depends higher derivative corrections. Also, the fluctuations
on one of the space-like coordinategt! = x (say)) are not assumed to be small in this derivation. The
of the brane, it has an infinitely thin but finite tension minimum of the potentialV (T') has been argued to
kink solution [6]. It has been shown that for this describe the closed string vacuum [1].
solution the total energy of the brane is localized In order to understand the decay of the non-
aroundx =0 with the tension7, = [V(T)dT, T BPS D(p + 1)-brane, one should really consider the
being the tachyon. Sen has shown [7] that even thoughtachyon to be time dependent [8]. Thus the rolling of
the tachyon effective action is valid (where higher the tachyon is responsible for the decay of the non-

BPS D(p + 1)-brane to the closed string vacuum [9].
—— , On the other hand, by a similar reasoning as given in
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space-likep-branes [10] ($-branes or p-branes) at
the maximum of the tachyon potenti&l(7') where
T — 0. Sp-branes (lp-branes) are space-like topo-
logical defects localized ifip + 1)-dimensional space-
like hypersurface in type Il (type 1)! string theory
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method. We will point out in what sense we call this
an Sp-brane or an k-brane action. We also give an
alternative argument to further support the form of the
action that we have obtained. This is done by consid-
ering the brane probe in a non-extremabrane back-

and appears when finely tuned incoming closed string ground. Thep-branes turn into space-like branes as we

radiation pushes the tachyon (@ = —oc0) to the top

of the potential from one side and then the tachyon
rolls down to the other side (at® = co) dissipating

its energy back to radiation [12]. In this process, the
space-likep-brane appears and exists only for a mo-
ment in time atx® = 0. These are the sources for the
classical time-dependent solutions [13-16] of string
effective actior?

In this Letter, we give a simple derivation opS
brane (or Ep-brane) action starting from the non-BPS
D(p + 1)-brane action with time-dependent tachyon.
Here we make use of Sen'’s derivation [7] of codimen-

consider the region beyond their horizons. The probe
action, continued beyond the horizon, is found to take
the form of the space-like brane action that we have
been discussing so far.

The dynamics of the non-BPS(p + 1)-brane is
governed by the following tachyon effective action
[2-5],

S = —/df’+2x V(T)/—det,, +9,TdT), (1)

whereT is the tachyon field andf (T') is its potential,
with V(-=T) = V(T) and V(T) has a maximum

sion one BPS D-brane action as the space-like tachy-at T = 0, while V(T) - 0 asT — +oo. u,v =

onic kink solution of non-BPS D-brane action. When

0,1,..., p+1 are the world-volume indices. We have

the tachyon is time dependent, the solution of the set the world-volume gauge fields and the transverse
equation of motion can be obtained by Wick rotation scalars to zero for simplicity and will include them
of the corresponding solution with space-dependent later. Also, we assume that classically the tachyon is

tachyon. This solution may be regarded as the time-

like tachyonic kink of the non-BPS D-brane action.
We then study the fluctuations of various bosonic

fields on the Euclidean world-volume around this so- j

lution and obtain an effective action. In real time, this
effective action represents the-®rane (or p-brane)

action describing the dynamics of the various fields
living on the brane. We derive both the DBI and the
W?Z parts of the action, where the DBI part matches
with the results obtained earlier [19] using different

1 Type II* string theory is related to type Il string theory by a
time-like T-duality [11]. So, for example, type lIA (type IIB) string
theory compactified on a time-like circle of radius is dual to
type 1IB* (type IIA*) string theory compactified on a dual time-
like circle of radius ¥R. Space-likep-branes in type Il theory are
the S-branes and the space-like branes in tygethieory are the
Ep-branes.

2 Actually here we are considering space-likebrane solutions
without a time reversal symmetry. It is also possible to consider so-
lutions having a time reversal symmetry. A world-sheet construction
for a particular boundary interaction (corresponding te 1/2) [8]

describing the tachyon on an unstable D-brane reveals that there is

an array of space-likg-branes situated on the imaginary time axis
atx9 = im, for odd integersn. In real time this has been inter-
preted as closed string radiation [12,17,18].

dependent on the time coordinat® The equation of
motion following from (1) is,

O[M} +V'(T)y1—(30T)2=0. (2)
V1—(3T)?

Here ‘prime’ denotes the derivative of the function
with respect to its argument. Now instead of solving
this equation directly if we Wick rotate® — iz, then

in terms oftr coordinate (2) can be rewritten as

V(T)o, T ] / ;
07| ——--= |-V (T)V1+ (03;T)-=0. 3
[ e |- vV 3)

The solution for this equation has the foffin= f (at),
whereaq is a parameter which will be taken to infinity
at the end. The functiolf satisfiesf (—u) = — f (u),
f(£00) = 00 and f'(u) > 0O for all u, otherwise it

is an arbitrary function. This solution is obtained by
Sen [7] and is used to derive the codimension one
BPS D-brane action as the space-like tachyonic kink
solution of non-BPS D-brane action. Now we note
that if f(at) is a solution to Eq. (3), thef (—iax®)

3 We are using the convention wheyg, = diag(—1,1,..., 1)
ando’ =1.



S Bhattacharya et al. / Physics Letters B 584 (2004) 163-170

is a solution to Eq. (2). We point out that for real
x© although f(—iax9) is a solution to Eq. (2), it is

unphysical as it does not satisfy the proper boundary —i

condition of the time-dependent tachyon. Namely,
from the conservation of energy momentum tensor
following from (1), doToo = O, where

V(T)
V1= (3,T)2

we finddgT — 1 asx® — +o00 anddp7 =0 atx® =0,

(4)

Too=

i.e., at the top of the potential where the tachyon starts g _ So

rolling. However, we can still formally use the solution
T = f(—iax®) and mention how we can finally obtain
the action in real time.

Now we consider the dynamics of the translational
zero mode along? direction and it corresponds to the
fluctuation of the tachyon as,

T(:0. %) = £(~ia (e~ X°(%))). ©

where§*, withae =1, ..., p+1 are the world-volume
coordinates excluding time an&®(£?) is a scalar
living in (p+ 1)-dimensional Euclidean world-volume
associated with the translational zero mode of the
time-like kink alongx®. Using (5) we find,

\/_ de‘(n/w + alLTav T)

=14+nwd,ToT

= [1+a?f'2(1— 53, X% x°) ]V,

(6)

Now substituting (6) into (1) we find far — oo,

S:-/dx‘)/dp“g V(f)af

x [1— 5% 9, X095 x|/

=—i / V(y)dy / drtle \/det(aaﬁ — 30X%95X0).
)
In writing the second line in (7), we have made a
change of variablef (—ia(x® — X%(&%))) = y. We
notice that the integrati [ V(y)dy is nothing but
the actionS per unit(p + 1)-dimensional Euclidean
world-volume with the tachyon taking its classical
value Ty = f(—iax®). However, in real time the
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Te(x%). So, we have to replace,

/ V(y)dy

—fdxo V(f)af

_ / dxOV()1— iy

- —/deV(Td)\/l— (90Te))2 = So.
(8)

So, in real time the action would take the form,
/ drtie \/ det(dep — 9a X095 X0),

where So = — [ dx®V (Te)y/1 — (30Tcr)2. Since the
expression inside the square root in (9) is already
expressed in real scalaf, this is the DBI action of
the space-likep-brane. Note that the kinetic term of
the scalarX® has a wrong sign since this is the zero
mode associated with the time translation.

Following Sen [7], it is not difficult to include
world-volume gauge fields and other transverse scalars
into the action and we will use the same procedure as
discussed above. The action now takes the form,

©)

S—— / P23 V(T) /= delayy). (10)
where

Ay =Ny + 3, TT + 3, x d,x" + f,,  with

Sfuv = 0uay — dvay. (1)

Here,u,v=0,1,..., p + 1 are the world-volume in-
dices of non-BPS p + 1)-braneand = p+2,...,9

are the transverse space indiceg. is the world-
volume gauge field and’ are the scalars correspond-
ing to the transverse coordinates. We assume for sim-
plicity that classically both the gauge fields and the
scalars on the world volume vanish and the fluctua-
tions of various fields take the forms,

T(x%§%) = f(=ia(x* = X°())),
a0l 6 =0, au(x®,6%) = Au (€).
xl(xO’ £%) = X’(é“). (12)

Note from above that we are assuming that the
(p + 2)-dimensional fields,, andx! do not depend

integral does not make sense as we have mentionedon timex® and the fluctuations away from the time-

before and we have to really ‘undo’ the effect of Wick
rotation of x® coordinate by replacing (—iax% —

like tachyonic kink are arbitrary. This makes sense
for the Wick rotated (or Euclideanized) theory and the
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justification can be found in Ref. [7]. Now for this field
configuration we can compute various components of
auy as

ago=—-1-a’f"?,  ag =ag0=a"f"?3,X°,
aop = (1—a?f'?) 3, X%p X° + Agg, where
Agp =8up — 0. X205 X0 + 0, X 05X  + Fup (13)

with Fog = 0,Ag — 38 A. Now using (13) we find,

V—detay,,) =af’ /det(Ayp) fora — oo. (14)
Substituting (14) into the action (10) we get,

- / dx° / dPE Vv (faf' /detAgp)

~i [ vy [arte Jaetap) (15)

where Aqg is given in Eq. (13). Again in the last
line we have introduced the variabje= f(—ia(x° —
X9(£%))). As before we can write the action in real
time by replacing

—i/V(y)dy
- —/dxoV(Tcl)vl— (d7c1)? = So,

where Sp is the action per uni{p + 1)-dimensional
Euclidean volume evaluated with the classical values
of the fields. Therefore, we get

S=50 / dPe [det(Aqp).

This is the form of the DBI part of the space-like
brane action. We note that the first three termdp
given in (13), i.e.8up — 3. X295 X0 + 8, X X" is
the pull-back of the space—time metric on thet 1)-
dimensional Euclidean world-volume of the space-like
p-brane in the static gauge and so, the DBI action
really has the form

5= 50 [ 7, Jdetsus + Fup)

Taking into account the closed string background in
the NSNS sector the action would take the form,

(16)

17)

(18)

5= S0 [ ar*ige [detgus+ Bup + Fup). (19
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where¢ is the dilaton,g.s and B,g are respectively
the pull-backs of the space-time metric and the anti-
symmetric tensor to the world-volume of the space-
like p-brane.

Apart from the DBI part the B-brane (or Ep-
brane) action should also contain a Wess—Zumino
term. The Wess—Zumino term of a non-BP&Dx 1)-
brane has the form,

Swz = f W(T)dT AcAel, (20)
where W(T) is an even function off’, which van-
ishes asT — *oo. f = fuvdx* A dx” and c =

> s0cPT1720), where ¢P+1720) are the pull-backs

of the RR(p + 1 2q)-form fields on to the world-
volume. Note that here we are considering only the
bosonic sector and in the absence of the RR back-
ground the WZ term would vanishNow to evaluate
(20) we first find,

= fuwdx®* Adx’

= 2fou dx° AdE® + Fop dE® A dEP. (21)
For the fluctuation (12) the above simply reduceg’to
Now sincedT = —iaf’ du, whereu = x0 — X0(£9),
we can write
c= Z cm

m
= Z m‘(()gz) . 30y X + Ct(fll)am)
m
X dE“L A - AdEO™. (22)

The term in the r.h.s. of (22) is the pull-back of an
form onto the(p + 1)-dimensional Euclidean world-
volume of the space-like-brane and can be identified
with ™ Using these relations the WZ term in (20)
simplifies to

Swz = f W(f)(—iaf)ydu nC A et

=fw<y)dycheF,

where in writing the last expression we have intro-
duced a new variable= f(—iau). If we now identify

(23)

4 In fact if we include the fermionic sector also has a
contribution from the fermions and so the WZ term would be non-
vanishing even if the RR background is zero [4].
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[ W(y)dy = [ V(y)dy inanalogy with the space-like
tachyonic kink solution then

Swz=i<—i/V(y)dy)fCAeF.

(24)
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of type Il supergravities. These solutions are typically
singular and the singularity is hidden behind the hori-
zon. Due to the presence of the horizon, one can asso-
ciate a non-zero temperature with these solutions. As
aresult, they completely break the original supersym-

Now as argued before the integral in the parenthesis Metry of the type Il theories. It is well known [20] that,
makes sense only in the Wick rotated theory, i.e., when as one crosses the horizon of such a solution, the role

x%is imaginary. However, if we want to write it in real

x0 the integral—i [ V(y)dy should be replaced by
So=— [dx°V(Ta)y/1— (80Te)?. Alsoif we include
the closed string NSNS fiel®, then F should be
replaced byF + B, where B,g should be the pull-
back of the space-time field onto the world-volume
of space-likep-brane. So, the full space-like-brane
action containing the DBI part and the WZ part is
given by

Spsl + Swz
= Sofdp+1§ 67¢\/de(gaﬁ + Bug + Fup)

+iSO/C/\eF+B.

Thus we find that in type Il theory where the RR form

fields Cs are real, the above action is complex. So,
the $-brane action obtained this way has a complex
structure. Note that the action in (25) differs from the
usual BPS D-brane action by an overall factor ahd

(25)

therefore the equations of motion remain the same.

This is important for their solutions to give a consistent
background preserving the conformal symmetry of the
open string world-sheet. On the other hand, if we
interpret the action (25) as that of arpfbrane in
type II* theory then the RR form field§ is replaced
by C — C’ = —iC [11] and the action is real. The
DBI part of the above action matches exactly with the
Sp-brane action obtained earlier [19] using different
method. However, since in that derivation the closed
string background was not taken into account, the WZ

of time and space gets interchanged. Consequently,
a static metric turns into a time-dependent metric as
long as we restrict our attention inside the horizon.
This time-dependent metric is typically the S-brane
metric that we have been discussing so far. In the fol-
lowing, we would like to consider p-brane probes in
such ap-brane background. As we will see, the probe
brane action can be interpreted as a spacegikeane
action once it crosses the horizon of the background
geometry. However, the action turns out to be com-
plex as before. To get a real action, one needs to make
the corresponding RR form of the corresponding-D
brane purely imaginary. This, in turn, turns the back-
ground to a solution of a type*ltheory along with

the probe action to the one ofpEbrane action. In the
following, we discuss this in some detalil.

The static non-extremab-brane solutions of our
interest are given in [21]. I® space—time dimension,
they have the form
ds? = e?4(—e?! (dxo)2 +dx' dx")

+eZB(e_2f dr2+r2d.{22), (26)
where (x0, x) parametrize thép + 1)-dimensional
world-volume of thep-brane. The coordinates trans-
verse to the brane areand the(D — p — 2) coor-
dinates on the unit sphee&2. The functional form
of A, B and f can be found in [22]. For our pur-
pose, we only need to know that they depend solely
on the radial coordinate. This solution has a singu-
larity at r = 0. Furthermore¢?/ becomes zero at fi-
nite non-zero value of. The location represents the

term was absent and it was not clear whether the actionhorizon. Beside the metric, there is a non-trivial dila-

really corresponded to anpSbrane or an p-brane
action. Here, we observe that if we insist on the reality
of the full action, then the action in Ref. [19] should
be considered as arpEbrane action.

To further illustrate the possible nature of the
world-volume action of the previously discussed time-
dependent configurations, let us consider the following
scenario. Consider the static blapkbrane solutions

ton ¢ which also is a function of. The other non-
trivial field is a form field whose field strength is given
by F = hep_p_». Hereep_,_» is the volume form
on the unit spheré 2. The solution (26) then corre-
sponds to a solitonip-brane with magnetic charge

As discussed in [22], the metric in (26) becomes
a time-dependent one once we consider interior re-
gion of the p-brane. Inside the horizon, the function
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e?/ — —¢2f . Consequently, as can be seen from (26), form
the time-like coordinate:® becomes space-like and

the radial coordinate acquires a new interpretation  ggg= —e?4+2/ 4 (25~ 2f( 8r0) 72028 39% 390’
as the time-like coordinate. Renaming, therefore, the 3 9&" 0§
new space-like coordinate? asz and the time-like g0 = 2827 97 or dr 3 ,p00a 30°

L ’

0E0 gl ¢ g0 pgi

ar 06, 064
gii = €2 4 2B~ Zf( ) 12,28

coordinate ast, we get the metric as

d52=62A(62f‘dZ2+dxidxi) — ¢?B=2f g2 oE! G
ar or 26, 004
2B_2 12 L g2B-2f T 72028 2%
+e?Br24 22, (27) &= T ERTTA (30)
where A, B and f are all now functions of timer. whereg? are the coordinates afh2. Now, we would
The functional form of the dilaton fiel remains like to continue the probe action beyond the horizon,

the same as before except that it now acquires a time Which occurs at the point wheeé/ = 0. As discussed
dependence due to the replacement-diy r. The  €arlier, this is done by substituting

above configuration can be identified as a space-like 25 2 05 and ro1 (31)
brane configuration witkip +D- -dimensional world-

volume parametrized bi, x'). However, this braneis  in (26). However, in order to maintain the previous
anisotropic on the world-volume due to the appearance gauge choice (29), we now need to have the following
of €2/ only infront of z coordinate. However, this identifications of world-volume coordinates:

will not be of importance on what we discuss in the ) ) .
fOIIOWing. %‘0 — %.p+l’ with %-]7+1 =z, %‘l = _xl7 (32)

Let us now consider a probe brane @f + 1)- so that the induced metric components on the world-
dimensional world-volume in the background geom- yolume are now

etry given in (26). The action of the probe brane will 5
2442f 623—21'( ot )

have a DBI part and the WZ part given by gpilpii=e

CIaR
2 o5 004 30°
ple —4 + 1% P
S=~Tpi1 [ AP 5 e/~ delgu) ggrtL ggrtL’

ss_ap 0T T . 5 o5 80, 96°

+ Ty / Cpia. (28)  SPTMTTC aeptiap TT S gertiog
M1 gii = ?A _ (2B~ 2f< 37) 4 72028904 90" ,
98" g’ 9&!
where u, v run over thep + 1 world-volume co-
ordinatest®, g%, ..., £7 and Cp41 is the usual RR-  &ij = 2821 88; 88; 1228 ZZ’ 221 (33)
form associated with the brane. In the above, the RR
form is integrated over thep 4 1)-dimensional world- It can now easily be checked that the above compo-
volume. 7,1 is related to the tension of the brane. nents follow from the probe action
We will now explicitly evaluate the probe action (28)
in the p-brane background given in (26). We will first —i7}z+1/dp+1$ e, /det(gap) (34)
consider the DBI part and later focus on the WZ part
of the action. In the static gauge when evaluated on the background (27). Here, the

indices «, B run over the Euclidean world-volume
o coordinatest®, ..., eP*+1, This is precisely the form
50 =x% and g =x', (29) of space-like brane action as obtained before and also
suggested in [19] if we identify-i7, 1 = So, where
the components of the induced metgg, take the So is the action given before in (8). Note that with this



S Bhattacharya et al. / Physics Letters B 584 (2004) 163-170

identification we encounter two puzzles. First of all,
So as given in (8) is real, whereasi7,,1 appears
to be purely imaginaﬁysinceTpH is related to the
tension of the brane given in (28). Secondly,is the
action per uni{p + 1)-dimensional Euclidean volume

169

To conclude, we have given a simple derivation of
a space-like brane action including the DBI and the
WZ parts starting from the non-BPS D-brane action.
We have used the time-like tachyonic kink solution of
the tachyon effective action describing the dynamics

of a non-BPS brane with the tachyon and other fields of the non-BPS D-brane by Wick rotation of the

taking their classical values, but in this derivation space-like tachyonic kink solution. The fluctuations of
tachyon does not appear explicitly. The resolution of various bosonic fields on the Euclidean world-volume
the puzzles can be understood as follows. Note that around this solution produce an effective action. In
the action (28) can also be regarded as a non-BPSreal time, this describes the low energy effective action
D(p + 1)-brane action on its space-like tachyonic kink of a space-like brane. We notice that if we start from
where the tachyon as well as the other backgroundstype Il theory where the closed string background has

depend only on the brane directiaitl = x (say).
So, T,+1 = [V(y)dy (as mentioned before) with
y =T = f(ax), with a — oo and the functionf
is as defined after Eq. (3). Now as the probe brane
is taken inside the horizon; — v andx? — z, i.e.,
the space-like coordinatebecomes time-like and so,
f(ax) — f(at), but it is no longer a solution to the
tachyon equation of motion. It will be a solution if
we Euclideanizer, i.e., f(—iat) will be a solution.
This is exactly the solution we used before. So, the
factor in front of the DBI part of the action becomes
—iTy,+1 = —i [ V(y)dy and this when continued to
the real time givesSy (see Eg. (8)).

Let us now look at the WZ part. We note that under
(31) and (32), the WZ term in (28) takes the following
form

Tp+1 / Cpi1— Tpy1 f Cp+1.
M1’+l Mp+1

Here, M 11 is the world-volume of the static brane
with coordinateg?, £1, ..., £” where asM 1 is the
world-volume of the space-like brane with coordinates
gl,... &P gP*L Here again we identif{f, 11 = i So
and consequently, the total world-volume action of the
time-dependent configuration given in (27) is the sum
of (34) and (35) exactly the same form as obtained
earlier in (25). The action is clearly complex unless
we make the RR field imaginarg,;1 — —iCp1.

As discussed before, under such a transformation,
the solution (27) really corresponds to ap-Brane
solution of type It theory.

(35)

5 We would like to point out that here we are assuming Fjat

will remain real as we interchange— t andx% — z, but this is not
really true as we have seen in our earlier discussion.

real RR form fields then the action is complex and
it is the action of an g-brane. But, if we start from
type II* theory where the RR form is still real but
differ from those of type Il theory by a factor of
then the action is real and it represents the action of
an Ep-brane. We pointed out that by just studying the
DBI part we can not conclude whether it represents
the action of an B-brane or an k-brane. To further
support the correctness of the form of the action we
have also given an alternative argument.
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