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A graph is said to be k-variegated if its vertex set can be partiticned into k equal parts such
that each vertex is adjacent to exactly one vertex from every other part not coatainin; it. We
prove that a graph G on 2n vertices is 2-variegated if and only if there exists a set S of n
independent edges in G such that no cycle iu G contains an odd number of edges from S. We
also characterize 3-variegated graphs.

1. Introduction

For terminology we refer to [2]. We consider finite graphs without loops or
multiple edges. In [1] Bednarek and Sanders gave the following characterization
of 2-variegatcd trees.

Theorem. (Bednarek and Sanders.) A tree T with 2n vertices is 2-variegated if and
only if the point independence number Bo(T) of T is n.

They illustrated that the condition in this characterization is neither necessary
nor sufficient for an arbitrary graph to be 2-variegated and posed the p:oblem of
characterizing 2-variegated graphs and in general k-variegated graphs. We prove
the foliowing characterization of 2-variegated graphs and deduce that of Bed-
narek and Sanders for trees as a corollary.

2. A characterization of 2-variegated graphs

Theorem 2.1. A graph G of order 2n is 2-variegated if and only if there exisis a s 1
S of n independent edges in G such that no cycle in G contains an odd number of
edges from S.
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Proof. The necessity of the condition is obvious. If G is 2-variegated with
V(G)= A, B, as a 2-variegation then we can take for § the set of n indepen-
dent edges joining a vertex of A, to a vertex of B,. We will call such edges in G
special edges.

We establish the sufficiency by induction on n. The result is wrivially true for

= 1. Suppose that if in a graph H on 2n -2 vertices, n =2, there exists a set § of
n -1 independent edges such thai no cycie in H contains an odd number of cdges
from § then there exists a 2-variegation V(H)= A, L1 B, of H with edges fr om 9
as special edges. Let G be a graph on 2n veitices, n=>3 with a set § .:
independerit edges in G such that no cycle in G contains an odd rumber of edg,es
from S, Let 3={ey,...,€,} with ¢ =ab, 1<l<n Let H=C—{a,, b,}. Obvi-
ously H is on 2n~—2 vertices and S ={ey,...,e,,} is snch taat no cycle in H
contains an odd number of edges from §. By inductinn hypothesis H is 2-
varicgated with edges from § as special edges. Let C.,..., T, be the connected
component: of H. Each C, 1<i<{, is 2-variegated. Let V((})=A, LB, 1=<i=iy,
be a 2-variegation of C, with some edges from § as special edges. Without icss of
generality we may tzke

L:}A,={a,, I<i<n-1} and L 8,={b,1<l<n>1}.

If the edge set E(G)=E(H)Li{e,} then V(G)=X|[_|Y is a 2-variegation of
G where

X=1a,} JA and Y={b} _|B, =1_1A; and B=||FE.

Before proceeding to handle the case E(G)# E(H) L {e,} we make the follow-
ing observation. If H is a 2-variegated comnnected graph of oxder 2! with
V(H)= A, LI B, as 2 2-variegation and §, the set of / independent edges between
A, and B, then every xy-path, x, »€ A, (or x, y € B,) contains an even number nf
edges ~om § and if xe A, ye B,, say, then every xy-path coptains an odd
nimber of edges from §.

Now suppose E(G)# E(H) U {e,,} Let us suppose, without loss of generality,
‘nat aa, € E(G), a€ A, for some °, | = i<t We then claim that ha,& E(G), be B,
“Jcherwise the cycle a,P(a, b) a, where P{a, b) is a path from a 0 b in the
connected component G, contains an odd number of edges from S, a contradiction.
Similarly, b, is noi joined to any vertex in A,. Since C,,..., C, are connected
components of H, th re are no edges of G between C: and C, i#j, 1<ij<st It
now follovs that, 'f necessary by :alling A; as B; and B; as A, we can take,
without loss of generality, V(G)=.X 11 Y as a 2-variegation of G, X ={a,}L A,
Y =1{b,} 11 B with S as the n indep:ndent edges between X and Y. The proof is
ro % complete.
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Let G be a graph. A set of points in G is independent if no two of thein re
adjacent. The largest number of points in such a set is called the pei.s indepen-
dence number of G and is denoted by B(G) or B,. Analogously, an independent
set of lines of G has no two of its lines adjacent and the maximum cardinali:y of
such a set is the line independence number £,(G)= B, of G. A point and a line are
said to cover each other if they are inciden.. A set of points which covers all the
lines of a graph G is called a point cover for G, while a set of lines which covers all
the points is a line cover. Th-. smallest number of points in any point cover for G
is called its point covering number and is denoted by ay(G) or a,. Similarly, o,(G)
or a, is the smallest number of lines in any line cover of G and is called its line
covering number.

Corollary 2.2. (Bednarek and Sanders.) A tree T with 2n vertices is 2-variegated if
and only if tne point independence number By(T) of T is n.

Proof. We know that for a nontrivial connected graph on p vertices o+ B
a;+B;=p [2,p.95] and that for a connected bipartite graph B, = a, [2, p. 96].
Consequently for a connected bipartite graph on 2n vertices B, = n if and only if

Bi=n.

Remarks 2.3. For an arbitrary 2-variegated graph G there is no uniqueness of
2-variegation as in the case of a 2-variegated tiee. For exampie consider the
4-cycle abed; if {a, b}1i{c, d} is a 2-variegation then {a, d}|_1{b, c} is another
2-variegation. However, it can be easily shown that if G is a connected 2-
variegated graph relative to a set S of n independent edges, then the partition is
unique to the set S; that is if V(G)=A;LUB;=A,LIB, and S is the set of n
independent edges between A, and B, as well as between A, and B, then either
(i) A;=A,, B;=B, «r (i) A;=B,, B;= A,.

Remark 2.4. Every connected 2-variegaied graph on 2n vertices can be obtained
from a 2-variegated tree on Zn vertices.

3. A characterization of 3-variegated graphs

From the definition of a k-variezated graph, k =3, it immediately follows that @
graph G of order kn is k-varicgated if and only if ther: exists k mutually disjoint
sets Py,..., P, of vertices of G, |P;|=n V¥ i, 1<: =k, such that each of the
subgraphs of G on PP, i#j1=<ij<k is 2-variegated. We give below a
nontriviai characterization of 3-variegated graphs.

Theorem 3.1. A graph G of order 3n is 3-variegated i* ar.d only if there exist three
mutually disjoint sets S, 5,, 5, of ‘ndependent edges, called special ¢dge.
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18:1=18,]=iSs} = n, such that the following holds:
(i) Through every vertex there are precisely two special edges.

(ii) If e=uv is an edge of G that is no! 1 special edge and if the iwo special edges
through u belong to S, 8 :hen the special edges through v also belong 1o S, S,

(i) f e=uv is a special edge cf G, and if e€ §; then the other special edges
through u and v belong to S. and S, j#k, i#j, i#k.

Proof. Suppose thaw G is a 3-variegated graph of order 3n with V(G)=
XJYLIZ as a 3-variegation. Let S;=§,, be rthe set of n independent edges
joining a vertex of X to a vertex of Y. Similarly let S,=S,,, §;=S,,. Then §,, S,,
S, satisfy (i), (ii) and (iii) follows immediately.

Conversely, suppose that G is a2 graph of order 3n such that there exist
mutually disjoint sets Sy, S,, S5 of n independent edges each, cailed special edges,
satisfying (i), (ii) and (iii). We then show that /7 is 3-varicgated. ‘

Let 8,={a,b,, ab,, ..., a,b,}. Without loss of generality assume that through
a, the other special edge is from S, and through b; the other special edge is from
S., 1<i=<n (see Fig. 1). Note that the other end vertices of all the edges from S,
and 8, together account for only the n remaining vertices. Call them {c,, ..., c,}
2nd suppose, without loss of generality, that a2,c,€ S,, i<i=<n. Now, gb, i#], 1<
; j = n, cannot be an edge of G since otherwise we will get a contradiction to (ii).
From hypothesis it follows immediately that a«;, i#j,1<i j<n cannot be an
edge of G. U 4¢, € 8, 1<i<n, then it simiiarly foilows from the hypothesis that
bc.,i#j,1<i,j<n, cannot be an edge of G. Let X={a;,...,a,}, Y=
{by,..., b}, Z={c;,...,c,}. Then V(G)= X1 Y UZ is a 3-variegation of G.

Fig. 1.

We next give a necessary conditicn for 3-variegation similar to that for 2-variega-
tion given in Theorsm 2.1. liowever, we illustrate that this condition
is not sufficient tor 3-variegation.

Propositior 3.2. If a graph G of order 3n is 3-variegated thon there exist three
fr_xutually disjoini sets S, 5,, S; of independent edges, called special edges |S,|=
1521 =i831=n, such that (A) holds vohere

‘A): If Cis a cycle in G that comains n, + ", + ny special edges, n; from S. i=1,
3 then eiter a'l n’s are even or 1l n’s are odd.



2- a..d 3-variegated graphs 21

Proof. Let V(G)=XUl YU Z be a 3-variegation of G, §,=8,,, §,=8,,, $:=
S.x. Let (' be a cycle in G aud let C have #,+ n,+ n; spec.al edges, n; from S,
i=1, 2, 3. If ny+n,+n;=0 then irivially (A) holds. Suppose ny+n,+ny=1. If
Ny =Ny, Ny =Ny, B3=n,,, we say that C is of type (n,), n,,, n.,). Without loss of
generality, let x; € X be a vertex on C. Suppose that x;,; € X is the next vertex on
C from X when we travel C, say clockwise. Of course, x; = x;,, is possible. We
have the following three cases for disiribution of vertices of G on the path P, on C
between x; and x;,,, taken clockwise.

Case 1. x; anid x;,, are adjacent vertices on C. Hence P; is of type (0,0, 0).

Case 2. O P, the vertices adjacent ‘0 x; and x;,, are, one from Y and the
other from Z (see Fig. 2).

B:0—~——r—0 -+ 0— 0 or P:0——0 --- 0

X y z Xis1

0.

y Xisy

Fig. 2.

Case 3. On P; the vertices adjacent to x; and x;,, are both from either Y or 2
(see Fig. 3).

P :0——rrr0 - me— or P00 0

X y y Xivy x z z Xisn

Fig. 3.

In case 2 (x; y) (or (y, X,.,)) is the only special edge frcm S,, (z, x;.4, (or (x;, 2))
is the only special edge from S,,, and ail other special vdges on P, are from S,
and obviously they have to be odd in number. Hence P; is of type (1, ng, 1) where
n, denotes an odd integer. In case 3 P; is of the type (2, n,, 0) where n, denotes
an even integer. Sum-ning over P;’s to get C we see that (A) holds.

Remarks 3. Consider the graph H given in Iig. 4. The graph H is not 13-
variegated. For, since degree of the vertex 2 is two, the vertices 1, 2, 3 have to go

in different parts in any suitable partition. Since 4 is adjacent to 1, 4 has to be n
the same part as that of 1. Now, in whichever of the three parts, 5 is placed we
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arrive at a contradiction. However, with $;={(%,2),(5,6),(7,8)}, S;=
{(1,2), (4, 5),(8,9} and S5={(2, 3), (4, 6), (7, ¥V} conditicn (A) of Proposmon 3.2
is satisfied. It follows that condition (A), by itseif, is not suﬁiclent fo: a graph to be
3-variegated. ' : :
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