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Abstract

In this note we study the weak topology on paired modules over a (not necessarily commu
ground ring. Over QF rings we are able to recover most of the well-known properties of this top
in the case of commutative base fields. The properties of the linear weak topology and the
pairings are then used to characterize pairings satisfying the so-calledα-condition.
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Introduction

Let R be a commutative field,V,W be vector spaces overR with a non-degeneratingR-

bilinear formβ :V × W → R, P := (V ,W) be the inducedR-pairing and considerV
κP
↪→

W ∗ andW
χP
↪→ V ∗ as vector subspaces. For every subsetK ⊆ W (respectivelyX ⊆ W ∗)

set

An(K) = {
f ∈ W ∗ | f (K) = 0

} (
respectively Ke(X) =

⋂{
Ker(f ) | f ∈ X

})
.
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ConsideringR with the discrete topology,RW with the product topology, the induce
relative topology onV ⊆ W ∗ ⊂ RW is called thelinear weak topologyV [Tls (W)] and has
basis of neighbourhoods of 0V :{

F⊥: V ∩ An(F ) | F = {w1, . . . ,wk} ⊂ W a finite subset
}
.

The linear weak topology onW ⊆ V ∗ ⊂ RV is defined analogously. The closure of a
vector subspaceX ⊂ V is given byX := X⊥⊥. A closed (open) vector subspaceX ⊂ V

has the formX = K⊥, whereK ⊂ W is any (finite dimensional) vector subspace. T
embeddingsW ↪→ V ∗ respectivelyV ↪→ W ∗ imply that V ⊆ W ∗ respectivelyW ⊆ V ∗
are dense. The properties of this topology are well-known and were studied by s
authors (e.g., [8,9,12,10]).

For the case of arbitrary base rings most of the properties of this topology (includin
characterizations of closure, closed, open and dense submodules) are not valid an
The aim of this note is to study the properties of this topology induced on paired mo
over arbitrary ground rings. In particular we extend results obtained by the author
this topology from the case of commutative base rings to the arbitrary case. In cont
the proofs in the case of base fields, which depend heavily on the existence of bas
proofs are in module theoretic terms.

Throughout this noteR denotes a (not necessarily commutative) associative ring with
1R �= 0R . We considerR as a right (and a left) linear topological ring with the discr
topology. The category of unitary left (right)R-modules will be denoted withRM (MR).
The category of unitaryR-bimodules is denoted withRMR . For a right (a left)R-module
L we denote withL∗ (∗L) the set of allR-linear mappings fromL to R. If V is anR-mod-
ule, then anR-submoduleX ⊂ V is calledR-cofinite, if V/X is finitely generated as a
R-module.

Let L be a right (a left)R-module andK ⊂ L be anR-submodule. We callK ⊂ L

N -pure for some left (right)R-moduleN , if the canonical mappingιK ⊗ idN :K ⊗R N →
L ⊗R N (idN ⊗ ιL :N ⊗R K → N ⊗R L) is an embedding. We callK ⊂ L pure (in the
sense of Cohn), ifK ⊂ L is N -pure for every left (right)R-moduleN .

1. The linear weak topology

1.1. R-pairings. A left R-pairing P = (V ,W) consists of a leftR-moduleW and a right
R-moduleV with anR-linear mappingκP :V → ∗W (equivalentlyχP :W → V ∗). For left
R-pairings(V ,W), (V ′,W ′) a morphism(ξ, θ) : (V ′,W ′) → (V ,W) consists ofR-linear
mappingsξ :V → V ′ andθ :W ′ → W , such that〈

ξ(v),w′〉 = 〈
v, θ(w′)

〉
for all v ∈ V andw′ ∈ W ′. (1)

Let P = (V ,W) be a leftR-pairing, V ′ ⊂ V be a rightR-submodule,W ′ ⊂ W be a
(pure) leftR-submodule with〈V ′,W ′〉 = 0. ThenQ := (V/V ′,W ′) is a left R-pairing,
(π, ι) : (V/V ′,W ′) → (V ,W) is a morphism of leftR-pairings and we callQ ⊂ P a (pure)
left R-subpairing. The leftR-pairings with the morphisms defined above build a categ
which we denote byPl . The category of rightR-pairingsPr is defined analogously.
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1.2. The finite topology. ConsiderR with the discrete topology. For every setΛ we
considerRΛ with theproduct topologyand identify it with the set of all mappings fromΛ
to R. If W is a leftR-module, then the induced relative topology on the rightR-submodule
∗W ⊂ RW is called thefinite topologyand makes∗W a linear topological rightR-module
with basis of neighbourhoods of 0∗W :

Bf (0∗W) := {
An(F ) | F = {w1, . . . ,wk} ⊂ W is a finite subset

}
.

1.3. Let P = (V ,W) be a leftR-pairing and consider the rightR-submodule∗W ⊂ RW

with the finite topology. Then there is a unique topology onV , the linear weak topology
V [Tr

ls(W)], such thatκP :V → ∗W is continuous. A basis of neighbourhoods of 0V is
given by theneighbourhoods

Bf (0V ) := {
F⊥ := κ−1

P

(
An(F )

) | F = {w1, . . . ,wk} ⊂ W is a finite subset
}
.

The closureX of any subsetX ⊆ V is then given by

X =
⋂{

X + F⊥ | F ⊂ W is a finite subset
}
.

Analogously one can considerW as a left linear topologicalR-module with the linear
weak topologyW [Tl

ls (V )], which is the finest topology onW that makesχW :W → V ∗
continuous (we considerV ∗ ⊂ RV with the finite topology).

1.4. Lemma. Let P = (V ,W) be a leftR-pairing and considerV with the linear weak
topologyV [Tr

ls(W)].

(1) V [Tr
ls(W)] is Hausdorff if and only ifV

κP
↪→ ∗W .

(2) If κP (V ) ⊂ ∗W is dense andRR is W -injective, then̂V 
 ∗W (whereV̂ is the com-
pletion ofV w.r.t. V [Tr

ls(W)]).
(3) The finite topology on∗W is Hausdorff. IfRR is W -injective, then∗W is complete.

Proof. Denote withWf the class of all finitely generatedR-submodules ofW .
(1) This is evident, while

0V :=
⋂{

K⊥ | K ∈Wf
} =

(∑{
K ∈Wf

})⊥ = W⊥ = Ker(κP ).

(2) Consider for every leftR-submoduleK
ιK
↪→ W theR-linear mapping

ϕK :V → ∗K,v �→ [
k �→ 〈v, k〉].

SinceRR is W -injective, ι∗K : ∗W → ∗K is surjective. By assumptionκP (V ) ⊂ ∗W is
dense and consequently for every finitely generated leftR-submoduleK ⊂ W , the R-
linear mappingϕK is surjective, henceV/K⊥ 
 ∗K . If we write W = lim→ Kλ as a direct

system{Kλ}Λ of its finitely generatedR-submodules, then

V̂ := lim← V/K⊥
λ 
 lim←

∗Kλ 
 HomR−(lim→ Kλ,R) = ∗W.

(3) The result follows from (1) and (2).�



164 J.Y. Abuhlail / Topology and its Applications 149 (2005) 161–175

y

or

y

1.5. Definition. An R-moduleU is calledFP-injective, if every diagram ofR-modules

0 K

f

R(N)

g

U

with exact row andK finitely generated can be completed commutatively with someR-
linear mappingg :R(N) → U .

An important role in studying the linear weak topology is played by the so-called

1.6. Annihilator conditions [13, 28.1]. LetN be anR-module.

(1) For everyR-submoduleL ⊂ N we have

KeAn(L) = L ⇐⇒ N/L is R-cogenerated.

(2) If R is N -injective, then

An(L1 ∩ L2) = An(L1) + An(L2) for all R-submodulesL1,L2 ⊂ N.

(3) If R is injective, or if N is finitely generated andR is FP-injective, then for ever
finitely generatedR-submoduleX ⊂ Hom(N,R) we have An Ke(X) = X.

We call the ringR a QF ring, if RR (equivalentlyRR) is Noetherian and a cogenerat
(e.g., [13, 48.15]).

1.7. Lemma. Let P = (V ,W) be a leftR-pairing and considerV with the linear weak
topologyV [Tr

ls(W)].

(1) X ⊆ X⊥⊥ for any subsetX ⊂ V . Consequently every orthogonally closed rightR-
submodule ofV is closed.

(2) If RR is Noetherian, then all open rightR-submodules ofV areR-cofinite.
(3) Let X ⊂ V be a right R-submodule, so thatV/X is R-cogenerated. IfAn(X) =

χP (X⊥), thenX is closed. If moreoverRR is Noetherian,X ⊂ V is R-cofinite and

W
χP
↪→ V ∗, thenX is open.

(4) LetRR be Artinian.
(a) A right R-submoduleX ⊂ V is open if and only if it is closed andR-cofinite.
(b) Let X ⊂ Y ⊂ V be rightR-submodules. IfX ⊂ V is closed andR-cofinite, then

Y ⊂ V is also closed andR-cofinite.
(5) AssumeV ⊆ ∗W .

(a) If RR is injective, or ifRW is finitely generated andRR is FP-injective, then ever
finitely generated rightR-submoduleX ⊂ V is closed.

(b) Let VR be finitely generated. IfRR is injective andRR is Noetherian(e.g.,R is a
QF ring), then all rightR-submodules ofV are closed.
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Proof. (1) Let x̃ ∈ X be arbitrary. For everyw ∈ X⊥ there existxw ∈ X andvw ∈ {w}⊥
with x̃ = xw +vw and so〈x̃,w〉 = 0. ConsequentlyX ⊆ X⊥⊥. If X is orthogonally closed
thenX ⊆ X⊥⊥ = X, i.e.,X is closed.

(2) Let X ⊂ V be an open rightR-submodule. By definition there exists a finitely ge
erated leftR-submoduleK ⊂ W , such thatK⊥ ⊂ X. If RR is Noetherian, then∗KR is
finitely generated, henceK⊥ ⊂ V is R-cofinite. ConsequentlyX ⊂ V is R-cofinite.

(3) Let X ⊂ V be a rightR-submodule, so thatV/X is R-cogenerated. If An(X) =
χP (X⊥), then it follows by 1.6(1) that

X = KeAn(X) = Ke
(
χP

(
X⊥)) = X⊥⊥.

By (1) X is closed. Assume now thatRR is Noetherian,X ⊂ V is R-cofinite andW
χP
↪→

V ∗. Then by assumptionX⊥ = An(X) 
 (V/X)∗ is finitely generated inRM and so
X = (X⊥)⊥ is open.

(4) AssumeRR to be Artinian and letX ⊂ V be a rightR-submodule.

(a) Every openR-submoduleX ⊂ V is closed without any assumptions onR and isR-
cofinite by (2). On the other hand, letX ⊂ V be R-cofinite and closed. SinceRR is
Artinian V/X is finitely cogenerated (e.g., [13, 31.4]), hence open by [4, 1.8].

(b) Let X ⊂ V be R-cofinite and closed. ThenX is by (a) open and soY ⊃ X is open,
hence closed. ObviouslyY ⊂ V is R-cofinite.

(5) LetV
κP
↪→ ∗W be an embedding.

(a) If X ⊂ V is a finitely generated rightR-submodule, then we have under our assu
tions and applying 1.6(3):X⊥⊥ = V ∩ An Ke(X) = X, henceX is closed by (1).

(b) SinceVR is finitely generated andRR is Noetherian,all right R-submodules ofV are
finitely generated. Since, by assumption,RR is injective, the result follows by (a).�

Closed and open submodules

For a left R-pairing (V ,W) we characterize in what follows the closed (the op
R-submodules ofV w.r.t. V [Tr

ls(W)] in caseRR is an injective cogenerator (R a QF ring).

1.8. Theorem. Let P = (V ,W) be a leftR-pairing and considerV with the linear weak
topologyV [Tr

ls(W)]. AssumeRR to be an injective cogenerator.

(1) The closure of a rightR-submoduleX ⊆ V is given byX = X⊥⊥.
(2) LetX ⊂ Y ⊆ V be rightR-submodules. ThenX is dense inY if and only ifX⊥ = Y⊥.

If W
χP
↪→ V ∗, thenX ⊂ V is dense if and only ifX⊥ = 0.

(3) LetR be a QF ring andX ⊂ V be anR-cofinite rightR-submodule. ThenX is closed
if and only ifAn(X) = χP (X⊥).

(4) The class of closedR-submodules ofV is given by{
K⊥ | K ⊂ W is anarbitraryleft R-submodule

}
.
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(5) If R is a QF-ring andW
χP
↪→ V ∗ is an embedding, then the class of openR-submodules

of V is given by{
K⊥ | K ⊂ W is afinitely generatedleft R-submodule

}
.

Proof. (1) By Lemma 1.7(1)X ⊆ X⊥⊥. On the other hand, let̃v ∈ X⊥⊥\X be arbitrary.
Then there exists by 1.6(1) a finitely generated leftR-submoduleK ⊂ W , such thatṽ /∈
X + K⊥ = KeAn(X + K⊥). Consequently there existsδ ∈ V ∗, such thatδ(X + K⊥) = 0
andδ(ṽ) �= 0. By assumptionRR is injective and it follows from 1.6(3) thatδ ∈ An(K⊥) =
An Ke(χP (K)) = χP (K), i.e.,δ = χP (w) for somew ∈ K . So

0= 〈ṽ,w〉 = χP (w)(ṽ) = δ(ṽ) �= 0,

a contradiction. It follows then thatX = X⊥⊥.
(2) X ⊂ Y is dense if and only ifX = Y and the result follows from (1).
(3) Let R be a QF ring andX ⊆ V be anR-cofinite right R-submodule. LetX be

closed, i.e.,X = X⊥⊥ by (1). SinceRR is Noetherian,χP (X⊥) ⊆ An(X) 
 (V/X)∗ is
finitely generated inRM. SinceRR is injective, we have by 1.6(3):

An(X) = An Ke An(X) = An Ke An
(
X⊥⊥)

= An Ke An
(
Ke

(
χP

(
X⊥))) = χP

(
X⊥)

.

On the other hand, if An(X) = χP (X⊥), then it follows by Lemma 1.7(3) thatX is closed
and we are done.

(4) Follows from (1) and Lemma 1.7(1).

(5) Let R be a QF ring andW
χP
↪→ V ∗. If K ⊂ W is a finitely generated leftR-sub-

module, thenK⊥ ⊂ V is open by definition. On the other hand, ifX ⊂ V is an open right
R-submodule, thenX is closed, i.e.,X = X⊥⊥. By Lemma 1.7(2)X ⊂ V is R-cofinite and

soX⊥ χP
↪→ An(X) 
 (V/X)∗ is finitely generated inRM. �

1.9. Corollary. Let (V ,W), (V ′,W ′) be left R-pairings and considerV and V ′ with
the linear weak topologyV [Tr

ls(W)], V ′[Tr
ls(W

′)] respectively. Let(ξ, θ) : (V ′,W ′) →
(V ,W) be a morphism of leftR-pairings.

(1) If K ′ ⊂ W ′ is a leftR-submodule, thenξ−1(K ′⊥) = (θ(K ′))⊥. In particular, ξ :V →
V ′ is continuous. In particular,ξ−1(Y ′) ⊂ V is closed for every closed rightR-sub-
moduleY ′ ⊂ V ′.

(2) If RR is an injective cogenerator, thenξ−1(Y ′) ⊂ V is orthogonally closed for ever
closed rightR-submoduleY ′ ⊂ V ′.

Proof. (1) Trivial.
(2) If Y ′ ⊂ V ′ is closed, then it follows by Theorem 1.8(3) thatY ′ = K ′⊥ for some

R-submoduleK ′ ⊂ W ′. It follows then by (1) thatξ−1(Y ′) = ξ−1(K ′⊥) = (θ(K ′))⊥, i.e.,
ξ−1(Y ′) ⊂ V is orthogonally closed. �
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1.10. Proposition. Let W,W ′ be left R-modules and consider∗W , ∗W ′ with the fi-
nite topology. Letθ ∈ HomR−(W ′,W) and consider the morphism of leftR-pairings
(θ∗, θ) : (∗W ′,W ′) → (∗W,W).

(1) θ∗−1(An(K ′)) = An(θ(K ′)) for every left R-submoduleK ′ ⊂ W ′. In particular
θ∗ : ∗W → ∗W ′ is continuous.

(2) If RR is W -injective, thenθ∗(An(K)) = An(θ−1(K)) for every leftR-submodule
K ⊆ W .

(3) If RR is an injective cogenerator andRR is W -injective(e.g.,R is a QF-ring), then
(a) θ∗ : ∗W → ∗W ′ is linearly closed (i.e., θ∗(X) ⊂ ∗W ′ is closed for every close

right R-submoduleX ⊂ ∗W ).
(b) θ∗(X) = θ∗(X) for every rightR-submoduleX ⊂ ∗W .
(c) Ke(θ∗(X)) = θ−1(Ke(X)) for every rightR-submoduleX ⊂ ∗W .
(d) For R-submodulesX1, . . . ,Xk ⊂ ∗W we haveX1 + · · · + Xk = X1 + · · · + Xk .

Hence everyfinite sum of closed rightR-submodules of∗W is closed.

Proof. (1) Trivial.
(2) LetK ⊆ W be a leftR-submodule. Clearlyθ∗(An(K)) ⊆ An(θ−1(K)). On the other

hand, consider theR-linear mapping

0→ W ′/θ−1(K)
ι

↪→ W/K. (2)

By assumptionRR is W -injective and so it isW/K-injective (e.g., [13, 16.2]). Hence (2
induces the epimorphism

∗(W/K)
ι∗−→ ∗(W ′/θ−1(K)

) → 0,

or equivalently the epimorphism

An(K)
θ∗−→ An

(
θ−1(K)

) → 0.

(3) LetRR be an injective cogenerator andRR beW -injective.

(a) The result follows from Theorem 1.8(1), Lemma 1.7(1) and (2).
(b) LetX ⊂ ∗W be a rightR-submodule. By (a)θ∗ is linearly closed, soθ∗(X) ⊆ θ∗(X).

By (1) θ∗−1(θ∗(X)) is closed and it follows thatX ⊆ θ∗−1(θ∗(X)), i.e., θ∗(X) ⊆
θ∗(X) and the result follows.

(c) For every rightR-submoduleX ⊂ ∗W we get by the results above:

Ke
(
θ∗(X)

) = Ke An Ke
(
θ∗(X)

) = Ke
(
θ∗(X)

)
= Ke

(
θ∗(X )

) = Ke
(
θ∗(An Ke(X)

))
= θ−1(Ke An Ke(X)

) = θ−1(Ke(X)
)
.

(d) LetX1, . . . ,Xk ⊂ ∗W be rightR-submodules. By Theorem 1.8(1) and induction ok
in 1.6(2) we have
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case
k∑
i=1

Xi = An Ke

(
k∑

i=1

Xi

)
= An

(
k⋂

i=1

Ke(Xi)

)

=
k∑

i=1

An Ke(Xi) =
k∑

i=1

Xi. �

2. The α-condition

In a joint work with Gómez-Torrecillas and Lobillo [3] we presented the so-ca
α-conditionfor pairings of modules over commutative rings, which has shown to be a
ural assumption in the author’s study ofduality theoremsfor Hopf algebras [2]. Recentl
that condition has shown to be a natural assumption in the study of the category o
(left) comodules of acoringC as a full subcategory of the category right (left) modules
its dual ring ∗C (C∗) (e.g., [1]). In this section we consider this condition for pairings o
arbitrary (not necessarily commutative) rings and give examples of pairings satisfy
In particular we extend our observations in [2] on such pairings from the commutative
to the arbitrary one.

2.1. The category Pα
l . We say a leftR-pairingP = (V ,W) satisfies theα-condition(or

P is anα-pairing) iff for every rightR-moduleM the following mapping is injective

αP
M :M ⊗R W → Hom−R(V,M),∑

mi ⊗ wi �→
[
v �→

∑
mi〈v,wi〉

]
. (3)

With Pα
l ⊂ Pl we denote thefull subcategory of leftR-pairings satisfying theα-

condition (we call theseleft α-pairings). We call a leftR-pairing P = (V ,W) dense,
if κP (V ) ⊆ ∗W is dense w.r.t. the finite topology. The subcategory ofright α-pairings
Pα

r ⊂ Pr is defined analogously.

2.2. Remark. Let P = (V ,W) ∈ Pα
l . ThenW

χP
↪→ V ∗, henceRW is in particularR-co-

generated. IfM is an arbitrary rightR-module, then we have for every rightR-submodule
N ⊂ M the commutative diagram

N ⊗R W
αP

N

ιN⊗idW

Hom−R(V,N)

M ⊗R W
αP

M

Hom−R(V,M)

By assumptionαP
N is injective and soN ⊂ M is W -pure. By our choiceM is an arbitrary

R-module, henceRW is flat. If RW is finitely presented orR is left perfect, thenRW is
projective.

An important observation forα-pairings is
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2.3. Lemma. LetP = (V ,W) ∈Pα
l . For every rightR-moduleM and everyR-submodule

N ⊂ M we have for arbitrary
∑

mi ⊗ wi ∈ M ⊗R W :∑
mi ⊗ wi ∈ N ⊗R W ⇐⇒

∑
mi〈v,wi〉 ∈ N for all v ∈ V. (4)

Proof. By Remark 2.2,RW is flat and we get the commutative diagram with exact row

0 N ⊗R W ιN⊗R idW

αP
N

M ⊗R W π⊗idW

αP
M

M/N ⊗R W

αP
M/N

0

0 Hom−R(V,N)
(V,ιN )

Hom−R(V,M)
(V,π)

Hom−R(V,M/N)

Obviously
∑

mi〈v,wi〉 ∈ N for all v ∈ V if and only if∑
mi ⊗ wi ∈ Ker

(
(V ,π) ◦ αP

M

) = Ker
(
αP

M/N ◦ (π ⊗ idW)
)

= Ker(π ⊗ idW) = N ⊗R W. �
2.4. Proposition.

(1) LetP = (V ,W) be a leftR-pairing.
(a) LetW ′ ⊂ W be a leftR-submodule and consider the induced leftR-pairing P ′ :=

(V ,W ′). If P ′ ∈ Pα
l , thenW ′ ⊂ W is pure. IfP ∈ Pα

l , thenP ′ ∈ Pα
l if and only if

W ′ ⊂ W is pure.
(b) Let V ′ ⊂ V be a right R-submodule,W ′ ⊂ W be a left R-submodule with

〈V ′,W ′〉 = 0 and consider the leftR-subpairing Q := (V/V ′,W ′) of P . If
P ∈ Pα

l , thenQ ∈ Pα
l if and only ifW ′ ⊂ W is pure. In particularPα

l is closed
under pure leftR-subpairings.

(2) Let Ω = (Y,W) be a leftR-pairing, V be a right R-module,ξ :V → Y be anR-
linear mapping,P := (V ,W) be the induced leftR-pairing and consider the following
statements:
(i) Ω ∈ Pα

l andP is dense;
(ii) Ω ∈ Pα

l andξ(V ) ⊂ Y is dense w.r.t.Y [Tr
ls
(W)];

(iii) P ∈Pα
l ;

(iv) P ∈Pα
l andW

χP
↪→ V ∗ is an embedding.

The following implications are always true: (i) ⇒ (ii ) ⇒ (iii ) ⇒ (iv). If RR is an
injective cogenerator, then(i)–(iv) are equivalent.

Proof. (1) The result follows from the commutativity of the following diagram for ev
right R-moduleM

M ⊗R W ′

idM⊗ιW ′
αP ′

M

α
Q
M Hom−R(V/V ′,M)

M ⊗R W
αP

Hom−R(V,M)

M
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(2) Consider for every rightR-moduleM the commutative diagram

M ⊗R W
αΩ

M

αP
M

Hom−R(Y,M)

(ξ,M)

Hom−R(V,M)

(i) ⇒ (ii) trivial.
(ii) ⇒ (iii) Let Ω ∈ Pα

l and assume thatξ(V ) ⊂ Y is dense. Let
∑n

i=1 mi ⊗ wi ∈
Ker(αP

M). By assumption for everyy ∈ Y there exists somevy ∈ V , such thatκΩ(y)(wi) =
κP (vy)(wi) for i = 1, . . . , n and it follows then that

αΩ
M

(
n∑

i=1

mi ⊗ wi

)
(y) =

n∑
i=1

mi〈y,wi〉 =
n∑

i=1

mi〈vy,wi〉

= αP
M

(
n∑

i=1

mi ⊗ wi

)
(vy) = 0.

So Ker(αP
M) = Ker(αΩ

M) = 0, i.e.,αP
M injective. TheR-moduleM is by our choice arbitrary

and soP ∈Pα
l .

(iii) ⇒ (iv) Trivial.
Let RR be an injective cogenerator.

(iv) ⇒ (i) If W
χP
↪→ V ∗ is an embedding, then it follows by Theorem 1.8(1) thatκP (V ) =

An Ke(κP (V )) = An(V ⊥) = An{0W } = ∗W , i.e.,P is a dense leftR-pairing. �
Over Noetherian rings we have the following interesting observation:

2.5. Proposition. Let V be a right R-module,R[V ] be the free rightR-module with
basisV , W ⊂ V ∗ be a leftR-submodule and consider the leftR-pairing P := (V ,W).
AssumeRR to be Noetherian.

(1) For every rightR-moduleM the following mapping is injective

βM :M ⊗R RV → MV , m ⊗ f �→ [
v �→ mf (v)

]
, (5)

i.e., P̃ := (R[V ],RV ) is a leftα-pairing.
(2) LetM be an arbitrary rightR-module. Then the canonical mappingαP

M :M ⊗R W →
Hom−R(V,M) is injective if and only ifW ⊂ RV is M-pure. If moreoverVR is pro-
jective, thenαP

M is injective if and only ifW ⊆ V ∗ is M-pure.
(3) The following statements are equivalent:

(i) P ∈Pα
l ;

(ii) αP
M is injective for every(finitely presented) right R-moduleM;

(iii) W ⊂ RV is pure.
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Proof. (1) LetM be an arbitrary rightR-module and writeM as a direct limit of its finitely
generatedR-submodulesM = lim→ Λ

Mλ (e.g., [13, 24.7]). For everyλ ∈ Λ theR-module

Mλ is finitely presented inMR and so

βMλ :Mλ ⊗R RV → MV
λ

is an isomorphism (e.g., [13, 25.4]). Moreover, for everyλ ∈ Λ the restriction ofβM on
Mλ coincides withβMλ and so the following mapping is injective:

βM = lim→ βMλ : lim→ Mλ ⊗R RV → lim→ MV
λ ⊂ MV .

ObviouslyP̃ ∈ Pα
l if and only if βM is injective is for everyM ∈ MR .

(2) The first statement follows by (1). If moreoverVR is projective, then the exact s
quenceR[V ] → V → 0 splits, henceV ∗ ⊂ RV is pure (direct summand) and we are do

(3) By [13, 34.5],W ⊂ RV is pure if and only ifW ⊂ RV is M-pure for every finitely
presented rightR-moduleM . The result follows then from (2). �
2.6. Definition. The ringR is called right (semi) hereditaryiff every (finitely generated
right ideal is projective.

2.7. Lemma. LetRR be Noetherian and hereditary andV be a rightR-module. Then:

(1) P̆ := (V ,V ∗) ∈ Pα
l .

(2) LetW ⊆ V ∗ be a leftR-module andP := (W,V ). ThenP ∈Pα
l if and only ifW ⊂ V ∗

is a pureR-submodule.

Proof. AssumeRR to be Noetherian and hereditary. It follows then by [13, 26.6]
RRΛ is flat for every setΛ. Moreover we have by [13, 39.13] that allR-cogenerated lef
R-modules are flat. Consider nowR[V ], the free rightR-module with basisV , and the
exact sequence of rightR-modules

0→ Ker(π)
ι−→ R[V ] π−→ V → 0, (6)

with ι the embedding map andπ the canonical epimorphism. Then (6) induces the e
sequence of leftR-modules

0→ V ∗ π∗−→ RV ι∗−→ Im(ι∗) → 0. (7)

Since Im(ι∗) ⊆ Ker(π)∗, Im(ι∗) is an R-cogenerated leftR-module, hence flat. Conse
quentlyV ∗ ↪→ RV is pure (e.g., [13, 36.6]). By Proposition 2.5(1) the canonical map
βM :M ⊗R RV → MV is injective for everyM ∈ MR and the result follows then from th
commutativity of the following diagram

M ⊗R W
αP

M

id⊗ιW

Hom−R(V,M) MV

M ⊗R V ∗

αP̆
M

M ⊗R RV

βM

�
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2.8. Lemma. LetV,W beR-bimodules.

(1) If P = (V ,W), P ′ = (V ′,W ′) are leftα-pairings, thenP ⊗l P ′ := (V ′ ⊗R V,W ⊗R

W ′) is a leftα-pairing with

κP⊗lP
′(v′ ⊗ v)(w ⊗ w′) = 〈

v,w〈v′,w′〉〉 = 〈〈v′,w′〉v,w
〉
.

(2) If P = (V ,W), P ′ = (V ′,W ′) are rightα-pairings, thenP ⊗r P ′ := (V ⊗R V ′,W ′ ⊗R

W) is a rightα-pairing with

κP ′⊗rP (v ⊗ v′)(w′ ⊗ w) = 〈
v, 〈v′,w′〉w〉 = 〈

v〈v′,w′〉,w〉
.

Proof. We prove (1). The proof of (2) is similar. For arbitraryM ∈ MR consider the
following commutative diagram

M ⊗R W ⊗R W ′ αP⊗P ′
M

αP ′
M⊗RW

Hom−R(V ⊗R V ′,M)

Hom−R(V ′,M ⊗R W)
(V ′,αP

M)
Hom−R(V ′,Hom−R(V,M))

ζ l

whereζ l is the canonical isomorphism. By assumption theR-linear mappingsαP ′
M⊗RW and

αP
M are injective and soαP⊗P ′

M is injective. The last statement is obvious.�
2.9. Corollary. LetRR be Noetherian.

(1) Let X,X′ be sets,E ⊆ RX be a right R-submodule andE′ ⊆ RX′
be a left R-

submodule. IfE′ ⊆ RX′
is E-pure, then the following mapping is injective:

δ :E ⊗R E′ → (
RX

)X′
, f ⊗ f ′ �→ [

(x, x′) �→ f (x)f ′(x′)
]
. (8)

(2) LetW,W ′ beR-bimodules,X ⊂ ∗W,X′ ⊂ ∗W ′ beR-subbimodules and consider th
canonicalR-linear mappings

κ :X′ ⊗R X → ∗(W ⊗R W ′) and

χ :W ⊗R W ′ → (
X′ ⊗R X

)∗
.

If WR is flat andKe(X)R ⊂ WR is pure, then

Ke
(
κ
(
X′ ⊗R X

)) 
 Ke(X) ⊗R W ′ + W ⊗R Ke
(
X′). (9)

Proof. (1) SinceRR is coherent,RRX′
is flat inRM by [13, 26.6]. The result follows the

from Proposition 2.5(1).
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am

,

the
42.9–
(2) Consider the embeddingsE := W/Ke(X) ↪→ X∗, E′ := W ′/Ke(X′) ↪→ RX′
and

the commutative diagram

W ⊗R W ′ χ

π⊗π ′

(X′ ⊗R X)∗

ιW/Ke(X) ⊗R RX′
X∗ ⊗R RX′

βX∗

W/Ke(X) ⊗R W ′/Ke(X′)
δ (X∗)X′

It follows by assumptions thatW/Ke(X) is flat in MR andRRX′
is flat (e.g., [13, 36.5

26.6]). MoreoverβX∗ is injective by Lemma 2.5, henceδ is injective. It follows then by [5,
II-3.6] that

Ke
(
κ
(
X ⊗R X′)) := Ker(χ) = Ker

(
δ ◦ (π ⊗ π ′)

)
= Ker(πX ⊗ πX′) = Ke(X) ⊗R W ′ + W ⊗R Ke

(
X′). �

2.10. We say a left (respectively a right)R-moduleW satisfies theα-condition, if (∗W,W)

(respectively(W ∗,W)) satisfies theα-condition. Such modules were calleduniversally
torsionlessby Garfinkel [7].

2.11. Locally projective modules. An R-moduleW is calledlocally projective(in the
sense of Zimmermann-Huisgen [14]) iff for every diagram ofR-modules

0 F

g′◦ι

ι
W

g
g′

L π N 0

with exact rows,F finitely generated as anR-module and everyR-linear mappingg :W →
N there exists anR-linear mappingg′ :W → L, such that the entstanding parallelogr
is commutative. By [7, Theorem 3.2], [14, Theorem 2.1],W is locally projective if and
only if W satisfies theα-condition. These modules are calledcontent modulesin [11]. It
follows directly from the definition that every projectiveR-module is locally projective
hence satisfies theα-condition.

Before proceeding, we would like to remark that some of following results on
α-condition and locally projective modules appeared in the recent manuscript [6,
42.12].

2.12. Proposition. LetW be a leftR-module.

(1) If RW is locally projective, then every pure leftR-submoduleK ⊂ W is locally pro-
jective. IfRR is W -injective, then every locally projectiveR-submodule ofW is a pure
left R-submodule.
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(2) Let RR be Noetherian. ThenRW is locally projective if and only ifRW ⊂R R
∗W is a

pureR-submodule.

Proof. (1) Standard.
(2) This follows from Propositions 2.5(2).�

2.13. Corollary. If RR is an injective cogenerator, then for every leftR-pairing (V ,W) the
following statements are equivalent:

(i) RW is locally projective andP is dense.
(ii) W satisfies theα-condition andP is dense.

(iii) (V ,W) is a leftα-pairing.
(iv) W satisfies theα-condition andW ↪→ V ∗.

If R a QF ring, then(i)–(iv) are moreover equivalent to:

(v) RW is projective andW ↪→ V ∗.
(vi) W ⊂ RV is a pureR-submodule.

Over semisimple rings we recover the characterizations of dense pairings over co
tative base fields:

2.14. Corollary. LetP = (V ,W) be a leftR-pairing. If R is semisimple, then

P is dense⇐⇒ W ⊂ V ∗ ⇐⇒ P is a leftα -pairing.
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