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A linear viscous model for evaluating the stresses and strains produced in masonry structures over time is
presented. The model is based on rigorous homogenization procedures and the following two assump-
tions: that the structure is composed of either rigid or elastic blocks, and that the mortar is viscoelastic.
The hypothesis of rigid block is particularly suitable for historical masonry, in which stone blocks may be
assumed as rigid bodies, while the hypothesis of elastic blocks may be assumed for newly constructed
brickwork structures. The hypothesis of viscoelastic mortar is based on the observation that non-linear
phenomena may be concentrated in mortar joints. Under these assumptions, constitutive homogenized
viscous functions are obtained in an analytical form.

Some meaningful cases are discussed: masonry columns subject to minor and major eccentricity, and a
masonry panel subject to both horizontal and vertical loads. The major eccentricity case is analysed tak-
ing into account both the effect of viscosity and the no-tension hypothesis, whereas the bi-dimensional
loading case is analysed to verify the sensitivity of masonry behaviour to viscous function. In the masonry
wall considered, the principal stresses are both of compression, and the no-tension assumption may
therefore be discounted.

� 2012 Elsevier Ltd. All rights reserved.
1. Introduction

Over time, masonry structures, particularly those subject to ser-
vice loads, may incur damage due to creep phenomena, accompa-
nied by a consequent redistribution of stresses and strains; in fact,
although in many cases this effect stabilizes after a certain number
of years, high stress levels can cause micro-cracks to coalesce and
grow. Moreover, innovative techniques, such as post-tensioning
masonry methods (Van der Meer et al., 2009), used to counteract
the weakness of masonry under tensile stress, have highlighted
the necessity of developing models that take into account the
time-dependent behaviour of these structures.

To this end, several rheological models have been proposed by
Choi et al. (2007) based on experimental tests, studies that have
further emphasized the importance of the issue.

In this paper masonries made up of a regular pattern of stone
blocks between which mortar is laid are considered, in order to de-
velop a suitable model; hence various factors need to be taken into
account. In particular, these include the orthotropy along the two
natural directions of the masonry (i.e. the bed joint direction and
the head joint direction); the different strengths along these two
directions; the effects of friction and sliding along an open crack;
ll rights reserved.
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the irreversible deformation under compression; and finally the
stiffness recovery at crack closure under alternate loading.

Some recent damage models have been successfully applied to
the analysis of masonry, aided especially by their combined effi-
ciency and simplicity. Nonetheless, the definition of damage by
suitable non-scalar criteria and the introduction of the orthotropy
typical of the masonry structures into the model still remain trou-
blesome issues (Luciano and Sacco, 1997; Berto et al., 2004; Lour-
enço and Rots, 1997; Taliercio, 2009).

Moreover, in recent years, research interest has been focussed
on the long-term behaviour of historical masonry under high levels
of stress (Verstrynge et al., 2010, 2011; Como, 2010), particularly
due to the well-known fact that accumulation of damage may
provoke the collapse of heavy and/or high structures. Indeed, the
time-dependence aspect of masonry behaviour seems to be a very
consistent problem in cultural heritage, with particular reference
to columns (Binda et al., 1992; Modena et al., 2002; Papa and
Taliercio, 2005; De Falco and Lucchesi, 2000); examples reported
in the literature include the effect of viscous strain in the columns
of a gothic cathedral (Roca, 2001) and in the columns of the
Parisian Pantheon (Blasi and Coisson, 2006).

As far as creep is concerned, it should be noted that the existing
technical literature relies heavily on empirical and semi-empirical
approaches derived from a limited number of experimental tests
(Choi et al., 2007; Binda et al., 1991), with the result that many
of the proposed models seem to feature unacceptable levels of
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accuracy in the validation of their experimental results. Moreover,
these models also suffer from a lack of generality, having been de-
rived for specific situations of creep in historical masonry.

Hence, the aim of this study is to provide a rigorous viscoelastic
model of masonry behaviour over time, whose validity is indepen-
dent of particular loading conditions (i.e. in-plane and out-of-plane
action).

Particular attention has been focussed on the study of the inter-
nal microstructure of viscoelastic materials, resulting in the recog-
nition that periodic materials, such as masonry, may be
homogenized by both/either linear and/or non-linear procedures
(Suquet, 1983; de Buhan and de Felice, 1997). In particular, a visco-
elastic model for masonry may be found in Hughes and Harvey
(1995) and Shrive et al. (1997). In the case of periodic materials,
a constitutive homogenized function was applied to a material
with two viscous phases in (Suquet, 1987).

For multilayer solids, a wide literature exists, however, in the
authors knowledge, a discussion, in the technical literature, for
material like masonry does not exist in the viscous-elastic case.
Anyway it is well known that multilayer solid represents a very
particular case by respect to masonry like material and the results
obtained through homogenization in elastic case do not coincide at
all with the ones obtained for masonry like materials (Anthoine,
1995).

In the present study, linear viscoelasticity theory is also used for
rigorous application of the homogenization procedures. An
hypothesis of rigid or elastic blocks and viscoelastic mortar is as-
sumed for masonry; thus, the time dependence of the constitutive
function refers to the mortar alone. The hypothesis of rigid blocks
is particularly acceptable in some historical masonries, in which
stone blocks, with high mechanical properties, may be assumed
as rigid bodies. The hypothesis of elastic blocks, on the other hand,
may be assumed in cases where inelastic deformations are mostly
concentrated in the mortar joints, i.e. in structures of recent
construction.

Based on these hypotheses, constitutive homogenized viscous
functions are obtained in an analytical form. Some meaningful
cases are discussed: the case of masonry columns subject to minor
and major eccentricity, and the time-dependence of panel behav-
iour under horizontal and vertical loads.
2. Basic relationships in homogenization of linear viscoelastic
materials

The best-known homogenization procedures are based on the
definition of a representative elementary volume (REV). This unit,
whose repetition describes the body as a whole, contains all the
Fig. 1. The element
descriptors (kinematic, dynamic and constitutive) necessary for
representing the entire structure in viscoelastic homogenization
procedures.

Let (x) be a reference system for the global description of the
body j (macroscopic scale) and let (y) be a reference system for
the elementary module Y-REV (Fig. 1); it is possible to define:

R and E as, respectively, macroscopic stress and strain tensors,
and r(y) and e(y) as, respectively, microscopic stress and strain
tensors. The macroscopic tensors must be the averages of micro-
scopic tensors (oscillating function), for example:

Rij ¼
1
Y

Z
Y
rijdy ¼ hriji ð1Þ

Eij ¼
1
Y

Z
Y

eijðuÞdy ¼ heijðuÞi

where <�> is the average operator and u is the displacement field.
All mechanical quantities usually assumed as additive functions

are averaged previously from the micro- to the macroscopic level.
In particular, in linear viscoelasticity, the constituent may be as-
sumed to obey Maxwell’s law:

eð _uðyÞÞ ¼ CðyÞ _rðyÞ þ DðyÞrðyÞ ð2Þ

where C is the viscous compliance tensor, D is the elastic compli-
ance tensor, and _u is the field displacement rate. Hence the macro-
scopic function derived from (2) is:

_E ¼ Chom _Rþ
Z t

0
Jðt � t0Þ _RðtÞdt þ DhomR ð3Þ

where the J tensor takes into account long memory effects.
Hence, for Y-REV:

_Eþ eð _uperðyÞÞ ¼ eð _uðyÞÞ ¼ CðyÞ _rðyÞ þ DðyÞrðyÞ
divr ¼ 0
rn antiperiodic on @Y

uper periodic on @Y

hrðtÞi ¼ RðtÞ

8>>>>>><
>>>>>>:

ð4Þ

Here, r(t) is the microscopic stress tensor state; eð _uðyÞÞ is the
microscopic strain tensor state; uper is the periodic displacement
field; and Ė is the macroscopic in-plane strain tensor rate .

Homogenization techniques for the study of micro-structured
materials such as masonry have previously been proposed by sev-
eral researchers, assuming elasticity and making use of the Cauchy
and Cosserat continuous (Anthoine, 1995; Cecchi and Sab, 2002,
2004; Mistler et al., 2007; Salerno and de Felice, 2009), or using
non-linear techniques upon the occurrence of damage phenomena
ary cell: Y-REV.
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(Luciano and Sacco, 1997; Shieh-Beygi and Pietruszczak, 2008) and
upon structural collapse (Sab, 2003; Cecchi and Milani, 2008).

An approach relying on a number of simplifying assumptions
that lead to closed-form expressions for the elasticity coefficients
was developed by Brooks (1990) and Brooks and Abdullah
(1986). In this study, the creep coefficient of brickwork was ob-
tained by evaluating the properties of its individual constituents,
and the mechanical properties and geometry of bricks and mortar
joints were extended to the creep compliance of masonry by the
simple expedient of replacing the elastic moduli of the components
with suitable moduli.

In this paper, as regards the viscoelastic case, derivation of ma-
sonry constitutive equation was performed by means of a homog-
enization procedure. Here the hypothesis of linear viscosity is used
so that homogenization theory can be applied in a rigorous manner
and that the time dependence is linked solely to the creep function
of mortar. Although it is evident that blocks may also be assumed
as being composed of a viscous material, in this initial model, block
behaviour is assumed to be independent of time, with the aim of
highlighting several important aspects of masonry behaviour using
a simplified model. As previously mentioned, the combined
hypothesis of rigid block and viscous mortar joint is particularly
representative of historical masonry, as reported in the technical
literature (Chiorino, 2005; Como, 2010; Verstrynge et al., 2010).

Hence, the assumptions behind the model proposed herein are:
viscous behaviour of mortar; rigid or elastic block behaviour; and,
in some cases, a small joint thickness as compared to block size, i.e.
an interface model. Thus, in this case, a simplified solution in an
‘‘analytical’’ form may be found.

If n is the ratio between Eb, Young’s elastic modulus of the block,
and Em, the Young’s modulus of the mortar; and b is the ratio be-
tween e, the thickness of the joints (eh is the thickness of the bed
joint and ev is the thickness of the head joint), in the Y reference
configuration of the module, the thickness of the mortar joints
may be stated as a function of the b parameter as follows:
b = eh/a = ev/cb. c � 1 is a parameter which takes into account the
possibility that the head and bed joints may not have the same
thickness ratio, and a is the height and b the length of the block.

The constitutive function may be written as a function of
parameters n and b; hence Anb is a periodic constitutive function
defined here by the elastic function of the blocks and the viscous
function of the mortar:

AnbðyÞ ¼ Ab for y 2 block
Amð1þumðtÞÞ for y 2 mortar

(
ð5Þ

where Ab and Am are, respectively, the elastic constitutive functions
pertaining to the blocks and mortar, and um(t) is the viscous func-
tion of the mortar.

If the study is focused on the asymptotic case:

n! 0; b! 0

considering that n = n(b) , identification of the constitutive function
is linked to how the n// ratio tends to zero. In fact, if b tends to zero,
then the mortar joint becomes an interface (a similar issue was
studied by Klarbring (1991) by means of perturbative techniques).
If n tends to zero, on the other hand, then the mortar becomes infi-
nitely deformable with respect to the block. The most significant
case is that in which the two parameters tend to zero with the same
velocity:

lim
u!0

nðbÞb�1 ¼ q – 0 ð6Þ

Hence an asymptotic auxiliary problem (4) may be rewritten with
reference to the block. In this case the mortar appears merely as a
boundary condition:
divr ¼ 0
r ¼ Abe
e ¼ Eþ sym ðgraduper Þ
r n antiperiodic on @Y

uper periodic on @Y
r n ¼ K½½uðyÞ�� constitutive relation on

P

8>>>>>>>><
>>>>>>>>:

ð7Þ

Here, n is the unit vector in the y1 and y2 middle planes of
Y-REV;

P
is the interface, [[u(y)]] is the jump in displacement field

at
P

, and K, assuming isotropic behaviour of the mortar, is there-
fore given by:

KhðtÞ ¼
1
eh

Em
h ð1þum

h ðtÞÞ
2ð1þ mmÞ Iþ Em

h ð1þum
h ðtÞÞ

2ð1þ mmÞ

��

þ mmEm
h ð1þum

h ðtÞÞ
ð1þ mmÞð1� 2mmÞ

�
ðn� nÞ

�
KvðtÞ

¼ 1
ev

Em
v ð1þum

v ðtÞÞ
2ð1þ mmÞ Iþ Em

v ð1þum
v ðtÞÞ

2ð1þ mmÞ

��

þ mmEm
v ð1þum

v ðtÞÞ
ð1þ mmÞð1� 2mmÞ

�
ðn� nÞ

�
ð8Þ

Here eh and ev are thickness of the actual horizontal and vertical
joints and n is the normal to the interface; Eh

m and Ev
m are the

Young moduli and mm
h and mm

v are the Poisson ratios of the mortar
(Klarbring, 1991). It must be noted that here only the Young’s mod-
ulus is assumed to be a function of viscosity. This choice depends,
at a microscopic level, on the interface model assumed for the mor-
tar joint; the only characteristic parameters for mortar are the bulk
modulus and shear modulus, rather than the Poisson ratio. At a
macroscopic level, on the other hand, the choice depends on the
prevalence of vertical permanent loads with respect to other loads
to which the panel may be subjected, thereby rendering the depen-
dence on the Poisson ratio negligible. Furthermore the dependence
only of Young modulus to viscosity function may be found also in
the case of multilayer solid models.

Note that:

� the K tensor has a diagonal form in this case. K = Kv for the hor-
izontal interface and K = Kh for the vertical interface.

In this way the possibility to assume different constitutive func-
tions for horizontal and vertical joints is considered. This assump-
tion may be very representative of masonry like material.
3. Some time-dependent constitutive relationships proposed
for mortar

As regards the constitutive viscous function of mortar, a uniax-
ial reference may be found in Choi et al. (2007). In this study, ma-
sonry creep was experimentally investigated with reference to
newly built masonry columns and walls. Representative creep
models were derived from the Ross (1943) and Feng models (Feng
et al., 2005), which consist of the Kelvin model plus an additional
spring; this technique only works, however, when t = t0, t0 being
age at loading. According to these approaches, the creep compli-
ance of mortar is:

Ross model JðtÞ ¼ 1
Eðt0Þ

þ bR

Eðt0Þ
1� e�ðt�t0Þ=sR
� �

ð9Þ
Feng model JðtÞ ¼ 1
Eðt0Þ

þ bF

Eðt0Þ
1� e�ðt�t0Þ=s1�n

F

h i
ð10Þ

where bR and bF are, respectively, the Ross and Feng ultimate creep
coefficients, and sR and sF are, respectively, the retardation times
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Fig. 2. Creep stiffness of mortar at different humidity levels.
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featured in the Ross and Feng models. Both the Ross and Feng mod-
els feature an exponential form in creep function.

In contrast, a further model of interest may be US Bureau of Rec-
lamation model (USBR, 1956):

US Bureau of Reclamation model

JðtÞ ¼ 1
Eðt0Þ

þ Fu ln
t � t0

su
þ 1

� �
ð11Þ

where su is the retardation time specific to this model. In this case,
the creep function has a logarithmic expression and may be derived
from a rheological model using a dashpot spring with linearly vary-
ing coefficient. Choi et al. (2007) proposed such a model, which is
more sensitive to several parameters, modifying the Maxwell model
by an additional spring as follows:

Choi et al: model JðtÞ ¼ a2A
L
þ 1

Eðt0Þ
� a2A

L

� �
1� e�ðt�t0Þ=sp
� �

ð12Þ

where a2 is the spring constant, A is the area of the specimen sub-
ject to load, and L is the specimen length.

Creep models are reported and compared in Fig. 2. As well
known viscosity models are strongly sensitive to several parame-
ters, i.e. relative humidity and age at loading, let us note, with par-
ticular reference to historical structures, the difficulty in evaluating
the actual effect of viscosity.
4. Homogenized viscoelastic constitutive function

4.1. 1D homogenization: masonry columns

The exposed general theory is, in this section, specialized to the
1D case and some results already known in the literature in the
theory of multi-layered solids are derived.

In this case, the masonry is represented by a one-dimensional
element, periodic only along x2, as shown in Fig. 3.

The displacement function periodic along y2 (one-dimensional
case) according to Eq. (4) is:

u2 ¼ Ey2 þ uper
2 ðy2Þ ð13Þ

u2
per is defined as:
uper
b ðy2Þ ¼ kb

1y2 þ kb
2 for 0 6 y2 6 a

uper
m ðy2Þ ¼ km

1 y2 þ km
2 for a 6 y2 6 aþ eh

ð14Þ

where a is the block height and eh is the mortar thickness. kj
j is a

constant to be determined by following the periodic boundary
conditions:

uper
b ðy2 ¼ 0Þ ¼ uper

m ðy2 ¼ aþ ehÞ
uper

b ðy2 ¼ aÞ ¼ uper
m ðy2 ¼ aÞ

ð15Þ

and the boundary condition of stress continuity:

rbðy2 ¼ aÞ ¼ rmðy2 ¼ aÞ ) Ebð1þ ðuper
b ðy2 ¼ aÞÞ;2Þ

¼ ðEm þumðtÞÞð1þ ðuper
m ðy2 ¼ aÞÞ;2Þ ð16Þ

where ‘‘,’’ is the derivation operator. Hence, the average stress is gi-
ven by:

hri ¼ 1
aþ eh

Z a

0
Ebð1þ ðuper

b ðy2 ¼ aÞÞ;2Þdy2

�

þ
Z aþeh

a
ðEm þumðtÞÞð1þ ðuper

m ðy2 ¼ aÞÞ;2Þdy2

#
ð17Þ

and the homogenized function obtained in the analytical form
becomes:

Ahom ¼ EbEmð1þumðtÞÞðaþ ehÞ
Ebeh þ Emð1þumðtÞÞa

ð18Þ

where Eb = the Young’s modulus of block, Em = Young’s modulus of
the mortar, and um(t) = the viscous function of the mortar. It must
be noted that the elasticity of block modifies the effect of viscosity
in the mortar over time.

If Em = Eb, the homogenized constitutive function may be easily
derived from equation (18) and it must be noted that the trend in
viscosity in the homogenized function does not coincide with the
viscosity function of mortar alone. In this case, this coincides with
the homogeneous case, as shown in Fig. 3; the differences are a
function of the geometry, i.e. the ratio between the height of the
block and the thickness of the mortar.

In the case of the rigid block assumption, the homogenized
modulus (normalized versus elementary volume size a + eh) shows
same trend as the viscous function in the mortar, hence:



Fig. 3. Periodic masonry column and trend in Ahom as a function of its geometry.
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lim
Eb!1

Ahom ¼ lim
Eb!1

EbEmð1þumðtÞÞðaþ ehÞ
Ebeh þ Emð1þumðtÞÞa

¼ Emð1þumðtÞÞðaþ ehÞ
eh

ð19Þ

In this one-dimensional model, the effective thickness of mortar
is considered. If eh

a � 1 an interface model may assumed for the
mortar.

The same considerations must be made in the multilayer case,
for which the analytical solution, under plane stress hypothesis,
is proposed as follows:

lim
Eb!1

Ahom ¼ lim
Eb!1

Eb

1�mb2
Em

1�mm2 ð1þumðtÞÞðaþ ehÞ
Eb

1�mb2 eh þ Em

1�mm2 ð1þumðtÞÞa

¼ Emð1þumðtÞÞðaþ ehÞ
ehð1� mm2 Þ

ð20Þ
lim
mm!0

Ahom ¼ lim
mm!0

Eb

1�mb2
Em

1�mm2 ð1þumðtÞÞðaþ ehÞ
Eb

1�mb2 eh þ Em

1�mm2 ð1þumðtÞÞa

¼
Eb

1�mb2 Emð1þumðtÞÞðaþ ehÞ

eh Eb

1�mb2

� 	
þ aEmð1þumðtÞÞ

ð21Þ

where Eq. (21) refers to the case of a transversally incompressible
joint that, at its limit, is comparable to the joint interface model.

An extensive analysis of sensitivity to Em/Eb ratio, in the elastic
case, of constitutive homogenised function may be found in (Cec-
chi et al., 2005). Same considerations may be extended in this case
where only blocks are viscoelastic.
Fig. 4. Creep tests on calcium silicate bricks: comparison between experimental
and theoretical results.
4.1.1. A simple compression test
In the technical literature, there are many papers reporting

experimental results for the viscoelastic effects of structural ele-
ments under axial loading (Reda Taha and Shrive, 2006; Verstrynge
et al., 2010, 2011). Among these the experimental test of Brooks
(1990) is chosen. However, in real cases of columns, compression
is usually present with eccentricity. In absence of experimental
tests, in the following examples, evidence is discussed as, on the
basis of the method developed, they can be easily treated.

The analytical model proposed in previous subsection is used
for simulating creep behaviour of masonry by reference to experi-
mental results proposed by Brooks (1990).

Calcium silicate bricks and Portland cement-lime mortar were
subject to a sustained stress of 3 Mpa for 300 days. Mechanical
characteristics of masonry constituents are: brick Young modulus
Eb(t0) = 17,100 MPa; mortar Young modulus Em(t0) = 7700 MPa,
geometric characteristic are a = 65 mm height of brick and
eh = 12 mm mortar joint thickness. In the paper of Brooks (1990)
the compressive strength of masonry obtained from experimental
tests is not reported. Basing on Eurocode N6 and NTC 08 it is pos-
sible to propose an estimation. The mortar may be assumed as M5
and the strength of brick may be obtained from its elastic modulus.
It is possible suppose the compressive strength of masonry is at
least twice of applied stress. Hence the experimental tests per-
formed are quite far from damage phenomena.

In Fig. 4 experimental results of Brooks are reported and
compared with the here proposed monodimensional model (see
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Eq. (18)) by using as viscosity function Ross (Eq. (9)), Feng
(Eq. (10)) and USBR model (Eq. (11)). The creep parameters used
for these models are the ones reported in (Choi et al., 2007) for
set S7 obtained from test results. It may be noted that analytical re-
sult of Feng are in agreement with experimental ones. The results
of Ross and USBR on the contrary show a more consistent relaxa-
tion in particular in the first time steps. A justification in the differ-
ences, as already explained, may be found in the sensitivity of
different creep model to several parameters: humidity, coefficient
of retardation time.

4.1.2. Minor eccentricity: a hyperstatic case
The case of a masonry column subject to compression and

transversal loads is considered.
In this case the used constitutive function is only the vertical

bulk modulus, that takes into account only the bed joint, hence
the function does not depends on the texture of masonry cross
section.

The analysed column is clamped at the base and simply sup-
ported at the top, boundary conditions that can be considered rep-
resentative of several types of historical columns in which chains
are present (for example cloister columns).

In the following Fig. 5, the strain of a column clamped at the
base and simply supported at the top is investigated in the case
of an axial load P = 0.2PE, where PE is the Euler critical load. How-
ever, it is a well-known fact that, due to geometric and mechanic
imperfections, the representative deformation of the actual struc-
ture response may reach a maximum value for load at a point con-
siderably inferior to the critical load. The elastic modulus used to
determine the strain in this representative column is the homoge-
nized modulus obtained in Eq. (18) in the case of viscous mortar
and elastic block.

The mechanical characteristics of the material are therefore:
Em(t0) = 1000 MPa; mm = mb = 0.2; and Eb = 100 Em(t0). Thus, the lin-

ear-viscous function of mortar is assumed as: KmðtÞ ¼ 1
Emðt0Þ

h
þFu ln t�t0

su
þ 1

h ii�1
. The geometric dimensions of column are:

height: l = 3 m, and cross section: s 	 s = 510 mm 	 510 mm.
Fig. 5. Amplification factor in the time of b
It must be noted that the amplification factor of beam deforma-
tion over time due to mortar viscosity for a newly constructed col-
umn increases of about 3–6% at time t = 6000 days. The trend of
uelastic maximum elastic displacement of the beam versus uviscous

maximum is showed in Fig. 5. The uviscous + uelastic displacement of
a beam tends to be constant after this time.

4.1.3. Major eccentricity: the no-tension column
A second stability analysis based on a no-tension hypothesis

was performed (Como, 2010; Olivito, 2003; Shalin, 1971; Yokel,
1971). A masonry column of height l, cross section s 	 s = 380 mm
	 380 mm and inertia I = s4/12, clamped at the base and subjected
to load P and eccentricity e was considered. The same mechanical
characteristics as the previous case were considered. In the de-
formed configuration, under the no tension hypothesis, two areas
of the material may be defined: cracked and un-cracked (Fig. 6c).

The following a-dimensional parameters are introduced:

p ¼ 3v
s
� 1

2
; m ¼ 6e

s
; al ¼

ffiffiffiffiffiffiffi
Pl2

EI

s

where p is the maximum displacement at the column base, v is the
transversal displacement in a material infinitely resistant to com-
pression, and I is the inertia of the cross section.

In the entire resistant area the well-known displacement equa-
tion below is used:

u00 þ Pu
EI
¼ 0 ð22Þ

while in the cracked area:

u00 þ P
EI

s3

54ðs2� uÞ2
¼ 0 ð23Þ

Boundary conditions are: u(l) = e; u0|0 = 0.
For 1 6m 6 3, considering large eccentricity (1/6 6 e/s 6 1/2),

equation (23) with boundary conditions yields:
eam deformation: eccentric load case.



a
b

c
Fig. 6. Large eccentricity. (a) Critical load at different eccentricities; (b) decrease of critical load for m = 1 over s time. (c) No-tension masonry column.
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al ¼ 1
2
½ð1� pÞð3�mÞð1þ 2p�mÞ�

1
2

h

þð1� pÞ
3
2 ln

2�mþ pþ ½ð3�mÞð1þ 2p�mÞ�
1
2

1� p

#
ð24Þ

For 0 6m 6 1 a case of small eccentricity is considered (0 6 e/
s 6 1/6). In Fig. 6a, the values of al versus p are reported for differ-
ent values of parameter m. In Fig. 6b, at fixed m = 1, the change
over time of al versus p is reported at different ages at loading.

In this case, for m = 1, (Fig. 6b) the load acts at the edge of the
central core of inertia, e = s/6; it must be noted that the time-
dependent behaviour of the column reduces the al defined in
equation (24) decreases from about 0.7 to 0.5, therefore the critical
value of the axial load decreases of about 25%.

4.2. 2D homogenization: a masonry panel

Following the procedure of Cecchi and Sab (2002), a two-
dimensional case, the homogenized moduli for an elastic brick
and joint are obtained in Y, and not in Yb; the effective joint thick-
ness is taken into account in the mathematical procedure below.

In fact, the bounds on AH may be defined as follows:

E 	 ðaHEÞ 6 E 	 ðAHEÞ 6 minfE 	 ð~AHEÞ;E 	 ðAREÞg ð25Þ

where aH is the homogenized 2D elasticity tensor obtained with
plane stress in the blocks and 2D restriction of K at the plane strain
interface in the mortar.

~AH is the homogenized plane strain elasticity tensor (= plane
strain in both blocks and mortar).
AR is the homogenized in-plane tensor:

ðARÞ�1 ¼ ðAb� Þ�1 þ ðAFÞ�1 ð26Þ

where Ab⁄ is the plane stress elasticity tensor of blocks and AF is the
homogenized membrane tensor for rigid blocks connected by elas-
tic interfaces.

The following equations are obtained:

AR
1111 ¼

AB
1111K 0h þ B eh

aþeh

� 	
4K 0v

eh

aþeh þ bþev

aþeh K 00h
ev

aþeh

� 	
4 eh2

ðaþehÞ2
ev

bþev Bþ AB
1111

eh

aþeh Cþ K 0hD

AR
2222 ¼ K 0h

4K 0v
eh

aþeh þ bþev

aþeh K 00h
ev

aþeh

� 	
AB

1111 þ B eh

aþeh
ev

bþev

4 eh2

ðaþehÞ2
ev

bþev Bþ AB
1111

eh

aþeh Cþ K 0hD

AR
1122 ¼ K 0h

4K 0v
eh

aþeh þ bþev

aþeh K 00h
ev

aþeh

� 	
AB

1122

4 eh2

ðaþehÞ2
ev

bþev Bþ AB
1111

eh

aþeh Cþ K 0hD
ð27Þ

AR
1212 ¼

A1212K 00h K 0h
ev

bþev þ 4 aþeh

bþev K 00h
eh

bþev

� 	
AB

1212
eh

aþeh Fþ 4K 00hG

where:

B ¼ ðAB
1111Þ

2 � ðAB
1122Þ

2

C ¼ 4K 0v
eh

aþ eh
þ bþ ev

aþ eh
K 00h

ev

aþ eh
þ 4K 0h

a
aþ eh

ev

bþ ev
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D ¼
 

4K 0v
eh

aþ eh
þ bþ ev

aþ eh
K 00h

ev

aþ eh

!

F ¼ K 0h
ev

bþ ev þ 4
aþ eh

bþ ev K 00h
eh

bþ ev þ 4
ðaþ ehÞ2

ðbþ evÞ2
K 00h

ev

bþ ev

G ¼ K 0h
ev

bþ ev þ 4
aþ eh

bþ ev K 00h
eh

bþ ev

K 0h ¼ Em
h ð1þum

h ðtÞÞ=ð1þ mm
h Þð1� 2mm

h Þ; and K 0v ¼ Em
v ð1þum

v ðtÞÞ=
ð1þ mm

v Þð1� 2mm
v Þ; K 00h ¼ Em

h ð1þum
h ðtÞÞ=2ð1þ mm

h Þ and K 00v ¼
Em

v ð1þum
v ðtÞÞ=2ð1þ mm

v Þ. In this way viscoelastic behaviour of ma-
sonry may differently depend on horizontal and vertical joint.

The differences between Eq. (27) and those obtained by the first
author in a previous paper (Cecchi and Sab, 2002) lie in the ratios
ev/b and eh/a, which are substituted, respectively, by ev/(b + ev) and
eh/(a + eh).

In the rigid case, elastic homogenized moduli with a mortar
joint of finite thickness becomes:

AF
1111 ¼

4K 0v
eh

aþeh þ bþev

aþeh K 00h
ev

aþeh

4 ev

bþev
eh

aþeh

AF
2222 ¼

K 0h
eh

aþeh

ð28Þ

AF
1122 ¼ 0

AF
1212 ¼ K 00h

K 00v
eh

bþev þ bþev

aþeh K 0h
ev

bþev

eh

aþeh ðK 0h ev

bþev þ 4aþeh

bþev K 00h
eh

bþev þ 4ðaþehÞ2

ðbþev Þ2
K 00v

ev

bþevÞ
Fig. 7. Trend in homogenized moduli AR
1111, AR

2222 and AR
121
Thus, the linear homogenization theory produces a simple
equation that consents the texture sensitivity to be taken into ac-
count. In particular, Eq. (27), in the case of an elastic block, and
(28), in the case of a rigid block, shows the different contributions
of bed and head joints.

According to the previously described one-dimensional case, a
numerical experimentation was performed to verify the trend in
viscous function in the mortar, with reference to homogenized
functions for different Em/Eb, i.e. Young’s modulus of mortar and
of block, ratios (Fig. 7).

Also in this case, when blocks are considered as rigid bodies, the
homogenized function coincides with the viscous function of the
mortar, normalized with respect to the size of the elementary cell.
Interestingly, the homogenized viscous functions are very sensitive
to Em/Eb ratio. In particular, in the homogeneous case where
Em = Eb, homogenized functions are weakly time-dependent.

In the bidimensional case, it is also very interesting to evaluate,
over time, the ratio between the two AR

1111 and AR
2222 bulk moduli

versus the AR
1212 shear modulus (Fig. 8).

It must be noted that only when the block is a rigid body does
this ratio remain constant over time. In contrast, for different Eb/Em

ratios, the AR
1111 and AR

2222 bulk moduli decrease more quickly
than the AR

1212 shear modulus. It should be noted that this phe-
nomenon, i.e. viscosity, changes the ratio between the elastic mod-
uli in principal directions over time.
4.2.1. Compressed masonry panel
The case of a masonry panel of dimensions L = 1560 mm

(length) and H = 1040 mm (height) is considered. The panel is com-
posed by UNI bricks (250 mm 	 55 mm 	 120 mm) and bed and
head mortar joints of 10 mm. The panel is simply supported at
the base – the central node of the base is hinged so as to prevent
2, normalized versus their value at t0 time, versus time.



Fig. 8. AR
1111/AR

1212 and AR
2222/AR

1212 versus time.

A A

Fig. 9. Masonry panel: load condition 1 (BC1) and load condition 2 (BC2).

Fig. 10. Panel section A-A: (a) trend in r22 stress in Combination 1 at t = 0 (BC 1 t = 0) and t = 6000 (BC 1 t = 6000), and in Combination 2 at t = 0 (BC 2 t = 0) and t = 6000 (BC 2
t = 6000). (b) FEM.
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Fig. 12. Panel section A-A: trend in r12 stress in Combination 1 at t = 0 (BC 1 t = 0)
and t = 6000 (BC 1 t = 6000), and in Combination 2 at t = 0 (BC 2 t = 0) and t = 6000
(BC 2 t = 6000).

Fig. 13. Panel section A-A: trend in e12 strain in Combination 1 at t = 0 (BC 1 t = 0)
and t = 6000 (BC 1 t = 6000), and in Combination 2 at t = 0 (BC 2 t = 0) and t = 6000
(BC 2 t = 6000).
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rigid motion – and subjected to three loads: a q1 vertical distrib-
uted load at the top for x2 = H, a q2 horizontal distributed load at
two lateral edges for x1 = 0 and x1 = L and a concentrated force F3

at the top for x1 = L/2 and x2 = H (Fig. 9). It is noteworthy that under
these load conditions, the principal stresses are both due to com-
pression, hence the no-tension behaviour of masonry may be
discounted.

The mechanical characteristics of the material in question are:
Em(t0) = 1000 MPa; and mm = mb = 0.2; Eb = 100 Em(t0); and the lin-
ear-viscous function of mortar is assumed as:

KmðtÞ ¼ 1
Emðt0Þ

þ Fu ln
t � t0

su
þ 1

� �� ��1

:

A homogenized 2D FE model is proposed, using the moduli re-
ported in Eq. (30); the model was applied, respectively, for
t = t0 = 28 days and t = 6000 days.

Two load combinations are considered:

� Combination 1: panel subjected to distributed loads q1 and q2;
� Combination 2: panel subjected to distributed loads q1, q2 and

concentrated force F3 (Fig. 9).

For Combination 1, an analytical solution exists.
As expected, r22 stress in Combination 1 is constant and values

for t = 0 days and t = 6000 days coincide. For Combination 2, on the
other hand, r22 stress distribution is almost coincident at t = 0 days
and t = 6000 days. In Fig. 10a, the results of panel homogenization
are reported for the two load combinations, with reference to the
horizontal section A-A (see Fig. 9). In Fig. 10b colour maps of r22

stress are reported for t = 0 days and t = 6000 days.
Fig. 11 shows the e22 strain distribution for same model under

the same load combinations. As expected, relaxation over time is
evident, both for boundary condition 1 and boundary condition 2.

The same considerations may be extrapolated to the evaluation
of shear stresses r12 and strains e12 (Figs. 12 and 13).

4.2.2. Comparison between masonry-like and multilayer materials
The different response provided by multilayer model and

homogenization theory in the linear viscous-elastic case can be
highlighted by the example at hand. The multilayer model can be
characterized through the well known Reuss and Voight bounds.
The Reuss solution, according to Eq. (18) provides the following
homogenized constitutive tensor:

Ahom ¼
Eb

1�mb2
Em

1�mm2 ð1þumðtÞÞðaþ ehÞ
Eb

1�mb2 eh þ Em

1�mm2 ð1þumðtÞÞa
ð29Þ
Fig. 11. Panel section A-A: trend in e22 strain in Combination 1 at t = 0 (BC 1 t = 0)
and t = 6000 (BC 1 t = 6000), and in Combination 2 at t = 0 (BC 2 t = 0) and t = 6000
(BC 2 t = 6000).
while the Voight bound results:

Ahom ¼ Eb

1� mb2 aþ Em

1� mm2 ð1þumðtÞÞeh

 !
1

ðaþ ehÞ ð30Þ

The two models highlight the very different behaviour of multi-
layer materials respect to different directions.

Multilayer homogenised constitutive relation appears quite dif-
ferent if compared with masonry homogenised solution, equation
(27).

As well known in literature, a limit in multilayer model is con-
nected to evaluation of A1122 and A2211 coefficients that depend on
the Voight or Reuss assumptions. In fact, if in their evaluation, the
two bounds are considered A1122 – A2211 that is the elastic consti-
tutive tensor lose its symmetry. Same considerations may be car-
ried out for A1212 coefficient.

For the two load combinations considered, Fig. 9:

� Combination 1: panel subjected to distributed loads q1 and q2;
� Combination 2: panel subjected to distributed loads q1, q2 and

concentrated force F3.

as expected, r22 stress and e22 strain in Combination 1 and
Combination 2 are almost coincident for multilayer material and
masonry with reference to the horizontal section A-A (Fig. 10) –
in this direction multilayer constitutive function is referred to Re-
uss solution.

While consistent differences, greater than 30%, may be found in
e11 strain distribution both in Combination 1 and Combination 2,
Fig. 14, with reference to the horizontal section A-A. In this direc-
tion multilayer constitutive function is referred to Voight solution.
Moreover it can be noted that the multilayer solution for
t = 6000 days are almost coincident with masonry solution for



Fig. 15. Panel section A-A: trend in e12 strain – both multilayer material and
masonry like material – in Combination 2 at t = 0 (BC 2 t = 0) and t = 6000 (BC 2
t = 6000).

Fig. 14. Panel section A-A: trend in e11 strain – both multilayer material and masonry like material – in Combination 1 at t = 0 (BC 1 t = 0) and t = 6000 (BC 1 t = 6000), and in
Combination 2 at t = 0 (BC 2 t = 0) and t = 6000 (BC 2 t = 6000).
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t = 0 days. Finally the strain e11 presents a different diffusion along
the x1 axis.

Analogous considerations may be extended to the e12 strain dis-
tribution. In this case only Combination 2, Reuss bound, is reported
in Fig. 15.

It must be noted that the obtained solution for t = t0 corre-
sponds to the elastic case. Obviously, a different elastic solution,
displays in a viscoelastic material a different evolution trend.

It can be concluded that for the 2D problems only in presence of
uniform compression the results provided by a multilayer material
satisfactory approximate the results obtained by a rigorous appli-
cation of the homogenization theory for a masonry like material.
5. Conclusions

In this paper, a linear viscous model based on rigorous homog-
enization procedures is proposed for masonry. The proposed model
allows to obtain in analytical form constitutive functions for ma-
sonry like material. The obvious limit of this approach, is that rig-
orous homogenization theory may be applied to linear viscoelastic
solids with may not represent experimental behaviour of masonry
and in particular may not take into account limited tensile strength
and damage phenomena for high compression loads. The 1D prob-
lem was analysed taking into account not only the viscous behav-
iour of mortar, but also the no-tension assumption. For 2D
problem, on the other hand, the viscoelastic tensor was derived
in general and analytical forms, and stress relaxation was evalu-
ated in a compressed panel of two sides.
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