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ABSTRACT 

A diameter critical graph has the property that  the addition of any edge decreases 
the diameter. All such graphs are determined for a given vertex connectivity and the 
edge number is given. 

1. DIAMETER CRITICAL GRAPHS 

We shall investigate some properties o f  graphs with respect to their 
diameters. The graphs in question are connected with single edges and 
no loops. (The graph terminology used is that  o f  Ore [1].) Let G denote 
such a graph;  its vertex set is V, the number  o f  vertices and edges res- 
pectively: 

v v = - n =  IV],  v ~ - - ] G [ .  

The distance d = d(a, b) between the vertices a and b is the number  o f  
edges in any shortest graph arc (geodesic) connecting them. The diameter 
o f  G is 

d o --  max d(a, b), a, b e V 

and a diametral arc is any geodesic D(a, b) of  length d o . 
I f  one adds a new edge E to G connecting two vertices in V the diameter 

cannot  increase but it may  decrease. We say t h a t G  is diameter critical (d.c.) 
when the addition of  any edge decreases the diameter. Every graph is 
contained in some d.c. graph~with the same vertex set and diameter. 
In  a complete graph (simplex) Sn - S ( n )  on n vertices, d o = 1 and it 
may be considered to be a d.c. graph. A d.c. graph with d o = 2  has the 
form G = S~ - -  E, which means that  G is the sum of two simplexes S,,~_1 
with a c o m m o n  intersection S,_z .  One of  our  main problems is to deter- 
mine all d.c. graphs. 
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2. DETERMINATION OF THE DIAMETER CRITICAL GRAPHS 

Let 

D(a0,  aa) = (ao, a 0 ( a l ,  a~) ."  (aa-1, aa), d = d o (2.1) 

be a diametral arc in G. Denote  by Ai the set of  vertices in G having 
distance i f rom a0; hence as e As in (2.1). This defines a disjoint decom- 
position 

V = a o + A1 4- "" 4- Aa (2.2) 
with 

n = ~o 4- ~1 q- "'" + ~a, ~i = ! Ai I, ~o l. (2.3) 

The section graph 
Gi = G(AO (2.4) 

is the i-distance graph with respect to a 0 . G consists of  these graphs 
together with the edges 

E~ - -  ( V i _ l  , v i )  , u i _  1 e Ai__ l  , V i ~ A i (2.5) 

connect ing two consecutive graphs G~. Each v~ e A i is the end-point  of  
at least one edge (2.5). 

Suppose f rom now on that G is a d.c. graph. The addit ion o f  an edge F 
connecting two vertices in the same G~ cannot  diminish the distance 
between a 0 and aa so (2.1) remains a diametral  arc. This shows: In a d.c. 
graph all distance graphs (2.4) are simplexes 

G(Ai) = S(oti) = S(Ai).  

Our next observation is: 

One has for  a diametral arc (2.1) in a d.c. graph 

A0 = ao,  Aa = aa ,  % = ~d = 1. (2.7) 

PROOF: We need only examine A a .  I f  this set should contain two 
different vertices aa and a~,  the edge (aa, a'a) is in G(Aa). We adjoin to G 
the new edge (a'd, aa-2). This does not  reduce the distance f rom a 0 to aa 
for a diametral  arc mus t  pass f rom a 0 to Aa-2,  and if it should continue 
in the new edge the last section would consist o f  the two edges 

(aa_~, a'a), (a'~, aa). 

Next  we add to G a new edge E~ connecting A~_l and As. Again there 
can be no reduction o f  the diametral arc (2.1), so in d.c. graph each vertex 
in Ai_i is connected by an edge to each vertex in Ag. This shows that 
each set 

B i = A i 4- A s + l ,  i = O, 1 ..... d - -  1, (2.8) 
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defines a simplex in G 

S(Bi) = S(fi0, I Bi ] =/3~ = ~i + ~ .  (2.9) 

A graph 

G = ZS(BI),  V = z~Bi, i = O, 1 .... d --  1 (2.10) 

which is the sum of  simplexes we call a simplex chain when 

B, n B~. = ~,  (2.11) 

when i and j are not  consecutive, while we now define Ai through 

Bi-1 n Bi = Ai =7/= 4. (2.12) 

Such a chain is tight when each vertex in Bi belongs to either Bi_~ or Bi+l �9 
We then have the disjoint decomposi t ion (2.8) for B~ provided we put  for 
the end sets 

Ao = Bo -- Bo n B 1, Aa = Ba-1 -- Ba-1 n Ba_2. (2.13) 

We can now state the result: 

THEOREM 2.1. A graph G with diameter d is critical i f  and only i f  it 
is a tight simplex chain (2.10) in which the end sets (2.13) are single vertices 

ao and aa �9 

PROOF: We have verified that  a d.c. graph has these properties. In a 
simplex chain all diametral arcs must  connect  the vertices a o and aa. 
Then any added edge must  connect  non-consecutive sets Ai and Aj and 
the diameter is reduced. 

Theorem 2.1 holds also for  infinite graphs with finite diameters. 

3. THE NUMBER OF EDGES 

From the form of  a d.c. graph as determined by Theorem 2.1 we see 
that  the number  of  its edges is 

d-1 
~'e = ~ (~ i"  (~i+1 27 1 :~i+1 " (~i+a - -  1)). (3.1) 

i=0 

In  the special case o f  a d.c. graph G~(ao, a2) having diameter d = 2 
one finds f rom (2.3) 

~ o = ~ 2 =  1, ~ 1 = n - - 2  
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and the number  o f  edges is 

~ = ~(. + 1)O - 2). (3.2) 

For  a graph Ga (ao, aa) with diameter d -= 3 

ao = eta = 1, a l - t - a 2  = n - - 2  

and the number  o f  edges is found to  be by (3.1) 

Pe = I(~ ~- cg2)(Cgl + og2 -~ 1) = l(n - -  1)(. - -  2). (3.3) 

For  larger values o f  d the number  o f  edges in a d.c. graph depends upon  
the choice o f  the a~. For  a given d >~ 4 we shall determine the d.c. graphs 
with a maximal number  of  edges (max. d.c, graphs). 

Suppose ai_~ ~> 2 and ai are consecutive numbers  in (2.3). We replace 
them by 

so that (2.3) remains valid. The terms in (3.1) involving a~_~ and c~i are 

oLi_2 " o~i_1 -~  1o~i_1(o~i_1 - -  1) + o~_~ ' ogi + lo~i(o~i - -  1) q- a~. o~i+1 

and these are changed into 

1 0 ~  0r162 1 - -  l )  @ g (  i - 1  - -  1) (OLi-1  - -  2 )  -~- (Ogi_ 1 - -  1)(0~i - ~  l )  

+ �89 + 1)~, + (~, + 1)~i+i. 

When the first expression is subtracted f rom the second the difference is 

A = o~iq_l - -  cgi_ 2 �9 

Thus if  0~i+ 1 > (~i-2 the change yields a d.c. graph with the same diameter 
and a larger number  o f  edges. Hence if G is a max. d.c. graph it follows that  
c~i_l = 1 when ~i+1 > ~i-2. I f  a i _ 2  = 1 one must  have either a~+l ~ 1 
o r  o~i_ 1 = 1 .  

The numbers a i  in (2.3) fall into sequences o f  two kinds: sequences 
with o~ = 1 separated by sequences with a > 1. The observation just  
made show that  the latter sequences can consist only o f  one or two terms. 
Suppose that 

O~i--1 = (~i+1 = 1, a i  > I. (3.4) 



D I A M E T E R S  I N  G R A P H S  79 

A c c o r d i n g  to (3.1) the number  o f  edges in G in the section f rom ai-1 to  
ai+l is then 

�89 + 3). 

Suppose  there is ano ther  section (3.4) 

c ~ _  1 = old+ 1 = 1,  ~ j  > 1. 

The to ta l  number  o f  edges in the two sections is then 

�89 + 3) + l~(~j + 3). 

I f  ~ and  ~. are rep laced  by  ~ - -  1 and  ~j + 1 it is readi ly  seen tha t  the 
n u m b e r  o f  edges in G is increased p rov ided  ~ >~ o~. W e  conclude that  
in a max.  d.c. g raph  there can be at  mos t  one section (3.4). 

Next  take  a sect ion 

O~i_ 2 = O~i+ 1 = 1, ~i-x > 1, o~ > 1. (3.5) 
I t  contains  

�89 + ~i)(~,_~ + ~ + 1) 

edges between a~_2 and a~+l. By a s imilar  a rgument  as above  one sees 
that ,  if  there is a second section (3.5), the  number  o f  edges can be increased.  
Thus in a max.  d.c. g raph  there is a t  mos t  one sect ion (3.5). Final ly ,  i f  
there is one sect ion of  type (3.4) and  ano ther  o f  type  (3.5), an increase 
in the number  o f  edges is possible.  

I t  fol lows tha t  in a max.  d.c. g raph  one has ~,: z 1 except for  a single 
or  for  a pa i r  of  consecutive indices. In  case there is a sect ion of  type (3.4) 
one sees f rom (2.3) tha t  o~ = n - -  d and  the number  o f  edges is 

v ,  = d -  2 + �89 - -  d ) ( n  - -  d + 3). 

When  there is a pa i r  o~_ 1 and ~ as in (3.5) one finds the same expression.  
Af ter  rewri t ing it sl ightly we arrive at :  

THEOREM 3.1. In an arbitrary connected graph G with n vertices and 

diameter d the number o f  edges has the upper bound 

ve ~< d + � 8 9  (3.6) 

The b o u n d  is a t ta ined  only for  max.  d.c. graphs.  Leaving out  the 
simplest  case d = 2 these graphs  can be descr ibed as follows; To a g raph  
Ga(a0, az) of  d iamete r  d = 3 one a t taches  graph arcs at  a o and a3 having 
a total  length d - -  3. A special g raph  o f  this type is 

G2(ao, a2) = S~-a+~ - -  E, E = (a o , a2) 

with an  arc  of  length  d - -  2 a t t ached  at  a 0 . 
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4. MULTIPLY CONNECTED GRAPHS 

W e  say tha t  a g raph  is K-vertex connected when it cannot  be separa ted  
by fewer than  K vertices. Theo rem 2.1 yields immedia te ly :  

THEOREM 4.1. A K-vertex connected graph o f  diameter d is diameter 
critical i f  and only i f  it has the f o r m  given in Theorem 2.1 with 

~i ~ K, i = 1, 2,..., d - -  1. 

When  d ~ 2 we have 

n - -  2 = ch >~ K 

and the number  o f  edges is given by (3.2) as before.  F o r  d = 3 the condi-  
t ions become 

and  the number  of  edges is given in (3.3), 
We  assume d ) 4  and de te rmine  all d.c. K-connected graphs  with 

maximal  number  of  edges. W e  not ice  first tha t  in such a graph 

( X  1 - - -  o~a_ 1 = K, 0r 0 = aa = 1. (4.2) 

I t  suffices to show og 1 = K; this fol lows f rom the fact  tha t  if  ~1 > K one 
can replace ~1 and ~2 by a l  - -  1 and  a2 + 1 to  ob ta in  a new graph  with 
more  edges. By an a rgument  s imilar  to tha t  used in Section 3 one proves:  

THEOREM 4.2. A K-vertex connected diameter critical graph with d ~ 4 
and a maximal  number o f  edges has the Jbllowing characteristic properties: 

1. The conditions (4.2) are fulfilled. 

2. For all other values one has ~ = K except  fo r  a single ai ~ K or a 
consecutive pair with ~i-1 ~ K, ~i >/ K. 

In ei ther o f  the two cases one finds tha t  the number  of  edges is the same 
and has the expression given be low in (4.3). This leads us to the general iza-  
t ion of  Theorem 3.1. 

THEOREM 4.3. Let  G be an arbitrary K-vertex connected graph. Then 
Jor the number o f  edges one has the upper bound for  d <~ 4 

Ve = �89 K(3K - -  1) - -  5K 2 § 3K § �89 - -  2 - -  ( d -  2)K)(n - -  3 - -  ( d -  6)K). 

(4.3) 
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F o r  ~c ---- 1 one  finds the  express ion  (3.6). F o r  a g r a p h  w i t h o u t  s epa ra t i ng  

ver t ices  x = 2 so in this  case  t he  b o u n d  b e c o m e s  

5d - -  14 + �89 + 2 - -  2d)(n + 9 - -  2d). 
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