Available online at www.sciencedirect.com

5 e ; DISCRETE
»” ScienceDirect MATHEMATICS

Discrete Mathematics 308 (2008) 3782—-3804

www.elsevier.com/locate/disc

Path transferability of graphs

Ryuzo Torii
Department of Mathematics, School of Education, Waseda University, Nishi-Waseda 1-6-1, Shin’juku-ku, Tokyo 169-8050, Japan

Received 9 May 2007; received in revised form 30 June 2007; accepted 13 July 2007
Available online 30 August 2007

Abstract

Path transferability of a graph is a notion that arises from the movement of a path along the graph, the behavior of the path seems
as a train on a railroad. In this paper, we introduce two graph notions, transferability and reversibility, and study their properties.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction

The graphs discussed here are finite, simple and connected. We follow [3] for all basic notation and terminology.
A path consists of distinct vertices vg, v1, .. ., v, and edges vovy, vV{V2, ..., Vy—1V,. When the direction of the path
P needs to be emphasized, it is denoted (P )(we distinguish between (vovy ... v,—1v,) and (v,v,—1 ... v1vg)). If there
is no danger of confusion, we use the same notation P instead of (P). We denote the reverse path of P by P~!. The
number of edges in a path P is called its length and is denoted by || P||. A path of length » is called an n-path. The
set of all directed n-paths in a graph G is denoted by P, (G). The last (resp. first) vertex of a path P in its direction
is called the head (resp. tail ) of P and is denoted by A (P)(resp. t (P)); for P = (vov1 ... v,—1V,), We set h(P) = v,
and t (P) = vg. The set of all inner vertices of P, (i.e., the vertices that are neither the head nor the tail) is denoted by
Inn(P) (Fig. 1).

This paper focuses on the movement of a path along a graph: let P be an n-path. We assume that #(P) has a
neighboring vertex v which does not belong to Inn(P). Then we have a new n-path P’ by deleting the vertex 7 (P)
from P and adding v to P as its new head, (it seems that P takes one step and reaches the next position P’). We say

that P can transfer (or move) to P’ by a step and denote it by P S p (or briefly P — P’, or sometimes P — v). If

there is a sequence Py il P 2. Py, we shortly denote it by Py 133 P,,. If there is a sequence of paths

P — ... — Q for two paths P and Q, then we say that P can transfer (or move) to Q, and denote it by P-->Q. The
following is basic and important.

Proposition 1. Let P, Q be distinct n-paths in G. If P--*Q, then Q~'-->P~1,

In this paper, we regard a path as a “train” that moves along a graph. The main question we study is whether a path
can transfer to everywhere on the graph by several steps.
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Fig. 1.

Definition 1. A graph G is called n-path-transferable or n-transferable if P, (G) # ¢ and if any two n-paths in G
can transfer from one to another by finite number of steps, that is, P--*Q holds for any pair of directed n-paths
P, Q € P,(G).

Definition 2. An n-path P in a graph is called reversible if P can transfer to P~', and a graph G is called n-path-
reversible or n-reversible if P,(G) # ) and if any directed n-path in G is reversible.

Remark 1. We define any graph to be O-transferable and O-reversible.

Remark 2. In a graph with minimum degree at least two, except cycle graphs, 1- or 2-paths can transfer from one
to another. Conversely, we need at least two cycles to reverse a 1- or 2-path. Hence, the following statements are
equivalent:

(1) A graph G is k-transferable (k =1, 2).
(2) A graph G is k-reversible (k=1, 2).
(3) G is a graph with minimum degree >2 which has at least two cycles.

Remark 3. Let P = (vgv; ... v,) be an n-path with n > 1. If P is reversible, then P can take at least one step, that

is, there is a vertex v and a path Q that satisfies P = Q. Furthermore, if P is reversible, then we have the following
sequence of n-paths:

P-—( .. ... ..... Un)
Un—1
T UnUn—1)
Un—-2
—> (... VpUp—1Vp—2)
Uy
—0>(v,, ...... vivg) = P !

The longer a path is, the more difficult it is to move. The next theorem gives us an assurance for this fact. The proof
will be shown later.

Theorem 2. If a graph G is n-reversible, then G is (n — 1)-reversible.

The maximum number n for which G is n-reversible is called the reversibility of G and is denoted by 7(G). By
definition, if G is n-transferable, then G is n-reversible. However, we will show that there is no difference between
them.

Main theorem. Let n be a non-negative integer, G a finite simple connected graph. The graph G is n-transferable if
and only if G is n-reversible.

The maximum number n for which G is n-transferable is called the transferability of G. By the main theorem, we
use the same notation t(G) for transferability and reversibility. The transferability of complete graphs can be obtained
from this theorem.
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Fig. 2. A process of p-->P~lin K.

Theorem 3. Let K, be an n-vertex complete graph. Forn =1, 2,3, t1(K,) =0, and forn >4, 1(K,) =n — 2.

Proof. It is easy to see that the assertion holds for n =1, 2, 3. We assume that n >4. Let vy, va, ..., v, be the vertices
of K, and P = (v,—1v,—2 ... v2v1) an (n — 2)-path in the graph. It is sufficient to show that P--+>P~1. We have the

following sequence:

Up Un—1 v3
P— — - = (Vv,v—1Vp—2 ... V403)
v U2
— = (Up—1Up—2 ... 040301 V2)
Vp Un—1 V4
— — - —=> (V[ V2V Vy—1Vp—2 . . . V4)
vy v2 U3
— = > (Vp—1Up—2 ... 04V V2V3)

Up Un—1
— = (Vv ... V30,0, 1)

1 v Un—3 Up-2
— S0 =0 S (U V2 ..V _3V,—2)

Un—1 -1
= (VI3 ... V2V —1) = P,

so the assertion holds (Fig. 2). O

Recently, the author found that the following papers are in some sense related to the study of this paper. However,
we do not use the notions and results of these papers.

In [1], Broersma and Hoede introduce “path graph”, which is a generalization of line graph. A digraph version of
path graph is studied in [2]. By using their notation, we can redefine that G is n-transferable if and only if the digraph
9 = (7", &) is non-empty, strongly connected, here ¥ ={P|P € P,(G)}and & ={(P, Q)|P — Q; P, Q € P,(G)}.

On the other hand, in [4,5], Robertson et al. proposed the following for an approach to “linkless embedding conjecture”
suggested by Sachs; let G be a graph, H, H' subgraphs of G, each is a hexad or a pentad (here hexad implies a subdivision
of K33, pentad a subdivision of Ks). If G is 4-connected, then there is a sequence H = Hy, ..., H, = H’ such that
each is a hexad or a pentad and that each differs only a “little” from the preceding one.

We study properties of n-reversible graphs in this paper, and almost all of this paper is devoted to the proof of the
main theorem.
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2. Proof of Theorem 2

Lemma 4. Let G be an n-reversible graph, and P an n-path in G. Then P can arrive at any vertex in G, that is, for any
vertex v there is an n-path Q such that P-->Q, h(Q) = v.

Proof. Let P = (vpv; ... v,) be an n-path in G. Since P is reversible, there is a sequence of n-paths

P-—( .. ......... Un)

Un—1
| GO UnUn—1)

Upn—2
(vonnn. VpUp—1Vp—2)

V0 1

—>(vp ... vivg) = P

Thus P can arrive at all vertices vg, vq, ..., v, of V(P) itself. Let U be the set of all vertices at which P can arrive. The

set U is not empty.

We assume that U # V(G), and let w be one of the vertices in V(G) — U. Since G is connected, there is a path
between U and w. We denote it by L = wwy ... w;—jw;, and choose the length of L as short as possible. By the choice
of L, only wy is the vertex of L that belongs to U, i.e., w, wi, ..., w;—1 ¢ U, w; € U.

When P arrive at wy, let the n-path be Q. We can move the path Q toward w;_; by a step; otherwise the reason that
Q cannot move to w;_1 is that w;_; is one of the inner vertices of Q, however, P must have arrived at w;_; before
arriving at the position of Q, and this contradicts the definition of U. Therefore, Q can move to w;_; and then P can
arrive at wy_1, this contradicts w;—1 ¢ U. Thus U = V(G) as desired. [J

Lemma 5. Let G be an n-reversible graph and P an (n — 1)-path in G. If P is contained in some n-path, then P is
reversible.

Proof. Let Q = (vgv; ... v,) be an n-path which includes an (n — 1)-path P = (v; ... v,) as a subpath. The other case
t(P) =1t(Q) is similar, so we omit it. Since Q is reversible, there is a sequence of n-paths;

wi Wk Up

0= —>=>00=(.covvrii... Up)
O = VpUn—1)
Bl On=(p...... vivg) = QL.

w Wk
) S S vn) € Qo
Up—1
| G VyUn—1) € 01
v —_ —
S (V... wu)=P ' co .

Thus P is reversible. [

Proof of Theorem 2. Let G be an n-reversible graph and P = (vjvy ... v,) an (n — 1)-path in G. We will show that
P is contained in some n-path, and then P is reversible by Lemma 5. By Lemma 4, there is an n-path that arrives at vy,
and we denote itby Q1 =(......... wuy).

Case 1: We assume that w is not in V (P).

In this case, the n-path P+ = (wvjv, ...v,) has P as its subpath.
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Case 2: We assume that w = v;.

In this case, the path Q1 has the form Q1 =(...... vav1). Since Qg is reversible, there is a path O, such that
Ql__')ﬂ)iz)QQZ( ......... V1v2).

Vk
- Q0r={(..... VIV ... V).

If kK = n, then P C Qy as desired. We thus assume that k < n. The reason that Oy cannot take a step to vy is that
Vk+1 18 an inner vertex of Q. Hence, Oy has the form

Qk=( ...... uzulvk+1w1...wlvlvz...vk).

Here, we consider the following n-path instead of Qy,

Uk
—>(...v1v2...vk)

Vk41 .
— ( P VX Vo RN kak-H) = Qk+1.

The last n-path Q4 contains more edges of P than Q. Repeating the argument above, we finally find an n-path that
fully contains P.

Case 3: We assume that w is a vertex of V(P) — v,.

In this case, we can find an n-path that fully contains P in the same way as in Case 2, and P is reversible. [J

3. Proof of main theorem

Let G be an n-reversible graph and P, Q two n-paths in G that satisfies P — Q. We set 1 (P) = u and h(Q) = v.
As long as we treat n-reversible graphs, Q-->P also holds. We regard these steps as a back step of Q, and denote it by

(0] <p (or briefly Q < P). We notice that the notations P — Q and Q < P are not the same in meaning. In fact,
these two imply P 5 Qand Q < P, respectively.
Let R=(xvq...v,), S=(yvy...vy,) betwo n-paths in G. In Proposition 6, we will show that R-->S. Such a move

¥
will be called a tail flip of R, and will be denoted R > S (or briefly R > S). Head flip is similarly introduced and is
denoted by <.

Proposition 6. Let G be an n-reversible graph and P = (xvy ...v,), Q =(yv; ... v,) two n-paths in G. Then P--*>Q.

Proof. Let P and Q be as above. Since P is reversible, there is a vertex z ¢ {vy, v2, ..., v,} (it may be x or y) to which
P can transfer by a step. Then P 22 0, and therefore P-->Q. U

Let P = (voviva ... V—2V,—1V,) and Q = (v,v1v2 ... v,—2V,—100) be two n-paths in a graph G. To prove the main
theorem, we will show that P-->Q if G is n-reversible. We call this the cross flip of P and denote it by P o« Q. To
prove this, we will prepare several lemmas and propositions.
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Fig. 4.

Lemma 7. Let G be an n-reversible graph and P = {(vgviv3 ... V,_2V,—1Vy), Q= (0,102 ... V,—2V,_1V0) two n-paths
in G. We assume that there is a path L such that t (L) = v;, V(L) N V(P) = v; for some i, 1 <i<n — 1. We further
assume that there is another path J such that t (J) = vg, h(J) = v,, V(J) N (V(P) UInn(L)) = {vo, v, }. If ||IL|| =i or
ILI|=n —i, then P-->Q (Fig. 3).

Proof. Let k = ||L|. We assume that k >i (the other case k>n — i is similar). Let L = vjuy...u;...u; and J =
vow] . .. w;v,. Then we have the following sequence of n-paths:
w; Wi—1 wyp VYo v Vi—l—1
P— — - > —> = = (VjVig] ...V VpW] ... WIVQV] ... Vi—[_])

ui u;
<o <—(Uj .. UV Vif] ... Vyp—]1Vp)

v
<(Uj ... ULV V4] ... Vp—1V0)

wi w; vy VP v Up—1 Vg
e e e O

and therefore P--+Q. O

Lemma 8. Let G be an n-reversible graph and P, Q as in Lemma 7. We assume that there is a path L such that t (L) =v;,
h(L) =v;, V(L) N V(P) = {v;, v} for some i, j, 0<i < j<n.We further assume that there is another path J such
that t(J) = vo, h(J) = v,, V(J) N (V(P) UInn(L)) = {vo, v, }. If |L|| > j — i, then P-->Q (Fig. 4).

Proof. Letk = ||L||. We assume thatk > j —i.Let L =vjuy...ux—1vj, and J = vowy ... w;v,. Then

wy wy Vg V] v Uy Up—1 Vj Vj+l Vn—1 Vg
w] wyp vy V] Vi Vitl vj Un—1 Vo
R e e e S = N

and therefore P--+Q. [

Theorem 9. Let G be an n-reversible graph and P, Q as in Lemma 7. If vov,, € E(G), then P-->Q.
Proof. Weset V=V (P), W =V(G) — V(P). Then we have W # (J; otherwise P has only one orbit P el WY
vy Vp .
P — — ..., and therefore, cannot be reversible.
We first show that any vertex in W is connected to vg by a path whose vertices except vy are in W: let u be a vertex
in W. Since G is connected, there is a path between u and V. Extending this path as long as possible in W, we set the
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path L = vjuquy ... ug. If k>, then the assertion holds by Lemma 7, so we assume that k < i. We consider an n-path
Ry = (Vi—g ... 020103V —1 ... ViU U ... UL).

Since R is reversible and L cannot be extended in W, the head vertex uy is adjacent to one of the vertices v; _k, Vi —g+1,
.o+, Vj—1, vg . If uy is adjacent to one of v;_j41, ..., vi_2, vi_1, then the assertion holds by Lemma 8, so we assume
that uy is adjacent to vg. Since u is an arbitrary vertex in W and it lies on L, we conclude that any vertex in W is
connected to v by a path.

Let L =vowjwy...w; and Wo ={wy, ..., w;} € W. We choose the length of L as long as possible. It is easy to see
that P-->Q if I>n — 1, so we assume that 1 </ <n — 1.

Case 1:1>2. We consider an n-path

Ry = (vjvj41 ... vp—1vowy ... wy).
If w; is adjacent to one of vy, vo, ..., vj_1, v, then the assertion holds by Lemma 7, so we assume that w; is adjacent
to none of vy, vy, ..., v;. Since R is reversible and L is a longest path, w; is adjacent to v,,. We set
R3 = (Vj41V142 - . - Up—1Vp VW] . .. Wy).
The vertex wy is adjacent to vy since wy is adjacent to none of vy, vy, ..., v;. We further consider the next step of the
following n-path:
Ry = (Up—1Vp—2 ... V41 W VRVOW] - .. W]—1).
If w;_1 is adjacent to one of vy, vo, ..., v;—1, Vy—1, then the assertion holds by Lemma 7. And if w;_ is adjacent to v,
then the assertion holds by Lemma 8. We thus assume that w;_; is adjacent to some vertex in W — W, say w. We set
Rs = (vy—2 ... V1wV voWy .. L W W).

If w is adjacent to one of vy, vo, ..., v}, Vy—2, Un—1, then the assertion holds by Lemma 7. Otherwise, w is adjacent to
some vertex in W — Wy since Rj is reversible, however, this contradicts the maximality of the length of L.

Case 2: 1 = 1. All vertices in W are adjacent to vy because any vertex in W is connected to vp by a path without
crossing V. Let W ={wy, ..., w,}. We notice that the vertices in W are pairwise non-adjacent. We will define n-paths
S1. 52, ... inductively.

S] = (v2v3 e vnvowl),
Si = (V2 V241 ... VpVOVT ... V2j2W1).

If w is adjacent to vy;_1, then the assertion holds by Lemma 7 or 8. We thus assume that w is not adjacent to vy;_1
and that wq is adjacent to vo;. And then we set the next path

Sit1 = (V2i42V2i43 - - - Up VU] - . . V2 W] ).

While we set the paths Si, S>, ..., we also obtain that wivy, wivs, ... € E(G). The sequence must end by wjv,;
otherwise, if it ends by wjv,_1, then the assertion holds by Lemma 7. Particularly » is even. We deduce a similar fact
for the other vertices of W:

W;vo, WjV2, ..., WjVy—2, W;Vy € E(G),
wjvlawjv35"-7wjvn*3’wjvn*] ¢E(G)’
foreachj, 1< j<m.Let Ur = {vg, v2, ..., vp—2, vy}, Us ={v1, v3, ..., v,-3, v,—1}. Each vertex in U is adjacent to

each vertex in W, and there are no edges between U, and W. To decide the relation between U; and U;, we set
Pri—1 = (vov1 ... V2t —2W1V2 ... Vy—1Vp),
0211 := (VU1 ... V2 2WVY ... Vy_1 V),

and

Vor—1 = {vo, v1, ..., v U{wi} U vy, ..o, Up—t, v,
Wor—1 = {var—1} U{wa, ..., wyl,
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for each ¢, 1 <t <n/2. Only (2t — 1)th vertices of P»;_1 and Q»;_ differ from the vertices of P and Q, respectively.
For these paths, we can find that

Vo v V2r—2 Wy V¢ Un—1 Uy
P—>—... 5" >>S5... > =S Py,
Up V1 V2 V2141 V242 Un—1 Up
Oy 1—>—>-—> > > - > =0,

thus Py;_1-=-*Q2;—1 implies P--*>Q. We apply the same method to the vertex vy;_1, and deduce that vo,_; is adjacent
to the vertices in V,_1 alternatively, that is,

V21 —1V0, U2r—1V2, . - ., V21— 1Vp—2, V21—1V; € E(G),
V24— 1V1, V2 —1V3, -« ., V2 —1Un—3, V2—1Vpn—1 & E(G).

The index ¢ varies for 1<r<n/2. We therefore deduce that the vertices in U; and the vertices in U, are mutually
adjacent and that the vertices in U, are pairwise non-adjacent.

We assume that there is an edge in U; other than vgv,. Then we can find an n-path whose head and tail are in W
and which passes through all vertices of Uj. However, this path cannot take even one step, and this fact contradicts
the reversibility of G. We therefore deduce that U; has only one edge vov,, and then G is a complete bipartite graph
Ky j241,n/2+4+m With an additional edge vov,, whose partition sets are Uy and U, U W (see Fig. 5). If n >4, this graph
cannot be reversible: in fact, no matter how P takes any steps, the order of vy, v2, v4 cannot be changed, so P is not
reversible. If n = 2, it is easy to see that the graph is 2-transferable. As a consequence, we complete the proof. [l

Let P = (voviv2...v,), O = (vivgv2 ... v,;) be two n-paths in an n-reversible graph. In Proposition 10, we will
show that P-->Q. Such a move will be called the 4-zail flip of P, and will be denoted P> Q. A-head flip is similarly
introduced and is denoted by <.

Proposition 10. Let G be an n-reversible graph and P, Q as above. Then P--*Q.

vo
Proof. If v, is adjacent to some vertex z ¢ V (P), then P RGN Q. We thus assume that v, is adjacent to none of
the vertices out of V (P). Since P and Q are reversible, v, is adjacent to vy and v;. We can find that

j s (vivy ... vRV0)
-=>(vovz...vyv1) (by Theorem 9)
L (wivgva... ) = 0,
and therefore P--+Q. O

Lemma 11. Let G be an n-reversible graph and P, Q and L as in Lemma 7. If vov,—2, vpvn—2 € E(G) and | L| 21,
orifvova, vyv2 € E(G) and |L|| >n — i, then P-->Q (Fig. 6).
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Fig. 6.

Proof. Let k = ||L||. We assume that vov,—7, v,v,—2 € E(G) and k>i (the other case is similar). We set L =
viup...u; ...ug. Then we have the following sequence of n-paths:

P<(vovy ... Up—3Vp—20pVp—1)

vy v Vi—1

— = > {ViVig] - V3V 2UpUp—10QV] - .. Vj—2V; 1)
uyp up uj

— <o <—(Uj .. . UDUTVjVjf] - . . Up—3Vp—2VpUpn_1)

v
<< <Uj ... UQULV; V4] - .. Vp—3Vp—2V0VUp—1)
Vp V1 V2 Vi—1 Vi Un—2 Vo Un—1
S>30 S — — (Vy V102 ... Uy —3Uy 200U, —1)
qQ7

and therefore P-->Q. [
We can also deduce the following as in Lemma 8. The proof is similar.

Lemma 12. Let G be an n-reversible graphand P, Q and Las in Lemma 8. If | L|| > j—i, and if vov,—2, vyvp—2 € E(G)
or vova, vV € E(G), then P--*Q.

LetAP = (vpv1v2 ... v,) be a path in a graph and P = (wy ... wivgviva ... v,) a longest path with h(P) = h(f’),
P C P. Then the subpath w; ... wjvg is called a rut of P, and the length [ is denoted by r(P).

Theorem 13. Let G be an n-reversible graph and P, Q as in Lemma 7. If r(P) 22 or r(Q) > 2, then P-->Q.

Proof. Let V, W be as in the proof of Theorem 9. The case vov, € E(G) is already treated in Theorem 9, so we
assume that vov, ¢ E(G). Without loss of generality, we may assume that r(P) >r(Q), r(P)>2. We setl =r(P) and
denote one of the ruts of Pby L =wy ... wivg. Let Wo ={wy, wa, ..., w;} € W. By the choice of L, w; is not adjacent
to any vertices in W — Wy. If [ >n — 1, then it is easy to see that P-->Q, we thus assume that / <n — 1. We further
assume that the cross flip of a path is allowed if a rut of the path has length > /.

Here, we consider the two cases whether w;v, € E(G) or not.

Case 1: wjv, € E(G). In this case, we further consider several cases for the neighbors of v, and v,,_».

Case 1.1: We assume that vy has a neighbor, say w, in W — Wj. We set

R = (Vv vp—1Up—2 ... V3V2W),
R} = (V1VoUp—1Vp—2 . .. V3VIW).

If w has a neighbor in W, or if w is adjacent to v, then the assertion holds by Lemma 7. Hence we assume that w has
no neighbors in W, and then w must be adjacent to vy and v, since R and Ri are reversible. We set

Ry = (vi42 ... vy 1vawoowy ... wy).

If w; is adjacent to one of vy, vo, ..., vj_1, v, then the assertion holds by Lemma 7, so we assume that w; is adjacent
to none of vy, vo, ..., v;. Since R; is reversible and L is a longest path, w; is adjacent to v;4+1 or v;42. We first assume
that w;v;4+1 € E(G). Then we can consider the following n-path:

R3 = (Vy—2Up—3 ... V41 WV, WVQW] ... Wi_1).
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If w;— is adjacent to one of vy, va, ..., v;, Uy—2, Uy—1, then the assertion holds by Lemmas 7 or 8, we thus assume
that w;_; is adjacent to some vertex in W — Wy, say w’. We set

/
Ry = (vy—3 ... vir1wivpwopwy ... wi—jw').

If w’ is adjacent to one of vy, va, ..., v;, V3, Un—2, Uy—1, then the assertion holds by Lemma 7 or 8. Otherwise, w’

is adjacent to another vertex in W — W since Ry is reversible, however, this contradicts the maximality of the length
of L.

The assertion also holds for the other case w;v;4+> € E(G) in a similar way.
As a consequence, we deduce that vy has no neighbors in W — Wy. We similarly deduce that v,,_» has no neighbors
in W —W.
Case 1.2: We assume that [ >3 and v, is adjacent to one of the vertices in Wy — {w1, w;}. Let w;, 1 <i <[, be such
a vertex. Then
wp Wi wiyg
P— > < (Wit1wijv2 ... 0y—2VUn_1Vp)

V0 wq
< —=>(W;V2...V_2V,_1VW1)
V] U

> <« Q.

Therefore vy, as well as v,_3, is adjacent to none of the vertices in Wy — {w1, wy}.
Case 1.3: We assume that v; is adjacent both to w; and to w;. Then

wy wi wy
P— > < (wawiva...0p_2V,—1Vy)

V0 v
< —>(W[V2...Vy—2Vy—1VQV])

Wi wy V1 oy,

> < > <« 0.

We thus conclude that vy, as well as v,_», is not adjacent both to w; and to wj.
Case 1.4: We assume that v, is adjacent neither to w nor to w;. We first consider the following n-paths:

S1 = (VoV1 VRV —1Vp—2 . .. V3V2),

/
S1 = (VWV1VV—1Vp—2 . . . V3V2).

Since v; has no neighbors in W, v; is adjacent to vg and v,. If v, is adjacent to w; or wy, then the assertion holds by
Lemma 11, so we assume that v,_» is adjacent to none of the vertices in W. We next consider the following n-paths:

82 = (VpUp—1V0V102V3 . . . Vy—3Up—2),
/
$) = (VUp—1V4V1V2V3 . . . Up—3Vp—2).

Since v,—> has no neighbors in W, v,,_» is adjacent to v, and vg. Here, we set
S3 = (v1+1v1+2 U220V —100WY ... w;).

If wy is adjacent to one of vy, vo, ..., vj—1, vy, then the assertion holds by Lemma 11, so we assume that wy is adjacent

to none of vy, v, ..., v;. Since S3 is reversible and L is a longest path, w; is adjacent to v;41. We further consider the
following n-path:

S4={(Vp—2... V41 WV Vy—1VOW] ... Wi—1).

If w;_1 is adjacent to one of vy, va, ..., vi—1, V,—2, then the assertion holds by Lemma 11, and if w;_; is adjacent to
vy, then the assertion holds by Lemma 12. We thus assume that w;_ is adjacent to some vertex, say w, in W — Wj.
We set

S5 = (Un—3 ... V41 WV Vp—1V0QW] ... W—1W).

If w is adjacent to one of vy, va, ..., v;, Vy—3, U,—2, then the assertion holds by Lemma 11. Otherwise, w is adjacent
to some vertex in W — W), since S5 is reversible, however, this contradicts the maximality of the length of L. Therefore
vy, as well as v,_», is adjacent either to w; or to w;.
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Case 1.5: Finally, from what has been discussed above, we conclude that

(A1) vy is adjacent to precisely one vertex in W, which is either w or wy.
(B1) vy is not adjacent to any vertex in W, particularly viwy, viw; ¢ E(G).

The vertex v,_» is also adjacent either to w; or to w;. By symmetry, it is sufficient to consider the following two
cases:

Case 1.5.1: We assume that vow; € E(G),v,—ow; € E(G).Inthis case, we first show that P-->Q if vsw;—| € E(G);
if [ >5 and v3w;—; € E(G), then

wy
P <—(wivov1vv3 ... Vy—3Vp 2V, —1)

Wi vy, Vp—1 Vg
<— —> —>(V3...V;_3V,;_2W]V,yVy—1V0)

Wi=T w5 w3 w4
> < < < (W 4W_3W W[ _1V3 ... Vy_3Up_2W])

Un—1 vy wy wy
< = = = (W_1V3 ... V0,3V 2V,— VoW W2)

vy
> <L 0.
For the other cases, [ =4, 3, 2, we can find that

wy W4 vy Up—1 vg W3 wy wy vo Vn=1 wg wy wp V2 vy v,
P—<3 5 S>cCc— < 5= = ><«<0,

wy W3 v, vp—1 vy W2 wy vy vy Yn=1 v, vy W3 vy V0 vy v, Y2 wz wi UVl oy
P—<3 5 S 35> > <a» <0,

wyp W2 v, Vy—1 v W1 vy vy vy Un—1 v, vy W2 vy V0 vy v, Y2 wp WiVl oy,
Pe<3d S5 o< < S>> »><<><0,

respectively. Therefore, if v3w;—1 € E(G), then P--*>Q. We thus conclude that vzw;_1 ¢ E(G).

Here, we set P’ = (Viv2v3...0p—2Us—1Vpwy), Q = (Wiv2V3 ... Vp2Us—1VV1), V' = {v1, 02, ..., vp, wyi},
. wy wi—1 Yo wy Yl
W' =V(G) — V" and W} = {vo, w1, w2, ..., wi—1} S W'. We notice that P — P’, and that Q' < < — > < Q.

Hence, P’--+Q’ implies P--+Q, and the same assertion as (A1), (B1) holds for P’ and Q’. That is,

(A1)’ vs is adjacent to precisely one vertex in W', which is either vy or w;_;.
(B1)’ vy is not adjacent to any vertex in W', particularly vow; ¢ E(G).

Since vzw;—1 ¢ E(G), v3 is adjacent to vy.
We set P = (vgv3v4 ... Uy 2Up_ 10, 0102), O = (Vo304 ... Vy2vp_ 100 100), V/ =V ={vg, ..., 0.}, W =W.
. wy; wi—1 Y0 wy V1 vy P
We notice that P —> — > < < — P". If vqw; € E(G), then
powp Wy
P’ = > <(wowivg ... v;_20,_10,0102)

[ & 242 &1 =3)1E L1 =2]
3

v U3 wy V1 oy,
Wy Benn e,
wy—1 Vo Ul oy,
and therefore P--+Q. We thus assume that v4w; ¢ E(G). On the other hand, we have that Q" bl < Ll 0,
hence P"--+Q" implies P--+(Q. As a consequence, the same assertion as (A1), (B1) holds for P” and Q":

(A2) vy is adjacent to precisely one vertex in W, which is either w; or wy.
(B2) w3 is not adjacent to any vertex in W, particularly vzw; ¢ E(G).

Since vaw; ¢ E(G), v4 is adjacent to w;. We observe that P” is obtained from P by shifting the vertices of V other
than v by two steps (see Fig. 7). Iterating in this way, we obtain that:

(A) none of vy, v4, ..., vy—2, v, i1s adjacent to wy;
(B) none of vy, v3, ..., v,—3, vy—1 is adjacent to wy.
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w1 Vo U1 VU2 VU3

W, VUp  Up—1 Up—2 P

w; V- V) Vs

w; Vg U1 Un  Un—1 p"
Fig. 7.

w1 Vg Vi V2

wy Un, Un—1 Un—2 P

w1 Yo U1 V2 U3

Wi—1 W Up  Up—1 P’

Fig. 8.

Particularly, n is even and wq is adjacent to none of the vertices in V — vy. We consider an n-path
T = (Vi 42V143 - - - Up—2Vp—1VQVI Vg W] . . . W2 W] ).

The vertex wj is adjacent to some vertex in W — W since wj is not adjacent to any of va, ..., vj4+1, vi42, however,
this contradicts the maximality of L.

Case 1.5.2: We assume that vo,w; € E(G), v,_owi € E(G). In this case, we set P’ = (V10203 ... Uy_2Vn_1vw;),
O’ = (wjvav3...v,_2v,_1V,v1) as in Case 1.5.1. We can deduce that P-->Q if vgvs € E(G), thus assume that
vov3 ¢ E(G). Since P'-->Q’ implies P--+Q, the same assertion as (A1), (B1) holds for P’ and Q’. Here, let V', W’
be as in Case 1.5.1.

(A1)" vs is adjacent to precisely one vertex in W', which is either vy or w;_;.
(B1)’ v, is not adjacent to any vertex in W', particularly vow ¢ E(G) (Fig. 8).

Since v3vg ¢ E(G), vs is adjacent to w;_1. It is easy to see that P'-->Q’ if v,, is adjacent to some vertex in W — wy,
so we assume that v, is adjacent to none of the vertices in W — w;. Then P can only move to P’. We similarly deduce
that P’ can only move to w;_ because the same form appears for P’ and Q’. Iterating in this way, we conclude that P

. wi— n . . . IR
has only one orbit P Dp'pr i pX.. -, and this contradicts the reversibility of P.
Case 2: wjv, ¢ E(G). We consider the next step of the following n-path:

X1 = (Vp—jVUp—j—1 ... 020 VoW W7 . .. WY).

w; Vn vo

If wy is adjacent to v,_1, then P < > < Q, so we assume that w;v,_1 ¢ E(G). Since w;v, ¢ E(G) and L is a longest
path, wy is adjacent to one of the vertices v,—, Vy—i41, ..., Us—2. Let v; be such a vertex. Then we deduce that

w| wy Wp—j

P <o < (wp_j...w0VIV2 ... Vypf...Vj_1Vj)

w; Wi— W] —(n—j)+1

— = 0 =7 {VUIV2 LV WIW ] e W (n— j)+1)

Un vy vg wy wo Wp—j-2

> = < < (Wyj 2. W2WIVQU— [V VIV ... Vi1 V)

Vj+1 Vj+2 Vp—2 .
= = - > (VVp—1VV1V2 ... Vy—3VUy—2) =: Y.

Un—1

Let the last n-path be Y. If v,_2v9 € E(G), then Y 2 s <@, so we assume that v,_»vg ¢ E(G). Since Y and P
are reversible, each of v,_», v, is adjacent to vertices in W. If there are two different vertices x, x’ € W such that
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x" v,
Vp—2X, Upx’ € E(G), then Y5 > <
neighbor in W, say w.

On the other hand, we consider the next step of the following n-path:

il 0, and therefore P-->Q. We hence assume that v,,_» and v, have only one

!
X, = (Vg1 ... vp 2V VoW W2 . .. wy).

. . Wi v Vn . .
If wy; is adjacent to vy, then P > < > Q, so we assume that w;v; ¢ E(G). Since w;v, ¢ E(G) and L is a longest path,
wy is adjacent to one of vy, v3, ..., Vi1, V. Let vjs be such a vertex. We deduce that

w s
wp wp j
O—> = > (VjrVjrg1 . Ve U2 Up— [ VQWI W2 .. . W)

wy Wi Wi—j/+1
= (W e WS WYV - Up—2 U —1 V)
Un v; v 1 wjr_p
<= —> = > (VjUjrg . Up—2Vp— 1 Vg VI VW WY . . . Wjr_2)
Vi
JI=1 v2 . y/
<« - <—(VV3... V2V, _1VyVIVY) =: Y.

Letthe last n-pathbe Y'. If vovg € E(G),then Y’ L > P, and therefore P--> Q. We hence assume that vovg ¢ E(G).

Since (Y ’)_l is reversible, v, is adjacent to some vertex in W. If v, is adjacent to a vertex in W — w, say x”, then
7w V1
Vi< > P, and therefore P--+(Q. We thus assume that v; is adjacent to none of the vertices in W — w, and that

vyw € E(G). As a consequence, we deduce that v,, v,—> and v, have only one vertex w as their common neighbors
in W.

Let P'=(v1v203 . . . Up—2Un—10pw), Q' =(W0203 . .. Up—2Vn_1vpv1 ). We notice that P — P, and that Q’ Bl Y'--+Q.
Hence, P’--+Q’ implies P--+Q.

If w ¢ Wy, then P’ has a rut of length more than /, and by assumption, P’-->Q’. Hence, we assume that w € Wy. If
w = wy, then P-->Q by Lemma 7 (in fact, two paths v;w; ... w; and vowv, play the roles of L and J in the lemma),
and the case w = w; has already been treated in Case 1.5.1, so we assume that w = wy, 1 <k <[ (Fig. 9). We consider
the next step of the following n-path:

X2 = (VL2 WEV,Vy—1 - .. V3).

. . Yo n
If v3 is adjacent to vy, then P/p> il S WL Q, so we assume that v3v; ¢ E(G).
We first show that v3 is adjacent to none of the vertices in W — W; otherwise v3 is adjacent to some vertex in
W — Wy, say y, then we consider the following n-path:

X3 = (VWEVVn—1 - - - V3Y).

Since X3 is reversible, y is adjacent to one of the vertices v, vi, va, or to some vertex in W — wy, however, then we
can deduce that P--+Q or P’-->Q’ by Lemma 7 or 8. Therefore, v3 is adjacent to none of the vertices in W — W.

We next show that vzvg € E(G); otherwise, we assume that v3vg ¢ E(G). Since X is reversible, v3 is adjacent to
some vertex in W — wy, say z. On the other hand, we consider the following n-path:

Xg = (V—k—1-+ - Un—3Vp—2Wg Wkt ... WE).

If w; is adjacent to v, or v,_1, or if w; is adjacent to one of vy, vy, ..., vj—x—1 forl — k — 1>1, then P--*>Q or
P’--+Q’ by Lemma 7 or 8. We hence deduce that w; is adjacent to one of the vertices wy, wa, ..., wy—1, Vo since X4
is reversible. Then we can find a vertex z’ € {wy, ..., Wg—1, Wit1, ..., Wy, vo} which satisfies zz' € E(G) and

;) &g Wi
Y'> < < (Z'zv3vg...vp—1vwg)

vy Wk—1 Wi+l Y2y v
- < (or < )> <« <P,

and thus P-->Q. We hence conclude that vz3vg € E(G).
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Fig. 9.

Let P” and Q" be two n-paths as in Case 1.5.1. We can similarly deduce that P--+P”, Q”"--+(Q. By above consid-
eration, we observe that P” is obtained from P by shifting the vertices of V other than vy by two steps as in Case 1.5.1.
Continuing in this way, we can conclude that the assertion holds in this case.

As a consequence, we establish this theorem. [

Lemma 14. Let G be an n-reversible graph and P, Q as in Lemma 7. We assume that v; 4 1v;+3 € E(G) for some index
i,0<i<n — 4. If there are two vertices x, y ¢ V (P) with xvo, Xv,, yv;, yv; 1o € E(G), then P-=*Q.

Proof. We have the following sequence of n-paths:

X v;
P—=>—= — . =S (Vif2Vi43...U—2Vp—1UpXVQVIV2 ... Vi—1V;)

<

y i+2 Vit1 Vi3
= = = > (Vi46 .+ - Un—2Vp—1UpXVOVIV2 . . . Ui —1V; YV; 1o Vi+1Vi43)

Vit+4 Un—1
o > (VOUIV2 L Vim 1V YV 1o Vig 1 Vig3Vidd - - - Up—2Up—1)
X U
— —> —>(v3 < Vi1V YV Vi1 Vi 3Vi44 . .. vn_zvn_lvoxvn)
v;
— = - > (Vi1 Vi43Vi4d - . . Uy—2Vp—1V0X VU1 V2 . . . V})
Vit Vig2 Up—1 U
N L
Lemma 15. Let G be an n-reversible graph and P, Q as in Lemma 7. We assume that v; 4 1v;+4 € E(G) for some index
i,0<i<n — 5. If there are two vertices x, y ¢ V (P) with xvo, Xv,, yv;, yv; 13 € E(G), then P-->Q (Fig. 10).

Proof. The proof is similar to that of Lemma 14. [

Lemma 16. Let G be an n-reversible graph and P, Q as in Lemma 7. We assume that v;11v;+5, Vi+2Vi+6 € E(G) for
some index i, 0<i <n — 7. If there are two vertices x, y ¢ V (P) with xvg, Xvp, yv;, Yv;.3 € E(G), then P--*Q.

Proof. We can find that

X vy v v;
P—=>—= — . =S (Vi42Vi43...Vy—2Vp—1UpXVQVIV2 ... Vi—1V;)
Y Vi43 Vi44 Vi45 Vi1 Vi+2 Vi+6
—_ > > > > > —> (v,-+9 U2V —1Up X0V 02 ... vi_lviyvi+3vi+4vi+5vi+1vi+2vi+6)
Vi+7 Un—1
— o > (VOVIV2 - Vi 1V YV 3044V 45V 41 Vi42Vi46 - - - Up—2Un—1)
V) X Up
— = > (V3 ... Vi1V YV; 4 3Vi+4Vi+5Vi+1Vi42Vi46 - - - Up—2Un—1V0X Up)
L %) v

—> s > (Vi AV 5V 1V 42Vi 46 - - - Un—2Up—1V0XVp V102 - . . Vf)

Vit6 Up—1 Vo X Uy VU] V2 Vi Vi4l Un—1 Vg
S S S S s > — 0. U

Lemma 17. Let G be an n-reversible graph and P, Q as in Lemma 7. If there are three vertices x,y, z ¢ V(P) with
XV0, XVp, YV;, YV;13, 2Vi+1, 2Vi+4 € E(G) for some index i, 1 <i <n — 5, then P-->Q.
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Y Y Y

> > D

Vg U1

UnUn-1 P

Yo 2

Fig. 10. The configurations of Lemmas 14—18.

Proof. We have the following sequence:

X Vo V1 v
P> —= — - =5 (Vif2Vig3 ... Up_2Up_1UpXVQUIV2 ... Vi_1V;)
Y Vi3 Vi42 Vi+l 2
—_ —> —> —> —>(v,~+7 U2V —1Up X0V 02 ... vi_lvl-yvi+3vi+2vi+1z)
Vi+4 Un—1
= s > VIV - V1V YV 3V 2V 12V 44V 45 - - - Un—2Un—1)
V0 X Up
— = = (V4. .. Vi1V YV 30420 412V 44V 45 - . . Up—2Up—1V0X Vy)
V] Vi Vigl Vig2 Un—1 Vo
L i L N N

Lemma 18. Let G be an n-reversible graph and P, Q as in Lemma 7. If there are two vertices x,y ¢ V(P) with
XVQ, XVp, XVig1, YV;, YV 40 € E(G) for some index i, 1 <i <n — 3, then P-->(Q.

Proof. We can find that

X vy Vv Vi

P> — — - =5 (VifVig3 ... Up_2VUp—1UpXVQUIV2 . .. Vi_1V;)
y Vig2 Un—1 Uy /
= = 0 = = (VVIV2 .. Vi1V YV 9 V43 . V2 U1 V) = P

Let the last n-path be P’. To compare P’ with P, we observe that their (i + 1)th vertices are different. Let Q' be the
following n-path that has the same vertices as Q except the (i 4 1)th vertex:

I
O = (VpV1V2 ... Vi1V YV 1 2Vi43 - - - Up—2Un—10)-

n Vj— ]
We notice that (P’) >2 (in fact, ||vi41xvo|| = 2), therefore P'-->Q’ by Theorem 13. And then Q' > 2% % ... 5' %
Vi+1 Un—1 Vo

— — Q, thus P-->Q . O

Theorem 19. Let G be an n-reversible graph and P, Q as in Lemma 7. If r(P) =r(Q) = 1 and |V (G)| >n + 3, then
P--+0Q.

Proof. We set V = {vg,...,v,}, W=V (G) — V, W # (). The case vpv, € E(G) is already treated in Theorem 9,
so we assume that vov, ¢ E(G). Since vov, ¢ E(G) and P is reversible, v, is adjacent to some vertex in W. Let the
set of all vertices in W that are adjacent to v, be Wy = {wy, wa, ..., w,}. Here, we consider the following n-paths
Ri,..., Ry:

Ri = (viva ... v—2v—10,w;).

The vertex w; is adjacent to none of the vertices in W since »(P) = 1, and hence w; is adjacent to vy or v;. If w; is
. wi V0 Un . .
adjacent to vy, then P > < > (, we thus assume that w;vyg € E(G) for each i, 1 <i <m.

We will show that W = W,); otherwise we assume that W — W # . Since G is connected and there are no edges
between Wy and W — W, there is at least one edge between V and W — Wy. Let v;u; be suchanedge, here I < j<n—1,
u; € W — Wy. We consider an n-path

S=(vj_1Vj2...V1V0Vp—1Vp—2 ... Vj41Vjl]).
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Since u; ¢ W, u; is not adjacent to vj,. If u; is adjacent to v;_1, then the assertion holds by Lemma 8. We hence
assume that u is adjacent to some vertex in W — Wy, say u»>. We consider the following n-path:

/
S = (Vj2Vj_3...V1V0VUp—1Vp—2 ... Vj L1V U U2).

If u is adjacent to v;_» or v;_3, then the assertion holds by Lemma 8, so we assume that u5 is adjacent to some vertex

in W — Wy, say us. Iterating in this way, we obtain a sequence of vertices u1, us, ..., in W — Wy, however, when we
have got the jth vertex u ;, the assertion will hold by Lemma 7. We therefore deduce that W = Wj.
We set W = {wy, wa, ..., w,}. We notice that the vertices in W are pairwise non-adjacent, and that m >2 by

assumption. We consider an n-path
T = (V3V4 ... V2V, 1V, W2VOW] ).

Since T is reversible, w is adjacent to v, or v3. We first assume that wiv3 € E(G). Then we can define the next n-path
T' = (VV7 . .. Vp_2Un_1 VW2 VOV V2 V3 W1 ).

Since T is reversible, w; is adjacent to one of vy, vs, ve. If wivs € E(G), then the assertion holds by Lemma 8, so we
assume that wivs € E(G) or wivg € E(G). In this way, we can find that w1 is adjacent to the vertices of P at intervals
of two or three edges. Similarly, the vertices w;, 1 <i <m, are also adjacent to the vertices of P at intervals of two or
three edges (Fig. 11).

Case 1: We assume that no vertex in W has a 3-interval; suppose that w;vg, w;va, ..., Wiv,—2, wWiv, € E(G) for
each i, 1<i<m.
Let Uy = {vg, v2, ..., Un—2, Up}, Uo = {v1, v3, ..., vy,—3, v,—1}. Each vertex in U is adjacent to each vertex in W,

and there are no edges between U, and W. We set

Pyi—1 := (VU1 ... V2 —2W1V2s ... Vy—1Vp),
021 1= (VpV1 ... V2 —2W VY ... Vp—1V0),
and
Vor—1 i={vo, vi, ..., vr2y U{wi} U vy, o, vpet, Unls
Wo—1 == {var—1, wo, ..., wy}.

For these two paths, we deduce that

w2 Vo V] V2r—2 Wy v Un—1 Up
P—>—>—... 5 >>S5... 5> = Py,

wy vy V| V2 V2141 V2142 Un—1 Up
Oy 1—>—>—> > > S ... > =0,

thus Py;_1=-=>Q»;—1 implies P--*>Q. We apply the same method to vy;_1 as above, and deduce that vy, is adjacent
to the vertices of Py;_1 at intervals of two or three edges. If v;_1 has a 3-interval, then we deduce that Py;_1-=> Q21
by Lemma 18, so we assume that vy, has no 3-intervals:

V24100, V2 —1V2, -+ ., V21—1VUp—2, V21 —1Vy € E(G),
V21 V1, V2 —1V3, - ., V2 —1Up—3, V2r—1Vpn—1 & E(G).

The index ¢ varies for 1 <t <n/2, we therefore deduce that the vertices in U and the vertices in U, are mutually adjacent
and that the vertices in U, are pairwise non-adjacent. If there are two or more edges in Uy, then we can find an n-path
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Fig. 12.

whose head and tail are in W and which passes through all vertices of U;. However, this path cannot move, and this fact
contradicts the reversibility of G. We therefore deduce that Uy has at most one edge, and then G is either a complete
bipartite graph K, /241, /2+m With partition sets Uy and U, U W, or a graph K, /241 /2+m With an additional edge in
U:. However, we have already seen in the proof of Theorem 9 that these graphs are not n-reversible, a contradiction.

Case 2: We assume that some vertex in W has a 3-interval. Let the two vertices in P that make the interval be vy and
vk+3, and choose the index k as small as possible. Without loss of generality, we assume that wjvg, wivk4+3 € E(G).
Here, we consider the neighbors of w»; this vertex is adjacent to one of vg41, vr+2, vk+3 (Fig. 12).

Case 2.1: wavgy1 € E(G). In this case, w; is also adjacent to vg_» or vi—1. If wavg_> € E(G), this contradicts the
minimality of k. If wovi—1 € E(G), then the assertion holds by Lemma 18.

Case2.2: wrvi42 € E(G). The vertex wy is adjacent to vg—1 or vg. If wavg—1 € E(G), this contradicts the minimality
of k. We hence assume that wpvg € E(G). On the other hand, w; is also adjacent to vk14 or viys. If wovkta € E(G),
then the assertion holds by Lemma 18, we thus assume that wavi4+5 € E(G). We consider the following n-path:

A= (Uk+5 o Up—10, W10V ... vszvk+2vk+1).

If vg41 is adjacent to vg4+3 Or vkt4, then the assertion holds by Lemma 14 or 15. The case that vy 1 is adjacent to some
vertex in W is already treated in Case 2.1, therefore vi41 must be adjacent to vy4s5.
Here, we will show that k + 5 = n; otherwise, if kK + 5 < n, then we consider the following n-path:
B = (Vg 430k 44 Vk45Vk41Vk + - - VOWI Vg - -« Vgt 7VR46) -
If vit6 is adjacent to vk42 Or vi43, then the assertion holds by Lemma 16 or 15. Since B is reversible, vi4¢ must be
adjacent to some vertex in W — {wq, wz}, say ws. The vertex w3 is adjacent to vx43 or vi+4, and then the assertion
holds by Lemma 17 or 18. Therefore, we conclude that k + 5 = n.
By considering the following n-path, we can also deduce that vivk44 € E(G):
A" = (VkVk—1 . . . VIVQW2 Vg4 5W ] Vk43Vk+4).
Furthermore, if k > 0, then the assertion holds in the same way as above by considering the following n-path:

/
B" = (Vk42Vk+1Vk Vg +4Vk45 « - - Vp WLV . . . Vg—2Vk—1)-
We therefore deduce that k = 0. As a consequence, vertices and edges of G are obtained:
V(G) 2 {vo, v1, v2, v3, Vg, v5} U {wy, wa},
E(G) 2 {vovy, viv2, U203, V304, V405, Vo4, V1 V5, WIV0, WIV3, WV5, W20, W22, W2V5}.
w (Y v v v w v w: Uy V. v w V. v v w (Y w V: v v v V. U,
Andthen,wehavethatP—%—0>—1>—2>—3>—;—5>—§—0>—4>—3>—]>—5>—1>—2>—§—0>—;—5>—]>—2>—3>—4>—0>Q.
Case 2.3: wovr43 € E(G). We further assume that wovg € E(G) and that all vertices in W are also adjacent to v
and vy43 since the other cases are already treated.
We first assume that |W| >3, and consider the following n-path:
C = (Vk4+-5Vk+6 - - - Un—2Vp— 1V W3VQVI V2 . . . Vg—] Vg W2 V43 W1 ).
If w; is adjacent to viy4, then the assertion holds by Lemma 8, so wy is adjacent to vgys since C is reversible. By
considering the following n-path:

/
C' = (Vk47Vk48 - - - Up—2Un— 1 Vg W3IVQUI V2 . . . Vf— | Vg W Vk 43 Vk44Vk+5W ),
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we deduce that wivi4+7 € E(G) in a similar way. Continuing in this way, we obtain that
W1 V5, WIVk4T, - - -, W1Vp—2, W1V, € E(G).

A similar fact can be deduced for the other side of w; and for the other vertices of W, that is, each vertex in W is
adjacent to the vertices vg, V2, V4, . .., Vk—2, Uk, Vk+3, Uk+5, - - - » Un—2, Up. We notice that k is even and »n is odd.
Secondly, we assume that |W| = 2. We consider the following n-paths:

Dy = (W1 Vk43Vk42 - - - V2V1 Uy Up—1Vp—2 - - - Ukt 5Vk+4)s
/
D = (W1 Vk43Vk42 - - - V2VIVQUp—1Vp—2 « . - Ukt-5Vk44).

Since D and Di are reversible and vi44 is adjacent neither to w; nor to wy, the vertex vg14 is adjacent to vy and v,.
We consider the following n-paths:

Dy = (Uk4-5Vk46 - - - Un—2Vn— 1V Vg+4VQUIV2 . . . Vk—1 Vg W2 VE4+3W1 ),
/
D)y = (Vk4-5Vk46 - - - Un—2Vp— 1V Ug+4VQVIV2 - . . Vk—1 Vg W] Vk43W2).

Since D; and Dé are reversible, w and w; are adjacent to viys. We set
D3 = (W1 Vk45Vk+4 - - - V2V VpUp—1Vp—2 - - - Vk+7Vk+6)>
/
D3 = (W1 Vk45Vk4+4 . . . V2VIVOUp—1Vp—2 - . . Uk+7Vk+6)-

Since D3 and Dg are reversible and vy is adjacent neither to w; nor to w», the vertex vi¢ is adjacent to vg and v,,.
Successively, the following n-paths are defined:

Dy = (Vk47Vk48 - - - Un—2VUn—1Vn Vgt 6VOVI V2 « .« . Ug— 1 VW2 V43 V44 Vk+5W1 ),
/
Dy = (Uk47Vk+8 - - - Up—2Un—1Vp Vg 6VOVI V2 - . . Ug—1 Vg W] V43 Vg4 Vk+5W2).

Since these paths are reversible, w; and w; are adjacent to vi7. Continuing in this way, we can obtain the sequence

of edges w1 vkt5, WaVk+5, W1Vk4+7, W2Vk47, - - - , alternatively. We can deduce a similar fact for the other sides of w
and w,. As a consequence, we similarly deduce for the case |W| = 2 that each vertex in W is adjacent to the vertices
Vo, U2, V4, ...y Uk—2, Uk, V43, Vk4+5, -+, Un—2, Up.

Here, we set

Ui ={vo, v2, ..., Vk—2, Uk, Uk43, Vk+5, - - -, Un—2, Un},
Us ={v1, V3, ..., Uk—1, Vk1, k42, Vktds - - - Up—3, Up—1}.

Each vertex in U is adjacent to each vertex in W, and there are no edges between U, and W. We consider the n-paths
P1, Pz, ..., Pr—1, Prya, Pryo, ..., Po_1,and Q1, O3, ..., OQk—1, Ok+4, Qk+6s - - -, On—1 as in Theorem 9; only the
tth vertices of P; and Q; differ from the vertices of P and Q, respectively. We can deduce that P--*>P; and Q;,~-*Q
for each pair of two paths, so P,--*Q; implies P-->Q.

To apply the same method as in Theorem 9, we deduce that each vertex in U] is adjacent to each vertex in U, and that
U» has no edges other than vy vr42. If there is an edge in Uy, then we can find an n-path whose head and tail are in W
and which passes through all vertices of U;. However, this path cannot move, and this fact contradicts the reversibility
of G. We therefore deduce that Uy has no edges. And then G is a complete bipartite graph K, 11)/241,(n+1)/2+m With
an additional edge vk 1vi+2. However, this graph is not n-reversible for n > 5, and is 3-transferable forn =3. [

Theorem 20. Let G be an n-reversible graph and P, Q as in Lemma 7. If r(P) =r(Q) =1 and |V(G)| =n + 2, then
P--»Q.

Proof. Let the vertex not in V(P) be v,41. Then V(G) = {vo, vy, ..., Uy, vy+1}. For the sake of convenience, the
index of the vertices in V (G) can be extended to any integer; we regard two vertices v; and v; as the same vertex if i is
congruent to j modulo n + 2. The case vov, € E(G) is already treated in Theorem 9, so we assume that vov,, ¢ E(G).
Since P and Q are reversible, both vy and v, are adjacent to v,41. If viv,41 € E(G) or v,—1v,+1 € E(G), then
P-->Q, we thus assume that v v,41, Vn—1Vn+1 ¢ E(G).
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If there are no edges between v; and v;1, for any i, 1 <i<n + 1, then the path P cannot stray out of the orbit

Un n v, . . iy eqs .
R S p -, and this contradicts the reversibility of P. Hence, there is at least one edge between v;

and v; 4. Let v;v,47 be the edge that first appears in the sequence of the pairs, i.e., v,v;42 € E(G) and v;_jv;+1 ¢ E(G)
for 0<<i <t. We define a sequence of n-paths Ry, R, ..., R;, R4+ inductively as follows: We first set

R = (voviv,v—1vp—2 ... 0302).

We suppose that the ith n-path R; is already obtained, and denote it by the following:
R;i = (Vi1 V; —3Vi—4 .. . V1VQUp4+1Vy - . . Vi41).

For 1 <i <t, vj4+1 is adjacent to v;_» since v;_1v;+] ¢ E(G). And then the next n-path can be defined.
Riy1 = (Vivig1Vi—20; -3 ... V1VQUp41Vy - . . Vi42).

While the paths are defined, the edges vov,+1, V30, - . ., V;V;—3, Ur+1V;—> are also obtained one after another.
We will show that the index ¢ is even; otherwise the graph G has the edges vov, 41, V3V0, ..., Vs Ur—3, Us41V;—2,
vy V42, and we have the following sequence:

Ut
P = — = = (V4 2V43 ... Uy 1 UpUp [ VQUI VD . . . Uy —2Vr | V)

< < (U 1V V42V 43 - - - Up— [ U Upp VOV V2 . . . Vp—2)
Ur—2 Vr—1 Vr—4 Vi3 vl V2 Un+l Vo

€= = e (—(U()Un+]UQU] V4V3 ... V3Vt 4V Vp—2Vr 41Vt Vr 42V 43 . . . Unfzvnfl)
Vg Uptl Uy U] V3 U3 Vi1 vy Urtl Vn—1 v

we thus assume that 7 is even. We deduce a similar fact for the other side: let v, v,/4 5 be the edge that last appears in
the sequence of the pairs of v; and vj42, i.e., vyvy1p € E(G) and v;v;42 ¢ E(G) fort’ <i <n — 1. We can similarly
deduce P-->Q if n — 1’ is odd, so we deduce that n — ¢’ is even.

We have known that viv,, v2U,41, V3V, ..., VVr—3, Vi41V—2, VsVr42 € E(G) and that vyvpy4o, Vg V44,
Vg 2Up 455« - s Un—3Vn, Un—2Un+1, Un—1V0 € E(G).

We assume that # + 2 <#". Then we consider the following n-path:

S = (Ur 41V Vr42Vr 43 -+« Uy [V Uy 42V 1 | Vg 44V 43 « - VU1 V0 Up | V2V VA3 - . . U4V 5V 207 1).

The vertex v;_ is adjacent to v;_3 or v;41, however, this contradicts v;_1v;+1 ¢ E(G) for 0<i <¢. We thus deduce
that t <t' <t + 2.

Case 1: We assume ¢’ =¢. There is only one edge between v; and v; 12,0 <i <n+1, whichis the edge v, v,42=v, vy 1.
In this case, both n and 7 are even, and v, 1V;—2, V;Vr—3, « . ., V2Un415 V1 Vs VOUn—1s Unt1Un—2, « « - » Vy45V;42, Vi 44Vt 15
Vrvry2 € E(G). If vipqvr € E(G), we can define the following n-path:

X1 = (Ur—1Vr—2 - . . Vr46 V45V 42V Vr 44 V14 1),
however, this path cannot move since v, is adjacent neither to v,_; nor to v, 3, a contradiction. We therefore deduce
that v, +4v; ¢ E(G), and consider the following n-path:

X2 = (Vr42Vr45V146 - - - UnUn1V0V1V2 -« . Vp— 1V Vg 1 Vs ).

. V43 Vr42 Vr45 U Vi1 V) Uy 43
If virevr42 ¢ E(G), then the path X, cannot stray out of the orbit X» KA G b NN G i X a S , and

this contradicts the reversibility of X». We thus deduce that v,46v;+2 € E(G). Then we can define the following n-path:

X3 = (V12 ... Vry8Ur 47V 14V 15V 16V 12V Vs 1 1),

however, X3 cannot move since v;41 is adjacent neither to v;_ nor to v;13, a contradiction.
Case 2: We assume that ' = ¢ + 1. There are only two edges between v; and v;42, 0<i <n + 1, which are the

edges v;vr42 and viyqvr43. In this case, n is odd and 7 is even, and v;41v,—2, VsVr—3, ..., V2VUp+1, V1 Vy, VOVUn—1,
Vn g 10n—2, -+ -5 Ur46Vr43> Vi 5Vr42, UrVr2, U1 V43 € E(G). We set
Uy =A{vo, v2, ..., V—4, V-2, U} U {43, Vry5, V47, -+ o Un—2, Un ),

Ur={v1,v3, ..., 023, Vr—1, U1} U {42, Vrd, Vig6, - - - Un—3, Un—1, Unt1)-
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o Us

Fig. 13. The fundamental relation and the result of exchanging two vertices v;4.3 and v, 5.

We will show that each vertex in U is adjacent to each vertex in U, and that there are no edges between U; and U,.
If vi—1vi42 € E(G) or vr41v144 € E(G), then we can deduce that P--*(Q in the same way as above, so we assume
that v;—1v;42, Vr41Vr44 € E(G). Consequently, we have obtained the relations between two vertices v; and v; that
satisfy |i — j| = 2, 3, except v;v,+3. This is called fundamental relation (Fig. 13).
Here, let us view from another aspects by exchanging the two vertices v; 43 and v, 5. To compare with the fundamental
relation, we have three lacking relations: the pairs v 41 vs+5, Vs +3V;+7 and v;43v;4+g. By considering the following n-path:

Y1 = (V4401430146 V147 - - - V=1V Vr42V141)5

we deduce that v, 1v,45 € E(G) since v;41Vi4+4 ¢ E(G). If vi43v,47 € E(G), we can define the following n-path:

Yo = (Ur46Vr 1301470148 - - . UV 1 Vs 45Vs44),

however, Y, cannot move since v;y4 is adjacent neither to v,4» nor to v,1¢, a contradiction. We hence conclude that
Vr+3V:4+7 ¢ E(G). By considering the following n-path:

Y3 = (Ur4 7016V 49Vr 410 « - - VsV 1 Vs 42V 45V 4407 43),

we deduce that v;13v;48 € E(G) since vr3v:47 ¢ E(G).

As a consequence of the exchange, we have got the same form as before, however, which has a little advantage than
the fundamental relation; we have found that vy 1vs45, viy3vr48 € E(G) and v;43v,47 ¢ E(G). Symmetrically, we
can deduce a similar fact by exchanging two vertices v;, v;_».

Furthermore, by exchanging the two consecutive vertices v;42;41 and v, 47;+3 in Uy forindex i, 1 <i < (n — 1)/2,
we can also find four lacking relations: the pairs v;42;+1V42i+6, Vi4+2i—2V14+2i+35 Vr+2i4+1Vr+2i+5 and vy 42; 1 Vr42i43.
We set

Z1 = (Vs 42i +4V142i +5Vr+2i 42 V1 +2i +3Vr 42i Ve +2i — 1 + + + Vp+2i+7Vr+2i+6)-

Since v;42i14Vr42i+6 € E(G), vr+2i+6 1S adjacent to v;42;41. By considering the following n-path:

Zy = (VUr42i Vi 4+2i —1 Vt4+2i 42 V1 +2i +1 Ve +2i +4V1 4245 - + - Vp42i —3Vs42i -2 )
we similarly deduce that v;42; —2v;42i43 € E(G).
If v:40i +1Vr42i45 € E(G), we can define the following n-path:
Z3 = (Ut 42i 14V 42§ 4 1 V1 42i +5V142i 46 - + - V-2V | Vs U4 2Vr 1| Uy 4 4Ur 43
oo Up2i—3Vr42i — 4V 42 — 1 Vr42i —2Vp42i +3Vr42i+2)
however, Z3 cannot move since v;42;+7 is adjacent neither to v,42; nor to vy42;44, a contradiction. We hence deduce

that v;40i 41 Vr42i+5 ¢ E(G). We similarly deduce that v;10; —1vr42i+3 ¢ E(G). As a consequence, the lacking pairs are
supplied and the fundamental relation appears again.
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ULowg ey Vt44 '%ﬂs Vsy2 " Un—1Un41

Vt4+1Vt+42

Fig. 14.

As we have seen above, the fundamental relation is obtained again by the results of exchanging the consecutive
vertices of Uj. Step by step, exchanging the vertices of U; for all over its combination, we deduce that each vertex in
U is adjacent to each vertex in U, and that there are no edges in Uj.

If U has no edges other than v, v, 2, then the graph is a complete bipartite graph K, 11,2, (n+3)/2 With an edge
lying in the not smaller partition set. However, this one is not n-reversible for n >5, and is 3-transferable for n = 3.
Therefore, U, has at least one edge other than v, 1v;4+2. We consider the two cases whether such an edge is adjacent

{0 V41 Vr4p OF not.
We first assume that the edge in Uy is adjacent to v;1v,42. Without loss of generality, the edge has v, as its end,
and let v, vy, s >t + 4, be such an edge (Fig. 14). In this case, we can deduce P-->Q as follows:

Un+l Vo V] Vr Vi1
P — — — - = = (V301440145 . . . Un— 1 Up U 1VQV] -« . Us— 1 Vs Vs 1)

Ur+3 V42 Vr45 Vr4 Us—1 Us—2

(Us£1VUs542 + - - Up— 1UpUp - 1VOV] -+ - Vr— [V Uy [ Vr 43V 42 Ur 450Uz 44 - - . Us 4 Vs | Us—2)

Us+1 Us+2 Us+3 Uy Untl Vo V) Ut

(Ut 1V 43V 42V 45V 44+« - Ug—4Vs—1Vs—2Vs41Us42 -+ - Up—1VUp V£ 1VQV] - . . U —1V7)

Vs Ur41 Vr42 Ur+5 Vr44 Us—1 Vs—2

(Vs 1Us42 + - Up— 1V Up g 1VOU] « + - U [V Ug Uy 4 [ Ur 42V 5Ur 44« - - Us—4VUs | Us—2)

Us+1 Us+2 Un—2 Un—1 Vi3 Un+1 Uy

(V1V2 .+ V1V Vg U 1 V42V 4 5V 44 - - - Us—4Us— 1 Us—2Vs 41 Vs 42 -+ - Up—2Un—1Vs43Vn+1Vn)

Unp Un+1 Vo Un—1 Un—2 Us+1

(Vs 410542 + . . Up—2Un—1V0Vn 41V, V1V2 « - . V1V Vs Uy 1 Vg2 Vs 4 5V 44 -+ - - Us—4 Vs Usg—2)

Us—2 Us—1 Vi+5 V42
ceh 44— &

(Vt42Vr 45V 44+« Vg1 Vg2 Vs 1 1Us42 -+ - Up—2Up—1V0Vp+1Vp V102 .« . . Vp— 1V UgUs41)

Ur43 Vi1 Ut V2 V|

(V1V2 .+ V1V U 1 V43042V 5V 44 -+ - Vg — 1 Us—2Us 41 Vs 42 « -« Up—2Vp—1UQUp1Up)

Un Un+l Vo Un—1 Us+2 Us+1

(Us+1Vs42 + - Vp—2Un— 100U 41V V1V2 - . . Vy— 1 VgV 1 Vp 13042 Vs 4 5Vs 44 - - . Us—1Us—2)

Vs Us—1 Vi +4 Vi3

(Vr43Vr44 - Vg 1UsUsp 1 V542 « - - Up—2Vp— 1UQUp £ 1Up V1V2 . . Vp— 1V Up41)

Vr+2 Vi1 U] Up
— < << 0,
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Fig. 15.

hence, the assertion holds. In the other case when the edge in U, is not adjacent to v,41v,42, we can also deduce that
pP---Q. O

Proposition 21. Let G be an n-reversible graph and P = (voviv2 ... Vy—2VUp—1V,), Q = (V0102 ... Vy—2Vy—1V0) WO
n-paths in G. Then P-->Q, that is, P « Q.

Proof. The path P cannot be reversible if V(P) = V(G), we therefore assume that there is a vertex not in V (P). We
have already seen in Theorems 9, 13, 19 and 20 that P can transfer to Q by a cross flip, so that we can conclude that
pP--»>0. O

Proof of main theorem. The “only if” part is immediate from Definitions 1 and 2. We prove the “if”’ part by induction
on n. The cases n = 1, 2 are already shown in Remark 2, so we assume that n >3 and suppose that the assertion holds
forn — 1.

We assume that G is n-reversible. We notice that G is (n — 1)-reversible by Theorem 2, and is also (n — 1)-transferable
by induction.

Let P, P’ be any two n-paths in G, and Q, Q' the subpaths of P, P’ that have length n — 1 with h(P) = h(Q),
h(P"Y=h(Q’).Since G is (n — 1)-transferable, there is a sequence of (n — 1)-paths 0=Qg — Q1 — -+ —> Qu=0".
For this sequence, if P also has the same sequence, then P can transfer to P’ as synchronized with Q;. However, this
is not always possible (Fig. 15).

It happens when Q; moves to 7 (Q;) for some i, then P; can no longer keep step with Q; directly. Therefore, we will
search another route by taking a roundabout way instead of directly moving to ¢ (Q;).

Let P; = (uouiuy...u,) and Q; = (ujuy ...uy,). Since P; is reversible, there is a vertex w € V(G) — V(Q;)
to which P; can move by a step. On the other hand, since Pl./ = (uguu,u,_1 ...us) is reversible, there is a vertex
w’ € V(G) — V(Q;) to which Pl/ can move by a step. If w # w’, we have the following sequence:

P; il (uiun ... uzw)

w /
> (wuy...u,w)

u
<(wuy...upuy) =: Piyq.
Let the last n-path be P;11. The path P, contains Q;4+1 = (uz...u,u;) as a subpath, so can keep step with Q;. If
w=w,
w
Pi— (ujuy ... u,w)
o (wuy ... uyur) =: Piyq.

Let the last n-path be P;41. This path also contains Q;;. Anyway, we have a sequence P = Py-—*P;--*-.--—>P,
such that Q; C P;, h(P;) = h(Q;) for each i. We may last consider the case that P,, does not have the same tail as P’,
however, we can deduce P,,--»P’ by its tail flip.

As a consequence, any two n-paths in G can transfer from one to another. We establish this theorem. [
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Fig. 16.

4. Union of graphs

If G is a graph with induced subgraphs G, G» and S such that G = G| U G and S = G| N G3, we say that G arises
from G| and G by pasting these graphs together along S.

Theorem 22. [IfG is obtained from two n-transferable graphs G| and G, by pasting them together along their complete
subgraphs, then G is n-transferable.

Proof. Let P be an arbitrary n-path in G. It is sufficient to show that P is reversible. If P is fully contained in G| or
G», then P is reversible, we thus assume that P crosses the complete subgraph S where they intersect. Without loss of
generality, we assume that 2(P) is lying in G.

Replacing the subpaths of P buried under G, by edges of S, we obtain a new path Q (see Fig. 16). We notice that
the length of Q, say [, is less than n. By Lemma 5, the path Q is contained in some (I + 1)-path in G| and let Q™ be
one of such paths.

If 1(Q) = t(Q™), then P can take a step to h(Q™T). If h(Q) = h(Q™), then there is a vertex in V(G;) — V(Q) to
which Q% can move by a step, and then P can also take a step to the vertex. Anyway, continuing in this way, we will
have an n-path in G; to which P can transfer. The path is reversible since G is reversible, and by Proposition 1, P is
reversible. [
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