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Abstract

In this paper, we deal with a class of pseudopalia problems with intgral boundary conditions.
We will first establish an a priori estimate. Then, we prove the existence, uniqueness and continuous
dependence of the solution upon the data. Finally, some extensions of the problem are given.
0 2003 Published by Elsevier Inc.

1. Introduction

In this article, we are concerned with a second order pseudoparabolic equation with
integral conditions in a region with curved lateral boundaries, which arise from various
physical phenomena such as the dynamics of ground moisture. The precise statement of
the problem is as follows.

Let I',(t) (p =1,2), 0 <t < T1, be nonintersecting curves in tlg, t) plane. In
0 ={(&,1) e RZ TI'i(r) < & < (1), 0 < 1 < T1}, we consider the following initial-
boundary value problem for a pseudoparabolic equation:

a0 9

£0=— —
It 9k

90 92 90
(a(é, r)£> - ”atag (a(é, ”@) +bE, )0 =hE, 1), (1.1)
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€0 =6(&,0) = 6o(%), (1.2)
()
f £'0(&,1)de =M;(r) (i=0,1) (1.3)
I (1)

with the compatibility conditions
I>(0)

/ E0o()dE = M;(0) (i =0,1),
I1(0)

wherel,(t) (p=1,2), h, 6o, M; (i =0, 1), a, b are sufficiently smooth given functions.
Conditions (1.3) represent the moisture moments.

In this paper, we establish the existenuniqueness and continuous dependence upon
the data of problem (1.1)—(1.3). The proof is based on an energy inequality and on the
density of the range of the operator generated by the abstract formulation of the stated
problem. This problem has not been studied previously. Concerning problems with integral
condition(s) for other equations, we refer the reader to [1,3-12,19] and references cited
therein. We mention that more genera¢pdoparabolic equations with classical boundary
conditions can be found, for instance, in [2,13-18].

2. Preliminaries

Problem (1.1)-(1.3) can be converted to an equivalent problem, while the integral
conditions are homogeneous, by introducing a new unknown funetignr) which is
representing the deviation of the functié, t) from the function

U 1T) = Mo(z) 6(2M1(t) — (I2(7) + I'i(7))Mo(7))
T Do) = (o) (Io(z) — Mu(x)*

x (3(8 — I(0))? = 2(Ma(r) — Mi(D) (8 — (D).
Thus problem (1.1)—(1.3) becomes

2
Lv= v i(a(g, f)a—”) - n8—<a(§, r)a—v> +b(E, Dv="h(E 1), (2.1)

9t 9E dE ATIE A€
v =v(§,0) =vo(§), (2.2)
Ia(7)
/sfv@,r)ds:o (i=0.1) 2.3)
I'i(7)
with
(0

/ Elvo(E)de =0 (i=0,1).
I1(0)
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We now introduce new variablasands connected witl§ andz, by the relations
. (B—a)§ + (al2(r) — BI'(7))
I>(t) — I'(7) ’

Under this transformation, the regi@his reduced to the rectange = {(x, 1) e R% « <
x < B, 0<t < T}.Inthe new variables, problem (2.1)—(2.3) becomes

2
cu=2_ i(mx,t)g—”) - na—<p(x, r)a—”) FaGnu=frD,  (2.4)
X 0x

At ax dtdx

Lu =u(x,0)=ugx), (2.5)
I (1)

/ xu(x,ndx=0 (i=0,1) (2.6)
(1)

with

12(0)

/ xlug(x)dx=0 (i=0,1).
I1(0)

Assumption Al. For all (x, t) € [«, 8] x [0, T'], we shall assume

O<co< plx,t)<c1, |qx,0)|<c2,
ap 92
ot dxadt

p

< cs, ox2 <0

<3,

d
a < ca,

Assumption A2. For all (x, t) € [«, 8] x [0, T], we shall assume

3%p

Bz | ST

. 2 C6,

ot

In Assumptions Al and A2 and throughout,(i =0, 1, ...) are positive constants.

Let us introduce function spaces needed in our investigation. We dendt fy, )
the so-called Bouziani space, first defined by the author in [4-9]. It is considered as a
completion of the spac€p(«, 8), of continuous functions with compact suppori{i ),
for the scalar product

8
(, ) By (@, p) 1=/3Tu‘3?wdx
o

and the associated norm

B 1/2
om \2
lull By @,p) == (/(«‘Tu) dx) ,

o

where
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WV
=

Su=r 1),/<x—s>'" tu(@)dg, m

Form > 1, we have

1B —al

[lu ”Bg’ (a,B) < 7 [lu ”Bgifl(a)ﬂ)‘ (27)

The spaceBg(a, B) coincides withL?(«a, B). Let X be a Banach space with the norm
llullx, and letu : (0, T) — X be an abstract function. Bju(-, t)||x we denote the norm

of the element:(-, 1) € X at a fixeds. We denote by.2(0, T'; X) the set of all measurable
abstract functions(-, ¢) from (0, T) into X such that

T

lullL20.7:x) = (/

1/2
Hu(o,t)det> < 0.
0

If X is a Hilbert space, so is the spak&0, T; X). We denote by (0, T'; X) the set of all
continuous functions : (0, T) — X with

lullc.rix) = max Jut-. )] <oo.

Let us, now, reformulate problem (2.4)—(2.6) as the problem to determine a solution
u =u(x,t) of the operator equation

Lu = (f,ug), YueD(L), (2.8)

whereL = (L, £), D(L) is the set of all functiona belonging toL?(0, T; B3(«, B)) for
which du/dt, du/dx, 3%u/dx? € L2(0, T; Bi(«, B)) and satisfying conditions (2.6). The
operatorL acts fromB to F, whereB is the Banach space which is the closurégf.) in
the norm

du ||?

”u”B:('_

12
2
” + ||14||C(0,T;L2(a.,/3))> ’

L2(0,T; B3 (. B))

andF is the Hilbert spac&?(0, T; Ba(«, B)) x L?(a, B) consisting of all elementsf, uo)
for which the norm

1/2
[h w0l = (11220 7. 30 1) T 1012200, )

is finite.
Finally, we summarize some properties of the following smoothing operators [7,19]:
-1 1 (t—1)/e
o ZZE*\S,(E 7), &>0,

1
(oY) z= gsj‘(e(f*f)/ez), e >0,

whereS, g = [i g(x, 1) dt, 3¢ = [ g(x, v)dz. They furnish the solutions of
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301z
8%4—@8_11:1, Qs_lz(x,O):O,

) -1 * _ B
_8%4_( 51)*Z:Zs (Qe l)*Z(-xsT):()v

respectively. These operators have, foradl L2(0, T; X), the following properties:

(P1) The functiong 1z and (o;1)*z € HY(0, T, X) with 0. z(x,0) = 0 and(o;1)* x
z(x, T)=0.
(P2) The operatofo; 1)* is conjugate t@; 1, i.e.,

T T
/(g;lz,w(.,t))xdt =/(z(-,t), (0:1)"w), dt forallwe L0, T; X).
0 0
71% _ i -1, _ = —t/e
(P3) Qe 5 =50 ¢~ e z(x.0)
T T T
(P4) /||Q;11||§dt</||z||§dt and /||gglz—z}yidt—>o
0 0 0
wheng — 0.
T T T
®9 [l zlar< [1eiar and [z - zlfdi—o,
0 0 0
wheng — 0.
(P6) Set
_ 3 (e e 2 (PG00
Pt)z= o <p(x, 1) ax) and P'(t)z= ax< a7 ax).

Then

P02 =0 P(1)z+e0 TP (1)0; 2.

3. An energy inequality

In this section, we establish an energy inequality for operatand we give some of
its consequences. For this purpose, we start by taking the inner prodiiétans) of
Eq. (2.4) and the integrodifferential operatdiu = —32(du/dt), whered2. = I, (J¢-)
with 3, coincides withd?,

_(9uC.D) p0uC.0) n Kl pau(-,t) ~20uC. 1)
at T 81‘ Lz(a.ﬂ) 8.x 8.x T 81‘ LZ(OZ,,B)
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92 du(-, 1) qu(-, 1) o0u(-,1)
dtox 0x at L2(a,B) at L2(a, B)

(. m23u(-,t)> )
= <f(,t),ox Lz(a)ﬂ). (3.2)

at

It is easy to see that the following hold:
d _ ou Ou

9. _ 3.2
ox“or ot (3.2)
and
Sott = S5u = Spu=35u =0. (3.3)

Integrating by parts the first three terms on the left-hand side of (3.1) by making use rela-
tions (3.2) and (3.3), we obtain

p 2
ou(-,t ou(-,t 0]
_( uC 1) pou )) :/(3 u) dx. (3.4)
8t 3[ Lz(a,ﬂ) 8t
o

g
0 (00N QduC.0 __/pa_u% e
dx ax )T ot )2 ax " o

' o

B B B

0 5 1 fop 5 op du

— dx — = [ —u“d —ulJ,—dx, 3.5
/pu x 5 8tu x+ axusxat x (3.5)

ax ot ot axor o ¢F
o o
B
du\? n [ 9°p du\?
o () ax =2 Z2(5,. 2L ax
ot 2] ox P
o
p
82p ou
o, TP 5 2, 3.6
N BFrary axor r (3.6)
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B
du(-,1 d
—(f(.,t),s,% u )> =/3xf3x—udx. (3.7)
o Jrzap ) ot

Substituting (3.4)—(3.7) into (3.1) and integrating the obtained equality @ven, with
0<t<T,ityields

T B 5 T p 5
ou - ou
2n//p<¥) dxdt+2//<;sx5> dxdt
0 « 0 «
T B 2 B
—r}//az—p S‘xa—u dxdt—i—/p(x,t)uz(x,r)dx
dx2 at

0 « o

T B

B
3
:2//Sxf3x—udxdt+/p(x,O)u(z)(x)dx
0 «

T /3

ou

2

dxdt — U dxdt
+/ * //( 8x8t) Segr d¥

0 «
ou o 0U
—277 —u—dxdt+2 qu%xadxdt. (3.8)
o

Let us apply mequallty (2.7) fan = 2 and the Cauchy inequality so that the integral over
du/dt in the right-hand side will be simplified with the same in the left-hand side, and
the integrals oveR, (du/d¢r) will be absorbed in the left-hand side. Then equality (3.8)
becomes, by taking Assumption Al into account,

/

du(-, 0>
ot

2
dr + ””("T)HLZ(a,,s)

B3 (.p)
T T
< 2 d 2 2 d
X 09 H f( ) t) || B%(O{,ﬂ) r+ HMOHLZ(a,,S) + €10 Hu( ) t) HLZ(O(,/S) t,
0 0
where
max4, c1) 46% +c3+ 86‘?1 + 81?2 C5 + 776‘3/260
cg=———— and cio= :
min(1, co) min(1, co)

Thanks to a lemma of Gronwall’s type [3, Lemma 1], the last inequality implies the fol-
lowing:

/

du(-, >
ot

2
dr + ||”("T)||L2(a,ﬁ)

B(a.p)
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T
2
< coexplc1oT) ( / | £C O Bs0, 4t + luoll? 2, ,3)).
0

As the right-hand side of the above inequality is independent ok take the upper bound
for r from 0 to T in the left-hand side, we obtain

au |2

ar

2 2 2 2
+ ”u”C(O,T;Lz(a,ﬁ)) g C (”f”LZ(O,T;B%(O(,ﬂ)) + ”MO”LZ(OZ,,B))

L2(0,T; B3 (@, B)
Thus we have established the following theorem.
Theorem 3.1. Suppose that Assumptiéd holds, then there is a consta@it> 0 indepen-
dent ofu, such that
lullg < CllLullp, Vue€ D(L). (3.9)
It follows from (3.9) that there is a bounded invetse! on the rangd. B of L. How-
ever, since we have no information concerning except that. B C F, we must extend

L so that inequality (3.9) holds for the extension and its range is the whole space.
We first state the following proposition.

Proposition 3.1. The operator from B into F has a closure.

Proof. Let us verify the closure criterion in Banach spaces. Suppose

up, — 0 inB, (3.10)
whereu, € D(L) and

Luy, — (fiug) in L?(0,T; B3 (e, B)) x L?(at, B) (3.11)

asn — oco. We must show thaf = 0 andug = 0.
According to (3.10), we have

u, — 0 InD'(2), (3.12)

whereD’(£2) is the space of distributions a@. The continuity of derivation oD’(£2) in
D'(£2) implies that (3.12) becomes

Lu, — 0 inD'(2). (3.13)
It follows from (3.11) that

Luy, — f inL?(0,T; Bi(«, B)),
therefore

Lup, — [ inD(£2). (3.14)

By virtue of the uniqueness of the limit i’ (£2), we deduce from (3.13) and (3.14) that
f=0.
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Moreover, we see via (3.11), that
Cup — ug i L%(a, B). (3.15)
Passing to the limit in the inequality
I€unll 2@, py < lunllco,r;2(a,py) < lunll, Vo,
by taking into account (3.10), we get
Cu, — 0 inL?%a, ). (3.16)

Since the limit inL?(«, B) is unique, it follows from (3.15) and (3.16) thag = 0. Propo-
sition 3.1 is proved. O

Definition 3.1. A solution of the operator equation

Lu = (f,uo)
is called astrong solutiorof problem (2.8).

Since points of the graph df are limits of sequences of points of the graphLothen
we pass to the limit in (3.9), from which we conclude

Coroallary 3.1. Under hypotheses of Theoredi, there is a constanf > 0 independent
of u such that

lulp <ClLullF, VYueD(L).

Corollary 3.1 asserts that is injective, the linear operatoE ~1 exists and is continuous
from L B onto B.

Corollary 3.2. The rangeL B of the operatorL is closed inF, and equals to the closure
LB of LB.

4. Solvability of the problem
In this section, we state and prove the main result.

Theorem 4.1. Under Assumptiond1 and A2, problem(2.4)—(2.6) has a unique strong
solutionu = L~Y(f, ug) = L=1(f, uo), that depends continuously upon the data, for all
fe€L?0,T; B, B)) andug € L2(, B).

Proof. From Corollary 3.2, we deduce that to establish the solvability of problem
(2.4)—(2.6) it suffices to show thdtB is dense inF. We first prove the density afoB

in F, for all u € Do(Lo) and (f, uo) € F, whereLgo = (Lo, £), Lo be the principal part

of L, i.e.,

’ du 9 ( t)8u 92 ( t)au
u=———px,n—) - x,.)— ),
= T ax \ P e ) T e \ P s

andDg(Lg) = Do(L) be the set of alk belonging toD (L) for which £u = 0.
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Proposition 4.1. Suppose that hypotheses of Theot#eirare fulfilled. If
(Lou, w)LZ(O,T;le(a,ﬂ)) =0 (4.2)

for somew € L2(0, T; le(oz, B)) and for all u € Do(Lg), thenw vanishes almost every-
where ing2.

Proof. Equality (4.1) can be written as follows:

9 9
<—u,w> = <<I + n—)Pu,w) . 4.2)
) 1200, Bi(@. ) ot L2(0,T; Bi(@.p))

From (4.2), withu replaced by tu, we have

9ot 9
< Qs M,a)) :((I+77—>ng_lu,w> .
ot L2(0,7; By, B)) ot L2(0,7; By (e, B))

According to (P3) and (P6), we get

_10u
Qe 8_70)
T/ L20.7;B}(a.p)
0
= (951(1 + nE> (Pu+eP'o;tu), w)

By virtue of (P2), it yields

au 1\ *
(5 @)
L2(0,T; B}(er. B))

8 *
_ PHSP,Q_lu,(,H_) ot w) .
(( e u) aT (o) L2(0,T; BY(a,8))

Therefore

u B
<E’ (o) 31350

L2(0,T;B3(a,B))

)LZ(O,T;LZ(a,ﬁ))
7 =1 0 * =1\ Fkx
= (Pu+8P 0, u), I—i—nE (Qs ) Jiew
The operato®’ (t)o; - can be written as

P ()0 tu= P ()0, 1P (t)P(t)u = P.(t) P(t)u. (4.4)

The calculations oP~1(¢) and P. (1) are simple but somewhat long. We only give the final
result of computations,

) . (4.3)
L2(0,T;L%(a, B))

x x &
_ d& d&
pt =c +c / +/ ,1de, 4.5
(t)g =c1(t) 62(t)a G0 p(é’t)a g, nd¢ (4.5)

o

where



A. Bouziani / J. Math. Anal. Appl. 291 (2004) 371-386 381

1 [ [ B2—-x? fB-x |
cl(”:MK PG D) dx)( P D) dx/g@’”dé)
B B X

(B —x) (B2 —x?)
_ (a oD dx)(a o dxa/g(g,t)dgﬂ,

B x
Cz(t)=—(ﬂ_a)< (@ -0~ x) dxfg(s,t)ds>,

A(t) p(x,t)

o

B
At) = (B —a) / de,
J p(x, 1)

and

Ppx,1) 3 dpx.) 4 1 dpx,m)) 1
Ps(t)gz le_ le
J0tox ot px,t) ox px, 1)

X

0 , _ 1
< <c2<r>+ / g@,r)ds) + ’)eglp(x g0, 4.6)

o

It then follows from (4.3)—(4.6) that

_(u a(ggl)*s;%gw)
ot L2(0.T: L%(a. )
8 *
= (Pu, (I +¢Py) (I + na) (0: 1) 313s0 (4.7)

whereP} (t), the adjoint ofP. (¢), is defined by

>L2(O,T;L2(a,ﬁ))’

a\*
P;(I-l—nE) (Qs 1)*S§Sga)

_ [Pe-9B-9/pEnd
J2 @ —x)(B—x)/px, 1) dx

B
1 71*32]7 op 1 ,1*817 3\" —1\*~
<[ (@ g @ ) (1) e
X

1 - 8p Y : - ok oy
+ ;(Qs l)*g <1 + '75) (0: 1) ¥iSew. (4.8)

We setin (4.7),

3\* d\"
As((l—i—nE) (Qsl)*3j35w>:([+8P:)<1+7]¥> (0 1) ¥, (4.9)

Sewd§

*
X
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Since the left-hand side of (4.7) is a continuous linear functional,ahen the opera-
tor A, has the derivative8 A, /dx andd?A,/dx2 belonging toL2(s2), and verifying the
following conditions:

A,
0x

34,

=0. 4.1
o 0 (4.10)

x=p
The norm of the operaterP,” (r) on L?(£2) is smaller than 1, for sufficiently smad] hence
the operato(/ + e P)(I + n(3/37))*(o.1)* possesses a continuous inverselsiis2),
i.e., 3 sw e LA(R2).

The differentiation of (4.9) with respect ioleads to

A a\"
8(1+n—> (0. 1) ¥ 3¢

Aglx=a = Ae|x=ﬂ =

X=u

0x aT

oP* a\"*
=¢ ; (I—l—r]—t) (le)*Sngw

a *
—(I+¢P) <1 + ’7_,> (oY) " Sxe. (4.11)

__ (@=0B=-x/px,1)
[P (@ —x)(B = x)/px, 1) dx

B
1(, 1« 3%p dpl, _3.40p 3\, _
X / _((Qs l)>'< ax9r __(Qg l)*a><1 +77£) (QS l)*ﬁjﬁga)dx.

P dx p
* (4.12)

From (4.12) we conclude tha® P, /dx)(I + n(3/87))* (o7 1)*- is bounded onL2(£2).
Thus (4.11) implies thal,w € L?(£2), for sufficiently smalle; in other words thaty €
L?%(0, T; B3 (e, B)). Analogously, using the boundedness(@P; /dx)(I + n(d/37))* x
(0-1*- onL?(£2), deduce thab € L?(£2).

From (4.8)—(4.12), we get

9 a\"
X=o
1 +0p 3\ I\ ¥k
I+8—(Q£ ) E I+nE (Qs ) NxSEw ﬂ:O, (414)
x=
1 9 a\"
(rep @ 5 (1+n5e) ertye] =0 (4.15)
X=o
1 1 *3_]7 i * —1\*~ _
<1+sp( -1 m)(””af) (e 0] _ =0 (4.16)
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For each fixedr € [a, 8] and sufficiently smalk, the norm of operatox(l/p)(ggl)* X
(8p/d7) on L2(£2) is smaller than 1. Therefore operatbr- e(1/p) (0. 1)*(dp/d7) has

continuous inverse oh?2($2), then from (4.13)—(4.16), we obtain

ok oy —
Si[ew|x=q =0,

ok
N

Sewli=p =0,
Sxw|y=¢ =0,
Sxwly=p =0.
Let us set
w(x,t)=s(x,t).
Itis easy to observe from (4.17)—(4.21) that
~2
da

s:%%s:%@:%,gs:&

Replacew in (4.2) by its representation (4.21), yields

u 0
— s =({I+n—)Pu,s )
9/ 1200,7; BY(w.B)) ot L2(0,T; BY(@,p))

and put
u=23;(es),
wherec is a constant such that
|:Cg+2€£+2€§+07 |:
c= “+o00],
co+ nce

with ¢; (i =0, 3,4,5, 6, 7) are as in Assumptions Al and A2.
Substituting (4.24) into (4.23), we get

T B

9
//ecz(*?sxs)zdxdtz <<I+77—>P(%,(e”s)),s> .
s ot L2(0,7; By, p))

Integrating by parts the right-hand side of (4.26), we obtain

d
<<I + n—) P(St(e”s)), s)
dt L2(0,T; Bi(@,p))

B
— _1‘ / e—<T (p(x, T) + n%)(?ﬁ(ec%))zdx

1( o P\ W %D\ u e 2
_E/E ¢ <c(p+n5)—a—ﬁ (31(eTs)) " dx dt

2
B] 92
— n/e”pszdx dt — /’(_p + —p>3t(e”s)3xs dxdt.
2

N
S

dx  0xot

(4.17)
(4.18)
(4.19)
(4.20)

(4.21)

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)

(4.27)
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Applying the Cauchy inequality to the last term on the right-hand side of (4.27), we get

ap 3°p ~ ~
_/<a +nm I (e $)Ips dx dt
2

1 ap\% [ 9%p\?
<3 / ¢! (Nys)2dxdi + / ((5) +( 8x§t> )(s,(ecrs))zdxdt. (4.28)
2 2

It then follows from (4.26)—(4.28) that

%/e“(%xs)zdxdt
2
B
< —%/e_”T (p(x, T)+n%)(37(e%))2dx
o
1 3 ap 92 ap\? 32p \?
o) () o))

X (S,(e”s))zdx dt.
By virtue of Assumptions Al and A2, we have

1
> / e (3,8)2 dx dt
2

B
1
< _E(CO + ncs)/ech (Sr(e“s))zdx
o

-~ %(c(co +nce) — (c3+ 2c5 + 2¢2 + 7)) / e~ (317 s)) dx 1.
2

Thanks to (4.25), we conclude that

/ e (Iyx5)?dx dt <0,
2

and thus vanishes almost everywheredh from which we havey = 0 almost everywhere
in2. O

Now return back to the proof of Theorem 4.1. Let the elen¥&nt (f, ug) be orthogo-
nal to LoB so that
(Lou, f)LZ(O,T;le(a,ﬂ)) + (bu,u0)12(4,5=0, Vu € D(Lo). (4.29)
Assuming in (4.29) that is any element oDg(Lg), we obtain

(Lou, f)Lz(o,T;le(a,ﬂ)) =0.
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By virtue of Proposition 4.1 we conclude that= 0; thus (4.29) implies that
(Zu, MO)LZ(O(,ﬂ) = 0, Yu e D(LO) (430)

SincelB is dense in.2(«, B), equality (4.30) implies thaty = 0. Consequently.oB = F.
In other words, the equation
Lou = (f, uo)

has a strong solution iB.
Now consider the general case. SirlggB is dense inF andL — Lo = (Lo — Lo, £)
maps continuoushB in F, the density ofLB in F can be proved by using the method
of continuation of the parameter. We will not describe it here, because it is similar to that
in[3]. O

5. Generalization

In this section, we state results concerning some extensions of the studied problem.
(1) Our results remain valid, except for some technical differences, if we replace condi-
tion (1.3) fori = 1, by the Neumann condition

36
€ le=ry(r)

(2) Let us consider the followingn2-pseudoparabolic equation with initial-boundary
conditions:

2m—1
o= _ 0 <a(g,fﬁ>

= (7).

dr  ggn-1 €
2m
- n%(a(& r)g) +b(E, D0 = h(E, D), (5.1)
L0 =0(§,0) =60(§), (5.2)
(%)
/ £0E, 1) ds=Mi(t) (=0,1,...,2m —1). (5.3)
Iy (7)

After doing similar reformulations of the problem, as in Section 2, we have the following
results.

Theorem 5.1. Let B be the Banach space of all functioms L2(0, T'; B3 (a, B)) having
the finite norm

" , 1/2
lullg = <H¥ + ”u”C(O,T;Lz(a,ﬂ))) :

Then, there exists a positive constahsuch that

2

L2(0,T; By (o, ))

1/2
lulls < CULF 1200 7. 5y pyy + 10003 20 )
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Proof. Taking the scalar productib?(e, 8) of Eq. (5.1) ands2" (du/at) (or in BY' (t, B)
of Eq. (5.1) andu/dt), and making a similar calculation to that in Section 3, we establish
estimate (5.4). O

Theorem 5.2. Problem (5.1)—(5.3) admits a unique strong solutiom = L™1(f, uo) =
L~1(f, up), that depends continuously upon the data, foe L?(0, T’; B3 (a, B)), and
ug € Lz(ot, B).
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