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Abstract

Let 4 be a commutative k-algebra over a field of £ and Z a linear operator defined on A.
We define a family of A4-valued invariants ¥ for finite rooted forests by a recurrent algorithm
using the operator 5 and show that the invariant ¥ distinguishes rooted forests if (and only
if) it distinguishes rooted trees 7, and if (and only if) it is finer than the quantity o(7) =
|Aut(T)| of rooted trees 7. We also consider the generating function U(q) =2, U,q" with
U, = Zrem (1/(T))WY(T), where T, is the set of rooted trees with n vertices. We show that
the generating function U(q) satisfies the equation = exp U(q)=¢ 'U(q). Consequently, we get
a recurrent formula for U, (n > 1), namely, U;=Z(1) and U,=ES,—1(U1, Us,...,U,—1) for any
n =2, where S,(x1,x2,...) (n€N) are the elementary Schur polynomials. We also show that
the (strict) order polynomials and two well-known quasi-symmetric function invariants of rooted
forests are in the family of invariants ¥ and derive some consequences about these well-known
invariants from our general results on V. Finally, we generalize the invariant ¥ to labeled planar
forests and discuss its certain relations with the Hopf algebra %3 ; in Foissy (Bull. Sci. Math.
126 (2002) 193) spanned by labeled planar forests.

(© 2003 Elsevier B.V. All rights reserved.

MSC: 05C05; 05A15

1. Introduction

By a rooted tree we mean a finite 1-connected graph with one vertex designated as
its root. Rooted trees not only form a family of important objects in combinatorics, they
are also closely related with many other mathematical areas. For the connection with the
inversion problem and the Jacobian problem, see [1,13]. For the connection with D-log
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and formal flow of analytic maps, see [14]. For the connection with renormalization
of quantum field theory, see [6,2].

In this paper, motivated by certain properties of the (strict) order polynomials en-
countered in [14], we define a family of A4-valued invariants ¥ for rooted forests
by a recurrent algorithm (see Algorithm 3.1) starting with an arbitrary commutative
k-algebra 4 over a field of £ and a fixed linear operator = defined on 4. We show
in Proposition 4.2 and Theorem 4.3 that the invariant ¥ distinguishes rooted forests if
(and only if) it distinguishes rooted trees 7, and if (and only if) it is finer than the
quantity o(7) = |Aut(T)| of rooted trees 7. In Section 5, we consider the generating
function U(q) = 32,2, Unq", where U, = 3 oy (1/(T))¥P(T) with T, the set of
rooted trees with n vertices and o(7)=|Aut(7T)|. We show that the generating function
Ul(q) satisfies the equation = exp U(q) =g~ 'U(q). Consequently, we get the recurrent
formula U;=Z(1) and U,=ES,_1(U,, Us,...,U,_) for any n > 2, where S,(x,x2,...)
are the elementary Schur polynomials. In Sections 6 and 7, we show that, with properly
chosen A and the linear operator =, the (strict) order polynomials of rooted trees and
two families of quasi-symmetric functions for rooted forests (see (7.1) and (7.2) for
the definitions) are in the family of invariants ¥ defined by Algorithm 3.1. We also
derive some consequences on these well-known invariants from our general results on
the invariant V. Finally, in Section 8, We generalize our invariants to labeled planar
forests and discuss certain relations of our invariants with the Hopf algebra 2 , in
[3] spanned by labeled planar forests.

2. Notation and an operation for rooted forests

Notation. In a rooted tree there are natural ancestral relations between vertices. We
say a vertex w is a child of vertex v if the two are connected by an edge and w lies
further from the root than v. We define the degree of a vertex v of T to be the number
of its children. A vertex is called a Jeaf if it has no children. By a rooted forest we
mean a disjoint union of finitely many rooted trees. When we speak of isomorphisms
between rooted forests, we will always mean root-preserving isomorphisms, i.e. the
image of a root of a connected component which is always a rooted tree must be a
root.
Once for all, we fix the following notation for the rest of this paper.

(1) We let T be the set of isomorphism classes of all rooted trees and F the set
of isomorphism classes of all rooted forests. For m > 1 an integer, we let T,
(resp [F,,) the set of isomorphism classes of all rooted trees (resp. forests) with
m vertices.

(2) For any rooted tree T, we set the following notation:

e rty denotes the root vertex of T,

e V(T) (resp. L(T)) denotes the set of vertices (resp. leaves) of T,

e u(T) (resp. /(T)) denotes the number of the elements of V(T') (resp. L(T)),

o for v€ V(T) we define the height of v to be the number of edges in the
(unique) geodesic connecting v to rtr,
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e /i(T) denotes the height of T,
e o(T) denotes the number of the elements of the automorphism group Aut(7),
e for vy,...,v, € V(T), we write T\ {vy,...,0,} for the graph obtained by delet-
ing each of these vertices and all edges adjacent to these vertices.
(3) A rooted subtree of a rooted tree 7 is defined as a connected subgraph of T
containing rty, with rty, = rty.
(4) We call the rooted tree with one vertex the singleton, denoted by o.

We define the operation B, for rooted forests as follows. Let S be a rooted
forest which is disjoint union of rooted trees 7; (i = 1,2,...,d). We define B (S) =
B (Ty,...,Ty) to be the rooted tree obtained by connecting all roots of 7; (i=1,2,...,d)
to a single new vertex, which is set to the root of the new rooted tree B (71,...,Ty).
If a forest S is the disjoint union of k; copies of rooted tree T, k, copies of 7>,...,
kg copies of T;, we also use the notation B, (7 fl,...T,"d ) for the new rooted tree
B.(S).

Lemma 2.1. For any k;eN, T, €T (i=1,2,...,d) with T; 2 T; (i # j), we have
(B (TH, ... TR Yy = (k) .. (kg ) (T . o(Ty Y. (2.1)

Proof. Set 7 = B+(le‘,...T k) and R the rooted subtree of T consisting of the root
rty of 7 and all its children in 7. Let ¢p: Aut(7) — Aut(R) be the restriction map
which clearly is a homomorphism of groups. Let H < Aut(R) be the image of ¢. Since
T; 22 T; for any i # j, It is easy to see that |H|=/k!k,!...k;!. Let K be the kernal of
¢. Note that an element o € Aut(7') is in K if and only if it fixes all the vertices of
R. Hence the order |K| is equals to Hf.l:l a(T;)k. Therefore, we have

Ty = |K||H|= (k) ...(ka)\(TY .. o(Ty)re. O

3. A family of invariants ¥ for rooted forests

Let A be a commutative k-algebra over a field £ and = a k-linear map from A4 to
A. Set a = Z(1). We first define an A-valued invariant ¥ for rooted forests by the
following algorithm:

Algorithm 3.1.

(1) For any rooted tree 7' € T, we define W(7') as follows.

(i) For each leaf v of T, set N, =Z(1)=a.

(ii) For any other vertex v of 7, define N, inductively starting from the highest
level by setting N, = £ (N, Ny, ...Ny), where v; (j =1,2,...,k), are the
distinct children of .

(ii1) Set Y(T) = Ny,.
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(2) For any rooted forest S € F, we set

v(s) =[] ¥, (3.1)

i=1

where 7; (i =1,2,...,m) are connected components of §.
From Algorithm 3.1, the following two lemmas are obvious.

Lemma 3.2. (a) B={¥Y(S)|S eF} is a multiplicative subset of A, i.e. it is closed
under the multiplication of the algebra A.
(b) 5(B) C B.

Lemma 3.3. Let I' be an A-valued invariant for rooted forests. I can be re-defined
and calculated by Algorithm 3.1 for some k-linear map E if and only if

(1) It satisfies Eq. (3.1) for any rooted forest S € [F.
(2) For any rooted tree T €T,

d
rry=g[[rm. (3.2)

i=1

where T; (i=1,2,...,d) are the connected components of T \ rtr.

In Sections 6 and 7, we will show that the strict order polynomials, order polynomials
as well as two well-known quasi-symmetric functions of rooted forests (see (7.1) and
(7.2) for the definitions) are in this family of invariants V.

4. When the invariants ¥ distinguish rooted forests

Definition 4.1. We say an invariant ¥ distinguishes rooted forests (resp. trees) if, for
any S1,8 €F (resp. S1,8€T), P(S1) = P(S,) if and only if §; ~ §;. We say an
invariant ¥ is finer than the quantity a(7') if, for any 7,7, € T, a(7}) # a(7>) implies
V(1) # V(T2).

In combinatorics, it is very desirable to find an invariant which can distinguish
rooted trees or rooted forests. For the invariant ¥ defined by Algorithm 3.1, we have
the following results.

Proposition 4.2. An A-valued invariant ¥V defined by Algorithm 3.1 distinguishes
rooted forests if (and only if) it distinguishes rooted trees.

Proof. Suppose ¥ distinguishes rooted trees. Let S,5, € F with ¥(S;) = ¥P(S;). We
need show that S; ~ §,. First, by Lemma 3.3, we have ¥Y(B.(S;))=2Y(S;) for i=1,2.
Hence, Y(B(S1)) = Y(B.(S2)). Therefore, by our assumption, we have B, (S;) =~
B (S,), which clearly implies S} ~ S,. [l
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Theorem 4.3. An A-valued invariant ¥ defined by Algorithm 3.1 distinguishes rooted
trees if (and only if) it is finer than o(T).

Proof. Suppose ¥ is finer than (7). Let T},7, € T such that ¥ (7;)= ¥Y(7,). Hence
o(Ty) =0o(T,). We need show that T} ~ T5.

Suppose T} and T, are not isomorphic to each other. Let 7' =B (Ty,Ty) and T’ =
B, (Ty,T;). By Lemma 3.3, we have

¥(T)=E(¥(Th)),
P(T") = Z(V(T1)¥(T2)).

Since V(7)) = ¥Y(T»), we have W(T)=¥(T’). On the other hand, by Lemma 2.1, we
have

oo T)=2a(T; ),
uT") = o T Tr) = Ty ).

Therefore, a(T) # a(T’). So ¥ is not finer than «(7), which is a contradiction. [J

5. A generating function for the invariant ¥ of rooted trees

In this section, we fix an invariant ¥ defined by Algorithm 3.1 and consider the
generating function

Uia)= 3 2 D (5.1)
TeT

For any n > 1, set U, = Y oy (1/u(T))P(T). Hence, we have U(q) =%, Ung".

n=1
We will derive an equation satisfied by the generating function U(g), from which

{U,|neN} (n > 2) can be calculated recursively by using the elementary Schur poly-
nomials.

Theorem 5.1. The generating function U(q) satisfies the equation
299 =47 Uu(g). (5.2)

Proof. Consider

— Uk(q)

ElD=E1)+E o

k=1

k
> = 1

TeT
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While, for the general term of the right-hand side of the equation above, we have

TeT (T)
1
(k! Ty AT

RN

r=1 T[ .....
TATNiA) Kok =1
Tfry)—1

| m

k
<Z —— ¥(T)q ”<T>>
Z (1T, (1)) g S kT,

,,,,,

YBTY,....TF) s

By Lemmas 2.1 and 3.3, we have

k
:Z Z Z B Tkl Tk
Tt hihek BTV TT)
TATA) by >1
_ Y(T)
1 g
=4 Z Z o T) K
r=1 TE€T, ;41
where T,y is the set of equivalence classes of rooted trees with k + 1 vertices and
the degree of the root being exactly ». Therefore, we have
Y(T) ey
T 1

202+ 'Y Y
k=1 r=1 TE€T, j
_ lI’(T)
_= 1 gD
=EM)+q" > ok
O
)

TeT
T+#o
(since Uy = ¥(0)=E(1))

o Xf o

=q"'U(q)
(5.3)

Recall that the elementary Schur polynomials S,(x) (n € N) in x = (x1,x3,
are defined by the generating function:
oo

o
RN = S, (0g" =1+ ) Si(x)g
n=1

of k
n=0
Note that, if we sign the weight of the variable x; to be k for any k€ N* and set

ap az

d
WO 3 = 3 ad
d). Then, for any n € N, S,(x) is a polynomial which

is homogeneous with respect to weight with wt S, (x) = n. In particular, S,(x) depends

for any i, ar € NT (k=1,2
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only on the variables x; (i =1,2,...,n). For more properties of the elementary Schur
polynomials S,(x) and their relationship with Schur symmetric functions, see [5,7].

Proposition 5.2. For any n > 1, we have
U =E(1)=a, (5.4)
[],1:ES,1,1(U1, U29~~~ol]nfl)~ (55)

Proof. Set U = (U}, U,,...,Uy,...). From (5.2) and (5.3), we have

o oo
D ES(U)" =gy Un(t)g"
n=1 n=2

By comparing the coefficient of ¢"~! (n > 2), we have
Un(t) = ESn—l(Ula U2: cees Un—l)-

Hence, we get (5.5). [

Remark 5.3. One interesting aspect of the invariant ¥ and its generating function
U(q) is as follows. From Proposition 5.2, we see that U(q) is the unique solution of
Eq. (5.2) in the power series algebra A[[g]]. Therefore, any equation of the form (5.2)
can be solved by looking at the invariant ¥ defined by Algorithm 3.1 for rooted trees
and its generating function U(q) defined by (5.1).

6. (Strict) order polynomials

Let T €T be a rooted tree. Note that 7 with the natural partial order induced from
rooted tree structure forms a finite poset (partially ordered set), in which the root of
T serves the unique minimum element. Similarly, any rooted forest also forms a finite
poset. In the rest of this paper, we will always view rooted forests as finite posets
in this way. Recall the strict order polynomial Q(P) for a finite poset P is defined
to be the unique polynomial Q(P) such that Q(P)(n) equals to the number of strict
order preserving maps ¢ from P to the totally ordered set [n] = {1,2,...,n} for any
n>=1. Here a map ¢ : P — [n] is said to be strict order preserving if, for any
elements x, y € P with x > y in P, then ¢(x) > ¢(») in [n]. Also recall that the order
polynomial Q(P) for a finite poset P is defined to be the unique polynomial Q(P)
such that Q(P)(n) equals to the number of order preserving maps ¢ : P — [n] for any
n>=1. Here a map ¢:P — [n] is said to be order preserving if, for any elements
x,y€P with x > y in P, then ¢(x) = ¢(y) in [n]. For general studies of these two
invariants, see [10].

In this section, we show that the strict order polynomials Q(7') and order polynomials
Q(T) are both in the family of the invariants ¥ defined by Algorithm 3.1. We also
derive some consequences from our general results on the invariants V.
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Consider the polynomial ring C[¢] in one variable ¢ over C and the difference operator
A, which is defined by

A:C[1] — C[1], 6.1)

J@) = fe+1) = f(0). (6.2)

We define the operator A~':C[t] — tC[¢] by setting 47 '(g) to be the unique
polynomial f € ¢C[¢] such that A( f)=g for any g € C[¢]. Note that A~ : C[{] — ¢C[¢]
is well defined because that, for any polynomial f € C[t], A(f) =0 if and only if f
is a constant.

We also define the operator V by

v : C[f] — C[1],
JS@) — f()— f(t—1)

and V~! by setting V~!(g) to be the unique polynomial f € ¢C[¢] such that V(f)=g
for any g € C[z].

Proposition 6.1. Let A= C[t], then the strict order polynomials Q (resp. order poly-
nomials Q) of rooted forests can be re-defined and calculated by Algorithm 3.1 with
E=4"" (resp. E=V).

The proof of the proposition above immediately follows from Lemma 3.3, the fact
that Q and Q also satisfy Eq. (3.1) and the following lemma due to John Shareshian.

Lemma 6.2 (J. Shareshian). For any rooted trees T; (i=1,2,...,r), we have

AQB (T, Ts,....T.)) = QAT)AT)...T,), (6.3)
VBT, Ts,...,T})) = QT)AT)...QT,). (6.4)

For the proof of Eq. (6.3), see the proof of Theorem 4.5 in [14]. Eq. (6.4) can be
proved similarly. Actually, Proposition 6.1 has been proved in [14] for the strict order
polynomials Q.

Now we consider the corresponding generating functions U(t,q) = Y reT (QT)/
«T))g"") and U(t,q) = Y rcy (AT)/o(T))g""). By Theorem 5.1, we have

Proposition 6.3. The generating functions satisfy the equations
0 = g7 4T (1, ), (6.5)
VD = 4=V U(1,q). (6.6)

For any n > 1, we set U,(t) = > orer, Q(T)/o(T) and Uy(t) = > orer, QT)/oA(T).
By Proposition 5.2, we have
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Proposition 6.4. (a) For any n = 2, we have

U =4""1)=1 (6.7)

U,=47'8,1(0,,0,,...,U,_)). (6.8)
(b) For any n =2, we have

U=v_')=¢ (6.9)

U,=V718,_ (U, U,...,U,_). (6.10)

Set u(q)=U(t,1) and write u(q)=Y_.°, u,q". Since QT)(1)=1 and Q(T)(0)=0
for any rooted tree 7, we see that u, = Zrem ﬁ and U(0,q) = 0. Therefore,

(VU(,9))(1) = U(l,q) = U(0,9) = u(g).

Combining with Eq. (6.6), we see that the generating function u(g) satisfies the
equation

D = g7 u(q). (6.11)

But, on the other hand, it is well known that there is another generating function related
with rooted trees satisfying Eq. (6.11) which is defined as follows. Let r(n) be the num-
ber of rooted trees on the labeled set [n] ={1,2,...,n}. Let R(q) =, (r(n)/n)g".
Then, by Proposition 5.3.1 in [11], R(q) also satisfies Eq. (6.11) and by Proposi-
tion 5.3.2 in [11], we know that r(n) = n"~!. Therefore, we have

Corollary 6.5. u(q) = R(q). In particular, for any n = 1, we have the identities

1

n!; D) =r(n), (6.12)
1 nn—l

T%:T” «T) nl (6.13)

For the corollary above, we see that Eq. (6.6) can be viewed as a natural general-
ization of Eq. (6.11).

7. Two quasi-symmetric function invariants for rooted forests

Let us first recall the following well-known quasi-symmetric functions K(P) and
K(P) defined in [11] for finite posets P. For more general studies on quasi-symmetric
functions, see [4,12,8,11]

Let x = (x1,x2,...,) be a sequence of commutative variables and C[[x]] the formal
power series algebra in x; (k = 1) over C. For any finite poset P and any map o:P —
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1.
N* of sets, we set x7 := [, x” ) and define

R(P)x)=) x°, (7.1)

where the sum runs over the set of all strict order preserving maps o:P — N7,
Similarly, we define

K(P)(x) = ", (72)

where the sum runs over the set of all order preserving maps o:P — NT. Note that
K(P)(x) and K(P)(x) are always in C[[x]] and satisfy Eq. (3.1) for rooted forests.

Recall that an element f € C[[x]] is said to be quasi-symmetric if the degree of f
is bounded, and for any ai,as,.. ak e Nt iy <ip<---<ipand ji <jo < - < i,
the coeﬂiment of the monomlal X! ..xj* is always same as the coefﬁc1ent of the
monomial x jz .. . From deﬁmtlons (7.1) and (7.2), it is easy to check that, for
any finite poset P, K (P) and K(P) are quasi-symmetric.

In this section, we will show that the quasi-symmetric functions K and K for rooted
forests are also in the family of the invariants ¥ defined by Algorithm 3.1.

We define the shift operator S: C[[x]] — C[[x]] by first setting

S(1)=1

S(Xm) = Xmi1

and then extending it to C[[x]] to be the unique C-algebra homomorphism from C[[x]]
to C[[x]]. For any me N*, we denote by the abusing notation x,, the C-linear map
from C[[x]] to C[[x]] induced by the multiplication by x,,.

The following lemma follows immediately from the definition of the linear operator S.

Lemma 7.1. As the linear maps from C[[x]] to C[[x]], xuS*=S*x,,_i for any k,m € N*
with k < m.

We define the linear maps A and A from C[[x]] to C[[x]] by setting

A= ikak = (i S") xS, (7.3)

k=1 k=1

A=Y xs = (Z S") X1, (7.4)
k=1 k=1

where the last equalities of the equations above follow from Lemma 7.1. It is easy to
see that A4 and A are well defined.

Lemma 7.2. (a) The linear maps A and A from C[[x]] to C[[x]] are injective.
(b)

A=A = x. (7.5)

k=1
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Proof. (b) follows immediately from Egs. (7.3) and (7.4).

To prove (a), let £ € C[[x]] such that A f=0. By Eq. (7.3), we have (1 —S)A=x,S.
Hence, x1Sf =0 and Sf =0. Therefore, we must have f =0. The injectivity of A can
be proved similarly. O

Lemma 7.3. For any rooted tree T, we have

d
R(T)y=A][R(T), (7.6)
i=1

d
K(T)=A][K(T)). (7.7)

i=1

where T; (i=1,2,...,T,) are the connected components of T \ rtr.

Proof. Here we only prove Eq. (7.6). For Eq. (7.7), the ideas of the proof are
similar.

Let W be the set of all strict order preserving maps ¢:P — NT and W, (k > 1) the
set of o € W such that o(rty)=k. Clearly, W equals to the disjoint union of W} (k > 1).
By the definition of K, see (7.1), we see that deWk x? € C[[ X, Xk 415 ..,]]- Since K
satisfies Eq. (3.1) for rooted forests, we have

d
> X =xSHR(T\ rtr) = xS T[R(T. (7.8)
aEW i=1
Therefore,
R(Ty=>"> "«
k=1 oW

o0 d
=> ust [k,
k=1

i=1

=4 (ﬁK(T,—)) . O

i=1

From the lemma above and Lemma 3.3 and the fact that K and K satisfy Eq. (3.1)
for rooted forests, we immediately have

Proposition 7.4. The quasi-symmetric functions K (resp. K) for rooted Jforests can
be re-defined and calculated by Algorithm 3.1 with A = C[[x]] and E = A (resp.
E=A).
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Now we consider the generating functions

Oeg) = 3 KX iy - 520,

TeT O((T) n=1
Org) = 3- H 8 g0 = ZQn(X)q ,
TeT,

where Q,,(x):ZTﬂ" K(P)(x)/a(T) and O0n(x)=> 7y, K(P)x)/o(T) for any n > 1.
By Theorem 5.1, Lemma 7.2 and Proposition 7.4, we have

Proposition 7.5. (a) The generating functions Q(x,q) and Q(x,q) satisfy the equations

26260 = g~ 0(x, 1), (7.9)
Al = ¢71O(x, 1). (7.10)
(b) Consequently, we have the recurrent formula for Q,(x) and Q,(x) (n € N*)
0i1(x) =Y x, (7.11)
k=1
0u(x) = A(Sy-1(01(x), O2(x), ..., 0n-1(x))) (7.12)
and
01(x) =) x. (7.13)
k=1
0,(61) = A(S,—1(Q1(x), O2(x), .-, Qa1 (X)), (7.14)
respectively.

One natural question one may ask is whether or not the invariants QT), T),
K(T) and K(T) distinguish rooted forests. The answers for the strict order polynomials
Q and order polynomial Q are well known to be negative. (See, for example, Exercise
3.60 in [10].) For the quasi-symmetric polynomial invariants K and K, the answers
seem to be positive, but we do not know any proof in literature.

One remark is that the invariant ¥ defined by Algorithm 3.1 can also be extended
to the set of finite posets by a more general recurrent procedure. This will be done in
the appearing paper [9]. But for the corresponding generating function

Z T((If)) gD, (7.15)

where the sum runs over the set of all finite posets P, it is not clear what the gener-
alization of Eq. (5.2) satisfied by V' (g) should be. This is unknown even for the case
of (strict) order polynomials.
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8. Generalization to labeled planar forests

In this section, we first generalize the construction of the invariant ¥ defined by
Algorithm 3.1 for rooted forests to labeled planar forests and then consider its certain
relationships with the Hopf algebra ,.%”ﬁ g in [3] spanned by labeled planar forests.

Once for all, we fix a non-empty finite or countable set D. By a labeled planar rooted
tree 7, we always mean in this section a rooted tree 7 such that each vertex of T is
assigned a unique element of D and set of all children of any single vertex of T is an
ordered set. A labeled planar rooted forest /' is an ordered set of finitely many labeled
planar rooted trees. We let T, denote the set of all labeled planar rooted trees and
[FIQ’ r the set of all labeled planar rooted forests. For any labeled planar rooted forest
F=TT,...Ty, with T; e T3, (1 <i < d) and o € D, we define B (F)=B%(T\T>...Ty)
to be the labeled planar rooted tree obtained by connecting the root of each 7; to a
o-labeled vertex v by an edge and set the new vertex v to be the root of this new
labeled planar rooted tree.

We also fix an associative (not necessarily commutative) algebra 4 over a field k& and
{E,|x€ D} a sequence of linear operators of 4. Now we define an 4-valued invariant
Y (F) for labeled planar forests ' by the following algorithm.

Algorithm 8.1.

(1) For any labeled planar rooted tree 7€ T, we define ¥(T') as follows.

(i) For each wo-labeled leaf v of T, set N, = Z,(1).

(ii) For any other vertex v of T, define N, inductively starting from the high-
est level by setting N, = Z,(Ny, Ny, ... Ny, ), where o is the label of v and
(v1,02,...,0;) are the ordered children of v.

(ii1) Set Y(T) = N,.

(2) For any labeled planar rooted forest F =T7,7,...T,, where T; (i=1,2,...,m) are
connected components of F, we set

P(F)=P(T))P(T5)... P(Ty). (8.1)

Note that the order in the product in Eq. (8.1) must be same as the one in the
expression F =T1TT,...T,,.
From Algorithm 8.1, the following lemma is obvious.

Lemma 8.2. Let I' be an A-valued invariant for labeled planar rooted forests F5.
Then I' can be re-defined and calculated by Algorithm 3.1 for some k-linear map =
if and only if

(1) It satisfies Eq. (8.1) for any F € [F}D{R.
(2) For any TE'U'Q)R with T =B (ThT»...T4), we have

I(T) = E,(I'(T)I(T2) ... I(T4)). (8.2)
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Remark 8.3. Let %g‘ r be the vector spaces spanned by labeled planar forests. In [3], a
Hopf algebra structure in # ﬁ g 1s given, which is a labeled planar version of Kreimer’s
Hopf algebra (see [6,2]) spanned by rooted forests. The product of the Hopf algebra
Jfﬁ z 18 given by the ordered disjoint union operation. We extend the map I" defined
by Algorithm 8.1 to ,%”}9, r linearly and still denote it by I'. Then it is easy to see
that condition (1) in the lemma above is equivalent to saying that the map I is a
homomorphism of algebras from .?fg z to A, while condition (2) is equivalent to the
following equation.

I'oBi=5,0T. (8.3)

Now let us consider the corresponding generating functions U(g) for the invariants
of ¥ defined by Algorithm 8.1.
First, for each « € D, we set

Udg)= Y (g™, (8:4)

TETR,,

where TP , is the set of all labeled planar rooted trees with o-labeled roots. We also
set

U@)=_ Us(q). (8.5)
aeD
E=) &, (8.6)
a€eD

Theorem 8.4. The generating functions U,(q) (o€ D) and U(q) satisfy the following
equations:

= ! — !
5 g 4 V) (87)
5 ! =g !

First, note that the second equation follows from the first one by taking sum over the
set D. The proof of the first equation is parallel to the proof of Eq. (5.2) in Theorem
5.1 but a little easier, since automorphism groups of planar labeled rooted trees are
trivial. So we omit the proof here.

Remark 8.5. (1) Note that, when |[D| =1, Fﬁ r is same as the set Fpp of unlabeled
planar rooted forests. Hence Algorithm 8.1 gives an invariant for planar rooted forests
in this case. Since the solution of Eq. (8.8) in A[[¢]] is unique, any equation of the
form Eq. (8.8) can be solved by looking at the invariant ¥ defined by Algorithm 8.1
for planar rooted trees and its generating function U(q) defined by Eq. (8.5).

(2) When |D| =1 and the algebra 4 is commutative, for any planar rooted forest
F, the invariant ¥(F') defined by Algorithm 8.1 coincides with the one defined by
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Algorithm 3.1 for the underlying rooted forest of F, which is obtained by simply
ignoring the planar structure of F.

Next, we discuss certain relationships of the invariants ¥ defined by Algorithm
8.1 with the Hopf algebra %1[3), z defined and studied in [3]. Even though, the links
present here have no obvious logical implication one way or the other, they provide
a new point of view to the invariants ¥ defined by Algorithm 8.1. Besides the Hopf
algebra Jfﬁ z and its certain universal property studied in [3], we also need the Hopf
algebra structure defined in [3] on the tensor algebra 7'(}) for any vector space V.
Since definitions of various operations of the Hopf algebras Jiﬂﬁ g and T'(V') are quite
involved, we will follow the notation in [3] closely and quote necessary results directly
from [3]. We refer readers to [3] and references there for more details.

First, let us assume that our fixed associate algebra (4,m,n) also has a co-algebra
structure with which it forms a bi-algebra (4,m,n, 4,¢). We further assume that the
linear operators =, (o€ D) are 1-cocycles, i.e. they satisfy the following equation:

Ao0E,=E,® 1+ (ild® E,) oA (8.9)

By the universal property of the Hopf algebra QYK?,’ z given in Theorem 24 in [3],
there exists a unique homomorphism of bi-algebras ¢ : Jfﬁ r — A such that

@oBS =L,0q. (8.10)

Note that the map (p:&’fﬁ r — A gives an A-valued invariant for labeled planar
forests.

Proposition 8.6. The A-valued invariant ¢(F) defined above belongs to the family of
invariants of labeled planar forests defined by Algorithm 8.1 with the linear operators
L, (x€D).

In other words, in this special situation, the invariant ¥ by Algorithm 8.1 coincides
with the unique map ¢ guaranteed by the universal property of the Hopf algebra %‘Q’ R-

Proof. Since the homomorphism ¢ preserves the algebra products and satisfies Eq.
(8.3), the proposition follows immediately from Remark 8.3 and Lemma 8.2. [J

One remark is that Algorithm 8.1 does not depends on whether the algebra A has
a bi-algebra structure. It only depends on the associate algebra structure of 4. But, on
the other hand, it is shown in [3] that the tensor algebra 7(V') of any vector space V
has a Hopf algebra structure. In particular, we have a Hopf algebra structure on the
tensor algebra 7'(4). Next we show that, by using the linear operators =, (o € D) and
the associate algebra structure of 4, we can construct a family of 1-cocycles L, (o € D)
of the Hopf algebra 7'(4). Therefore, the corresponding unique map ¢ : %112, r— I(4)
does give us a family of 7'(4)-valued invariants for labeled planar forests.



326 W. Zhao | Journal of Pure and Applied Algebra 186 (2004) 311-327

First, for any o€ D, we define a linear map from Z,: 7(4) — A by setting
::'% k— A,
a—aZ(ly)
and, for any n > 1,
E,:4%" — 4,
V@ @0y — Fy(vy - V20 Up)

and extend it linearly to 7'(4). Note that here we use 1, for the identity element of
the algebra 4 to distinguish the identity element 1; in the ground field £.
Next, we define a sequence linear maps {L,:T(4) — T(4)|x €D} by setting

Ly(a)=aZ(l4) for any ack and (8.11)

Ly(vy @va--- @ vy)
:ZUI®U2"'®Uj®éa(vj+l®"'®Un)
=1
FE0® @)+ U @V @, @ Ey(1),
n—1
:ZUI®U2"'®Uj®Ea(Uj+1 “Uj2 Un)
=1

+E (v va ) F U@ R, @ E(L) (8.12)

and extend it linearly to 7'(4).

By Proposition 72 in [3], the linear maps L,:7(4) — T(A4) are l-cocycles of the
Hopf algebra 7 (4). By the universal property of the Hopf algebra Jfg z given in
Theorem 24 in [3], there exists a unique homomorphism of Hopf algebras ¢ : %g R
T(A) such that

@oB; =Ly . (8.13)

Note that the map ¢ : # ,[,” r — T'(4) gives a T(A)-valued invariant for labeled planar
forests, which, by Proposition 8.6, is same as the one defined by Algorithm 8.1 with
the linear operators L, (x € D).
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