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1. Introduction

Consider a simple two-way relaying channel in which two single-antenna sources exchange
information via a multiple-antenna relay. For such a scenario, all the existing approaches that can
achieve full cooperative diversity order are based on antenna/relay selection, for which the difficulty
in designing the beamforming lies in the fact that a single beamformer needs to serve two
destinations. In this paper, a new full-cooperative diversity beamforming scheme that ensures that
the relay signals are coherently combined at both destinations is proposed, and analytical results are
provided to demonstrate the performance gains. Moreover, the impact of channel estimation error is
also evaluated. Finally, numerical results are provided to verify the accuracy of the provided
analytical results, and also to show that this proposed scheme can outperform existing schemes based
on antenna selection.
© 2015 Chongging University of Posts and Telecommunications. Production and Hosting by Elsevier B.V.
This is an open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).

systems. To characterize this improvement in transmission
reliability, cooperative diversity for wireless relay systems is
defined [1], where one relay is applied to create a virtual array

Relay-assisted cooperative transmission is an efficient method
to extend the coverage and improve the throughput of wireless
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for distributed transmission and signal processing. Moreover, the
definition of full cooperative diversity order, i.e., the maximum
achieved diversity gain for wireless relay systems, is also
provided in [1]. In [2,3], more general scenarios with multiple
distributed relays are studied, and it is shown that the full
diversity order achieved by relay cooperation is equivalent to
the number of relays without considering the direct link.
In addition, centralized relay cooperative transmissions
can be implemented by using multiple antennas. By
careful transceiver design, multiple-input and multiple-
output (MIMO) techniques can further improve relay
transmission performance [4,5].
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Although relay transmissions can improve robustness of
performance, they can detract from spectrum efficiency
since extra radio resources are required for relaying. Net-
work coding has been introduced as a promising solution to
this problem [6,7]. Unlike the complete renewal of inter-
ference as in conventional relay transmissions, network
coding encourages the use of controllable interference by
mixing different messages together at the relay nodes, and
thus can support the transmissions of multiple data streams
simultaneously. For example, in a two-way relay scenario,
the spectral efficiency can be doubled by broadcasting the
network coded message at the relay, and decoding the
desired message by subtracting self information at each source
[11-13]. To improve the efficiency without compromising
reliability, the joint design of MIMO and network coding has
drawn considerable attention [8-10], especially in MIMO two-
way relay systems. In [14], the sum rate for two-way relay
systems is optimized through collaborative beamforming, and
[15] designs the precoding matrices at the sources and the
relay jointly to minimize mean-square error (MSE) for max-
imum multiplexing in MIMO two-way relay systems.

Despite these studies of MIMO two-way relaying channels,
some challenging issues are still left as open problems. For
example, consider a simple two-way relaying channel in
which two single-antenna sources exchange information
via a multiple-antenna relay. To such a scenario, the
existing precoding design aims to maximize the sum rate,
or minimize transmit power, such as proposed in [16].
However, such precoding schemes cannot achieve full-
cooperative diversity, since two different beams are formed
at the relay and directed to the two sources, and to the best
of the authors' knowledge, how to design a full cooperative
diversity relay beamformer is still an open problem. The
difficulty in designing the beamforming lies in the fact that
a single relay beamformer needs to serve both destinations.
Moreover, the study of such a scenario is necessary since it
can be commonly found in practical systems, and some
typical cases are listed as follows: in cellular systems, users
are exchanging information via a base station, where the
base station is equipped with multiple antennas and users
have only a single antenna due to the limited size and
battery capacity of handsets. In wireless sensor networks,
single-antenna low-cost sensors communicate with each
other via a data fusion center with multiple antennas. In
addition, in many emerging data networks, such as smart
home and healthcare networks, it can be commonly found
that low-cost single-antenna terminals/devices communi-
cate with each other via a network hub with more cap-
ability. In this paper, we propose a solution to the addressed
problem and the main contribution can be summarized as
follows.

Firstly, a full-cooperative diversity relay beamformer is
designed for the scenario under consideration, which is
more challenging than the scenario with more antennas at
the sources. Particularly, when the sources have multiple
antennas, the cooperative diversity gain can be achieved by
design the precoding at the sources and the relay jointly,
and there exist some techniques which can achieve superior
outage performance, such as signal alignment in [17], and
channel parallelization based precoding design [15]. How-
ever, when each source has only a single antenna, these
existing schemes cannot work since the signal space is

flattened into one dimension at the sources. To the best
knowledge of the authors, how to design a full-cooperative
diversity beamformer for such a scenario is still an open
issue. In this paper, we propose an efficient solution, and
the key idea is to use the symmetry of the observation
phases at both destinations, and the relay signals can be
coherently combined.

Secondly, to evaluate the performance of the proposed
transmission scheme, the outage probability is analyzed in
this paper. Particularly an upper bound on the signal-to-
noise ratio (SNR) is first developed, which facilitates the
development of a closed-form expression for the outage
probability. The asymptotic analysis of such an bound is also
provided to demonstrate the full-cooperative diversity gain
achieved by the proposed scheme. Finally, the impact of
channel estimation error is evaluated, and both analytical
and numerical results show that our proposed scheme can
still achieve full cooperative diversity gains when the MSE is
equivalent infinitesimal to the reciprocal of average SNR.

The rest of this paper is organized as follows. Section 2
describes the system model, and introduces the proposed
full-cooperative diversity transmission scheme. In Section 3,
the performance analysis of the proposed scheme is studied.
The impact of channel estimation error is evaluated in
Section 4. In Section 5, the simulation results are shown,
followed by the conclusions in Section 5.

Notation: Vectors are denoted as boldface small letters,
i.e., a, and a,, denotes the mth element of a and a’ is the
transpose of a. |c| is the Frobenius norm of ¢, and ¢ can be
either a vector or a number. E{x} is the expectation of x,
and Pr{x<p} denotes the probability that the value of a
random variable x is less than p. I'(d) is the Gamma
function, y(a,x) denotes the lower incomplete Gamma
function, K,(z) is the modified Bessel function with imagin-
ary argument, and all the referred special functions follow
the form given in [19]. o2 is the variance of additive white
Gaussian noise at each antenna.

2. System model and protocol description

Consider a two-way relay system, in which two sources $4
and S; exchange messages via a relay R. As illustrated in
Fig. 1, each source node is equipped with one antenna,
while the relay is equipped with N antennas. For simplicity,
all nodes are assumed to employ time division duplexing,
where the incoming channel and the corresponding outgoing
channel are symmetric. All the channels are modeled
as quasi-static Rayleigh fading channels, and each node
has access to full perfect source-relay channel state
information (CSI).

The transmission can be accomplished in two phases by
applying network coding. During the first phase, both
sources transmit their own messages to the relay simulta-
neously, and a network coded observation at the relay can

Y v
S, — R | | *=— S,
hf
System model.

Fig. 1



A full-cooperative diversity beamforming scheme in two-way amplify-and-forward relay systems 59

be expressed as
Yg = hx1+8x; +ng, M

where x; is a message transmitted by S, and its transmit
power is limited as [E{x1Tx1} = P4, h denotes an N x 1 channel
vector for the link from Sy to R, x; and g are defined
similarly for S, the corresponding transmit power is P, and
ng is the additive Gaussian noise at the relay. Assuming that
an amplify-and-forward (AF) strategy is applied, the relay
broadcasts its network coding message after beamforming
in the second phase. In particular, the forward message at
the relay can be given as t=pQyg, where Q is a N x N

beamforming matrix at the relay,

p= \/ 2 PRZ 77 18

|Qh[*P1 +1Qg|*P, +1Q| o’
the power normalization factor to satisfy instantaneous
power constraint at the relay as introduced in [9,13,15],
and Pg is the relay transmit power. Based on the channel
asymmetry assumption, h’ and g’ are two 1 x N channel
vectors for the links from the relay to S; and S;, respec-
tively, and thus the observations at Sy and S; can be
expressed respectively, as follows:

y1 =h"t+n; = ph"Qhx; +ph"Qgx, +ph" Qg +ny, )
v, =g"t+n; = pg" Qax, + g’ Qhxy + g’ Qg+, 3)
where n; is the additive Gaussian noise at S;, i=1,2. Then S;

can subtract its self-interference from its observed network
coded message, and obtains the desired message from the
other source.

2.1. Full-cooperative diversity beamforming
design for studied two-way AF relay systems

The concept of diversity gains in the context of cooperative
networks was first proposed for one-way relaying systems
[1], where the cooperative diversity is obtained by creating
a virtual antenna array and the relays are used to create
independent paths between the source and the destination.
It can be applied in two-way relay systems straightforwardly
to evaluate the transmission reliability. For the addressed
scenario with two single-antenna sources and a relay with N
antennas, the full diversity gain is N, since the N relay
antennas only can create at most N independent paths
between two sources. To achieve full cooperative diversity
gain, antenna selection is a straightforward method. Speci-
fically, an antenna that maximizes the minimum received
SNR of two sources should be selected, which was proposed
in [13]. Since our studied scenario is a special case of multi-
pair two-way relaying systems, it can be easily verified that
antenna selection can achieve full cooperative diversity
gain by following the proof of Corollary 4 in [13]. However,
antenna selection does not make full use of the multiple-
antenna setting at the relay, and the array gain cannot be
achieved. To provide a full cooperative diversity gain
scheme with better performance, the beamforming design
is proposed in this subsection. Particularly, the diversity
gain in the context of cooperative networks has been
formally defined in [1] as follows.

Definition 2.1. The diversity gain in the context of coop-
erative networks, defined as a, can be obtained if the
outage probability P°“* of the transmission scheme has the

high SNR asymptotic behaviorial as follows:
log(P**")

oo log(t/p)

where p denotes the average SNR.

“4)

To have a closer look at cooperative diversity gains, we
further derive the definition of outage probability based on
the results given in [1]

Pt — Pr{R<Ry} = Pr{SNR<yn}, ®)

where R is the transmission data rate, Ry, is set as a threshold
for R, SNR is the receive SNR and yy, is its threshold. To
evaluate the outage performance for our proposed scheme, we
first derive the receive SNRs for S; and S, based on the
observations given in (2) and (3), respectively,

oNR, — /I Qgl’P
(FhTQI2 +1)02
3 Alh"Qgl?
~ G+ Qe+ 1/

/187 Qh*P
($*187QJ* + 1)
_ Alg™Qh/? )

(A+1iQgl*+1Qh*+1Q1%/p

where the transmit power is set as Py =P, =P at S; and S,
Pr = AP is the transmit power at the relay, and average SNR is
defined as p =P/c>.

The key step to achieve full cooperative diversity gain is
to design the relay beamforming matrix Q. In particular, we
focus on the signal parts of SNR; and SNR;

h'Qg= Z qunhmgn

0G n | hml|g, €7@ 0, (8)

()

SNR; =

)

Il
Mz i
Mz T

1

N
Z mngmhn

N
Z Q|G 1| €1+ 0), 9)

3
Il
s
Il

g'Qh=

] Mz ] Mz

where ¢>p denotes the argument of h, and ¢, is defined
similarly for g,. As shown in (8) and (9), when m # n, it is
hard to find an appropriate choice for g, that can be
helpful to g"Qh and hTQg simultaneously. By letting Q as
a diagonal matrix with its diagonal elements as
e Jm+41)  we can ensure that coherent combination at
both sources. Then the beamforming matrix can be
defined as follows:

e*](d’m*f}n)’ m=n

0, m#n (19

Q= (qmn)NxN = {
Substituting (10) into (6) and (7), the SNRs at S; and S,
can be further derived as

2
A(Shy Ihmlisn])
NRq = —— P, (an
(A+DIhI*+181°+N/p
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2
A(Zhy_ 1 1hmlgn)
NR; = S ’. (12)
G+ DIgE+INE+N/p

By combining the signal from both paths coherently, our
proposed beamforming scheme can achieve full cooperative
diversity gain, which is demonstrated in the next section.

3. Performance analysis for proposed
beamforming design

In this section, the performance of the proposed full-
cooperative diversity beamforming design is evaluated.
Firstly, a tractable upper bound on outage probability is
derived, and then a closed-form expression for it can be
obtained. Next an asymptotic high-SNR expression for the
derived upper bound is analyzed, which demonstrates the
cooperative diversity gain of our proposed scheme.

3.1. Upper bound of outage probability for
proposed scheme

To find a feasible method to evaluate the outage probability
of proposed transmission scheme with perfect CSI in this
section and the impact of channel estimation error in the
next section, we first derive a tractable upper bound for the
SNRs, and the following lemma is presented.

Lemma 1. Denoting that a=[a;...aN]" and b:[b1...bN]T,
where a, and b, follow independent and identical zero-
mean Gaussian distributions with variances v, and v < 1, the

N 2
random variable w = (- s amiom)
W2, tan) (32, 607)
bounded as follows with probability 1. Specifically when
the number of relay antennas N is large enough

can be

Nlim Pr{w21}=Nl1'm Pr{w=1+%(N—1)ﬂ2}=1. (13)

Proof. Due to the definition of convergence with probability
1, it is equivalent to prove the following equation for any
given positive number ¢:

\im pr ‘W—(1+%(N—1)ﬂ2)‘<e —1. (14)

A

e b slontol) e <e} an e

<)

—Pr ] w—u |+ u—(1+%(N—1)n2) )<e
By

B,

(15)

Since the event that {|B1|< 5} N {|Bz2|< 4} is a special case
of |B1+B;|<e, Pr{’A‘<e} can be bounded as

ol w3
gPr{‘B1’<%}+Pr{)BZ‘<%}—1, (16)

where inequality (a) in (16) can be obtained directly by
using Boole's inequality [20]. Therefore, to prove (14), we
need to demonstrate that Pr{|Bi|<$} and Pr{|B;|< ¥} are
both convergent with probability 1, respectively, which are
given as follows.

1. The proof of limy_, o Pr{|B1| < 5§} = 1: We first rewritten
Pr{|Bi|<$} as (17)

Prifi| <3}
ﬁ (Zﬁ:1 |am||bm|)z‘%(zg:1 ”am|2> (22:1 |bn|z> 7”z|<%
(T an?) (SH_ b4

Cpr ﬁ’l XN: |G ? EN:\b ? 7y2‘<£ (17)
- DZ NZ m=1 " n=1 ! 2 ’
where inequality (a) can be obtained by using the Cauchy-
Schwarz inequality (3-8 _; [am|bmD?* < (XN _ 4 lamD)(N _,
|bnl?). As introduced previously, a. and b, are independent
Gaussian distributed variables, and thus |am|> and |b,|?
follow exponential distributions with a common expectation

v. Based on the law of large numbers [20], we can obtain
that

Jim Pr{|si| <3} =

l'P1NN2b22”21 18
NL”QOr‘WZ::Z'“’"""'_”’<ﬁ€=' (18)

<e}2Pr{’B1‘<%,

=Pr

2. The proof of limy_ Pr{|B|<4=1. u can be
expanded as follows:

1 & s g 1
u= sz::1 |Gm|” |bm| +W Zz|am||bm||an||bn|~ 19

m#n

Due to the law of large numbers, both expanded parts of u
in (19) also approach constants as given in (20) and (21)
when N is large

. 1 N 2 2 €
4Py gz 22, tanron” 1] <

Cq

. 1 N 2 2 2 1/2
= tim Pr{lﬁm§_1|am| b2 —v ‘<Ze —1, (20)
lim Pr ‘LE 2(apm]|bmlanllb |—1(N—1)ﬂz‘<E —1
N=-o0 Nu2 miEmEEnE 2 4 ’

m#n

C
(21)

and (21) follows the fact that |a,| and |bg| are independent
Rayleigh distributed variables. Then the convergence of
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Pr{|B2| <} can be proved as

i (] <5} = m {1 <)

N—oo
<5 <3
2 timpr{ler| < g+ pmpr{jea| <Gl -1=1. @

where inequalities (a) and (b) in (22) can be obtained by
following (16).

Based on (16), (18) and (22), we can prove that the
inequality w > 1 can be almost surely (a.s.) established

lim Pr{w > 1} = lim Pr{w=1+%(N—1)ﬂ2}=1. (23)

The lemma has been proved. ©

Based on Lemma 1, the lower bound of the receive SNRs
can be given as follows. When the number of relay antennas
N is large, the channel vectors can be decoupled in the
signal parts for both sources

Alhl*ig)

SNR; > P, 24)
"= NIh2+ 1 +N/p)
2 2
sNR, % Ahi'igl (25)

= P>
= N+ h[2+N/p)

where = 1+1. Then an upper bound of outage probability
can be derived in closed-form, which is presented in the
next theorem.

Theorem 2. An upper bound on outage probability for
proposed scheme in Section 2 is given by

_ 1 uNa
out —up __ HiNa
P r(N)V(N’ 7 )

T Sl A T BT 2
J I(N) P

j=0

2

M[Ni+l—kb(N+k—l)/2yi;rl—k

L(N)F(HaN+
2 e~ (u+DNa)/4
XKk+17N(E‘/E>T, (26)

where a= %h and b = Ny (uyn +2).

Proof. Without loss of the generality, the upper bound on
outage probability for S; is derived. Denoting that x; = |h|?
and x; = |g|?, it can be written as

_ AX1X2
pout ”p:Pr{i < }
NGuxi +x2+N/p)” =Tt
Na
:PI’{X2<”T}
Nywx2 +N2a uNa

Pri{0 I B2 TR E s o .
+ r{ <X1</1sz—ﬂN7th’ 2> K1+K,

@27)

As introduced previously, x; and x; are two independent
Chi-squared random variables, whose probability density
functions (PDFs) are given by

X{]‘l—1e—X1 XQ’—‘]e—Xz

fx1_W’ XZ_W‘ (28)

Then substituting (28) into (27), K1 and K; can be obtained

uNa /i uNa/i X5171e—xz
/C1=/0 fxzdxz=/0 TN dx;

1 uNa
=7 (%5 )

0 (NyanXa +N2a)/ApXa — uNygn
Ky= / fxz / fx1 dX1 dXz
uNa/2 0

1 /wy NywX2+N%a
[F(N)? Jute "\ 2pXa — Ny

To obtain the closed-form expressicz)n, (30) can be expanded

: _ NywXxa+Na
as follows by denoting z = TNy

)x?”e"‘z dx;. (30)

p [ (ﬂN}’ch+NZG)N_1

=—— e~ WNrnz+N'a)/ipz—Nro o7
T'(N) Jnas (/I/JZ—NYth)N+1

K2

. N-1
p N=1 oo Z (yNythz—l—Nza)
F(N)i=o/"’ﬂ/i 1"(")(/1,02—"11/th)N+1
o~ (uNraz +Na)/2pz = Nyp)+2) g7 — L1— Lo, (31
where [C; is simplified by applying y(N,z)=T'(N)[1—e~*
( ,F’;J, %)] in [19]. Then we focus on deriving the closed-

form expressions for £; and L£,. Particularly denoting
t = Apz—Nyy,, L1 can be derived as

be~#Na/A oo Ny t+b)N T

= F(N);LNPN 0 tN+1
N-1/N—1 ) _e—HNajL oo o—blipt

) N N-J .
Z( j >(” oo S, e

(N 1 ) T(N—j =) (uNynY 2T e=rmels
j

e b/t gt

1

P
- o

(32)

=5 '(N) P

where £ is simplified by using the binomial theorem.
Following the notation in (32), a closed-form expression
for £, can be obtained in a similar way

e (0(")

ﬂ’NiH’kbN_[yiﬂ'l_k e~ (u+1Na)/4
T(N)F(@i)aN+1 PN+

EES()()

ToiTeizo \K (
1+1—kb(N+kfl)/2'yirT17k » N<£\/_) e*((ﬂ+1).Na)/A

T(N)C(HANF M\ ap PN+

Then the proof is complete. O

/oo tkH=N=1 o= (b/int 4 t/ip) g
Jo

(33)

Although the derivation of P°“*~“P is based on the
assumption that the number of relay antennas is large,
the simulation results in the next section show that the
derived upper bound is a general expression, i.e., P°!t =" is
also applicable when N =2.
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3.2. Analysis of cooperative diversity gain for the
proposed scheme

To derive the achievable cooperative diversity gain of the
proposed scheme, an asymptotic analysis of P°“*~'P is given.
Specifically it can be obtained by applying a high SNR
approximation to the original expression for P°'*~" given
in (27), and the derivation is given in detail as follows.

High SNR Approximation of K1 in (27): In the high SNR
region, # approaches 0, and thus the lower incomplete
gamma function in K; achieves the following asymptotic
form:

(N /M) _ WNr)" 1

1 N (34)

and (34) can be obtained directly by using the L'Hopital's
rule on the definition of lower incomplete gamma function
given by Eq. (8.350.1) in [19] when its argument appro-
aches zero. Then a high SNR approximation to Xy can be
derived as

oo _ WNr) 1
"TONTN) N

(35

High SNR approximation of K, in (27): To derive an
accurate approximation, we begin with the expression
for IC; given in (30). When p is in high SNR region, the
argument of the lower incomplete gamma function in (30)
approaches
Nriwnxa+Na _ Nywxa+(N*rn/p) _ Ny (36)
Ipxa =Ny, p(AXa—(uNrw/p)) — 2p
Then the approximation of K; can be derived as follows by
substituting (36) into (30):

(o]
K= Zy(N,%)/ Xy~ Te % dx,
[T (N)] Ap ) Jue

7

_ 1 Nrn) 14—, (n,#Na
_[r<N>]”(N’ zp)b Y(N’ 7 )} 37)

Similar to the approximation of K1, the asymptotic form of
K, can be given as follows:

o N N 11

27 NIE(NYP NN pN| pN
NN=TyN 1 1

=——"th __o(—]. 38
MrNER (,,N) 38)

Based on the high SNR approximation of K4 and K, an
asymptotic form of P°*~P is given in the following cor-
ollary, which demonstrates the cooperative diversity gain of
the proposed scheme.

Corollary 3. In the high SNR region, the derived upper
bound on the outage probability for the proposed scheme,
which is provided in Theorem 2, can be approximated as

+o(p1—N>. 39)

Substituting (39) into (4), it is easy to show that the
cooperative diversity gain of the proposed scheme is N,

pout—up _ (.“Nyth)Nl NN717€Jh i
o0 NE(N) o 7 ANIE(N)E PN

which is the full-cooperative diversity for the studied
scenario.

4. Performance analysis when channel
estimation error exists

Based on the perfect CSI assumption, we have evaluated the
diversity gains of the proposed beamforming scheme in the
addressed scenario. However, channel estimation error is
commonly found in practical wireless systems, and in this
section its impact will be investigated. Particularly the
channel vectors, h and g, can be expressed as the sums of
channel estimates h and g and independent channel esti-
mation errors e and e, respectively,

h=h-+eq, gzé—i-ez, (40)
where e; and e; are complex Gaussian distributed with
variances e. Substituting (40) into (2) and (3), the observa-
tions at Sy and S; can be expressed as follows when the CSI
is imperfect:

Vi :ﬁﬁTQﬁX1 +/§ﬁTQ§X2 +p <2F'TQ91 +e1TQe1>x1
+5 (ﬁTQez +e/Qg +e1TQe2>x2
+[5<hT+e1T)QnR+n1, (41)

v2 =58’ Qéx; +58 Qhxs +p <2§TQez +e2TQe2)xz
+5 <§TQG1 +9;Qﬁ —|—eZTQe1>x1
+5(g" +e))Qng+n,. (42)

where j is the power normalization factor at the relay when
channel estimation error exists, given by

. Pr
p= ~ ~ . (43)
\/lQhI2P1 +1Q8[*P2+1Q[%eP; +|Q[%eP; + Q|62

Since perfect CSI is not accessible in practice, the
proposed beamforming scheme is based on channel esti-
mates, and thus the beamforming matrix Q is given by

e*j((]’m+f)n)’ m=n

Q= (qmn)NxN = { (44)

0, m#n’

where ¢, and 8, are the arguments of h, and ¢,
respectively. Due to (41), (42), (43) and (44), when channel
estimation errors exist, the signal-to-interference-plus-
noise ratios (SINRs) at S; and S; can be (45) and (46),
respectively

4(5h 1o o)
A[5\ﬁ|25+|g|2e+(NZ+N)52}p+/1(|ﬁ\2+Ne)+(\ﬁ|2+\§\2+2Ne+N/p) ’
(45)

SINR; =

A [fm[8])*
A[518[%e-+ R P+ (N +N)e2 | p-+ (1812 +Ne) + (IR + I8 +2Ne-+N/p)
(46)

SINR; =
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Recalling Lemma 1, SINR; and SINR; can be bounded as
follows when N is large:

2,12

SINR; = Gul 47)
1= = N - < N P>
N{5|h|ze+|g|ze+(N2+N)62]p+m(|h|2+~e) +N<|h|2+|g|2+2Ne+N/p>
VIR
a.s. /1 h g
SINR; > - - - - - p. (48)
/IN{5|g|Ze+|h|ze+(N2+N)€2]p+/1N(|g|2+Ne)+N<|h|2+|g|2+2Ne+N/p>
Then an upper bound of outage probability can be obtained
when channel estimation error exists, which is given in the N1
following theorem. o Gl g [T R e
1= f)%z X2 = W dax;
0 0 —
Theorem 4. When channel estimation errors exist, with 1 c
variance ¢, an upper bound of outage probability of the = Wy{ 7 17“‘ } (53)
proposed scheme can be written as (N) p(1=e)
1 cy o0 (dynX2 +qren)/ApX2 = Cren N R
out —up _ th — . .
P F(N) l: a1 —€):| J2= /Cnh/lp (A fx1 dx, fxz dax,
z’: ( ) Il N~ ’ﬁ(N j—1) e~ crn/=on) _ 1 /°° y( dnhf(z+qnh)
- J —e)" I (N) P A=™FNP Jergsip' \ - X2 —Cren
_ w xx) e ¥*2/(1-9 dx, (54)
ZI(ZOIZ:Z< )( > Slmlbarxtg)rq(31), J2 can be expanded as (55) by denoting
5 YthX2 il
(Cthh +/1qythp)(N+k—l)/zcldrfkyiﬁlfk zZ= /1,3(2 Cythh'
/1N+ipN+i(1 _6)(N+k+1)/2r(N)r(i) Ty= C(C:}’th "‘Zﬁqz‘:)ﬂ
- F t g
o~ (@ +(1—edry)/(1 - cdyty +4qrwp S)A CZ",”(
k=N lp 1—¢ ’ X(C}’ch—quth) e~ (@runZ+qrn)/(1—e)UpZ —drw) g5 _
o (Ap2 — )N
“49) L _Cdrhy +2qrme K7 / >
where c=(54ep+A+1)N, d=(ep+1)N and A e)ZNF(N)F(i), < Jera /i

= [AN?+N)e2p+Nie+2Ne+N/pIN

Proof. We focus on the outage probablhty of S¢ without loss
of the generality. Denoting X = |h| and %, =|g%, the
outage probability can be bounded as follows based on (47)

_ AX1X7
out—uwp _pry T2 . 50
P r{cx1+dxz+qp<}/th} (50)
Then P°Ut=Y in (50) can be further derived as
pout—up _ pr %
Ap
+Pr{0<)"(1 < 7dythAX2+qyth X2 > Cy—th}
ApX2 = Crh Ap
=J1+J2. (51

Note that x4 and X, follow the gamma distribution, and so
their PDFs can be written as

f )"(2‘1_19*;‘1/(1*‘3) )'\(21_19*;(2/(1*9)
S S A A () R C B AT I

Then 71 and 7, in (51
follows:

(52)

) can be derived respectively, as

vy (crn +qrm)"~

T e —(crn2 +qrw) /(1= €)(2p2 — dyy) — 2) dz = 7'1 7']’2.
(42 —dy)" "

(35

Denoting f:,lpi—dyth, explicit expressions of 71 and 7,
can be given by (56) and (57), respectively, which are
similar to (32) and (33),

(Cdy%h +}quthp)e —Cren/(1=€)Ap)
NN —e)™NI(N)

©(Crn t+ Cd}’%h + /Iq}’thp)N !
X o IR

Ti=

e~ (Cdrt, +2armp)/(1 =it ¢

(36)

9 ij{h’lN ]F(N ]— 1) e~ Crn/(1—€)dp)
= g €)N+1r(N) pj ,

+Aqrmple” (crn+(1 —e)dy)/(1—e)ip

N—-1 2
7=y

=0 N1 =™ P(N)I (i)
(cr, ht+Cd7 +Aqrae)
FRGERE

e —((cdy2, +2qremp) /(1 — )Apt) — (f//lﬂ) dt
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-5 ()

(Cd?’th+}‘q7’thp)(N+k l)/zcldi—kyiﬁrl—k
/1N+ipN+i(1 —e)(N+k+’)/2F(N)F(i)

cdy?, +2qymp

wxe~ @n+0—edrn)/(1- f)ipKk =N
Ap 1—¢

(37)

Substituting (53), (56) and (57) into (51), the theorem

follows. ©

4.1. Impact of channel estimation errors on
cooperative diversity gain

To evaluate the impact of channel estimation errors, the
approximation of P°U'~'P is studied when the SNR is high.
In particular, we focus on two typical cases that are
analyzed in details as follows.

1. When the mean square error ¢ is a constant: For a
constant ¢, we focus on the items related to the SNR p in
(49). In particular, the argument including p in 74 and 74
can be approximated as follows when the average SNR is
high:

Crn _ Olep A+ DNy | SNy,
p(1—e) ip(1—e) 1—¢’

(38)

Substituting (58) (into 53) and (56),
written asymptotically as follows:

T = Ly(N, 5€N7’th)’ (59)

J1 and 741 can be

I'(N) 1—¢

N-1
o (SEN}’th)JF(N J - 1) —SeNyth/“ 6)
> ( j > (=N (60)

Similarly, the arguments related to p in 7, be approxi-
mated as

cdyl, +qymp
Pz
€ L siNe.d SaNe. 61)
p P

= (57t +N+1) 2N pe? = ¢,

Substituting (61) into (57), 7, can be approximated as

N_1 B 2(k> (Nl 1)5 C(N+k l)/z(é'N)/ )H-l k
77 = Z: 2:: ; AN Z N2 LNy ()

N ) 2
e~ (6=aNm)/(1=apy, | <_ ¢ ) (62)

AV1—e

Due to (59), (60) and (62), P°“'~“P can be written
asymptotically as follows when ¢ is a constant:

1 5¢Ny =1 N=1
ut—up _ th
P = g (Ve ¢ 2\

(5eNyg Y T(N—j—1) o~ 5eNrn/(1—¢)
(1 —eNIr(N)
i N-1

Ty

i=0k=0(=0

i N—-1 .
2<k)( l )5[€(N+k—l)/2(€Nyth)l+[—k

/'LN+I<—[(1 _6)(N+k+[)/2r(N)F(i)

o (6= aeNra)/(1-ep, | (2 ¢ > 63)

1—¢

Since P~ is a constant unrelated to p for high SNR,
the diversity order is 0 when the mean square error ¢ is a
constant. Therefore, in this case, the outage performance
saturates at a constant instead of continuing to decrease for
perfect CSI.

2. When the mean square error ¢ ~1/p: In this part, we
consider another case in which ¢ is equivalent infinitesimal
to 1/p, i.e., 7 —1 when the average SNR p is high.
Particularly, the argument of the incomplete gamma func-
tion in 74 can be approximated as follows when p—0 and
e~1/p:

vt (52ep+A+1Nyy, . (6A+ )Ny,
p(1—e) Mp—ep) Mp—1)

Recalling (34), the asymptotic form of 74
expressed as

g 1 PRAY N
1 Nr<N)K " ) “h} 1"

! 6 ! N N1 65
Nr(N)K * ) ““} N €3)

To simplify the approximation of 7,, we begin the asymp-
totic analysis from (54), where the argument of the
incomplete gamma function can be approximated as
drwX2+qrem _ (A+DN
ApXa —Crip p
Substituting (66) into (54), J, can be further derived as

-0. (64)

can be

(66)

00 1 [ (A+1)N *© oN=1_—%/(1—¢) A
= N 2 d
ATV Ay MW X2 € X2
1 {(qu
TrwpTLT
CYth
XY{F(N)_]/_N’A/)U—e)}}' (67)

Then the asymptotic form of 7, can be obtained by
following (65),

- NN71 1 N
TT= g (1 * 1)

1 1 N1l 1

Based on (65) and (68), the following asymptotic result of
POUt=UP can be obtained when p—0and e~ 1/p

1 1 Ng o NN-T 1
out —up _ _
P Nrwy [(“ )N““} N TN
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+o(p1—N). (69)

The last equation demonstrates that the diversity order
of the proposed scheme is N, which means that the full
diversity gains can be achieved. Considering that the mean
square error of the typical channel estimation methods
follows the fact that ¢ ~ 1/p, our proposed full-cooperative
diversity beamforming scheme is still applicable when the
channel estimation error exists.

5. Numerical results

In this section, numerical results are provided to evaluate
the transmission performance and demonstrate the accu-
racy of theoretical analysis in the previous section. In Fig. 2,
the cumulative distribution functions (CDF) of w defined in
Lemma 1 is plotted when the number of relay antennas is
set as N=3,4,5,6. As shown in the figure, Pr{w > 1} raises as
N increases, and approaches 1 when N> 3. Such results
verify the inequality established with probability 1 in
Lemma 1.

09

08 |---

0.7 |

06

0.5}

CDF of w

04}

03 :
The number of relay
; antennas N increases
0.2 Pr{w>1} approaches 1

’

01

A a R
< S >
L b 2

Outage Probability
3

Monte Carlo
- = Numerical results of P***"?
Asymptotic Analysis of P°™P

0 5 10 15 20 25 30
SNR (dB)

Fig. 3 The derived upper bound on the outage probability,
N=2,3,4 and ry, = 1 bit/s/Hz.

Fig. 3 gives numerical results for the derived upper bound
on the outage probability and the corresponding asymptotic
analysis, where N is set as 2, 3 and 4. The simulation results
show that the derived upper bound is quite tight in the high
SNR region, especially when N is small. Recalling (23), which
shows that the signal power can be lower bounded by
abandoning the component of (2" lAmlIgm!lhnligal)/N,
which approaches %(N—‘l)n’z when N is large. Therefore, the
power of (23, ,1AmlIgmllhnllg,D/N increases as N
increases, which enlarges the gap between the exact outage
probability and our derived upper bound. However, it is
important to point out that removing such a component
does not cause any changes in the achievable diversity gain,
which can be confirmed by studying the slopes of the curves
for the exact outage probability and the asymptotic one.
In Fig. 4, the outage performance with different power
settings is evaluated for our proposed scheme. Specifically
the number of relay antennas is fixed at N = 3, and the ratio
of relay power to source power 1 is set as 0.5, 1, and 2,
respectively. As shown in the figure, the outage probability
of proposed scheme can be improved as the transmit power
increases. In addition, the curves with different power
settings have the same slope, which demonstrates the

Outage probability

Monte Carlo

107° Numerical results of P*"'up P, =P,=P,F.=P NNV
== Asymptotic results of P*“p *=1)
1077 1 1 1 1 1
0 5 10 15 20 25 30
SNR (dB)

Fig. 4 The outage performance at different power settings,
N=3 and ry, =1 bit/s/Hz.

107 |

107 |

1070 |

Outage probability

Proposed scheme
== Antenna selection
>+ Direct AF

1070 |

10712 L L L L L L L
0 5 10 15 20 25 30 35

SNR (dB)

Fig. 5 The outage probability performance, N=2,3,4 and
re, =1 bit/s/Hz.
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Outage probability

SNR (dB)

Fig. 6 The outage probability performance with channel
estimation errors, N=3 and A=1 and ry, = 1 bit/s/Hz.

accuracy of the developed analytic results. The curves for
the upper bound and the asymptotic analysis in both
Figs. 3 and 4 have the same slope as the Monte-Carlo
curves, and thus the analytical results in Section 3 can be
testified.

To further evaluate the outage performance of the
proposed scheme, a comparison of the antenna selection
scheme and the direct AF scheme for the studied scenario is
provided in Fig. 5, with the numbers of relay antennas are
given as N =2, 3, 4. Since there are no additional operations
at the relay, the number of relay antennas does not have
much impact on the diversity gain achieved by the direct AF
scheme, and thus we evaluate the performance only of the
best case when N is set as 4. As shown in the figure, the
proposed scheme can achieve better performance than the
antenna selection scheme, especially in the low SNR region.
The performance gain achieved by the proposed beamform-
ing scheme is analog to the advantage of maximal ratio
combining (MRC) over selection combining in conventional
single-input multiple-output systems, where selection com-
bining uses only a single antenna and MRC can ensure the
optimal use of all antennas. It has been verified in [18] that
MRC can achieve full-diversity, and has better performance
than selection combining, which is consistent with our
results.

In Fig. 6, the outage probability for the proposed scheme
with channel estimation errors is plotted. In the figure, we
provide results for different error variances ¢. With such
channel estimation errors, an error floor for the outage
probability is evident in the high SNR region. As ¢ decreases,
which means that the estimation accuracy is improved, the
error floor can be lowered, and the outage performance
approaches that with perfect CSI. Moreover, the curve
steadily decreases when ¢ =1/p, and thus the cooperative
diversity gains can be ensured.

6. Conclusion

To achieve full-cooperative diversity gain, a joint beam-
forming and network coding scheme has been proposed for
two-way relay systems. By combining the messages from
different paths at the sources, transmission reliability can

be improved. A closed-form upper bound on the outage
probability has been derived, and a high SNR asymptotic
analysis has also been given to demonstrate the achieved
cooperative diversity gain. Moreover, we have considered
the case in which the channel estimation is imperfect, and
studied the impact of channel estimation error on the
outage probability and the diversity gains. Simulation
results have been provided to verify the derived analytical
results, which also show that our proposed scheme outper-
forms the antenna selection scheme in the studied scenario.
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