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Abstract

Let G be a 'nite group. The question of how the properties of its minimal subgroups in4uence
the structure of G is of considerable interest for some scholars. In this paper, we use the c-normal
condition on minimal subgroups of Fitting subgroups to characterize the structure of G through
the theory of formations, generalizing some known results. c© 2002 Elsevier Science B.V. All
rights reserved.

MSC: 20D10; 20D30

1. Introduction and preliminaries

All groups considered in this note will be 'nite. We use conventional notions and
notations, as in [8].
Fix a group G. A minimal subgroup of G is a subgroup of prime order. How

minimal subgroups can be embedded in G is a question of particular interest in studying
the structure of G (see [1–6,10–14]). Ballester-Bolinches and Wang in [5] study the
in4uence of c-normality of the minimal subgroups on the structure of G through the
theory of formations and obtain many new results which make some classical and
recent results as particular cases. In this note, we go further by studying the in4uence
of the minimal subgroups of Fitting subgroups of G, improving some results of [5,12].
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Let F be a class of groups, we call F a formation provided that (i) if G ∈F and
H/G, then G=H ∈F, and (ii) if G=M and G=N are in F, then G=(M ∩N ) is in F for
normal subgroups M;N of G. A formation F is said to be saturated if G=�(G)∈F

implies that G ∈F (see [8, Chapter VI]). Throughout this paper U;N will denote
the class of all supersolvable groups and the class of all nilpotent groups, respectively.
Clearly, U and N are formations. Since a group G is supersolvable iH G=�(G) is
supersolvable (see [8, p. 713, Satz 8.6]), it follows that U is saturated. N is saturated
too (see [8, p. 220, Satz 3.5]).
Let F be a saturated formation. A normal subgroup N of a group G is said to be

F-hypercentral in G provided N has a chain of subgroups 1=N0 / N1 / · · · / Nr =N
such that Ni+1=Ni is an F-central chief factor of G. The product of all F-hypercentral
subgroups of G is again an F-hypercentral subgroup of G. It is denoted by ZF(G)
and called the F-hypercenter of G.
For a formation F, each group has a smallest normal subgroup N such that G=N

is in F. This uniquely determined normal subgroup of G is called the F-residual
subgroup of G and is denoted by GF.
For the formation N, some authors prefer to write K∞(G) as GN and Z∞(G) as

ZN(G). (see [8, Satz III 2.5(d)]).
We say, following Wang [11] that a subgroup H of a group G is c-normal in G

if there exists a normal subgroup N of G such that G=HN and H ∩ N6HG =
CorG(H).
Let x be an element of G, we say that x is c-normal in G if 〈x〉 is c-normal in G.
First, we give some known results.

Lemma 1. Let G be a group. Then
(1) If H is normal in G; then H is c-normal in G.
(2) If H is c-normal in G; H6K6G; then H is c-normal in K .
(3) Let K / G and K6H . Then H is c-normal in G if and only if H=K is c-normal

in G=K .
(4) Let � be a set of primes; H is a normal �′-subgroup of G and T a �-subgroup

of G. If T is c-normal in G; then TH=H is c-normal in G=H .
(5) If P be a minimal normal p-subgroup of G and x∈P is c-normal in G; then

P= 〈x〉.

Proof. Conditions (1)–(3) can be found in [11, Lemma 2:1], (4) in [9, Lemma 2:4],
and (5) in [12, Lemma 2:2(1)].

Lemma 2. Let P be a normal p-subgroup of G and H / G. Then F(HP)=F(H)P.

Proof. See [9, p. 522, Lemma 3:1].

Lemma 3. Let F be a saturated formation containing N. Suppose that G is a group
with a normal subgroup H such that G=H ∈F. Then G ∈F if and only if every
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element of order 4 of H is c-normal in G and 〈x〉 lies in the F-hypercenter ZF(G)
of G for every element x of prime order of H .

Proof. See [5, Theorem 3:1].

Lemma 4. Let F be a saturated formation containing U. Suppose that G is a group
with a normal subgroup H such that G=H ∈F. If every subgroup of H of prime
order or order 4 is c-normal in G; then G ∈F.

Proof. See [5, Theorem 3:4].

2. Results

Theorem 1. Let F be a saturated formation containing N and let G be a group.
Equivalent are
(a) G ∈F.
(b) There is a normal solvable subgroup H in G such that G=H ∈F and every

element of order 4 of F(H) is c-normal in G and 〈x〉 lies in the F-hypercenter
ZF(G) of G for every element x of prime order of F(H).

Proof. (a)⇒ (b) If G ∈F, then (b) is true with H =1.
(b) ⇒ (a) Suppose that the results are false and let G be a counterexample of

minimal order. Obviously, H �=1, then F(H) �=1 by the hypothesis of the solvability
of H . Let p be a prime dividing |F(H)| and let P ∈ Sylp(F(H)). Clearly, P/G. Once
we know that G=P inherits the Hypothesis (b), we conclude G=P ∈F by the minimality
of |G|. Applying, Lemma 3, we are done.
So we have to prove that (b) is inherited by G=P. Clearly, H=P is a solvable nor-

mal subgroup of G=P with (G=P)=(H=P) ∼= G=H ∈F. Since F(H=P)=F(H)=P by
Lemma 2, we have to show that the cyclic subgroup of order 4 of F(H)=P are c-normal
in G=P and every subgroup of prime order of F(H)=P lies in the F-hypercenter
ZF(G=P) of G=P. If p=2, then there exists no element of order 4 in F(H)=P. Hence
suppose p �=2. Let X=P be a cyclic subgroup of F(H)=P of order 4 . By the Schur–
Zassenhaus Theorem [7, p. 221, Theorem 2:1], X = 〈x〉P where x is an element of
order 4 of F(H). Since 〈x〉 is c-normal in G by hypothesis, X=P is c-normal in G=P
by Lemma 1(4). Since ZF(G)P=P6ZF(G=P), it is easy to see that every subgroup
of prime order of F(H)=P lies in the F-hypercenter ZF(G=P) by the hypothesis on
the element of prime order of F(H). These 'nish the proof.

Remark 1. An equivalent form of Theorem 1 is as follows (comparing with [5,
Theorem 3:1]):

Theorem 1′. Let F be a saturated formation containing N and let G be a group.
Equivalent are
(a) G ∈F.
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(b) GF is solvable and every element of order 4 of F(GF) is c-normal in G and 〈x〉
lies in the F-hypercenter ZF(G) of G for every element x of prime order of
F(GF).

Remark 2. If F=N, then Theorem 1 coincides with [12, Theorem 3:1].

Theorem 2. Let F be a saturated formation containing N and let G be a group
with a normal solvable subgroup H in G such that G=H ∈F. Then G ∈F under
either of the following:
(a) G is 2-nilpotent and 〈x〉 lies in the F-hypercenter ZF(G) of G for every element

x of prime order of F(H).
(b) The Sylow 2-subgroups of H are abelian and 〈x〉 lies in the F-hypercenter

ZF(G) of G for every element x of prime order of F(H).

Proof. (a) Suppose G is 2-nilpotent, then H is also 2-nilpotent. Denote K is the
2-complement of H , then K / G. Since (G=K)=(H=K) ∼= G=K ∈F, and F(H=K)=H=K
is a 2-subgroup, it follows that G=K ∈F by the hypotheses on F and induction on
|G|. Also, F(K)6F(H). So we may substitute H by K which is of odd order. Then,
the result now follows applying Theorem 1.
(b) Let P be an abelian Sylow 2-subgroup of H and put P1 =F(H) ∩ P. For any

x in �1(P1), consider the minimal 2-subgroup P2 of G contained in xG = 〈xg | g∈G〉
which is the minimal normal subgroup of G containing x. Then P26F(H). By the
hypothesis of F(H) and Lemma 1(5), we have that P2 = 〈xg〉 for some g∈G. Hence
xg lies in the center of G, so does x. It follows that �1(P1) ⊆ Z(G). By [7, p. 178,
Theorem 2:4], every element of odd order centralizes P1, thus P1 is in the center of
G since P is abelian. Since G=P1 inherits the hypothesis, G=P1 ∈F. Thus G ∈F by
the proof of our Theorem 1.

Remark 3. Theorem 2 is analogous to [4, Theorems 3 and 4].

Theorem 3. Let F be a saturated formation containing U and let G be a group.
Equivalent are
(a) G ∈F.
(b) There is a normal solvable subgroup H in G such that G=H ∈F and the sub-

groups of prime order or order 4 of the Fitting subgroup F(H) are c-normal in G.

Proof. (a)⇒ (b) If G ∈F, then (b) is true with H =1.
(b) ⇒ (a) Suppose that the results are false and let G be a counterexample of

minimal order. Obviously, H �=1, then F(H) �=1 by the hypothesis of the solvability
of H . Let p be a prime dividing |F(H)| and let P ∈ Sylp(F(H)). Clearly, P/G. Once
we know that G=P inherits the Hypothesis (b), we conclude G=P ∈F by the minimality
of |G|. Applying, Lemma 4, we are done.
So we have to prove that (b) is inherited by G=P. Clearly, H=P is a solvable nor-

mal subgroup of G=P with (G=P)=(H=P) ∼= G=H ∈F. Since F(H=P)=F(H)=P by
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Lemma 2, we have to show that the subgroup of prime order or 4 of F(H)=P are
c-normal in G=P. Let X=P be a subgroup of F(H)=P of prime order q (of order 2 or
4 if q=2). Obviously, q �=p. By the Schur–Zassenhaus Theorem [7, p. 221, Theorem
2:1], X = 〈x〉P where x is an element of prime order or 4 of F(H). Since 〈x〉 is
c-normal in G by hypothesis, thus X=P is c-normal in G=P by Lemma 4(4). These
'nish the proof.

Remark 4. An equivalent form of Theorem 3 is as follows (comparing with [5,
Theorem 3:4]):

Theorem 3′. Let F be a saturated formation containing U and let G be a group.
Equivalent are
(a) G ∈F.
(b) GF is solvable and every element of prime order or order 4 of F(GF) is c-normal

in G.

Remark 5. Theorem 3 is not true for saturated formations which do not contain U. For
example, if F is the saturated formation of all nilpotent groups, then the symmetric
group of degree three is a counterexample.

Remark 6. Theorem 3 is not true if we omit the solvability of H . Set G=H × K ,
where H = SL(2; 5) and K ∈U. Then |F(H)|=2 and G=H ∼= K ∈U, but G �∈ U.

Remark 7. If F=U, then Theorem 3 coincides with [12, Theorem 3:2].

Theorem 4. Let F be a saturated formation containing U and let G be a group with
a normal solvable subgroup H in G such that G=H ∈F. Then G ∈F under either of
the following:
(a) G is 2-nilpotent and every subgroup of odd prime order of F(H) is c-normal in

G.
(b) The Sylow 2-subgroups of G are abelian and every subgroup of F(H) of prime

order is c-normal in G.

Proof. (a) Suppose G is 2-nilpotent, then H is also 2-nilpotent. Denote K is the
2-complement of H , then K / G. Since (G=K)=(H=K) ∼= G=K ∈F, and F(H=K)=H=K
is a 2-subgroup, it follows that G=K ∈F by the hypotheses on F and induction on
|G|. Also, F(K)6F(H). So we may substitute H by K which is of odd order. Then,
the result now follows applying Theorem 3.
(b) Let P be an abelian Sylow 2-subgroup of G and put P1 =F(H) ∩ P. For any

x in �1(P1), consider the minimal 2-subgroup P2 of G contained in xG = 〈xg | g∈G〉
which is the minimal normal subgroup of G containing x. Then P26F(H). By the
hypothesis of F(H) and Lemma 1(5), we have that P2 = 〈xg〉 for some g∈G. Hence
xg lies in the center of G, so does x. It follows that �1(P1) ⊆ Z(G). By [7, p. 178,
Theorem 2:4], every element of odd order centralizes P1, thus P1 is in the center of



294 Li Yangming / Journal of Pure and Applied Algebra 171 (2002) 289–294

G since P is abelian. Since G=P1 inherits the hypothesis, G=P1 ∈F. Thus G ∈F by
the proof of our Theorem 3.
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