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The relations between the set of traces on a simple approximately finite dimen- 
sional C*-algebra A and the algebraic and geometric properties of the Elliott 
dimension group K,(A) are studied. It is shown that every metrizable Choquet 
simplex occurs as the set of normalized traces of a simple unital ,4F algebra. 
A simple AF algebra can have both finite and infinite traces, so a finite simple 
AF algebra need not be algebraically simple. It is shown that a simple .4F 
algebra is algebraically simple if and only if it has no infinite traces, and is stable 
if and only if it has no finite traces. 

1. INTRODUCTION 

Understanding the structure of simple C*-algebras is an important first 
step toward a general structure theory for C*-algebras. It has long been recog- 
nized that the set of traces on a C*-algebra is a very useful invariant of the algebra, 
and there have been some significant recent advances concerning the relationship 
between traces, finiteness, and comparability of elements (see, for example, [5]). 

Recall that an approximately finite-dimensional (AF) algebra is a P-algebra 
which is an inductive limit of a sequence of finite-dimensional C*-algebras. The 
study of AF algebras was begun by Bratteli [2] following earlier more specialized 
studies by Glimm [14] and Dixmier [6]. Elliott [12] showed that if iI is an rilF 
algebra, then the ordered group K,(A) together with a certain hereditary 
generating subset of the positive cone is a complete isomorphism invariant 
for A. Recently, the ordered groups which can occur have been characterized 
by Effros et al. [lo]. (For a general reference on Ko , see [ 161.) The main purpose 

of the present paper is to elaborate on the relationship between the traces on a 
simple 41” algebra ;2 and the algebraic and geometric properties of K,,(A), and 
to give methods for constructing simple AF algebras whose traces have prescribed 
properties. 

The organization and main results of the paper arc as follows. Section 2 
contains technical results on finite-dimensional simplexes and embcddings of 
finite-dimensional P-algebras. 
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Section 3 is a study of the traces on a simple unital AF algebra If -4 is a 
P-algebra, let T(A) be the set of normalized finite traces on /I, and ET(A) the 
extreme points of T(A). If A has a unit, then Y’(A) is a Choquet simplex [19, 
3.1. IS], which is metrizable if A is separable. Even if A is separable and simple, 
ET(A) may be uncountable 19, 2.171. 0 ne result (Theorem 3.10) of Section 3 
is that if il is any metrizable Choquet simplex, then there is a simple unital dF 
algebra il with T(A) affinely homeomorphic to d. This result is an easy corollary 
of a result of Goodearl [15]. Section 3 also contains a geometric description of 
7’(,4) and &7’(A) in the case where K,,(A) has finite rank. 

Section 4 concerns nonunital algebras. As a special case of Theorem 4.4, it is 
shown that a simple nonunital z4F algebra can have both finite and infinite 
traces, and therefore a finite simple AF algebra need not be algebraically simple 
[5, 5.41. Algebraically simple AF algebras are characterized in Theorem 4.8, and 
and example is given of a simple AF algebra which has no infinite extremal traces 
but is not algebraically simple. It is also shown (Theorem 4.10) that a simple AF 
algebra has no finite traces if and only if it is stable (a P-algebra A is stable if 
=3 % d @, K, where K is the P-algebra of compact operators [3].) 

2. PRELIMINARIES 

In this section we obtain some results on embeddings of finite-dimensional 
C”-algebras and affine maps of finite-dimensional simplexes which will be 
needed in later sections. Most of the proofs are straightforward and some 
routine details are left to the reader. Many of the results and arguments arc 
similar to ones in [15]. 

We use the notation ilJ% to denote the P-algebra of n x n matrices. -4s in [2], 
if B and C are finite-dimensional P-algebras, we can write R = @j”_, Bi and 
C = 0: 1 Ci , where the Bj and Ci are full matrix algebras. If 4: B - C is an 
embedding, then 4 can be completely described by an m x n matrix [4] = (&), 
where & is the multiplicity of the partial embedding of Bj into C’+ . It is easily 
verified that if 4: B - C and 4: C + D are two such embeddings, then 

M c +I = brwl~ 

DEFINITIOX 2.1. + is full if & > 0 for all i, i. 4 is essential if rank[$] = ?z, 
i.e., if the induced map from K,(B) into K,(C) is injective. 

By [2, Corollary 3.51 an AF algebra is simple if and only if it is an inductive 
limit of finite-dimensional C*-algebras under full embeddings. If A = [IJ A,]- 
and rank &(A,) = n for all R, then rank K,(A) < n; if the embeddings are 
essential, then rank K,(A) = n. However, by [13, 2.71, not every simple unital 
AF algebra can be written as an inductive limit under essential maps; in fact, it 
follows from [13] that this is possible if and only if K,(A) is ultrasimplicially 
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ordered (i.e., K,(A) is an increasing union of subgroups G, order-isomorphic to 
PQ with the standard simplicial ordering [13].) 

Following standard terminology, an n-simplex is a Choquet simplex with n -( I 
extreme points (vertices). If n is an n-simplex, the standard metric on d is the 
metric induced by identifying d with the convex hull of the first n I- 1 standard 
basis vectors of Ii. This metric has two virtues: 

(1) Any a&e map between finite-dimensional simplexes is a contraction 
with respect to the standard metrics. 

(2) If A is a P-algebra with T(A) an n-simplex, then the norm on ,4” 
induces the standard metric on ?‘(A). 

Unless otherwise stated, all distances within a finite-dimensional simplex will 
be measured with respect to the standard metric. 

If a: is an affinc map from an m-simplex d onto an n-simplex d’, then d and 
d’ can be embedded into EP” and R”, respectively, in such a way that 01 extends 
to a linear map of lFP onto llP. Thus the Open Mapping Theorem holds for 
surjective affine maps of finite-dimensional simplexes. 

DEFINITION 2.2. Let d be an n-simplex with vertices {e, ,..., e,?:. The 
interior of d is the set of points Cyz, aiei with a, > 0 for all i; the rational points 
of A are the ones with ai E Q for all i. An affine map between finite-dimensional 
simplexes is rational if the image of each vertex is rational (hence the image of 
each rational point is rational.) 

The next lemma is similar to [15, Lemma 3.31. 

LEMMA 2.3. Let 01 be a rational afine map from an m-simplex A into an n- 
simplex A’, let B be a finite-dimensional C*-algebra with rank K,(B) = n ;- 1, 
and let k E N. Identify T(B) with A’. Then there is a unital embedding 4 of B into 
afinite-dimensional F-algebra C with rank K,(C) = m + 1, and an identification 
of T(C) with A, such that 01 corresponds to the restriction map from T(C) to T(B), 
and such that $ii ( k for all i, j. + is full if and only if LX(A) is contained in the 
interior of A’, and 4 is essential if and only if a(A) contains an open set in A’, 
i.e., dim a(A) = n. 

Proof. Let {e, ,..., e,} and {f, ,..., f,} be the vertices of A and d’, resp., 
and let s(eJ = Cy=, ( pjj/qij) fj , with 0 < pij , qij E N. Write B ry M,. G-1 0 .~ 
“. 0 K*, where thejth summand corresponds to the extremal trace associated 
with fj under the identification of T(B) with A’. For i -= O,..., m, let si be a 
positive integer such that kqijrj divides si for all ,i = O,..., n. Let C == *VqO G 
... @ MSm , and let 4 be the embedding with [$] = (&), where q& = pijsz/qijrj 
It is straightforward to check that 4 has the desired properties, and that the trace 
corresponding to ei is the one associated with the ith summand of C. q6 is full if 
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and only if pij > 0 for all i, j, i.e., if and only if a(e,) is in the interior of d’ 
for all i. T(C) . 1s m one-one correspondence with the set of normalized functionals 

on k’,(C) [16, 2.41, so the topological dimension of m(a) is one less than the 
linear dimension of the image of K,,(B) in K,(C). Thus 4 is essential if and only 
if dim a(d) = n. Note that (b will not be unique; in fact, the si can be chosen to 
be arbitrarily large. 

I,EMMA 2.4. Let A be a compact subset of the interior of an n-simplex A’ with 
vertices {f,, ,..., f,,). Then for each i there is an open neighborhood Ui of fi ill A’ such 
that, wheneaer gi E U, , then {g, ,..., g,,] are vertices of a simplex containing A in 
its illterior. 

Proof. By compactness there is an E > 0 such that, whenever CzTz, a,fi E A, 
then ai > E for all i. Let 0; = {Cyz , s ajfj: aj < E forj -fi i>. It is clear that the 
Ui have the desired properties. 

LEMMA 2.5. Let ti be an afine nzap from an m-simplex A onto an n-simplex 
contained in the interior of an n-simplex A’, and let E > 0. Then there is an em- 
bedding /3 of A into the interior of an m-simplex r and a rational map y: r -+ A’, 
such that a: == y 0 /!I, and such that y(r) lies within an +neighborhood (in A’) qf a(A) 
and within the interior of A’. 

Proof. Let {e, ,..., e,,,,) be the vertices of A, and e the barycentcr of A. Identify 
A with a subset of R”‘. For 6 ;=- 0, set f,” = (1 + 6) ei - 6e. Let Ss be the 
simplex in [w”” with vertices {f,,“,..,, fn16); then A is in the interior of S, For 
sufficiently small 6, CY extends to an affine map + of S = S, onto a simplex S’ 
contained in an e-neighborhood of O(A) and in the interior of A’. Apply Lemma 
2.4 to A C S to obtain TJ, ,..., U,, . By the Open Mapping Theorem, c$( Ui) is 
open in S’, so contains a rational point vi of A’. Let gi E r/: with $(gJ .:; vi , 
and let r be the simplex with vertices (g,, ,..., g,}, y -= $ 1 r. 

LEMMA 2.6. Let A be an m-simplex contained in the interior of an n-simplex A’ 
(m < n), and E > 0. Then there is an n-simplex I’ with A in the interior of r, 

I’ in the interior of A’, and r within an E-neighborhood of A (in A’), with the 
vertices of r rational in A’. 

Proof. (All distances in this proof arc measured with respect to the standard 
metric on A’.) We will regard A’ as being embedded in I, +r Set k :.= n - m. 
If R = 0, the lemma follows from Lemma 2.5. Assume k > 0. There is an m- 
simplex S containing A in its interior and contained within an (c/2k)-neighbor- 
hood of A, which spans the same hyperplane as A, constructed as in the proof 
of Lemma 2.5. Within an (E/k)-neighborhood of A in A’, and within the interior 
of A’, there is a set affinely homeomorphic to S x [- 1, I] with 5’ corresponding 
to S x (0). Let {u,, ,..., u,,,} be the vertices of S. Then, for sufficiently small 6 > 0, 
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the points (u, , -1), (ua , 6), (uI , 6) ,..., (u, , 6) are the vertices of an (m + l)- 
simplex in S x [- 1, I] containing d x (0) in its interior. Thus there is an 
(VZ + I)-simplex d, within an (c/k)-neighborhood of il and within the interior 
of d’, containing n in its interior. Repeating the process k times, we obtain an 
n-simplex d, with all required properties of l’ except for having rational vertices. 
Choose U,, , . . . . I;:, as in Lemma 2.4 for n C A,% . Let gj be a point of Ci which 
is rational in d’, and let r be the n-simplex with vertices {g, ,..., g,}. 

3. TRACES ON SIMPLE UNITAL AF ALGEBRAS 

Throughout this section, A will denote a simple unital AF algebra. Since 
equivalent projections in A have the same image in A* [S], there is a well- 
defined local homomorphism of the local semigroup of A [12] into AC’ which 
extends to an order-preserving homomorphism w from K,(A) into A*. Also, by 
[S, 2.7, 2.9; 8, Sect. 21, Aq is isometrically isomorphic to GZ(T(A)), the real- 
valued continuous affine functions on T(A), under the identification [u] t+ 4, 
where 4(~) = ~(a). (Note, h owever, that -4+” does not correspond to G!(T(A))+; 
rather, it corresponds to the functions which are everywhere positive, along with 
the 0 function. This is called the strict ordering.) The identification of K,,(A) 
with a set of continuous functions on T(A) is fundamental to much of this paper. 

PROPOSITION 3.1. The range of w is dense in As (unless K,,(A) G Z.) 

Proof. If A is UHF, the result is obvious. Otherwise, we can write A = 
[u AJ with Aj finite-dimensional and fully embedded in Atil for each i, with 
each Ai a direct sum of at least two full matrix algebras. Since each self-adjoint 
element of Ai is a linear combination of projections and w(K,(A)) is a group, and 
since (u Ai),, is dense in A,, , it suffices to show that if a = $J with 0 < X < 1 
and p a nonzero projection in Ai , then the image of a in the closure of w(K,(A)). 
Fix k G M and write A,+IC = MT1 @ ... @ M,h. Set sj =- dimpj , where 

P ‘v (Pl )...T Pn) in Ails. Let tj be the closest integer to Xsj , and let b, !Y 
(ql ,..., So) E Ajtk, where qj is a projection with dim q3 = tj . 9, N (tjjsj)pj [S], 
so b, TV ak , where a,. ‘v ((t,/s,)p, ,..., (t,/s,)p,), and (I a - uk 11 == max i h - 
(tj/s3)(. Since the embeddings are full, each summand of Ai partially embeds in 
each summand of Ai,.h with multiplicity at least 2k-1 by induction, so s, 2 2’C-1 
for all i. Thus !I a - ak 1) < 2Y, and the image of a, is in w(K,,(A)) (being the 
same as the image of the projection b,). 

COROLLARY 3.2 (cf. [4, p. 1531.) Th ere is a one-to-one correspondence 
between the following: 

(a) the [normalized] traces on A, 
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(b) the [normalized] positive linear functionals on AQ, 

(c) the [normalized] functionals (order-preserving homomorphisms) from 

K,(A) to R 

(d) the [normalized] lower semicontinuous rank functions on A. 

Proof. (a) tf (b) is [5, Proposition 2.71, and (c) tf (d) follows from [16, 
Proposition 2.41, since every rank function on a finite-dimensional C*-algebra 
is induced by a trace. 

COROLLARY 3.3 (cf. [IO, Theorem 4.11). dim(AQ) < rank k;(A), i.e., if 
rank K,,(A) = n, then A has at most n extremal traces. 

COROLLARY 3.4 (cf. [IO, Theorem 3.51). Let G be any countable simple Riesz 
group, G $ Z. Then there z’s a Choquet simplex A (namely, the state space of G) 
and a homomorphism w of G onto a dense subgroup of o%(A), such that the ordering 
of w is inducedfrom the strict ordering of GZ(A) via W. 

Proof. By [IO, Theorem 2.23, there is a simple unital AF algebra A with 
K,(A) rv G. Now apply 3.1. 

Actually all that is needed for 3.2 and 3.3 is the trivial fact that A4 is the closed 
linear span of w(K,(il)), but the density will be needed in Section 4. 

THEOREM 3.5. Let B be a finite-dimensional F-algebra with rank K,,(B) = 
n. Let A be an (m - I)-simplex contained in the interior of T(B) (necessarily 
m < n.) Then there is a simple unital AF algebra C, with rank K,,(C) = n and 
K,(C) ultrasimplicially ordered, and a unital embedding of B into C such that the 
restriction map of T(C) into T(B) maps T(C) isomorphically onto A. 

Proof. By Lemma 2.6 there is a decreasing sequence (A,) of (n - l)- 
simplexes with A, = T(B), A,+I contained in the interior of A,; , and fi il, = A, 
such that the vertices of A,,, are rational in A, . By repeated application of 
Lemma 2.3, we can construct an increasing sequence (Bf;) of finite-dimensional 
C*-algebras with B, = B, T(B,) _N A, , such that the embedding of A,-r, 
into A,; is implemented by the restriction from T(Bk+l) to T(B,). Let 
C =m lim B, . The traces on B which extend to C are precisely the ones which 
extend to every BIc, i.e., the ones in A; and each such trace has a unique exten- 
sion. Since Ai,+, is contained in the interior of A,c , the embedding of B, into 

Kc+, is full, so C is simple. 

COROLLARY 3.6 (cf. [5, Example 6.101). Let m, n E N, 1 < m < n. Then 
there is a simple unital AF algebra C with rank K,(C) = n and dim(@) = m, 
and K,,(C) ultrasimph’cally ordered. 

COROLLARY 3.7. Let 0 < X < 1. Then there is a simple unital AF algebra A, 



162 BRUCE E. BLACKAJIAR 

with rank K*(A,) -:- 2, with unique normalized trace T, and a projection p E A, 
with I = A. 

Proof. In Theorem 3.5, set B ~= UZ @ c=, d -= {Al C T(B) N_ [O, I]. 
If X is irrational, this corollary can also be proved using [13, 2.21 by con- 

sidering the totally ordered group {nz -f nh: m, 11 GZ} C Iw, and can be used to 
give the following improvement of [5, Proposition 6.141: 

PROPOSITION 3.8. There exist uncountably many nonisomorphic separable 
simple unital nonnuclear C”-algebras. 

Proof. Let A, be as above; let B be the reduced C*-algebra of the free group 
on two generators, and set 61, = -‘ln @B. B, is simple, separable, unital, non- 
nuclear, has a unique normalized trace and a projection of trace A. Since a trace 
on a separable CV-algebra can take only countably many values on projections 
(this fact, which follows immediately from [14, Lemma 1.81, was pointed out 
to me by Marc Ricffel), there are uncountably many pairwise nonisomorphic 
B,‘s. 

If A has only finitely many extremal traces, then there is a nice way of visu- 
alizing K,(A) as a subset of 5%” which we now describe. 

THEOREM 3.9. If A has exactly d extremal traces, then K,(A) can be identified 
with a countable subgroup of R’“, with K,,(A)+ =- ((x1 ,..., x,,) E K,(A): xi :g 0 for 
1 < i < d) v ((O,..., 0)}, where 12 =- d if the traces on A separate equivalence 
classes of projections (in particular, if rank K,,(A) = d), and n == d -1 1 otherwise; 
the projection of K,(A) onto the first d coordinates has dense image. Conversely, 
every such subgroup of IW is K, of some simple unital .4F algebra zcith exactly d 
extremal traces. 

Proof. By Corollary 3.4, there is a homomorphism w: K,(A) * W with 
dense range, with the ordering of K,(A) in d uced from the strict ordering on 
!JQd via W. If n =: n, then w is injective and we are done. Otherwise, w extends 
to a homomorphism cs from the divisible hull D of K,,(A) into W; D then splits 
into G,(D) @ ker W. ker w is a countable torsion-free abelian group, and is thus 
isomorphic to an additive subgroup of G?, so D (and hence K,(A)) can he embed- 
ded order-isomorphically into (Wd @ 1w. The converse follows from [IO, Lemmas 
3.1 and 3.21. 

If K,,(A) is of finite rank, say n, and ultrasimplicially ordered, there is an 
alternate way of visualizing K,(A) as a subset of QTZ containing Z” which is 
(essentially) due to Elliott [12, 6.31. A can be written as [(J A,]-, with .4, finite- 
dimensional, rank K,(A,) = n, and the embedding rpk of A, into A,~, r full and 
essential. Identify K,,(A,) with Z” so that K,(A,)+ consists of the points with 
nonnegative coordinates. Then we can inductively identify KQ(-41ii r) with the 
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image in Q7& of K&AR) C Q” under the transformation with matrix ([~Jt)-‘~ 
with KO(zd,c~,,)+ identified with the image of li,(A,J+ . Then K,(A)[K,(A)+] can 
be identified with u &,(A,)[ u K&A,)+] in Q”. 

This second description has some advantages over the first, especially when 
&(.-I) is finitely generated or divisible; however, the first description is probabl!. 
more generally useful. 

LVe now turn to the case where rl has infinitely many cxtremal traces. Although 
C’orollary 3.4 still applies, there does not seem to be any natural way to visualize 
k;,(A) in this case; in fact, by combining the following theorem with known 
examples of simplexcs (e.g., [8, 17, IS]), ‘t 1 1s evident that the order structure on 
1Ti,,(>il) can be rather pathological. 

TNEORE!VI 3. IO. Let A be any met&able Choquet simplex. T&z there is a 

simple uvzital Al? algebra B with T(B) afinei) homeomorphic to A, and K,,(B) 
ultrasimplicial], ordered. 

Proof. This follows almost immediately from [1.5, Theorem 5.11. One must 
only verify that the inductive limit ring R can be taken to be a limit of finite- 
dimensional C*-algebras under *-embeddings, and then take B to be the com- 
pletion of R. Details are left to the reader. 

4. TRACES OK SIMPLE NOXUNITAL AF ALGEBRAS 

In this section, K will denote the C*-algebra of compact operators on a 
separable infinite-dimensional Hilbert space, and q will be a fixed one-dimensional 
projection in K. All traces are assumed to be lower semicontinuous and semi- 
finite. If ,Y is a compact Hausdorff space, C(X) denotes the set of real-valued 
continuous functions on X. 

Recall [3] that two C*-algebras A and B are stably isomorphic if A 13 K ‘v 
B @ K. If B is a separable (Y-algebra, then any full hereditary C*-algebra of B 
is stably isomorphic to B; in particular, if p is a full projection of B, then pBp 
is a unital P-algebra which is stably isomorphic to B. (If B is simple, then every 
nonzero hereditary subalgebra or projection is full.) If -4 is a full hereditary 
subalgebra of B, then K,,(A) and K,(B) can be identified, and the hereditary 
generating subset for A is contained in the hereditary generating subset for B. 

If .4 is a full hereditary subalgebra of B, then every trace on A has a unique 
extension to B [5, 4.41, and the correspondence preserves extremality but not 
finiteness in general. (We will use the same symbol to denote a trace on A and its 
extension to B.) So if A is a unital C*-algebra and F is a subset of ET(A), it is 
natural to ask whether A can be embedded as a full hereditary C*-subalgebra 



164 BRUCE E. BLACKADAR 

of a C*-algebra B in such a way that the traces inF extend to finite traces on B 
and the ones in ET(A) N F extend to infinite traces. We will answer this 
question for a class of simple AF algebras. 

We first need some general results about AF algebras. 

PROPOSITION 4.1. Let --1 be a simple AF algebra, p and p’ projections of A. 
Then the following are equivalent. 

(1) T(P) < T( p’) for all nonzero traces 7 on A. 

(4 [PI p [P’l in KJ(4 
(3) p is equivalent to a proper subprojection of p’, i.e. there is a partial 

isometry u E A with u*u = p and uu* < # P’. 
(4) p’ is equivalent to a projection p” with p $ p”. 

If A is not simple we still haoe (1) =:- (2) cj (3) -3 (4). 

Proof. If A is simple, then (3) 3 (1) since every trace on A is faithful. We 
now prove (1) a (2) ‘: ,I (3) -=’ (4). By replacing p and p’ by equivalent projec- 
tions, we may assume that p and p’ lit in a finite-dimensional subalgebra Ld, 
of A. We can find an increasing sequence (A,) of finite-dimensional subalgebras 
containing A, with A :: [u A,]-. If T(P) < I for all traces 7 on A, then for 
sufficiently large n T(P) < I for all traces 7 on ;2, . (Suppose not; let I be 
the identity of A, . If for each 11 there is a normalized tract 7r1 on Y.~,,Y with 

Tn(P) > I,, let o,, be an extension of 711 to a state on rAr; if 0 is a weak- f 
limit point of the sequence (u,,), then o is a normalized trace on r&-Iv with O(P) 
o(p).) Also, [p] < [p’] in K,,(A) if and only if [p] :< [p’] in K,,(d,,) for some n. 
Thus we can reduce the proof of (1) * (2) c” (3) -:.- (4) to the case where _ 1 is 
finite-dimensional, where the result is obvious. 

The next proposition is a slight variant of [12, Theorem 4.31. 

PROPOSITION 4.2. Let B be an AF algebra, p a full projection of B, and A ; 
pBp. Let v be an embeddirtg of A onto a full hereditary subalgebra of an AF algebra 
C. Identify K,,(B) and K,(C) with K,,(A); the hereditary generating subsets of B 
and C correspond to subsets X and Y of Ii,(A)+ , respectkely. Then 9 extends to an 
embedding of B onto a full hereditary subalgebra of C if and only if Y 2 S. 

Proof. It is clearly necessary that Y T, X for p to extend. Assume 1. 2 S. 
Let r be a projection of B with p z< r. Let r’ be a projection of C with Y’ 3 y(p) 
and [r’] = [r] in I’. Then vBr CI r’Cr’ by [12, 4.31, and a simple modification 
of the argument there shows that the isomorphism can be taken to extend q. Now 
let {p,> be an approximate identity for B consisting of projections with pi =- p, 
and inductively extend q to p,Bp, . 

The final preliminary result is a routine exercise and undoubtedly classical, 
but I cannot find a reference for the result in the needed form, so a proof is 
included for completeness. 
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LEMMA 4.3. Let X be a compact metric space andF an F, in X. Then there is a 
sequence (qn) in C(X), such that 1 = yl(x) < y2(x) < ... fog all x E X, and 
such that F =: {x E X: supn pJx> < a}. (The converse is also true.) 

Proof. Let F = (J FIc , with Fk closed and F, _C F,+l; let F,; = 0 G,, , with 
G,,.,, open and Gk.(m,.l) C G,, . We inductively define q+ with the following 
properties: 

(1) 9)n-l(x) < pn(x) < n + 1 for all x E X (n > 1); (2) ~,~(x) < k + 1 for 
r~F~(l < k); (3) p%(x) > R + 1 for x 6 G,, (1 < k < rz). Let v1 1~~ 1. Suppose 

TJl ,..., cprrm, have been chosen. By compactness, there is an E,~ with 0 < E, < 1 
such that ~,,~+i(x) +- E, < k + 1 for all x E Fk (1 < R < n - 1). Let #an(x) = 

%--I(4 t- en . For 1 -< k < n - 1, let #,cn be a continuous function from X into 
[0, k { 3/2] with ~j,,~~ z z 0 on Fk and $sn ze k + 3;‘2 on S - GkPl . Let ~~(2) =m 
max{$,>,,(.v): 0 < R < n - 11. It is routine to check that IJ+~ satisfies (l)-(3). 
If x EF, then x EF,~ for some h; thus p,(x) < h -I- 1 for all n. If x $ F, then 
.v $F/,. for all k. Fix k. Then. for some m > Fz, x $ G,,, for all n > m, so qrl(x) > 
k t 1 for n 1: m. Since k is arbitrary, sup v%(x) 7~ co. 

THEOREM 4.4. Let A be a simple unital AF algebra with X = ET(A) closed 
in T(A), and let F be a subset of X. Identify A with A (3 q C A @ k’. Then there 
is a hereditary C*-subalgebra B of A @ K containing A such that F ~= {T E X: 
7 extends to a,finite trace on Bj if and only tfF is an F, . 

Proof. n’ecessity: Suppose B exists, and let (p?,} be an approximate identity 
for B. Let I;k -= (T E X: i-(&J ,< k f or all n). F,; is closed, and F = u E;; 
Snficiency: By [5,2.9; 8,4.S], z4q is isometrically isomorphic to C(X). Suppose F 
is an I;:, , and choose functions 1 ~-1 pi < pa < ... as in Lemma 4.3. By com- 
pactness, there are numbers e,, with 0 < E,, < 1 such that, if 1/112 E C(X) with 
I q,, -- ,b,, 1: < Ejl ) then G?(x) < $,~~~i(x.) for all x and n. Inductively choose 
projections p,, in A ($1 K: set pi = 1 @ 4, and if p1 -< ‘.. < pll-i have been 
chosen, choose p,, to be a projection with ;/ rp,, - $,, ‘, < E,, , where #,!(T) = 
T( pl,) for all T E A1T. This is possible by Proposition 3.1, and by Proposition 4.1 we 
may choose p,, so that p+i :< p, . Set B = [up,,(A @ K) p,,]-. (pn} is an 
approximate identity for B, so 7 is finite on B if and only if sup ~(p,,) < rhr. 
If 7 E F, then 7 EF, for some K, so I = #,,(T) ;:z k ~. I I- E,, < k + 2 for 
all n; if 7 ti F, then I = zJn(~) > F,(T) - 1 - M. 

The following corollary solves an open question (cf. [5, 5.4; 7, Problem 31). 

~'OROLLARY 4.5. There is a simple AF algebra B with two extremal traces 7, 
and Y-? , with 71 finite and 71 infinite; thus B is Jinite [5, 3.51 but not a<gebraical@ 
sim$le. 

Remarhs 4.6. (a) It is reasonable to conjecture that Thcorcm 4.4 is valid 
without the hypothesis that ET(A) be closed. For example, if T(J) is the sim- 
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plex K of [I, p. 1021, it can be shown that any subset of ET(il) gives rise to a R 
with the desired properties (any subset of a countable T1 space is an F,,). 

(b) If A is a hereditary C*-subalgebra of a simple C*-algebra B, conside] 
the one-to-one map r: ET(B) ---f EI’(A) obtained by restricting and renormal- 
izing. It is easy to set that 7~ is continuous if ‘~1 has a unit, and open if B is AF 
with unit. But 7~ is not open in general, even if the algebras are AF. For let A be 

a simple unital AF algebra with ET(,-I) N [0, I], and let F be the set of rational 
numbers in [0, I]. If B is constructed as in Theorem 4.4, then r maps f:‘T(B) 
onto F. But ET(U) is Polish and F is not. In fact, the construction can be done so 

that ET(B) has the discrete topology. A similar construction will yield an 
example where B is AI; with unit , 3 is a nonunital hereditary subalqcbra of 13, 

and r is not continuous. 

(c) In Theorem 4.4, the case where rank K,(J) -7 2 and J has two cxtrcmal 
traces can be visualized as in Section 3. K,,(A) is a dense subgroup of R” with 
the strict ordering. Any upward directed hereditary generating subset of k;,(d), 
corresponds to an AF algebra stably isomorphic to r2. If L is a vertical line with 
positive s-intercept, the set of points of K,(A), between the y-axis and I, and 
above the .r-axis is such a set, and corresponds to a simple AF algebra with one 
finite extremal trace and one infinite one. 

We now characterize algebraically simple AF algebras. Let U bc a simple 
AF algebra and p a nonzero projection of B. We let T,,(B) denote the set of 
tracts 7 on B with T(P) 1. Set R,(B) = sup(~(h): 7 E T,(B), b E B , ‘I b ,; 11 E 
[l, co]. (In computing R,,(B), it suffices to let 7 range over extremal traces and b 
over projections of B.) If p’ is another nonzcro projection of B, there arc numbers 
m and M with 0 -:. nz 5: I <: 4f -; m for all T E T,,(B); thus R,,(B) is 
finite if and only if R,,,(R) is finite. Clearly R,(B) -m: cc’ if B has an infinite trace. 

EXAMPLE 4.7. Even if every extremal trace on B is finite, we can still have 
R,(B) == CD. Let -4 be a simple unital Al? algebra with ET(A) Y {l in: 11 E Ni: u 
CO> C [0, I], and identify il with A @ q C A @, K. Let 7P1 be the extremal trace 
corresponding to l/n, and 7, correspond to 0. Let p1 :: 1 @ q, and inductively 
choose projections p,, E A @ K with p1 < p, I;: ..., such that k -*’ ~,~(p,,) 
k -{- 1 for 1 < k < n and ~~(p,!) < 2 for k > n and k = ZJ, as in the proof of 
Theorem 4.4. Set B :- [up,,(A @ K)p,]-. For fixed K, T&,) C.Z h ! I for 
all n, so 7k extends to a finite trace on B, and so does 7, since ~,(p,,) c/ 2 for 
all n. So every extremal trace on B is finite. But R,,(B) =- SU~~~,,~{T,~( p,,)) T. 

THEOREM 4.8. Let B be a simple AF algebra. Then the following are equivalent: 

(I) B is algebraically simple. 

(2) Every trace on B is$nite. 

(3) R,](B) is finite for some (hence every) nonzero projection p E B. 
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(4) Eatery extremal trace 0;: B is finite, and for some (hence every) nonzero 
projection p E B, {T(P): 7 E T(B)} _C (0, l] is bounded away from zero. 

(5) The hereditary generating subset for B in K,,(B),~ is bounded in the sense 
that it is contained in a singly generated hereditary subset. 

(6) B is isomorphic to a hereditary subalgebra of a simple unital Al: algebra. 

Proof. Property (4) is simply a restatement of (3), and (5) -::- (6) by Proposi- 
tion 4.2. (1) :S (2) is trivial. 

(2) -:‘ (3): supposc R,(B) = CO. Let 7,! E T,(B) and let p,, be a projection 
of I3 with ~,,(p,?) > 2”“. Then 7 =- 1 2-1’7,, t T,,(B), but 7 is not finite since 
7(p,J g2 2”. 

(3) = (5): If R,(B) < m, set A = pBp and let n be an integer with 
n ,-a R,(B). Identify K,(B) and K,,(A @ K) with k;(A). Let q’ be an n-dimen- 
sional projection in R. Then, by Proposition 4.1, the hereditary generating 
subset of &(A), corresponding to B is contained in the hereditary subset 
generated by [p ($1 $1. 

(6) =- (1) by [5, Lemma 5.61. 

I am grateful to the referee for pointing out the equivalence of (2) in 4.8, and 
an error in the original version of 4.7. 

COROLLARY 4.9. There exists a simple AF algebra B (e.g., the one of Example 
4.7) such that every extremal trace on B isJinite, but B is not algebraically simple. 

If B is a simple AF algebra with only $nitely many extremal traces, then B is 
algebraically simple if and only if all its extremal traces are finite. 

THEOREM 4.10. Let B be a simple AF algebra which is in$nite (has no nonzero 
finite traces). Then B is stable, i.e., B N B 0 K. 

Proof. Let p be a nonzero projection of B, and A =m @p. It suffices to 
show that the hereditary generating subset X of K,,(A),- corresponding to B 
is all of k;(A)+ , for then by [12] B is isomorphic to the stable algebra A 0 K. 
Let {P,~] be an approximate identity for B consisting of projections with p, =: p. 
Let 9,) E C(T(A)) bc the function with P?,(T) = 7(pll). Then, for any 7 E T(A), 
supn ~~~(7) =z co, so by compactness of T(A), for any N there is an n such that 
~JT) > AT for all T E T(A). Let q’ be a projection of A @ K, and let 4 be the 
function in C(T(A)) with r/(r) = T(q’). Let n be such that ~~(7) ,> 1~ $ !! for all 7; 

then 4 ~4 1, T(q’) for all 7 E T(A), so [q’] < [pJ by Proposition 4.1. Therefore 
[q’] E x. 

Remark. The assumption that B be simple can be removed by a slight 
modification of this argument. This observation is due to I,. G. Brown. 

The results of this section can be used to give a description of the structure 
of the multiplier algebra of a simple nonunital AF algebra, along the lines of [l I]. 
This matter will be pursued in a subsequent paper. 
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