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1. Motivation and preliminaries

LetD = {z € C : |z| < 1} be the unit disc and A, be the class of analytic p-valent functions of the form

o
f@=2"+ ) az", (1.1)
n=p+1
where p > 1, and let A = +;. The Hadamard product or convolution of two p-valent functions f given by (1.1) and

g(2) =2+ Y72, baz" is defined by

fxg)(2) =22+ Z anb,z".

n=p+1

The function f is subordinate to F in D, written f (z) < F(z), if there exists a Schwarz function w, analytic in D with w(0) = 0
and |w(z)| < 1, satisfying f (z) = F(w(z)). If the function F is univalent in D, then f (z) < F(z) is equivalent to f (0) = F(0)
and f (D) C F(D).
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Two important subclasses of 4 are the classes of convex and starlike functions of order o, 0 < « < 1, denoted by CV(«)
and 87 («) respectively. These classes and several other important subclasses in geometric function theory are characterized
by either

’ "
zf'(2) <h@) or 1+ zf"(2)
f@) f'@)
where h is a normalized univalent function with positive real partin D [1].

The well-known Alexander’s relation states that a function f is convex if and only if the function zf’ is starlike. Since
7Zf'(z) = f(2) * (z/(1 — z)?), it follows that f is convex if and only if f * g is starlike for g(z) = z/(1 — z)2. Clearly
f(@) = f(2) = (z/(1 — 2)), and so the investigation of the classes of convex and starlike functions can be given a unified
treatment by considering the class of functions f satisfying

20 &)@
(f+8)@)
where g is a given fixed function in 4, and h a convex function with a positive real part. Denote the class of all such functions
by 87 ¢ (h), and by C 'V, (h) the corresponding class related to convex functions. Shanmugam [2] introduced these classes and
other related classes, and investigated inclusion and convolution properties by using the convex hull method [3,4] and the
method of differential subordination [5]. Ali et al. [6] investigated the subclasses of p-valent starlike and convex functions,
and obtained several subordination and convolution properties, as well as sharp distortion, growth and rotation estimates.
These works were recently extended by Supramaniam et al. [7]. Similar problems but for the class of meromorphic functions
were also recently investigated by Mohd et al. [8]. Related results can also be found in [9].
Recall that a function f € +4 is starlike with respect to symmetric points in D if

Re{zf/(z)} >0
f@ —f(=2)

for all z € D. This class was introduced and studied by Sakaguchi [10]. Further investigations into the class of starlike
functions with respect to symmetric points can be found in [11-19]. El-Ashwah and Thomas [20] introduced and studied
the classes consisting of starlike functions with respect to conjugate points, and starlike functions with respect to symmetric
conjugate points defined respectively by the conditions

Re{zf/(z)}>0, Re{zf,(z)}>
f@+f@ f@ —f(-2)

In 2004, Ravichandran [21] introduced the classes of starlike, convex and close-to-convex functions with respect to n-ply
symmetric points, conjugate points and symmetric conjugate points, and obtained several convolution properties. Other
investigations into the classes defined by using conjugate and symmetric conjugate points can be found in [22-29].

All these many investigations can be unified, and it is the aim of this paper to show such a unified method. For this
purpose, we shall introduce general classes of p-valent starlike, convex, close-to-convex and quasi-convex functions with
respect to n-ply points, as well as p-valent starlike and convex functions with respect to symmetric points, conjugate points
and symmetric conjugate points respectively. Inclusion and convolution properties of these classes will be investigated, and
it would be evident that previous earlier works are special instances of our present work.

For o < 1, the class R, of prestarlike functions of order « is defined by

< h(z),

< h(2),

Razz{feﬁf* 657’(0[)},

(1 _ 2)2720(
while R consists of f € 4 satisfying Ref(z)/z > 1/2.
The following theorems would be required.
Theorem 1.1 ([4, Theorem 2.4, p. 54]). Let o« < 1,f € R, and g € 8T («). Then
f* (Hg)
f*

for any analytic function H in D, where co(H (D)) denote the closed convex hull of H(D).

(D) C co(H(D)),

Theorem 1.1 due to Ruscheweyh [4] can easily be adapted to yield the following result.

Theorem 1.2. If f(z)/z°™' € R, and g(z)/zP~! € 8T (@), then
f * (Hg)

f*
for any analytic function H defined in .

(D) C co (H (D))
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Theorem 1.3 ([5, Corollary 4.1h.1, p. 200]). Let h be convex in D, and S and T be analytic functions in D with S(0) = T(0). If
Re (z8'(2)/S(2)) > 0, then

T'(2) T(2)
< h(z <
S'(2) S(2)

2. Multivalent functions with respect to n-ply points

In the following sequel, the function g € 4, is a fixed function and the function h is a convex univalent function with a
positive real part satisfying h(0) = 1. On certain occasions, we would additionally require that Reh(z) > 1 — (1 — «)/p,
where 0 < a < 1. Multivalent functions starlike and convex with respect to n-ply points are given below:

Definition 2.1. Letn > 1be an integer, €" = 1,and € # 1. For f € s, of the form (1.1), let the function f, be defined by

n—1

fo(2) == Ze” PR (ez) = 2P 4 apinZP T 4 apignZP T -

The class 573 (h) consists of functions f € s, satisfying f,(z)/z” # 0in D and the subordination

12f'(2)
p i@
For a fixed function g € ), denote by 877 , (h) the class

< h(z). (2.1)

8T (W) ={f € A, :fxg €8T (W)}.
Similarly, @V”(h) consists of functions f € 4, satisfyingfﬂ/(z)/zp*1 # 0in D and the subordination
1(#) @
P @

and for a fixed function g € A, let

ey (h) = {f € A, frgeCVy()].

< h(z),

Remark 2.2. If n = 1, the classes 57;& (h) and @V;’g (h) were studied by Supramaniam et al. [7].

Evidently when g(z) = zP/(1 — z), the classes JTg’g(h) and evg,g(h) reduced respectively to the classes 59‘;(h) and
GV[’} (h). Thus these new classes of p-valent starlike and convex functions with respect to n-ply points unify the classes
877 (h) and €V (h). The notations 87} (h) := 87 ,(h) and €V, (h) := €V, (h) will be used forn = 1.

It isclear that 4 T n (h) @V" (h) Interestingly the property that every convex function is necessarily starlike remains
valid even for multlvalent functlons with respect to n-ply points. Indeed the following result holds:

Lemma 2.3. Let g be a fixed function in +p, and h be a convex univalent function having positive real part with h(0) = 1.
() If f € 8T} 4(h), then f, € 8T p g (h).

(ii) The functionf € @vg,g(h) if and only if ;—sz’ € J‘T;g(h).

(iii) The inclusion €V, ,(h) C 87} ,(h) holds.

Proof. It is sufficient to prove the result for g(z) = z? /(1 — 2).
(i) Letf € 572 (h). For any fixed z € D,

1 Zf'(2)
P (@)

Replacing z by €¥z in (2.2), it follows that

€ h(D). (2.2)

1 ekzf'(e%2)
p fa(€¥2)
In light of the fact that

fa(e2) = (), (2.4)

€ h(D). (2.3)
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the containment (2.3) becomes
1 6k(]—p)zf/(€kz)
p  h@®@

Since h(D) is convex, it follows that

€ h(D).

150 1 k=P g/ (ekz)
SN S AT hy. 25
n ,;p ho 'O (22

Using the identity

n—1
fi) = % D IPf (), (2.6)

k=0
it is seen that (2.5) becomes
12f,(2)
I; fa@)
Thus
12f,(2)
)
thatis, f, € $7p(h).
(ii) Since (%zf/)11 (2) = %zf,{(z), it is evident that

€ h(D).

< h(2),

/
@) 12(G7) @
PRD (L) @
Thus f € ¢V} (h) if and only if %zf/ € 8775 (h).
(iii) Let f € evg(h). Then part (ii) shows that %zf/ € /S'T;(h). We deduce from part (i) that (%zf’) € 47 p(h). From
n

(%zf/)n = %zfr{, part (ii) now shows that f;, € C'V,(h). Since C'V,(h) is subset of 87 ,(h) [7, Theorem 2.1], it follows that

fn € 87 p(h), and because h is a function with positive real part, the function f; is starlike.
Define the functions T and S by

T(z) = Iljzf/(z) and S(z) = fu(2).

Since the function S is starlike and

re _1@)@

= h(z),
S@ p @
Theorem 1.3 implies that
T _TD e,

p (2 S@
whence f € JTg(h). O

Ruscheweyh and Sheil-Small [3] proved the Polya-Schoenberg conjecture that the classes of convex functions, starlike
functions and close-to-convex functions are closed under convolution with convex functions. In the following theorem, this
result is extended for the convolution between prestarlike functions and multivalent functions with respect to n-ply points.

Theorem 2.4. Let h be a convex univalent function satisfying the condition
1-«
Reh(z) >1——— (0<a<1),
p

and ¢ € Ap with ¢/zP~1 € R,,.
() If f € 8T ,(h), then ¢ x f € 8T ,(h). Equivalently, 8T ,(h) C 8T ., (h).
(i) If f € €V} 4(h), then ¢ x f € CV} ,(h). Equivalently, CV}) ,(h) C CVy .4 (h).
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Proof. (i) Letf € /S‘TZ (h). From Lemma 2.3(i), it follows that f, € 87 ,(h). The function v, defined by
fa(@)

zp—1

1ﬁn(z) =
is analytic and satisfies
2y, () zf,(2)
Y@ i@
Since Re h(z) > 1 — (1 — «)/p, it follows that
2y,(2)
>
Vn(2)
and hence ¥, € 47 («). Define the function H by
-l 4
Ha =17 @
p fn(2)
Since H < h and h is convex, an application of Theorem 1.2 shows that
12(pf)(2) 9@ %34 @ (¢ xHfy)(2)
- = = <
p (¢ *fin(2) é(2) * fr(2) (@ = fu)(2)
andthus ¢ % f € /ST;(h).
The general result for f € 877, (h) follows from the fact that

fesTh (h) & fxg e $T0M).

— (-1 <phz)—(—-1.

Re

o,

h(2),

(ii) Now let f € @v;,g(h) so that %zf/ € /STgyg(h). The result of part (i) yields (%zf’) * ¢ = %z(f * @) € KTg_g(h), and
thus ¢ xf € CV, (h). O
Close-to-convex and quasi-convex multivalent functions with respect to n-ply points are defined as follows:

Definition 2.5. The class CC,(h) consists of functions f € 4, satisfying the subordination

12f'(2)
- <
P $n(2)
for some ¢ € 8T Z(h). The general class eeg’g(h) then consists of functions f € ), satisfying the subordination
1z(gxf)' ()
p (& *P)(2)
for some ¢ € ’STZ,g (h). The class (Q@Z (h) consists of functions f € 4, satisfying the subordination
1() @
p 9,2
for some ¢ € @Vg(h), while the class @G;.g(h) consists of f € 4, such that
1(zg+N) @

p (E*x¢))
for some ¢ € @Vg’g(h).

h(z)

< h(z2)

< h(z)

< h(2)

Lemma 2.6. Let g be a fixed function in +Ap, and h be a convex univalent function with positive real part satisfying h(0) = 1.
Then

(i) eV (h) C @en, (h) C ec!  (h),
(i) f € @ep . (h) ifand only if %zf/ e cen,(h).

Proof. (i) By taking ¢ = f, it is evident from the definition that @Vz,g(h) C (:zegig(h). To prove the second inclusion,
suppose that f € (;zeg’g (h). Then there exists ¢ € evg,g (h) such that

1(zE+N) @

h(z).
P GroLo @
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Since ¢ € @V" 2 (), it follows that (g % ¢), € CV,(h) whichis a subset of 87 ,(h) [7, Theorem 2.1]. Thus (g * ¢), € $7 ,(h).
The result now follows from Theorem 1.3 with

T(2) = Bz(g #f)(z) and S(2) = (g * P)n(@).

(ii) Here the proof follows from the identity

1eex) @ 12 3)] @

P (Ex¢)@  p (g*;zqy) @)

and Lemma 2.3(ii). O

)

Theorem 2.7. Let h and ¢ satisfy the conditions of Theorem 2.4.

(i) Iff € (f@” ¢ () withrespect to afunctionf; € KTg_g(h), then ¢pxf € @G;‘g(h) with respect to the function ¢pxf; € 5Tg’g(h).
Also cCj (h) C CC gip ().

(i) If f € (QG 2 wzth respect tof) € @'Vg’g (h), then ¢ = f € @Gg’g(h) with respect to ¢ * f1 € c'vg,g(h). Also @@Z.g(h)
- c‘l@”.g*qb(h).

Proof. (i) It is sufficient to prove the result for the case g(z) = z’/(1 — z). Letf € @@g(h) with respect to a function

fi e 57; (h). Theorem 2.4 yields ¢ * f € 5Tg(h), and Lemma 2.3(i) gives (f1)n is in 87 (h). Also it is easy to see that the

function (f;),/z°~! € 87 (). Now define the analytic function H by

14'@
P (Fn@’

Since H(z) < h(z), an application of Theorem 1.2 shows that

H(z) =

120%f)@ 9@ ;7' @ (pxH(f)W@
P@*fn@ @ * (@ @ * (0@

This completes the proof of part (i).
(i) Iff € @€} ,(h), then Lemma 2.6(ii) gives Iljzf’ € ee; (h). Since

< h(2).

BZ(d) *f)(2) = ¢(2) * EZf'(Z),
the result of part (i) shows that %z(¢ xf) € eeg,g(h). From Lemma 2.6(ii), ¢ * f € @@;qg(h). O

3. Multivalent functions with respect to n-ply symmetric, conjugate and symmetric conjugate points

In this section, it is assumed that p is an odd number. Also, the function g € 4, is a fixed function and the function h is
convex univalent with a positive real part satisfying h(0) = 1. Here the classes of multivalent functions that are p-valent
starlike and p-valent convex with respect to n-ply symmetric, conjugate, and symmetric conjugate points are introduced,
and their convolution properties will be discussed. These classes are respectively defined below:

5T 81(h) = {f € Ay %% < h(z),fw . 0}’
8T CH(h) == 1f € Ay ;fn(zz)zi(;)(z) < h(z),f”(z)%)f”ﬁ ” 0} 7
evep(h) = \f € Ap: ;m < h(z),f(z)zﬁ ” 0}
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The classes )ST/S” g (), @"VJ" g (), 87 6’” g(M), @V@” g (M), 575@;1g(h) and eweg_g(h) consist of functions f € ) for
whichf x g belongs to the classes 8T 8" (h) @VJ”(h) 5T@g(h), @V@g(h), 575@,’;(h) and @V%ﬂ@g(h) respectively.

In the special case n = 1, we shall adopt the following usual notations: 575;’g (h) = 87 8,¢(h), G’V/S;,ug(h) =
CVEg(h), 8TC (h) = 8T Cpg, CVC, (h) = CVC4(h),8T8C) () = 8T8C,.(h) and CVSC, () =
CVSC,4(h).

Remark 3.1. When p = 1, these classes were investigated by Ravichandran [21]. We also took note that these classes
reduced to the classes studied in [30] whenn = 1and g(z) = z/(1 — 2).

Lemma 3.2. Let g be a fixed function in 4, and h be a convex univalent function with a positive real part satisfying h(0) = 1.
(1) IffesT /S (h) and F(z) == %[f(z) —f(=2)], thenF;, € 87, 4(h).

(i) If f € 8T 5 (h) thenf, € 87 8, 4(h).

(iii Thefunctlonf € @"V5 (h) if and only if 1zf/ € 875Z’g(h).

(iv) The inclusion ('EV/S“ (h) C 8T /S" £(M holds

-z Z

Proof. Again it is enough to prove the results for g(z) = zP/(1 — z).
(i) Letf € 5‘75”(h). For any fixed z € D,

1 zf'(z)
p Fa(2)
Replacing z by —z and taking the convex combination of these two expressions, it readily follows that
172'(2)  (—=2)f'(=2)] 12F(2)
2p [ F@) | Fa(—2) ] TP R@
This shows that the function F € 5Tg(h) and Lemma 2.3(i) now yields F, € 87 ,(h).
(i) Replacing z by €*z in
1 2zf'(2)
P fa(2) — fu(—2)
and using (2.4) and (2.6), it follows from the convexity of h(D) that

€ h(D).

€ h(D).

€ h(D),

1 k(1—p)
1 ”i 2ek7f'(e*z) 2" E A 2 7@
p fa(e

) —fu(—€2)  p i@ —fu(—2)  pfa@ —fa(~2)
Thus f, € 87 8,(h).
(iii) Since (%zf/) (—2) = —%zfn’(—z), it is clear that

€ h(D).

1 (Zf/)/ (Z) ] 2z (%Zf/) (Z)

PRO+ECD P (1) @ - (1) -0

Thus f € V4, (h) if and only if %zf/ € 87 8, (h).
(iv) Letf € G’Vﬁg(h) and F(z) = %[f(z) — f(—2)]. The result in part (iii) shows that %zf’ € 5?‘52(h). Hence, by part (i),
(%zF/) € 87 ,(h). Since (%ZF/) = ,l)ZFr/v Lemma 2.3(ii) shows that F, € €V, (h). So it follows from Lemma 2.3(iii)
n n

that F;, € 87 ,(h). Since h is a function with a positive real part, we deduce that the function F; is starlike.
Now let T(z) := %zf’(z) and S(z) = [fu(z) — fa(—2)]/2 = F,(z).Since f € @Vﬁg(h),

'@ 1 2 ") @
$'@  phi@+fi(-2)
Since S is starlike, the above subordination together with Theorem 1.3 implies that
)
pfu(2) — fa(=2) S(2)
and hence f € 87 4,(h). O

< h(@2).
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Theorem 3.3. Let h and ¢ satisfy the conditions of Theorem 2.4.

(i) Iff e JTJZ,g(h), theng xf € 5’1‘5;,g(h). Equivalently, 5T5Z,g(h) C 5T5g‘g*¢(h).

(i) If f € eV8) ,(h), then ¢ « f € CV S ,(h). Equivalently, CV Sy ,(h) C CVE, .4 (h).

Proof. It is enough to prove the results when g(z) = z?/(1 — z).
(i) Define the functions F and H by

14'@)
p Fa2)

Lemma 3.2(i) shows that F, € 87 ,(h). Since h is a convex function with Re h(z) > 1 — (1 — «)/p, it follows that

1
F(2) = E[f(Z)—f(—Z)] and H(z) =

zF)(2)
Fa(2)

and whence the function F,(z)/zP~! is starlike of order o. Since H(z) < h(z), Theorem 1.2 yields

Re

>p—1+a,

1 22(¢ % ) (2) B ¢(2) * 27 (2) (@ *HF)@)
P@xn@ —(@* n(—2) @) * @) —fui(-2)]/2 (¢ *Fn)(@)
and thus ¢ * f € 87 8,(h).
(i)Iff e @Vég(h), Lemma 3.2(iii) and the result of part (i) above yield

< h(z),

¢ * lzf’ = 1z(¢> xf) € 878 (h).
p p

Hence ¢ x f € GV&S(h). O

2933

Lemma 3.4. Let g be a fixed function in Ap, and h be a convex univalent function with positive real part satisfying h(0) = 1.

(i) If f € 8T €l () and F(2) := 3[f (z) + f(@)], then F, € 8T 4 (h).
(i) If f e 5Tegyg(h), thenf, € 87 C,¢(h).

(iii) The functionf € CVC; ,(h) if and only if %zf’ € 87 C, ,(h).

(iv) The inclusion CVC, ,(h) C 87 €}, ,(h) holds.

Proof. Again it is enough to prove the results when g(z) = z?/(1 — z).

(i) Since Fa(2) = [fa(2) + fn(2)]/2,iff € 8T C,(h), then
14'@)

p Fa(2)

for any fixed z € D. Thus

Lge (Z9)| 1re
2p | Fa(2) Fu(2) p F.(2)

€ h(D)

This shows that the function F € JTg(h) and by Lemma 2.3(i) it follows that F, € 87 ,(h).

(ii) Replacing z by €*z in
1 2zf'(2)

P (@) + @)

and using (2.4) and (2.6), it follows from the convexity of h(D) that

h(D),

1 2 1 ] 1 26kf'(e*2)
PH@ +@ NP fu(ekz) + fi(e2)
Thus f, € 87 C,(h).

h(D).
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(iii) Since
1 ’ 1 F1(7)
—zf") @) = —zf,(@).
p n p
it follows that
!
’ 1
12() @ 1 2z (;Zf/) (2)
PRO+H@ P () @+ (347) @

Thus f € ¢Ve} , (h) if and only if %zf/ € 87C} 4 (h).
(iv) Iff € @V@Z(h), then part (iii) gives %zf’ € 5‘]’@;(h).With F(z) = [f(z) + f(Z)]/2, it follows from part (i) that

69,5 (Go)e)
—zF' n
(p ) 2
oy + 22 @)

2

1
= —zF, € 87 ,(h).
p

Lemma 2.3(ii) now gives F, € CV,(h), and so F, € 8T ,(h). Thus F, is starlike.
Nextlet T(z) := %zf’(z) and S(z) = [fu(2) + fu(2)]1/2 = F,(2). Since

T@ _12@)@
5@ pfl@2)+f@)
and S is starlike, Theorem 1.3 shows that
1 2 T@ .
PhLH@+f@ S@)
whence f € JT@g,g(h). O

h(z),
h(2),

Theorem 3.5. Let h and ¢ satisfy the conditions of Theorem 2.4 and ¢ has real coefficients.

) Iff e 57@1';@, then¢g *f € JTG;’g(h). Equivalently, JTGZ‘g(h) C /ST@Z,g*d,(h).

(ii) If f € @VE! ,(h), then ¢ % f € CVCL ,(h), and CVEL ,(h) C €VE!,,, (h).

Proof. (i)Letf € 8T @g(h). Define the functions F(z) and H(z) by

2)+f@) 1zf'(z
f@O+f@ and H(Z)=7f().
2 p Fa(2)
Using Lemma 3.4, and proceeding similarly as in the proof of Theorem 3.3, it can be shown that the function F,(z)/zP~! is

starlike of order «, where F,,(z) = [f,(2) + fa(2)1/2.
Since H(z) < h(z) and because ¢ has real coefficients, Theorem 1.2 yields

F(z) =

1 22(¢ %) (2) B ¢(2) * 37f'(2) _ @xHE)@) "
P@sM@+ @@ ¢+ [ +7@]/2  @*P@ ’

org xf € 87 C,(h).
(i) Iff € G’V@S’g (h), it follows from Lemma 3.4(iii) that %zf’ € 5761’;@ (h). By part (i), it is now evident that
1 ! 1 / n
¢ —2f' = —z(pxf) € 8T €}, (h),
p p ’
and thus we deduce that ¢ * f € @V@Z.g (h) from Lemma 3.4(iii). O

The following two results can readily be established by proceeding analogously as in the proofs of Lemmas 3.2 and 3.4,
and Theorems 3.3 and 3.5. We omit these proofs.
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Lemma 3.6. Let g be a fixed function in 4, and h be a convex univalent function with positive real part satisfying h(0) = 1.

(i
(ii

(iii
(iv

If f € 878€Ch (h) and F(2) == }[f(2) — f(=2)], then F, € 8T ¢ (h).
Iff € 87 8€Ch  (h), then f, € 8T 8Cp ¢ (h).

The function f € CV3C} . (h) if and only if %zf’ € 878¢C) ,(h).

The inclusion CV$C} ,(h) C 87 8¢} ,(h) holds.

—_ T

Theorem 3.7. Let h and ¢ satisfy the conditions of Theorem 2.4 and ¢ has real coefficients.

() Iff e 575eg,g, theng xf € stfegqg(h).
(i) If f e eV8Cy ,(h), then ¢ x f € CVSC ,(h).
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