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Abstract

A universal algebra 4 is coconnected if every homomorphism from 4> to 4 is essentially at
most unary. The paper explores this notion and shows, inter alia, that for certain congruence
distributive and unary varieties, the abstract endomorphism monoids of their members and their
coconnectedness are fully independent.
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For any two monoids M, and M there exist a universal algebra 4, and a subalgebra
Ay C A; such that the endomorphism monoid End 4; is isomorphic to M; for i=0,1,
and there is a similar representation by an algebra 4y and its quotient algebra 4.
Such pairs of algebras exist in any algebraically universal variety V, that is, in any
variety for which there is a full embedding of the category G of all (directed) graphs
into V, see [9]. (Throughout the paper, the algebraic universality is abbreviated as
universality. )

For any algebra A, let 4% be its Cartesian square and let néz)ehom(Az,A) and

n(lz) € hom(42,4) denote the two Cartesian projections. Regardless of the variety the
algebra 4 comes from, the monoids End 4 and End 42 certainly depend on each other:
the monoid End 4> contains the Cartesian square of End A4, while for any g € End 4>
and the diagonal homomorphism J, € hom(4, 4%) given by d,(x) = (x,x), the two com-
posites ngz) ogod, and ngz) o g o d, belong to End 4.
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In the present paper, we explore a situation in which the endomorphism monoids
End A4 and End 42 are closely related. Specifically, we investigate algebras for which
every f €hom(4%,4) is essentially at most unary. In abstract terms, this property can
be formulated as follows.

Definition. Let 4 be an object in a category .o/ with finite products and let n > 2 be
finite. For the n-fold power 4" of A4, let {nl(") |ien} be the collection of its product
projections. We say that 4 is n-coconnected if every .o/-morphism f:A4" — A has a
decomposition

f=hon™ for some hcEndA4 and ien=1{0,...,n— 1}.

Any 2-coconnected object A is also called coconnected. And when A4 is n-coconnected
for every n > 2, we say that it is fully coconnected.

The notion of coconnectedness was considered for topological spaces in [19] as the
abstract categorical dual to connectedness. A topological space X is connected if and
only if every continuous map from X to the coproduct X + X of two of its copies
factors through one of the two coproduct injections. Subsequently, coconnected metric
spaces with simultaneously prescribed monoids of nonconstant nonexpanding, uniformly
continuous and continuous maps were constructed in [20].

We show that coconnectedness presents no obstacle to monoid representation by
endomorphisms of algebras from certain universal varieties. Having first collected sim-
ple observations and various examples of coconnected algebras, in Section 2 we show
that for every monoid M there exist arbitrarily large (0, 1)-lattices Ay and 4; with
End 4g =2 End 4 & M such that 4, is not coconnected while 4, is fully coconnected,
and that there exists an arithmetical variety having this property. In Section 3 it is
shown that the variety Alg(1,1) of all algebras with two unary operations is also of
this kind, and that coconnected monounary algebras are determined by their endomor-
phism monoids. In the concluding Section 4, we consider small n-coconnected algebras
and coconnected algebras with zero, and give a partial answer to the question below.

Problem. Is every 3-coconnected algebra A fully coconnected?

If the answer is negative, examples cannot be found amongst algebras with zero, or
in congruence distributive varieties. When of a countable similarity type, however, any
such example can be transformed into an example in Alg(1,1).

1. Examples and observations

Let X be a set and let @ be the set of all finite cardinals n={0,...,n — 1}. A
system .% of maps X" — X" with n,m € w is a clone on the set X if it contains every
Cartesian projection nl(.") : X" — X with i€n€ w, is closed under the composition o
of its members and, for any choice fo,..., fu—1: X" — X in &, the fibered product
foX o X fm_1:X" — X™ sending each s€ X" to (fo(s),..., fm_1(s)) €X™ also be-

longs to .. Since m§"% --- x7™ is the identity map on X", any clone % on the
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set X is a category fully determined by the collection of its hom-sets ¥ (X", X ) with
n € w. When viewed as an abstract category, any such & is an abstract clone in the
sense of [13], and also an algebraic theory in the sense of [11,12].

In what follows, an algebra is a pair 4 =(X,2) in which X is a set and X is a set
of operations on X.

For any algebra 4 =(X,2), the underlying maps of all homomorphisms between its
finite powers 4°,4,42%,... form a clone on the set X. We call this clone the clone of
A, and denote it CloA4. Thus, CloA is what [13] calls the centralizer clone of 4 to
distinguish it from the clone of all term functions of 4. We note that the underlying set
of the Oth power A° is the singleton consisting of the empty map () — X. Therefore, 4°
is a singleton algebra in any variety containing the algebra 4, and hom(4°,4) consists
of all maps sending the singleton algebra 4° to a singleton subalgebra of A.

1.1. For any algebra 4, and any finite » > 2 and i € n, the following properties of an
f €hom(4", A) are equivalent:

() f= hon ) for some h € End 4;

(2) f=hod,on" for the diagonal &, € hom(d,A");

(3) f(xo,.--sxp—1)=f(xi,...,x;) for every (xg,...,%x,—1)€X".

Indeed, since f o J, € End 4, the second clalm 1mplles the first. Conversely, if f=ho
(" then f05n:hon(") o 8, =h because n )6 8,=1y, and hence f = f o4, on(”)
The third claim is just a reformulation of the second one.
In what follows, we shall use any of these properties without a specific reference.
If f€hom(4",4) factors through two distinct projections 77:( and n(") then its

kernel Ker f contains the join Ker 7' V Ker n(") which is the total congruence on A",

and hence f is constant. Therefore

(4) if A is n-coconnected and if f € hom(A4”,4) is not constant, then there is exactly
one i €n such that f factors through 7",

1.2. Any coconnected algebra is directly indecomposable.

Indeed, suppose that 4 =8 x C is coconnected. Then the map f:A4> — A defined
by f((b,c),(d',c'))=(b,c") is a homomorphism, and hence f = f o, onl(z) for some
i€{0,1}. For i=0 we then have (b,c")=(b,c), and hence ¢’ =c¢ for any c,¢’ € C.
For i=1 we get (b',¢)=(b,c’), and hence b’ =b for any b,b’ € B. Thus C or B is a
singleton, and hence 4 is directly indecomposable. [l

It is perhaps illustrative to have also a syntactic proof of this simple fact. To produce
it, we recall that an algebra 4 = (X, 2) is directly indecomposable if and only if any
f €hom(4%,4) satisfying f(x x) x and {(f(x,y),z) =f(x, f(,2))= f(x,z) for all
X, ¥,z € X has the form f*n or f= nl , see [13], for instance. If 4 is coconnected,

then any f €hom(42,4) whatsoever has the form f= f 06,0 nf.z) for some i=0,]1.

Hence any f with fod, =14 equals né or n(l ), and hence 4 is indecomposable. []

Indecomposable algebras need not be coconnected, however. For instance, for any
Abelian group G =(X,+), the mapping f:X?> — X given by f(x,y)=x+ y is a
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homomorphism. From f'= f o0, 0 ”5’2) for some i € {0,1} it follows that x + y=x +
x for all (x,y)€X?, and this is true only in a trivial group. Hence, there are no
nontrivial coconnected Abelian groups; yet any prime order cyclic group is directly
indecomposable.

1.3. Other varieties lack nontrivial coconnected algebras as well. For instance, no
coconnected commutative semigroup S = (X,+) has more than one element. Indeed,
if §' is coconnected, then the identity y + y=y +x=x + y=x + x holds in S. If
0 €S denotes the common value of all z+z with z€ S, then z+t=z +z=0 for all
z, t€S, that is, S is a commutative zero semigroup. If f:X? — X is any mapping,
then for any (x, y),(u,v) € X*> we have f((x,y)+ (u,v))= f(x+u, y+v)= £(0,0) and
f(x, )+ f(u,v)=0. Therefore f €hom(S?,S) exactly when £(0,0)=0. If card X > 1
then no homomorphism with £ ~'{0} = {(0,0)} factors through either projection. Other
varieties with only a few coconnected members will be discussed in Sections 2 and 3.
Are there any n-coconnected algebras?

1.4. For any finite n = 2, the ‘complete’ unary algebra A= (n,n") is n-coconnected.

This is easy to see. Let f €hom(A4",4) be arbitrary. Then f(0,....,.n — 1)=i€n.
Since for every n-tuple (xo,...,x,—1)E A" there exists an operation ¢ € n” such that
x;j=o0(j) for j=0,...,n—1, it follows that:

S o, xn—1) = f(0(0),...,0(n — 1)) =0(f(0,...,n = 1)) =0(i) =x;.
Therefore f = nl(-") and hence A4 is n-coconnected. [

In Section 4 we show that for any n > 3, the complete unary algebra (n,n") is fully
coconnected.

1.5. Let 2 < m < n be finite. Then any n-coconnected algebra A is m-coconnected.
In particular, any n-coconnected algebra is coconnected.

Indeed, since m < n, there are maps k € v and A€ m” such that Ao x=1,,. Then
k €hom(A4",4™) and I €hom(4™,A4"), respectively, given by k= nfgz%)k - kniﬁiﬂ_n

and /= ngfo))k - knf{(’;)f ) satisfy o l= n%) for every i €n, and hence also k o [

=1 m. Suppose that f €hom(A™,4). Then f o k€hom(4”,4), and hence f o k=
fokod,o n,(.") for some i € n because 4 is n-coconnected. But k o 8, = 9,, and hence
f:fokol:fokoé,,on,(.")ol:foé,,,on(;('?) as required. [J

In general, the reverse implication fails to hold. A counterexample exists already on
a two-element set 2 = {0, 1 }—the complete unary algebra 4 =(2,2?) is 2-coconnected,
by 1.4, but not 3-coconnected: to see that 4 is not 3-coconnected, it is enough to note
that the ‘majority” map m:23 — 2 defined by

m(i,i,1 —i)=m(i,1 —i,i)=m(1 — i,i,i)=m(i,i,i)=i for i€{0,1}

belongs to hom(A43,4), but does not factor through any projection.
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On the other hand, in certain varieties all coconnected algebras must be fully
coconnected. Our first example is this.

1.6. Any idempotent coconnected algebra A is fully coconnected.

We recall that an algebra 4 = (X, X) is idempotent if every singleton {x} C X carries
a subalgebra of 4. When this is the case, the constant map k,il) : X — X with the value
x belongs to End A for every x € X. Therefore, the n-ary constant map K =c, o nf»")
belongs to hom(A4”,4) for every n > 2 and x € X and, consequently, every map qﬁ)(c")
given by qﬁ)((")(to,...,tn_]):(to,...,tn_l,x) belongs to hom(4”,4"*!). The inductive
argument presented in Section 3 of [19] uses only the maps ¢§") to prove the full
coconnectedness of any coconnected topological space, and can therefore be repeated
verbatim to show that any coconnected idempotent algebra is n-coconnected for every
n=2 0O

Do there exist any idempotent coconnected algebras?

1.7. To formulate a positive answer to this question, we recall that an algebra 4 is
rigid whenever End 4 = {1,}. An idempotent algebra 4 with more than one element
cannot be rigid since each constant selfmap is one of its endomorphisms. If 4 is an
algebra such that End 4 consists of the identity map 14 and all constant selfmaps of
its underlying set, we say that 4 is c-rigid. Any c-rigid algebra must be idempotent,
of course.

According to a result by Herrlich [4] strengthened by Taylor in [18], the clone
on any set X with at least three elements whose unary members are just 1y and all
constant selfmaps of X is uniquely determined to the extent that its members X" — X
are exactly all n-ary projections and all n-ary constants. When applied to idempotent
algebras, this result implies

Theorem (Herrlich [4] and Taylor [18]). Any c-rigid idempotent algebra with at least
three elements is fully coconnected.

Commutative idempotent groupoids satisfying the identity (xy)x =y, the so-called
Steiner quasigroups, form a variety in which arbitrarily large c-rigid objects do exist
[15]. There also are arbitrarily large c-rigid modular lattices [10].

Corollary (Pigozzi and Sichler [15], Koubek and Sichler [10]). There exist arbitrarily
large fully coconnected Steiner quasigroups and arbitrarily large fully coconnected
modular lattices.

Thus, neither congruence permutability nor congruence distributivity of a variety
prevent the existence of its fully coconnected members.
In Section 2 we investigate coconnected lattices and (0, 1)-lattices a little further.

1.8. The full strength of c-rigidity is not needed to obtain large idempotent fully
coconnected algebras. We illustrate this on the example of dual discriminator algebras.
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Recall that the ternary dual discriminator #(u,v,w) is defined as

u foru=v,
H(u,v,w)=
w  for u # v.

Let 4=(X,¢) be a dual discriminator algebra on a set X. It is easy to see that 4 is
idempotent and simple, and that End A consists of all constants and all injective maps.
Write A" = (X", t,). For ¢,y € X", denote E(¢p,)={i€n|¢p(i)=y(i)}. Then

o(i) for ic E(p, ),

1a(, Y 0)(i) =
0@) forien\ E(¢),¥).

1.81. Let n =2, and let f:X" — X be any mapping with Ker f =Ker nﬁ") for some

i€n. Then f €hom(4",A4).

Proof. If Ker f =Kern™, then f=ho " for some injective #:X — X. But then

i

he€End A and hence f is a homomorphism. [

1.8.2. If n =2 and f c€hom(4",A4) is nonconstant, then for some ic€n there exist

by € X" with E(d,y)=n\{i} and f(§) # f(Y).

Proof. Suppose that for every i € n and all ¢, ¢’ € X" with E(¢, ¢')=n\{i} it follows
that f(¢p)= f(¢'). If ¢,y € X" are selected arbitrarily and n \ E(¢p,y)={i;|j €k},
then there is a finite sequence {¢ = o, p1,..., P =Y} with E(¢;, ;1) =n\ {i;} for
every j € k—to obtain ¢;,; from ¢; simply replace ¢;(i;)= ¢(i;) by ¥(i;). But then
f(Pp)=f(Y) as claimed. [

1.83. If n=2 and f € hom(A",A) is nonconstant, then Ker f =Ker n,(-") for some
ien.

Proof. By 1.8.2, there exist i€n and ¢,y € X" with E(p,y)=n\ {i} and f(P) #
f (). Select 0 € X" arbitrarily and denote pg =t,(¢, s 0). Then py(i) = 0(i), and py(j) =
¢(j)=y(j) for each jen\ {i}. Since f €hom(4A",4) and f(¢) # f(¥), we have
Fpo)=1t(f($), (W), F(0)) = f(0).

If 6'(i) = 0(i), then py = py and hence f(0")= f(0), and this shows that Ker nﬁ") -
Ker f. Since nf»") €hom(A4”,4) is surjective, there is a (unique) #€EndA with %o
nﬁ’” = f. Since / is nonconstant, it must be injective, and hence Ker f = Ker . 0

The claim below now follows immediately from 1.8.1-1.8.3.
Proposition. Let A= (X,t) be a dual discriminator algebra and let n = 1. Then f €
hom(4",4) if and only if f is either one of the constants or else f=ho nl(.") for a

unique injective mapping h:X — X and a unique i € n. Thus A is fully coconnected.

Exchanging the roles of homomorphisms and operations, we obtain this
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Observation. No nontrivial unary algebra B=(X,X) whose every operation o is in-
Jective or constant is 3-coconnected.

Proof. Clearly ¢ € hom(B3,B), and ¢ does not factor through any projection because
t(x,x, y)=t(x, y,x)=1t(y,x,x) =x whenever x, y € X are distinct. [

2. Coconnected lattices

In this section, we show that for any monoid M there exist arbitrarily large (0, 1)-
lattices A¢ and A; such that Ay is a nontrivial direct product, 4; is fully coconnected and
End4yg =2 End 4 = M. Abstract endomorphism monoids thus generally have no effect
on coconnectedness or direct decomposability and do not depend on either property.
It will be seen that this is also true in certain varieties of algebras whose reducts are
distributive (0, 1)-lattices.

2.1. Here we make two simple observations about algebras from congruence distribu-
tive varieties.

Recall that an algebra A is simple if it has more than one element and only two
congruences: the diagonal congruence A and the total congruence t.

Let n > 2 be finite. For any given set {0;|i €n} of congruences on an algebra 4,
let 0y x --- x 0,_1 denote the ‘product congruence’ @ defined on 4" by

(X05--->X0-1)O(¥0, -+, yu—1) iff x;0;y; for every i €n.

It is well-known that within any congruence distributive variety, any congruence @ on
A" has the form ® =0y x --- x 0,_; for some set {0; |i €n} of congruences on A.

Some initial examples of congruence distributive coconnected algebras can be ob-
tained as follows.

2.1.1. Lemma. If A is an algebra such that the congruence lattice of A* is the
four-element Boolean lattice, then A is either coconnected or it contains an iso-
morphic copy of its square A%. In particular, for a congruence distributive variety V,
a simple algebra A €\ is coconnected whenever it is finite or rigid.

Proof. If / € hom(42,4) does not factorize through either projection, then Ker f is the
diagonal congruence, and hence f embeds 4% into 4. If V is congruence distributive
and 4 € V is simple, then Ker f has the form 0y x 0; with 0,0, € {4,7}. By the first
claim, 4 is coconnected whenever it is finite. if 4 is rigid, then fod, =14 and hence f
is also surjective. But then f is an isomorphism and hence A4 is directly decomposable,
and thus not simple. [

2.1.2. Lemma. Any coconnected algebra A from a congruence distributive variety is
fully coconnected.

Proof. Suppose that 4 is a coconnected algebra from a congruence distributive variety,
and let f € hom(4",4) for some n = 3.



182 J. Sichler, V. Trnkoval Journal of Pure and Applied Algebra 179 (2003) 175-197

For any given j €n, let e; € hom(4%,4") be defined by
{ P forien\ {j},

M g
06 @
a1

=
for i=.

Thus, for each j € n, for every (x, y) € A% we have ej(x,y)=(x,...,x, y,x,...,x)—where
y occurs only once, in the jth coordinate.

Since 4 is coconnected, each composite f o e; € hom(4?,A4) factors through ngz) or
through n(lz); in other words, for each j € n we have foe;(x,y)= foej(x,x)= f(x,...,x)
or foei(x,y)=foei(y,y)=/f(y,...,y). If @=Ker f, then @ =0y x --- x 0,_; for
some congruences 6; of 4.

There are two cases to consider.

Case 1: foei=fod, On(lz) for some jen, that is, f(x,...,x,y,x,...,x)=f o
ei(x,y)=f(y,...,y) for some jcn With no loss of generality, let j=0. Then
(¥, %,...,x)O(y,...,y) for all x, y € 4, and hence 0; is the total congruence t for every
i€n\{0}. Therefore @ =0y xTx--- X122 AxTx---xT=Ker ng") and, consequently,

(n)
S factors through ;"

Case 2: foej=fo0d,o0 nf)z) for every je€n, that is, f(x,...,x,y,x,...,x)=f o
ei(x,y)= f(x,...,x) for every j € n. Therefore for any x, y € 4 and each j € n we have
(x,y)€0; and hence 0; =1. But then @ =0y x --- x 0,1 =1 x --- X 7, and hence f
is constant; as such, it factors through all projections 77:;") with jen. O
2.2. Now we turn to the variety Ly; of all (0, 1)-lattices and to its subvarieties. The
homomorphisms between members of Ly, are all lattice homomorphisms that preserve
0 and 1, called (0, 1)-homomorphisms.

Recall that an element e of a (0, 1)-lattice 4 =(X,V,A,0,1) € Ly is neutral if

(eAx)VxAY)V(yAhe)=(eVX)ANxV y)A(yVe)

for all x, y € 4. The elements 0,1 of 4 are neutral and form a complemented pair in 4.
If A=B x C, then {(0,1),(1,0)} C 4 is a complemented pair of elements neutral in A.
Conversely, any complemented pair {e,e’} C A of elements neutral in 4 gives rise to a
direct decomposition 4 = (e] x (e'] of 4, see Chapter 4 in [13], for instance. Therefore,
A€l is directly indecomposable exactly when {0,1} C 4 is the only complemented
pair formed by neutral elements of 4.

Let Dg; denote the variety of all distributive (0, 1)-lattices. Since all elements of
any distributive lattice are neutral, a lattice 4 € Dy, is directly indecomposable if and
only if {0,1} is the only complemented pair of 4.

While we do not have a structural characterization of coconnected members of Ly,
the condition (a) in the claim below will suit our purpose.

2.2.1 Lemma. Let A€y and f €hom(4%,A4). Then f factors through a projection
if and only if (0,1)€{0,1}. Consequently,

(a) if {0,1} is the only complemented pair of A € Ly, then A is coconnected,

(b) if A€ Dy, then A is coconnected exactly when it is directly indecomposable.
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Proof. Let Ac€ly and fchom(4%,4). If f factors through a projection, then
Jf(x,y)=f(x,x) forall x,yed or f(x,y)=f(»,y) for all x, y€ A. But then f(0,1)=
£(0,0)=0 in the first case, and f(0,1)= f(1,1)=1 in the second. For the converse,
suppose that £(0,1) € {0, 1}. Since any (x, y) € 4> has the form (x, y) = ((1,0)A(x,x))V
(0, 1) A(y,»)), we have

[ )=S0 A f(xx)V (FO,1)A f(r,p) for all (x,y) €A

If £(0,1)=0, then f(1,0)= f(1,0)V £(0,1)= f(1,1)=1, and hence f(x,y)=(1A
Jx) V(ON f(yy)=fxx). If f(0,1)=1, then f(1,0)=f(1,0) A f(0,1)=
£(0,0)=0, and hence f(x,y)=(0Af(x,x)V(AIASf(»,¥))= f(»,»). Thus f factorizes
through a projection, and the first claim is proved.

Let {0,1} be the only complemented pair of 4. Since (0,1) € 4> has a complement,
for any f € hom(42,4) we must have f£(0,1)€{0,1}, and (a) follows. If 4 € Dy, is
indecomposable, then it has no nontrivial complemented pairs and hence it is cocon-
nected, by (a). The converse in (b) is provided by 1.2. [

2.2.2 Lemma. If B, C € Ly, have no nontrivial complemented pairs, and if hom(B,C) =10
and hom(C,B) =), then End(B x C)=End B x End C.

Proof. For any f € EndB and g € End C, the mapping f x g: B x C — B x C given
by (f x g)(x,y)=(f(x),g9(»)) clearly belongs to End(B x C).

To show that Bx C has no other endomorphisms, suppose that # € End(BxC). Then &
has the form A(x, y) = (ho(x, y), h1(x, y)) in which hy € hom(Bx C, B) and /| € hom(B x
C,C). Since (x,y)=(x,0) V (0, y) for all (x,y)€ B x C, we have h;(x, y)=h;(x,0) V
hi(0,y) for i=0,1 and all (x, y) € BxC. Since 4 is a (0, 1)-homomorphism and because
(1,0) A (0,1)=(0,0) in B x C, it follows that {£;(1,0),%;(0,1)} is a complemented
pair for i=0,1. The lattices B and C have only the trivial complemented pair, and
thus {4;(1,0),4:(0,1)} ={0,1} for i=0,1. If 4y(0,1) =1, then the mapping y: C — B
defined by ¥/(y)=ho(0, ) is a (0, 1 )-homomorphism, contrary to the hypothesis. There-
fore £(0,1)=0 and hence %((0, y) =0 for all y € C. Similarly we find that /4,(x,0)=0
for all x € B. But then Ay(x, y) = ho(x,0) and &;(x, y) =h,(0, y). The mappings f:B —
B and g:C — C, respectively, defined as f(x)=/ho(x,0) and g(y)=rh:(0,y) are
(0, 1)-homomorphisms and 4(x, y) = (ho(x, ¥), h1(x, ¥)) = (f(x),g9(»)). Thus & € End Bx
End C as claimed. [

2.3. Now we are prepared to formulate results on independence of coconnectedness or
decomposability on the endomorphism monoid in certain universal varieties.

Definition. Let V be a variety of algebras. Then V is expansive if for every monoid
M there exist Ag,A; €V such that End 4y = EndA4; = M and 4, is fully cocon-
nected while 4 is directly decomposable. If V is expansive and such that the algebras
Ag,A1 €V can be chosen to be finite for any finite monoid M, we say that V is
f-expansive. And when for any Ay,4; € V we have End 49 = End 4, only when both
algebras 4y and A, are coconnected or neither one is, we say that V is fractured.
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We recall that a universal variety V is finite-to-finite universal if the category G
of graphs has a full embedding @y into V such that @y(G)€V is a finite algebra
for every finite graph G. Since any (finite) monoid M is isomorphic to the endo-
morphism monoid of some (finite) graph [16], any (finite-to-finite) universal variety
contains a (finite) algebra whose endomorphism monoid is isomorphic to M. Thus
every (finite-to-finite) universal variety is also (finite-to-finite) monoid universal.

Below is the main result of [2].

Proposition (Goral¢ik et al. [2]). The following properties of a variety V C Lo are
equivalent:

(1) V is (finite-to-finite) universal,

(2) V is (finite-to-finite) monoid universal,

(3) V contains a (finite) (0, 1)-lattice with no prime ideal,

(4) V contains a (finite) simple non-distributive (0, 1)-lattice.

This result can be extended as follows.

Theorem. Let \ be a subvariety of Loy. Then
(1) V is expansive exactly when it is universal,
(2) V is f-expansive exactly when it is finite-to-finite universal.

Proof. If V is expansive (or f-expansive), then V is universal (or finite-to-finite
universal) by the above Proposition.

The key fact for the proof of the converse is that for any (finite-to-finite) universal
variety V C Lg; the (finite-to-finite) full embedding @y : G — V constructed in [2] has
the property that for every graph G, the (0, 1)-lattice @(G) has only the trivial com-
plemented pair. For a given (finite) monoid M, there exist (finite) nonsingleton graphs
Go and G, such that Gy is rigid, End G; = M, and hom(Gy, G|) =hom(G1, Gy) =0,
see [16]. Denote Ay = Pv(Gy) X Py(Gy) and 4; = Py(Gy). Then Ay is a nontrivial
direct product, while A4; is coconnected, by 2.2.1(a), and hence fully coconnected,
by 2.1.2. Since the lattices @y (Gy) and @y (G;) have no nontrivial complemented
pairs and because there are no L;-morphism between them, from 2.2.2 it follows that
El’ldAO:{l(p\/(Gﬂ)} X EndA1 %EndAl =M. O

Remark. There exist arbitrarily large graphs with a given endomorphism monoid M,
see [16]. Thus, each expansive subvariety of [ contains arbitrarily large coconnected
(0, 1)-lattices and also arbitrarily large directly decomposable (0, 1)-lattices that repre-
sent M.

2.4. We turn to the variety Dg; of distributive (0, 1)-lattices and to varieties that have
reducts in Dy;. As noted earlier, a lattice 4 € Dy; is coconnected exactly when it is
directly indecomposable, and this occurs if and only if {0, 1} is the only complemented
pair in 4. It immediately follows that a Boolean algebra B is coconnected exactly
when card B < 2. Since a Boolean algebra B is rigid exactly when it has at most
two elements, its abstract endomorphism monoid determines whether B is coconnected
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or not. More generally, for any 4,4’ € Dy; we have End4 = End4’ if and only
if 4’ is isomorphic to A4 or to its order dual A4, see [14]. Since 4 € Dy; has only
the trivial complemented pair exactly when its order dual does, the endomorphism
monoid End 4 determines whether 4 is coconnected or not. Therefore the variety Dy is
fractured.

On the other hand, certain varieties whose algebras have reducts in Dy, are ex-
pansive. This is true for double Heyting algebras and certain varieties of distributive
double p-algebras, for reasons we now outline.

Recall that an algebra (X, V,A,—,0,1) of the similarity type (2,2,2,0,0) is a Heyt-
ing algebra if (X,V,A,0,1)€ Dy, and the remaining binary operation — is defined by
the requirement that t <x — y exactly when ¢ A x < y. A double Heyting algebra
(X, V,A\,—,«—,0,1) has an additional operation «— given by the dual requirement that
u = x < y exactly when uVx > y. A distributive double p-algebra (X, V,A,*,+,0,1)
has the type (2,2,1,1,0,0) in which (X,V,A,0,1) € Dg;, the unary operation * is de-
fined by the requirement that ¢ < x* exactly when ¢ A x=0, while + is given by the
dual requirement that ¢ > x* exactly when 7V x=1.

We claim that any of these algebras is coconnected exactly when {0, 1} is its only
complemented pair. Indeed, suppose that 4 =(X,V,A\,—,«,0,1) has only the trivial
complemented pair. Then f(0,1) € {0,1} for any f € hom(42,4) and, since f is also
an [o;-morphism, from 2.2.1 it follows that f factorizes through a projection. Thus
A is coconnected. Conversely, if 4 has a complemented pair other than {0, 1}, then
its Do;-reduct 4’ =(X,V,A,0,1) is a nontrivial direct product 4’=B x C. To show
that 4 has the same decomposition, let by, b; € B. Select zy,z; € C arbitrarily and let
(p,q)=1(bo,z9) — (b1,z1) in A. Since the projection onto B is a Dy-morphism, we
have pAby < by in B. If xAby < by in B, then (x,0)A(bg,z9) = (x Nbg,0) < (by,21) in
A, and hence (x,0) < (p,g). But then x < p in B. This shows that setting p=by — b,
defines the unique Heyting operation for which the projection 7np: A" — B satisfies

ng(ag — ay)=mnp(ag) — wp(a;) for all ag,a; € A.

The other operations are handled similarly.

According to [7], the category G of graphs has a full embedding @,y into the variety
2H of double Heyting algebras such that @,;;(G) has only the trivial complemented
pair (and @, (G) is infinite) for every G € G, see [7]. As in 2.3, we obtain

Proposition. The variety 2H of double Heyting algebras is expansive.

It appears that 2H is the only known arithmetical (that is, congruence distributive
and congruence permutable) variety that is expansive.

We also note that no finitely generated subvariety of 2H is monoid universal.

Now let V be a finitely generated variety of distributive double p-algebras. The
variety V is (finite-to-finite) universal if and only if it is (finite-to-finite) monoid
universal, see [5,8]. For any such V, the (finite-to-finite) full embedding @y : G — V
constructed in these papers has the property that {0, 1} is the only complemented pair
in every @y(G). As in 2.3, we obtain the following result.
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Theorem. For any finitely generated variety /' of distributive double p-algebras, these
properties are equivalent:

(1) V is (finite-to-finite) universal,

(2) V is (finite-to-finite) monoid universal,

(3) V is (f-)expansive.

2.5. We conclude this section with some comments on coconnected lattices.

2.5.1. First we note that any rigid 4 € L is either coconnected or directly decom-
posable. Indeed, if £(0,1)€{0,1} for every f €hom(42 4), then 4 is coconnected,
by 2.2.1. Else f(0,1), f(1,0)€4 \ {0,1} are neutral in 4 since (0,1) and (1,0) are
neutral in 4> and f is surjective (because A4 is rigid). Hence 4 has a nontrivial product
decomposition, see 2.2. Rigids of either kind do exist, by the Theorem in 2.3.

2.5.2. There are directly indecomposable (0, 1)-lattices which are not coconnected. For
any A€ly with a prime ideal, let p €hom(4,2) denote the corresponding (0, 1)-
homomorphism onto the 2-element lattice 2={0,1}. For any e€ 4 having a com-
plement, let h. € hom(22,4) be the homomorphism with 4.(0,1)=e. The compos-
ite f=h,o(p x p) then satisfies f(0,1)=h.(0,1)=e. If A is coconnected then
e=f(0,1)€{0,1}, by 2.2.1. In other words, no A €Ly, with a prime ideal and a
nontrivial complemented pair can be coconnected. Directly indecomposable lattices of
this kind certainly exist in any nondistributive subvariety of Ly;.

2.5.3. Let M C Lg; denote the variety generated by the simple modular lattice M3 3=
{0,a,b,c,d,e, f,1} with the order given by 0 < a,b,c <d <1 and ¢ <e, f < 1. By
[10], there is a finite-to-finite full embedding @y : G — M such that any lattice homo-
morphism @y (G) — Py(G’) is either a (0,1)-homomorphism or a constant map.
Thus, in particular, the endomorphism monoid of any @y (G)=4=(X,V,A,0,1) with
0 # 1 is the disjoint union

(¢) EndA={k |x€X}UEndy 4,

where k. € X¥ is the constant map with the value x €X and Endg; 4 consists of all
(0, 1)-endomorphisms of 4. We now claim that any such lattice is coconnected. To
prove this, let f:4> — A be a nonconstant lattice homomorphism (not necessarily
(0, 1)-preserving). Then A¢(x)= f(x,0) and A (y)= f(0, y) are endomorphisms of A
and, since (x, )= (x,0)V (0, y) for every (x, y) € 42, it follows that f(x, y)=ho(x)V
h1(»). By (c), if A is not constant then /((1)=1 and hence f(1,0)=1VA;(0)=1. But
then /,(0)= f(0,0)= f(1,0)A f(0,1)=1Ahi(1). Therefore s, is constant, and hence
f(x,y)=ho(x) V h(0). Similarly, if /; is not constant then %, must be constant and
hence f(x,y)="ho(0)V hi(y). And if both Ay and &, are constant then f is constant.
Thus A4 is coconnected. Therefore, lattices satisfying (c) are examples of idempotent
fully coconnected algebras with given monoids of nonconstant maps.

Any lattice 4 of the form &y (G) can also be viewed as a 0-lattice, that is, a member
of the variety Ly in which homomorphisms are all lattice homomorphisms that preserve
the least element 0. Then {0} is the only singleton subalgebra of 4, and hence (c)



J. Sichler, V. Trnkoval Journal of Pure and Applied Algebra 179 (2003) 175-197 187

is replaced by Endg4 = {ko} U Endg; 4. The argument from the above paragraph then
shows that any lattice 4 = ®@y,(G) with G € G must be fully coconnected also in Ly.

3. Unary algebras

3.1. Let A={4;|i €k} be a similarity type, that is, a sequence of cardinals A; indexed
by a cardinal «, and let Alg(4) denote the category of all algebras of type 4 and all
their homomorphisms.

Let A and B be algebras, not necessarily of the same similarity type. A functor

H: Clo4A — CloB

is a clone homomorphism if H(A™)=B" for every n€ w and H(n\")=n") for every
projection nﬁ") :A" — A4 with ienew. Any clone homomorphism H which
is one-to-one and such that every g € hom(B”, B) has the form g=H(f) for some f &
hom(A4",A4) is called a clone isomorphism.

For any algebra 4 € Alg(4) of a countable similarity type 4, that is, a type with
Kk <w and 4; < o for every i €k, there is an algebra B € Alg(1,1) such that CloB
is isomorphic to CloA4, for reasons outlined in the paragraph below. Thus, B is n-
coconnected (or directly decomposable, etc.) if and only if 4 is. Consequently, any
existential result about the clone of an algebra of a countable similarity type A has its
counterpart in the variety Alg(1,1).

In [17], for a countable type 4 and the countable type 4; in which 4;=1 for all
i € w, the existence of the clone isomorphism was established via three consecutive
product preserving full embeddings

Alg(A)-25 Alg(4)-22 Alg(1, 1, 1) Alg(1, 1),

each carried by the set functor Q,, =hom(w, —): Set — Set. Since this functor unnec-
essarily raises countable cardinalities for any finite finitary type A’, for any such type
we now describe a product preserving full embedding

P Alg(4') — Alg(1,1)

that also preserves finiteness.
In this section, we also show that any coconnected algebra in Alg(1) has at most
two elements. Therefore the similarity type cannot be further reduced.

3.2. Proposition. For any finite finitary type A’ there exists a product preserving full
embedding V' : Alg(A") — Alg(1,1) carried by a functor Q,: Set — Set with p € w.

Proof. We shall use the following observation about any functor Q,, =hom(m, —) with
m # 0.
For any set Z and each jcm, define p;:Z" — Z™ by

pi(e))=o@(j) for all [em.
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Let 4; be the type of m unary operations. It is well-known and easy to verify that
the functor ¥y : Set — Alg(4,) given by Yo(Z)=(0w(Z),{p;|j€m}) and Yo(f)=
O.(f) for any f:Z — Z' is a full embedding, see [16], for instance.

Since ¥ is carried by the set functor hom(m, —), it preserves products.

Now we are ready to define the functor ¥’. First, having replaced each nullary oper-
ation by a constant unary operation with the same value, we may assume that the type
A’ has the form 4’ = {n;|i € k} in which £ is finite and n; # 0 is finite for every i € k.
We set n=max{k,ng,...,n;_1} and, for every i €k, denote e;: n; — n+1 the inclusion
map of the finite ordinal »; into n+1. To a given algebra A =(Z, {o; |i € k}) € Alg(4’),
in which o;:Z" — Z is the n;-ary operation for each i€k, we assign the algebra
Y'(4)= (2", {s,7}) € Alg(1,1) whose two unary operations ¢ and 7y are given for
any ¢ € Z""! and j€n+ 1 as follows.

o(j+1) for jen,
o(n) for j=n

For every @ =(zo,...,2Z1—1,2,) € Z""" we have thus defined

aj(poe;) for jek,

a(@)(j)= { 0(0) for j=k,...,n

and (@)(j)= {

U(QD):(Z],...,Zn,Z,,),

y(qo):(ao(z()! . '3Zn()71)9"'9“/{71(20’"'aan,|7l)’Z()3' . '320)'

To any homomorphism f from 4= (Z,{o;|i€k}) to A'=(Z',{o}|ic€k}) we assign
the map Q,,1(f):Z"" — (Z')"*!. Once we show that g € hom(¥’'(4), ¥'(4’)) if and
only if g=0,,1(f) for some f €hom(4,4"), setting V'(f)= Q,.1(f) will give the
desired full embedding.

For any maps f:0,1(Z) = Op1(Z) and B': 0y41(Z') — Qps1(Z'), and for any
f1Z = 7', for every ¢ € Quy1(Z) we have (Qni1(f) © B)(@) = Oui1(f)B(@))=f o
B(e) and (B0 Oni1(f))(@) = B'(Qnr1(f)@)) = B'(f o). Therefore Qui1(f)of=p"o
On+1(f) exactly when (f o B(@))(j)=Pp'(f o @)(j) for every o €Z"*" and every
jen+1.

We begin the actual argument with f=¢. For any ¢ € Z"!' and each j € n we have
(f oa(@))(/) = f(a(@)(j))=f(e(j+1)) and o'(f 0 ¢)(j)=(f 0 ¢)(j + 1). For the
remaining j =n we get (f oa(@))(n)= f(a(@)(n))= f(¢(n)) and ¢'(f 0 @)(n)=(fo
¢@)(n). Therefore 0, 1(f)oa=0"0Q,.1(f) for any map f:Z — Z' whatsoever.

Now we turn to f=7. For any ¢ € Z"*! and each j=k,...,n, we get (foy(@))(j)=
FO(@)(7))= f(9(0)) and y'(f o @)(j)=(f o ¢)0), so that (f o y(@))(j)=7"(f o
@)(Jj) for j=k,...,n. Now, for jek we have (/o (¢))(j)=/S(N@)j))= f(%((/? °
e;)) and y'(f o (p)(])—oc’(f o@oe;). But ej(i)=i for all i€n; and hence (f o
(@)= 1 (;(¢(0),.. ,40("/ = 1)) and Y'(f o @)(j)=0;(fp(0),..., f(n; — 1))
For jek it thus follows that (f o y(¢))(j)=7'(f o (p)(]) holds for every ¢ ex-
actly when f preserves the operation «;. Therefore O, 1(f): ¥'(4) — P'(4") satisfies
Oui1(f)oy=9y" 0 Qu1(f) if and only if /€ hom(4,4"). Altogether, this shows that
f €hom(4,A4") exactly when Q,1(f) € hom(¥'(4), P'(4")), and therefore implies that
P’ Alg(4") — Alg(1,1) is a well-defined functor.

To prove that ¥’ is full, we need only show that every g € hom(¥’(4), P'(4")) has
the form g=Q,,1(f) for some map f:Z — Z', for we already know that f is a
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homomorphism whenever O,1(f) is. In view of the initial observation, we need only
show that the ‘projection’ operation p;:Z"*! — Z"*! defined there is amongst the
term operations of our algebra ¥/(4) for every j=0,...,n. This is exactly what we
set out to do now.

For any ¢ € Z""! we have ¢"(¢)(j)= ¢(n) for all j€n+ 1, and therefore ¢"(¢) =
pn(®@), that is, ¢" = p, is the desired ‘last projection’. Using this fact, for every
peZ" " we get a"((9)) = pa(y(9)) = ¢(0) = po(¢), and conclude that 6" oy = py. To
get the remaining ‘projections’, we first note that po(a(¢@))=a(¢)(0)=@(1)= p1(p)
for every @ € Z""!, and hence pyo o= p;. Then, continuing inductively, we find that
poo X = pryy for every k=1,...,n — 2 as well. We conclude that py, pi,..., p, are
term operations of every ¥’(4), as desired. We set p=n-+ 1 to formally conclude the
proof. [

3.3. Let ¥': Alg(4") — Alg(1,1) be the functor from 3.2 carried by the set functor
Op. Let 4 be an algebra in Alg(4’) and let Z be its underlying set. Then, for each
n € o, the mapping e(Z") (ZP)' — (Z™)P given, for any @q,...,¢@,—1 €ZP and all i€ p

by
(€77 (@0: -, @u- D)D) = (@0(D); - Pa1 (i)
is the carrier of an isomorphism 82") P(AY" — P'(A") with the inverse

) = (r )% - X (n)

n—1/°

Noting that 17;1) =¥'(1,) and nl(-") = lP’(nl("))os("), we easily see that setting H,(4") =
Y/(AY and Hy(h) = nim) o ?”(h)oeﬁln) for every Alg(4’)-morphism /: A" — A™ defines
a clone homomorphism H,: Clo4 — Clo Hy(A). Since ¥’ is a full embedding, H, is
a clone isomorphism; furthermore, Clo H4(4) is isomorphic to Clo Hy/(4") if and only
if CloA is isomorphic to CloA’.

The result below now follows immediately from 2.3 and 3.2.

Corollary. The variety Alg(1,1) is f-expansive.
The situation changes when the similarity type is further reduced.
3.4. Proposition. The variety Alg(1) is fractured.

Proof. Any singleton algebra 4, is clearly coconnected. We show that the two-element
algebra 4, = ({0, 1}, ) € Alg(1) in which «(0)=1 and a(1) =0 is coconnected as well.
Select any f €hom(A43,4;), and denote i= f(0,1). Then £(1,0)= f((0),(1))=
af(0,1)=1—i. If £(0,0)=0 then f(1,1)=1, and it follows that £ =z\>. If £(0,0)=1
then f(1,1)=0, and hence f=ao nﬁz_)i. Thus A4, is coconnected.

It is clear that End 4, = {1x, o}, so that End 4, is isomorphic to the cyclic group
C, of order two. On the other hand, if 4=(X,0)€ Alg(l) and End4 = C,, then
card X > 2, and o> = 1y because o € End 4. If o(x) = x for some x € X or if card X > 2,
then End (4) contains an idempotent other than 1y. Therefore End 4 = C, if and only
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if 4 = A,. Since End 4 is trivial if and only if 4 = 4, it remains to show that any
coconnected 4 € Alg(1) is isomorphic to 4; or A,.

Let A= (X, ) € Alg(1) have more than one element. Denote 4 ={(x,x)|x € A}. We
will repeatedly use the following trivial observation:

(1) if £ €hom(42 A) satisfies f(x,x)=x for all x €X, and if there are (a,b),(c,d) €
X?A such that f(a,b)=a and f(c,d)=d, then f does not factor through either
projection.

Recall that 4 is connected if the graph of its operation « is connected, that is, if for any
x,y €X there exist integers &,/ > 0 such that of(x)=a/(y). Any maximal connected
subalgebra of A4 is called a component of A.

Case 1: The algebra A is disconnected. If so, then it has disjoint components Dy
and D;. Then Dy x D; C A2 \ 4 is a nonvoid subalgebra disjoint with D; x Dy.
Define

x for (x,y)€ Dy x Dy,
f(x,y)z{ T

y  otherwise.

Since Dy x D; and A4 are disjoint, we have f(x,x)=x for all x € 4. For any choice
of dy €Dy and d| € D; we have f(dy,d)=dy and f(d,dy)=d,. Thus f does not
factor through a projection, by (1).

Case 2: The algebra 4 is connected, but 42 is not.

Suppose first that a(a)=o(b) for some a # b. Then (a,b) belongs to the component
D of A% containing the diagonal 4, and we set

x for (x,y)eD,
S, y)= { .
y  otherwise.
We have f(a,b)=a and f(c,d)=d for every (c¢,d) & D; clearly f(x,x)=x for all
x€X. Thus f does not factorize through a projection, see (1).
Secondly, suppose that the operation o is one-to-one, and define

X if y+#x,

@) {oc(x) if y=x.
Then f €hom(42,4). Indeed, of(x,x)=0o?(x)= f(a(x),a(x)), and o f(x,y)=o(x)=
f(a(x),a(y)) for x # y because o is one-to-one. Suppose that 4 is coconnected. Then
fx,y)=f(xx) for all x,ye X or f(x,y)= f(y,y) for all x,y € X. In the first case,
for each x € X select some y, # x to find that x= f(x, y,)= f(x,x) =a(x). Thus
o= ly. But then any mapping ¢g:X? — X belongs to hom(42 4). Since card X > 1,
the algebra 4 is not coconnected, a contradiction. In the second case, for any two
distinct x, y € X we obtain x= f(x,y)= f(y,y)=0a(y). But then X is a two-element
set, say X ={0,1}, and a(i)=1—1i for i=0,1. Hence 4 = 4.

Case 3: The algebra 4% is connected. Pick x € A arbitrarily. Then there are &,/ > 0
such that (o x o)F(x,x) = (o x a)(x,a(x)), that is, of(x)=a!(x) and of(x)=a/"'(x).
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Therefore o/*!(x)=a!/(x)=a, and {(a,a)} is a singleton subalgebra of 42. Since 4>
is connected, for any (x, y) € 4> there is some k > 0 such that (a x a)*(x, y) = (a,a).
Denote E = (a x o)~ '{(a,a)} \ {(a,a)}. Since card 4 > 1, there is some b€ A4 \ {a}
such that (b,a),(a,b) €E. Let C be the component of the partial algebra A\ {(a,a)}
with (a,b) € C. Then (b,a) ¢ C, so that the map

x for (x,y)€C,
S y)= { ,
y  otherwise,
satisfies f(x,x)=x for all x€4, f(a,b)=a and f(b,a)=>b. The map f thus does
not factor through a projection, by (1); it is easy to see that f is a homomorphism.
Since there are no other cases to consider, the proof is complete. [

3.5. We close this section with a comparison of monounary and Boolean algebras.

The reason why only a few coconnected Boolean algebras exist is that there are
only a few directly indecomposable ones. In contrast to this, there exist arbitrarily
large directly indecomposable monounary algebras. To see this, on a disjoint union
X U{0,1} we define an algebra Ay € Alg(1) by setting 7(0)=0 and p(x)=7y(1)=1
for every x € X. Let 0y and 0; be any congruences on Ay such that 0y N O; =4 and
0y 0 0y =01 0 0y is the total congruence . If i€ {0,1} and (x,0) € 0; for some x € X,
then (1,0) = (y(x),7(0)) € 6; and from 6, N O; = A4 it follows that the singleton {0} is
the class of 6y or 6,. But then 4y must be indecomposable.

Recall that monadic algebras (a special case of cylindric algebras introduced by
Henkin et al. in [3]) are Boolean algebras augmented by a unary ‘closure’ operation
y subject to the identities p(0)=0, p(x V y)=7p(x) V p(»), x A p(x)=x and p(x A
() =) A p(y)). A monadic algebra M =(B,y) with the underlying Boolean
algebra B is directly indecomposable exactly when its closure operation y satisfies
p(x)=1 for every x € B\ {0}, see [13] for instance. Therefore, the unary reduct of any
directly indecomposable M is the algebra A\ (0,1 from the previous paragraph defined
on the underlying set of B, and we may say that the monounary reduct 4\ (0,1} causes
the indecomposability of M. Every directly indecomposable monadic algebra M is
coconnected: for every f €hom(M? M) we have f(0,1)= f(y(0),7(1))=7(f(0,1))
and, since y(m)=m in M only for m € {0,1}, it follows that f(0,1) € {0,1}.

4. On n-coconnectedness

While congruence distributivity implies that any 2-coconnected algebra is fully co-
connected, there exist 2-coconnected unary algebras which are not 3-coconnected.
For n > 3, we do not know whether or not every n-coconnected algebra 4 must be
(n+ 1)-coconnected, but we show that this is the case when A has at most » elements.
In the conclusion we discuss full coconnectedness of algebras with zero.

4.1. Let A=(X,X) be an algebra and n > 1. For any x €n""!, let ¢, :4" — A"
denote the morphism e, :ngzé)k knfc'zz). Thus e, is the morphism determined by
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the requirement that n("+1)

n+1

K( ) for every i € n+ 1. It is clear that J,,; =¢e, 09,
for every kx €n

On the underlying set X of 4, the mapping e.: X" — X" is thus given by
e.(y) =1 ox for every y € X". Since Ker(i o x) O Ker x, and because any ¢ € X"*!
which is not injective has the form ¢ = ok for some Y € X" and some « € n"*!, we
have

U{Im e |ken"}={pc X" | ¢ is not injective}.
For any a€X and n > 1, let k") : X" — X denote the constant map with Im k{" = {a}.

Lemma. Let n > 3. If A=(X,X) has more than one element and is n-coconnected,

then every f Ehom(A”+1 A) has one of these two (propemes

(a) f o0dup :k,gl) is constant and then f oe.=ky" for every ken"t, or

(b) f 0,41 is not constant and then there exists a unique i €n + 1 such that f o
ee=(f 00y 0n" ) oe, for every K ent!.

n+1

Remark. In terms of the underlying maps, the conclusion says that either there exists
a unique a €X such that f(¢)=a for every non-injective ¢ € X"*!, or else there is
a unique i €n + 1 such that f(¢)= (i) for every non-injective ¢ € X"*!. In either
case, the conclusion says nothing about the injective members of X"*!.

Proof of the Lemma. Since f o e, € hom(4",4) for every k€ n""! and because 4 is
n-coconnected, we have foe.=(foec)0d,0 n}") for some j€n. But ¢, 09, =0,41
and hence

(nc) (Vken"™)3jen)(foec=fodu o0 Tc;")).
For (a), suppose that f0d,,| = k{" is constant. Then foer= kfll)on;") = k" for every
k €n"*!, and this proves (a).

To prove (b), suppose that f o, is not constant. Select any x € n"*!. Then f o
e —f05n+lon( " for some j € n, and we claim that j € Im k. Indeed, if j & {x@i)|i€n+
1}, then for any x, y € X we choose yy € X" so that Y(j)=x and Y(j') =y for all j' € n\
{7} Then (foe)()= f(e(¥)) = f(or)= f(Yec(0),....c(n)) = f (..., »), while
[ 0u1 0w (W)= fW()s- - ()= f(x,.....x). Therefore f(x,....x)=f(3..... )
for any x, y € X, and hence f od,, is constant, a contradiction. Therefore j = k(i) for
some i €n+ 1, and hence

(Vicen™ ) Fien+1)(f oex=f 081 0my))

Therefore the set I, ={i€n+1]| foe,= f0d,. onszl).)} is nonvoid for every x € n"*1.
We now aim to show that the intersection of all the sets I, with x € n"*! is nonvoid
as well.
The sets I, C n+ 1 have these two properties:
(1) if i €I, then i’ €I, exactly when x(i) = «(i');
(2) if x,x’ € ™! and Kerx C Ker «/, then I,, C 1.
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To prove (1), assume that i € I,.. If k(i") = (i), then obviously i’ € I, as well. For the
converse, suppose that i € I, and k(i’) # x(i). For any x, y € X, choose y € X" so that

Y(i) =x and (/) = y for every j € n\{(i)}. If i' € I, then f05,10m(), = foe, = fo

Opt1 onf\,’ég) and hence f(y,..., )= f 00,41 oni’é?,)(w):foénH oni’éz)(w):f(x,...,x).
But then f o d,4; is constant, a contradiction.

For (2), suppose that Kerx C Kerx’. Then there is a u€n" such that pox=1x’,
and hence e, oe, =e. If i €1, then foey = foe.oe, :foé,,ﬂnfc'g) oe,=f00d,410

nfj]lc)(i) =fodut0 nfc'f)i) and hence i€ ,.

To show that I = N {/ |k €n""'} # 0, in view of (2) we need only show that the
intersection of all sets 7/, with minimal Ker k is nonvoid. The kernel Ker x is minimal
if and only if it has exactly one non-singleton class and this class has exactly two
elements. If this is the case, we say that the mapping « itself is minimal.

Next we show that
(3) there exists a minimal ko € #"*" such that [, is a singleton.

To prove (3), suppose that card /, > 1 for every minimal k. Since n > 3, there exist
disjoint doubletons { p,q},{r,s} C n+1 and minimal x, x’ € n"*! such that x(p) = «x(q)
and «'(r)=«'(s). By (1), we have I, ={p,q} and I, ={r,s}. For any mapping
k" e n™t with k" (p)=x"(q) # "' (r)=«"(s) we then have {q,7} C {p,q,7,s} =1, U
I C L. by (2). But then x”’(¢)=x"(r) by (1), a contradiction. Hence (3)
holds.

With no loss of generality, assume that the minimal «, € #n"*! from (3) is such that
(3') I, = {0}

The nontrivial class of Ker ko thus does not contain 0.

Next, let k €n"*! be any map such that x(0) # «(r) for all r€(n + 1)\ {0}.
Let ¥’ € n""! be a map with x/(0) # x'(1)= --- =«'(n). From (1) it follows that
either [, ={0} or I,» ={1,...,n}. Clearly Ker ¥’ contains Ker x and Ker k, and hence
{0}uUl. =1,Ul, C I» by (2). Thus 0 € I, and this excludes the case of I,» ={1,...,n}.
Therefore I,, = {0} and consequently 7, ={0} as well. Whence
(4) if k=1 {x(0)} = {0} then I, = {0}.

Finally, let x € n"*! be minimal with k= !{x(0)} # {0}. Then there is a unique
re(n+ 1)\ {0} for which {0,r} is the non-singleton class of Kerk. Since n > 3,
there exists a minimal x’ € n"*! such that the non-singleton class {p,q} of its kernel
is disjoint with {0,7}. From (4) it then follows that 7., = {0}. Let " € n"*! be such
that { p,q} and {0,7} are the only two non-singleton classes of Ker x”. Then Ker k' C
Kerk”, and hence 0€ /s by (2), and from (1) it follows that 7, ={0,r}. Since
Kerx C Kerx”, we have I, C I+ by (2), and hence I, C {0,r}. Since {0,r} is a
class of Ker k, from (1) we get I, ={0,r}. Therefore 0 € I, again, and hence
(5) if k' {K(0)} # {0} then 0 € I,.

Altogether N{/,; | x € n"™'} =1, = {0}, and from nf:('g)) = n(()"+]) o e, it follows that
(n+1)
0

n+1

foec=(foduti0 n(()"ﬂ)) oe, for every x € n"*!. The projection 7 in this formula

is uniquely determined because x, ' {x(0)} =1, ={0}. O

Corollary. Let n > 3. Then any n-coconnected algebra A with cardA < n is fully
coconnected.
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Proof. Let f € hom(4"*!,4) be nonconstant. Since 4 is n-coconnected, there exists an
i€n—+1 such that foe,=f 00,40 nl(-"H) o e, for every ken"t. But card4 < n,
and hence every ¢ € A"*! has the form ¢ =e,(}) for some y € 4" and some k € n"*!.
Thus

f(@)=(foe) ) =(f 01 0n" )p)

for the same i €n + 1. But then 4 is (n + 1)-coconnected. The conclusion follows by
induction. [

Remark. None of the arguments in the two claims above used the fact that 4 is an
algebra. These claims hold in any category with concrete products.

From the Corollary and 1.4 it now follows that any complete finite unary algebra
(n,n™) with n > 3 is fully coconnected.

4.2. The Lemma in 4.1 cannot be extended down to n=2, for reasons other than
‘small’ counterexamples. Indeed, consider any unary algebra 4 = (X, X)) with card X > 4
for which X consists of sufficiently many injective operations ¢:X — X to make the
monoid /() they generate 3-transitive (in the sense that for any two triples (xg,x1,x3)
and (yo, y1,y2) with pairwise distinct entries there exists some ¢’ €/(2) such that
o'(x;)=y; for i=0,1,2). To see that 4 is 2-coconnected, let /€ hom(42,4). Should
there be distinct a,b,c €X such that ¢= f(a,b), for any ¢’ €I(X) with ¢'(a)=a
and ¢'(b)=5b we would have ¢'(c)=0¢'f(a,b)= f(c'(a),d’(b))= f(a,b)=c, con-
trary to the hypothesis of 3-transitivity. If f(a,b)=a in one instance, then f(x,y)=x
for all (x,y)€X?, and if f(a,b)=5b then f(x,y)=y for all (x,y)€X?. Thus 4 is
2-coconnected, but it cannot be 3-coconnected because of the observation made at the
end of 1.8.

4.3. We recall that an algebra 4 =(X,2) is an algebra with zero if it has a single-
ton subalgebra {0} and a binary operation + such that x + 0=0 + x=x for every
x € X. Examples are lattices with zero, join semilattices with zero, but also groups and
monoids—for which the unit element 1 plays the role of the zero.

Proposition. Any 2-coconnected algebra A with zero is fully coconnected.

Proof. Since {0} C A4 is a subalgebra, the n-ary constant k(g”) :A" — A with the value

0 is a homomorphism for any » > 1. For any j € n, let zf-") :A" — A" be the map given
by '

Zj(~n)(x0,- . -axn—l):(os“"xj" . 50)

Thus z](") replaces all its variables except x; by 0, and hence z;”) €hom(A4",4"). We
claim that 4 is n-coconnected exactly when

(nc) (V. €hom(4", A)(Fj €n)(f = f o).
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Indeed, let 4 be n-coconnected and let f € hom(4”",4). Then f = fod, on(") for some
j€n, and foz(") fod,o n;") ozj("):fo 8y 0 nﬁ") f because n(") j( )*nﬁ-n). For
the converse, assume that j €n is such that /= f oz( ). Since

2"08,0m" (x0,....xn-1) =2 (x},....x;) = (0,.. 0)—2(")(X0,-,xn71)a

Wehavezj 0 0y on]) ]( and hence f o9, on foz )04, on foz )= f
as claimed.

Assume now that 4 is n-coconnected for some n > 2, and let f €hom(A4"!, 4).
Since + is defined componentwise on any power of 4 and because x + 0=0+x=x

for every x €4, any (xo,...,x,) €A™ can be written in the form
(XO, e ’xi’l) = (XO’ e axn—lv()) + (09 e ,O,Xn).

Then f(xo,...,x,)= f(x0,.-.,%,—1,0)+ £(0,...,0,x,) because f preserves +. Since 4
is n-coconnected, the homomorphism 4(xg,...,x,—1)= f(xo,...,X,—1,0) satisfies 2= ho
2" for some j € n, and this means that £ (xo....,x,-1,0)= f(0,...,0, %,0,...,0). There-
fore f(xo,...,x,)=f(0,...,0,x;,0,...,0,x,) for some j # n. Slnce A is 2- coconnected,
the homomorphism g:4> — A given by g(xj,x,)= f(x0,...,x,) satisfies g(x;,x,)=
9(x;,0) or g(x;,x,)=(0,x,), and therefore f(xo,...,x,)= f(0,...,x;,...,0) for some
j€n or else f(xg,...,x,)=f(0,...,0,x,). But then 4 is (n 4+ 1)-coconnected by the
condition established earlier in the proof. [J

Any finite simple non-Abelian group 4 is coconnected because its square 4> has only
the four obvious normal subgroups, see [1] for instance. The result below will supply
coconnected monoids with widely varying endomorphism monoids. In what follows,
we switch to the usual multiplicative notation.

Theorem (Koubek and Sichler [6]). For any monoid variety NV containing all com-

mutative monoids, and such that the identity (xy)' =x"y" fails to hold in V for each

n =2, there exist a noncommutative N €V and an embedding @y :G — V of the

category G of all graphs such that for any graphs G,G’' € G and any G-morphism

g:G— G

(a) Py(9)~ {1} ={1}

(b) if f ehom(Py(G), Py(G')) then either f =Dy (g) for some g:G — G or else
f is the constant onto {1};

(c) N C &y(G) and the restriction of ®y(g) to N is the identity map.

We claim that every monoid 4 = ®y(G) is fully coconnected. By the above Proposi-
tion, it is enough to show that 4 is 2-coconnected. Since (x, y)=(x,1)-(1,y)=(1, )"
(x,1) in 4%, any f €hom(4%,4) has the form f(x,y)=f(x,1) - f(1,y)=f(1,y) -
f(x,1). If the endomorphism ho(x)= f(x,1) of A is not of the form ®y(g), then
ho(x)=1 for all x€A4 by (b), so that f(x,y)= f(1,y) and hence f(x,y)=f(y,»).
If hi(y)=f(1,y) does not have the form @y (g) for any g€ End G, then similarly
f(x,y)= f(x,x). In the remaining case of hy= Py (gy) and h; = Py(g;), we have
ho(n)=n and hi(n)=n for every n€ N C ®y(G), by (c¢). Then for any n,n’ € N we
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obtain n'-n="hy(n')-ho(n)= f(n,n')=ho(n)-hy(n)=n-n', in contradiction to the fact
that NV is not commutative.

Thus any 4 = @y(G) is fully coconnected.

Using (a), we then conclude that

for any monoid M there exists a coconnected monoid 4 €V such that End4 =
M U {0}, where 0 ¢ M is the two-sided zero of End A representing the constant
endomorphism of 4 onto {1}.

In view of 1.3, the noncommutativity of the monoid A4 is essential.
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