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Abstract

The in-plane compression of low-density irregular Voronoi honeycombs with periodic boundary conditions has been
simulated to engineering strains of 0.6 using finite element analysis. Different degrees of geometric irregularity in the
honeycomb cells, as quantified using a regularity parameter, have been employed. The stress–strain predictions reveal
that, for a fixed relative density, a more irregular honeycomb has a higher tangential modulus at low strain but supports
a lower compressive stress at higher strain (above approximately 0.04) when compared with a more regular honeycomb.
A combined �springs in parallel� and �springs in series� model has also been compared quantitatively with the simulation
stress–strain results, the relative importance of the �springs in series� mechanism having been found to increase with the
irregularity of the honeycomb and, in many cases, with the applied compressive strain. In addition, the dependency of
the Poisson�s ratio, the maximum bending strain in the cell walls, and the mean junction rotation upon the applied com-
pressive strain have also been determined for a range of honeycomb irregularities.
� 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

Honeycombs are effectively �two-dimensional� cellular structures, being comprised of prismatic, rather
than polyhedral, cells. Both man-made and natural honeycombs are used in a broad range of engineering
applications, and represent an important class of material (an extensive review may be found in Gibson
and Ashby, 1997). One property of honeycombs often utilised in packaging or protective materials is their
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excellent capacity for energy absorption under high compressive strain. The in-plane compression of reg-
ular honeycomb structures has been studied by many, including the initial work by Abd El-Sayed et al.
(1979) and Gibson et al. (1982) and the later developments by Warren and Kraynik (1987), Papka and
Kyriakides (1994), Masters and Evans (1996), and Zhu and Mills (2000). Such regular structure analyses
do not, however, account for natural variations in microstructure of real honeycombs, nor provide a strong
basis for the study of (disordered) three-dimensional foam materials. Several studies which model irregular
honeycombs using two-dimensional Voronoi diagrams have been carried out (Silva et al., 1995; Silva and
Gibson, 1997; Chen et al., 1999; Zhu et al., 2001a), although are confined to relatively low compressive
strains. The aim of this study is to extend previous low-strain work (Zhu et al., 2001a), in order to deter-
mine the influence of introducing varying degrees of geometrical irregularity to elastomeric Voronoi hon-
eycombs on their in-plane mechanical properties at high compressive strains.
2. The Voronoi honeycomb structures

2.1. Generating the periodic structure

A cellular solid may be formed by the nucleation and growth of cells. If all cells nucleate simultaneously
in space and grow at a single isotropic rate, then the resulting structure is described by a Voronoi diagram.
To model the structure of irregular honeycombs, we use Voronoi diagrams with varying degrees of regu-
larity (as defined in the following section). To create the Voronoi structures, n points are firstly generated
in a central square with area a0 and periodic boundary conditions using software developed for this study;
each point is a nucleus, or �seed�, for a single Voronoi cell. Taking a Cartesian coordinate system, seeds are
placed in the square by deriving x and y coordinates independently from pseudo-random numbers1 gener-
ated between zero and one. Once the first seed is placed, subsequent candidates are accepted only if they are
located no nearer than a minimum allowed distance d from all other seeds; that is, if discs of equal diameter
d centred on the seeds do not overlap. To maintain periodic boundary conditions, each seed is also copied
into the surrounding 8 equivalent squares and the process is repeated until n seeds have been specified. If the
value of d, and hence the diameter of the discs, is set to zero, then the seeds are distributed randomly in
space. Once all seeds have been specified, the Voronoi cell for each seed may be obtained by constructing
the perpendicular bisectors of the lines connecting this seed to every other; the required cell around the seed
being the smallest which is bounded by the bisectors, and which therefore delineates the region closer to the
contained seed than any other. In practice, there are typically a proportionately small number of neigh-
bouring seeds which yield bisectors bounding the cell. The Voronoi cells are generated using software devel-
oped for this study, and periodic boundary conditions are maintained at the edges of the square
throughout.

2.2. Quantifying the honeycomb regularity

A regular hexagonal honeycomb, composed of identical cells each having six sides and vertex angles of
120�, is a fully ordered 2D Voronoi honeycomb. In order to fit n hexagonal cells into an area a0, the dis-
tance d0 between each seed and its 6 nearest neighbours must be equal to:
1 Th
d0 ¼
2a0

nð3Þ1=2

 !1=2

ð1Þ
e �rand( )� library function on the Silicon Graphics IRIX 6.5 platform has been used here.
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To construct a random Voronoi honeycomb with n cells in the area a0, and hence to randomly place n iden-
tical discs in the area a0, then the minimum exclusion distance, d, between the seeds (alternatively, the diam-
eter of the hard discs) must be less than d0; otherwise, it will be impossible to incorporate n cells. The value
of d0 is therefore an upper limit on the diameter of the n identical hard discs which may be accommodated.
In order to quantify the regularity of the Voronoi honeycomb structures, we define a parameter, a, as
follows:
a ¼ d
d0

ð2Þ
where a = 1 (i.e. d = d0) for a regular hexagonal honeycomb. For a fully-random (Poisson Voronoi) struc-
ture, a = 0 (d = 0). The statistical distributions of a range of properties of 2D Voronoi honeycombs have
been derived by Zhu et al. (2001b) in terms of a. By comparison, the disc packing density is given by (d2np/
4a0) in the above notation. When a is zero, the packing density is also zero; when a = 1, however, the value
of the packing density is (p/2(3)1/2), or 0.9069.
3. Computational methods and results

3.1. General methodology

The mechanical properties of the Voronoi honeycombs described in this paper have been determined
using the ABAQUS finite element analysis (FEA) software. Each cell wall was modelled using 1–5 �Timo-
shenko� beam elements (B22 type ABAQUS elements), the number of elements depending upon the cell wall
length. The cell walls were prescribed to be of equal and uniform thickness, t, so that the relative density, q,
of each Voronoi honeycomb is given by
q ¼ t
PN

i¼1li
a0

ð3Þ
where li are the individual cell wall lengths, N is the total number of cell walls and a0 is the area of the
square model (an example honeycomb is shown in Fig. 1a). In this paper, unless otherwise stated, Voronoi
honeycombs with a relative density of 0.01 were used, which was achieved by setting the value of t appro-
priately. The Young�s modulus of the cell walls, Es, was set to 108, and their Poisson�s ratio was set to 0.3.
The solid material of the cell walls was treated as behaving linear elastically throughout, and the option to
apply �Riks� method� was selected.

Strain was applied incrementally to each model by imposing displacements upon a set of parallel bound-
aries, in order to simulate uniaxial compression; the periodic nature of the boundary conditions being de-
scribed below. In many cases, it was found that a strain of 0.6 could not be reached before a failure to
converge upon a solution by the FEA software was encountered. Consequently, in order to achieve between
10 and 20 results for each set of model parameters, it was necessary to run between 20 and 60 FEA sim-
ulations on different honeycomb structures. The results presented represent, unless otherwise stated, an
average over the 10–20 successful runs.
3.2. The periodic boundary conditions

As demonstrated previously (Zhu et al., 2001a), the low-strain Young�s modulus of a honeycomb may be
underestimated if periodic boundary conditions are not used. Therefore, as in the aforementioned low-
strain study, periodic boundary conditions have been used here, so that the Voronoi honeycomb model



Fig. 1. A model periodic Voronoi honeycomb structure (a = 0.7, n = 64). The honeycomb is shown (a) in its undeformed state; and
(b) under uniaxial compressive strain.
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structure is treated as the �unit cell� of an infinite periodic honeycomb (see Fig. 1a). When the honeycomb
model is placed under strain, the periodic boundary conditions dictate that corresponding nodes on the
opposite edges of the unit cell have coupled displacements and identical orientations (see Fig. 1b).

3.3. The size of the honeycomb unit cell

In order to simplify the results, the stresses are reduced by dividing by q3 and by the Young�s modulus Es

of the solid material of the honeycomb; this is dimensionally correct, for a given honeycomb geometry, pro-
vided that the dominant deformation mechanism is bending (q is low). The reduced stress is therefore given
by
�r ¼ r
Esq3

ð4Þ
Because the solid material is assumed to be elastic throughout the deformation, the adoption of �reduced
stress� in Eq. (4) can eliminate the effect of the honeycomb relative density and the Young�s modulus of
the solid material and make the results more useful.

The sensitivity of the results to the number of cells, n, in the honeycomb unit cell was examined by com-
paring the predicted stress–strain results for unit cells with n = 64, 144, and 225 using a fixed value of



Fig. 2. The influence of the number of cells, n, in the honeycomb �unit cell� on the reduced compressive stress–strain (FEA) predictions
for model structures with a = 0.5. Results are shown for: (a) n = 64; (b) n = 144; (c) n = 225. (d) The mean results compared for n = 64,
144 and 225.
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a = 0.5. For each value of n, 20–60 different Voronoi honeycombs were generated to ensure that 10–20 suc-
cessful FEA runs were obtained. In each case, the relative density was set to 0.01 by adjusting the cell wall
thicknesses. The predictions for the reduced compressive stress (see Eq. (4)) are plotted against compressive
strain for each value of n in Fig. 2a–c, respectively, and the mean results for each value of n are compared in
Fig. 2d. From Fig. 2d it can be seen that the mean predicted stress–strain relationship varies little with the
changes to n, while the plots in Fig. 2a–c show that there is a greater variation between individual results for
a given value of n as the value of n decreases. When n = 64, the deviations between samples are nonetheless
reasonably small and hence, in order to manage the computational time required for the FEA analysis, the
size of the unit cell was fixed at 64 cells.

3.4. Isotropic properties

In Fig. 3a, the (mean) FEA predictions for the reduced compressive stress (see Eq. (4)) are shown as a
function of the applied compressive strain for Voronoi honeycombs with a = 0.7 and a relative density of
0.01. The results are shown for compression along the two orthogonal directions labelled the x- and y-axes
when generating the �seeds� for the Voronoi cells. For clarity, the standard deviations are shown for results
in the x-direction only and these are seen to be relatively small by comparison with the predicted stress val-
ues. In Fig. 3b the corresponding mean Poisson�s ratio results (defined as the ratio of the laterally-induced
strain to the directly-applied strain) are shown; where mxy represents the Poisson�s ratio for applied com-
pression in the x-direction, and myx that for compression in the y-direction. Again, the standard deviations



Fig. 3. (a) The mean reduced stress–strain predictions (from FEA), for honeycomb compression in either the x- or y-direction. In each
case a = 0.7 and q = 0.01. (b) The corresponding mean Poisson�s ratio results.
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are shown only for the results due to compression in the x-direction. Fig. 3a and b show that the mean pre-
dicted results for both the compressive stress and the Poisson�s ratio are generally very close for the two
orthogonal directions. Therefore, while results may vary considerably between individual random samples,
the mean results exhibit a high level of isotropy with respect to both properties over much of the applied
strain range.

3.5. The effect of varying cell regularity on the high-strain honeycomb properties

The effect of varying the cell irregularity parameter, a, on the stress–strain response is shown in Fig. 4. In
each case the FEA results represent the mean of 10–20 successful runs (generated from 20 to 60 attempted
runs as stated), and the relative density is fixed at 0.01. Fig. 4a–c show the mean simulated (FEA) compres-
sive stress–strain responses for Voronoi honeycombs with a values of 0, 0.4 and 0.7, respectively, which are
compared in each case with the predictions of Eq. (17) (see Section 4). In Fig. 4d and e the results with
varying a are amalgamated for the simulated (FEA) and predicted (Eq. (17)) results respectively, and com-
pared with the corresponding result for a periodic regular hexagonal honeycomb. The FEA results in Fig.
4d indicate that a highly irregular honeycomb has a larger tangential modulus at very low strains and sup-
ports a lower effective stress at high strains compared with a more regular honeycomb. The compressive



Fig. 4. The effect of cell irregularity on the mean reduced stress–strain relationships for Voronoi honeycombs, predicted using FEA
and Eq. (17) for (a) a = 0.0; (b) a = 0.4; and (c) a = 0.7. In (d) all FEA results; and in (e) all Eq. (17) results are compared with the
regular (a = 1.0) result.
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strength of a honeycomb, defined as the maximum value of stress achieved during the simulated compres-
sion (Silva and Gibson, 1997), therefore decreases as the irregularity increases. Chen et al. (1999) and Silva
and Gibson (1997) also found that an irregular honeycomb (a delta honeycomb) has a lower non-
dimensional yield strength than a regular honeycomb. The effect of increasing irregularity on the Poisson�s



Fig. 5. The effect of cell irregularity on the mean Poisson�s ratio results for Voronoi honeycombs, predicted using FEA for a range of
values of a.
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ratio of a Voronoi honeycomb is shown in Fig. 5 (in which the definition of the Poisson�s ratio is applied to
high strains). A progressive decrease in the Poisson�s ratio is observed with increasing irregularity.

3.6. The effect of varying relative density

The honeycomb relative density, q, was defined in Eq. (3), and is set according to the (common) thick-
nesses of the cell walls. Figs. 6 and 7 show respectively the FEA predictions for compressive stress and Pois-
son�s ratio in Voronoi honeycombs for which a = 0.7 and the relative density is 0.01, 0.02, 0.04 or 0.08. It
can be seen that the compressive stress and Poisson�s ratio predictions are not highly affected by changes to
q over the described range. Since it is expected that cell wall bending should be the dominant deformation
at very low relative densities, it may be inferred from Figs. 6 and 7 that this continues to be the case up to
relative densities of 0.08.
Fig. 6. The influence of relative density on the mean reduced stress–strain FEA predictions for Voronoi honeycombs with regularity
parameter value a = 0.7.



Fig. 7. The influence of relative density on the mean Poisson�s ratio FEA predictions for Voronoi honeycombs with regularity
parameter value a = 0.7.
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4. Analytic model

The theoretical high-strain deformation behaviour of a regular hexagonal honeycomb has been derived
by Zhu and Mills (2000) for compression along two orthogonal axes which were labelled the x- and y-direc-
tions (the y-direction, unlike the former, is aligned with many of the cell walls in the undeformed structure).
Below a compressive strain of about 0.10, the predicted stress for compression in the x-direction is lower
than that for the y-direction and vice versa above this strain. In addition there is a well-defined plateau in
the stress–strain response for y-direction compression, compared with a gradual softening of the curve for
the x-direction. The reason for this difference is that, while there is no junction rotation during compression
in the x-direction, there is a sudden marked rotation of the junctions at the onset of the plateau region
which is referred to as �elastic buckling�.2 The curve of a = 1 in Fig. 8 shows the relationship between
the junction rotation and the compressive strain for a regular honeycomb during compression in the y-
direction. Since localised cell buckling is a feature of the compression of an irregular Voronoi honeycomb
at high strain (see Figs. 9 and 10 which show localised cell collapse, and Fig. 8 which indicates large-scale
junction rotation), the theoretical stress–strain relationship for y-direction compression of a regular hexag-
onal honeycomb (Zhu and Mills, 2000) will be taken as the starting point of a model for the compression of
a Voronoi honeycomb and is represented here by
2 �Ela
honeyc
r0 ¼ f ðeÞ ð5Þ

or, alternatively:
e ¼ F ðr0Þ ð6Þ

Both Eqs. (5) and (6) describe the same reduced stress–strain relationship for a regular hexagonal honey-
comb, which is shown as the central curve plotted in Fig. 11.

For an irregular Voronoi honeycomb, the low-strain Young�s modulus has previously been predicted
using a �springs in parallel� model (Zhu et al., 2001a). In this model, the cells of the honeycomb were as-
sumed to experience the same compressive strain but different compressive stresses. The values which were
stic buckling� in the present work is taken to mean any sudden increase in the deformation rate of a cell wall or region in a
omb under a constant applied strain rate on the structure as a whole.



Fig. 9. The deformed structures, as predicted using FEA, of a random Voronoi honeycomb with a = 0.0 at compressive strains of
(a) e = 0.0; (b) e = 0.24; (c) e = 0.42; and (d) e = 0.61.

Fig. 8. The variation in the mean absolute junction rotation with compressive strain in Voronoi honeycombs of varying regularity
(from FEA); also shown is the theoretical result for a = 1.0.
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derived for the reduced Young�s modulus E using this model (where E ¼ E=Esq3) are reproduced in Fig. 12,
from which it is seen that the Young�s modulus decreases with increasing regularity of the Voronoi honey-
comb (note that the values plotted in Fig. 12 are relative to the reduced Young�s modulus of the regular
honeycomb). Thus, an irregular honeycomb is stiffer than the regular structure at low strains. Chen
et al. (1999) and Silva et al. (1995) also found that an irregular honeycomb (a delta honeycomb, i.e.



Fig. 10. The deformed structures, as predicted using FEA, of a random Voronoi honeycomb with a = 0.7 at compressive strains of
(a) e = 0.0; (b) e = 0.36; (c) e = 0.48; and (d) e = 0.62.

Fig. 11. The reduced compressive stress–strain relationship f(e) for a regular hexagonal honeycomb in the y-direction; also u(e) and /
(e) for Voronoi honeycombs with a = 0.4.
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a = 0.7) has a non-dimensional Young�s modulus about 5% larger than a regular honeycomb. If the �springs
in parallel� model were sufficient to describe the deformation of an irregular Voronoi honeycomb (that is, if
all cells experienced approximately the same strain) then the reduced stress–strain relationship might be
approximated by
rp ¼ uðeÞ ¼ E

ER

f ðeÞ ð7Þ



Fig. 12. The effect of cell irregularity on the relative reduced Young�s modulus (to that of a regular hexagonal honeycomb) of Voronoi
honeycombs with q = 0.01 (from Zhu et al., 2001a).
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in which E is the reduced Young�s modulus of an irregular honeycomb, and ER is that of the regular hex-
agonal case. It describes a stiffer relationship than Eq. (5) because E

ER
is larger than 1.0 when a is below 1.0

(see Fig. 12). For a Voronoi honeycomb with a = 0.4, the relationship in Eq. (7) is represented by the upper
of the three curves in Fig. 11.

In the compression of an irregular honeycomb, however, cell buckling has been seen to play an impor-
tant role at high strains (see Figs. 9 and 10), and consequently an irregular honeycomb has a lower reduced
stress than a more regular one in this region (see Fig. 4d). Hence, at high strains not all cells are compressed
to the same extent and a �springs in parallel� model is inappropriate. In order to describe buckling behav-
iour, a �springs in series� model, in which all cells are assumed to experience the same compressive stress but
different compressive strains, will now be developed.

For a single long and thin beam of uniform cross-section, the force, P, at which buckling occurs is given
by
P ¼ KEsI

l2
ð8Þ
where Es is the Young�s modulus of the beam material, EsI is the bending stiffness, l is the beam length, and
K is a constant which depends upon the beam end constraints. Thus, for a low density regular hexagonal
honeycomb, the reduced buckling stress can be expressed as:
r0 ¼
r0

Esq3
¼ c1P

A1=2
0 Esq3

¼ Ct30
l20A

1=2
0 q3

ð9Þ
in which c1 and C are (different) constants, A0 is the area of each regular cell (in the xy-plane), t0 is the
common cell wall thickness, and l0 the common cell wall length (note that the depth of the honeycomb
in the z-direction is incorporated in constant c1). For an irregular cell, the reduced buckling stress may sim-
ilarly be expressed:
ri ¼
Ct3i

l2i A
1=2
i q3

ð10Þ
where ri, ti, li and Ai each refer to cell i, being respectively the reduced buckling stress, the cell wall thick-
ness, the mean cell wall length, and the cell area; the constant C is assumed to be the same as that in Eq. (9).
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Dividing Eq. (10) by Eq. (9) gives:
ri ¼
t3i l

2
0

t30l
2
i

A0

Ai

� �1=2

r0 ð11Þ
The area of a regular cell, A0, is equal to the mean cell area for an irregular honeycomb with the same num-
ber of cells and ti (which is set according to Eq. (3) to give a value of q = 0.01) is the thickness of all cell
walls in the irregular honeycomb. The value of ti is smaller than to if a 5 1.0 since an irregular Voronoi
honeycomb has a mean cell wall length which is greater than l0, while the mean number of cell walls per
cell remains at 6.0 (Zhu et al., 2001b).

Since the stress for a regular hexagonal honeycomb, r0, is a known function of the compressive strain
(see Eq. (5) and Fig. 11), the above relation may be written:
ri ¼
t3i l

2
0

t30l
2
i

A0

Ai

� �1=2

f ðeiÞ ð12Þ
or, alternatively, in terms of the strain:
ei ¼ F
t30
t3i
biri

� �
ð13Þ
in which ri and ei are respectively the reduced stress and compressive strain for cell i. The function F is the

same as that in Eq. (6), but the variable is instead
t3
0

t3i
biri. The ratio

t3
0

t3i
is constant for a given honeycomb and

varies with the regularity parameter a, while bi is given by
bi ¼
l2i
l20

Ai

A0

� �1=2

ð14Þ
If cell buckling were the only deformation mechanism present, then the reduced compressive stress for an
individual cell, ri, would be equal to the overall value for the honeycomb, rs (where the subscript refers to
the �springs in series � model). Consequently, the total compressive strain on the Voronoi honeycomb would
be given by
e ¼
Xn
i¼1

eiPAðbiÞ ¼
Xn
i¼1

F
t30
t3i
birs

� �
PAðbiÞ ð15Þ
where PA(bi) is the area probability (the proportion of total area occupied) of the cells in a Voronoi hon-
eycomb with a parameter value of bi. The cell area probability distributions, PA(bi), have been obtained
based upon statistical analysis of 105 cells in Voronoi honeycombs with different values for the regularity
parameter, a, as shown in Fig. 13 (in which bi are grouped in equal intervals of 0.1). When the strain on a
particular cell, ei, reaches 0.95 it is assumed that the cell cannot be compressed any further, therefore the

maximum value of F ðt
3
0

t3i
birsÞ in Eq. (15) is taken to be 0.95. For convenience, the relationship in Eq. (15)

is represented in terms of the stress by
rs ¼ /ðeÞ ð16Þ

which is dependent upon the value of the regularity parameter a. For Voronoi honeycombs with a = 0.4,
this relationship is shown as the lower of the three curves in Fig. 11.

The simulated (FEA) results in Fig. 4e indicate that an irregular honeycomb has a larger tangential mod-
ulus at low strains than a more regular one, which is in agreement with the �springs in parallel� model intro-
duced in Zhu et al. (2001a). At higher strains, however, cell buckling dictates that the compressive stress
decreases with increasing honeycomb irregularity, which is consistent with a �springs in series� model. Thus,



Fig. 13. The area probability distributions of cells with values of parameter b (see Eq. (14)) in random Voronoi honeycombs with:
(a) a = 0.0; (b) a = 0.3; (c) a = 0.5; and (d) a = 0.7. The data is based upon 105 cells in each case, and is grouped in equal intervals of
b of width 0.1.
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both models are necessary in order to describe the stress–strain relationship over the entire strain range and
Eqs. (7) and (16) are combined as follows:
r� ¼ GðeÞ ¼ ½uðeÞ�1�c½/ðeÞ�c ð17Þ

where c is the weight of the role played by the �springs in series� model in the honeycomb deformation. The
value of c has been determined, by fitting Eq. (17) to the simulated results in Fig. 4a–c, to be given by
c ¼ 1� e�18eþ60e2�70e3 � eð1.6� 3e� 1.2e2 þ 6e3 � 2e4Þ � aeð0.92þ 2.7aþ 0.6e� 4.0aeÞ ð18Þ

When e tends to zero c also tends to zero, and the reduced Young�s modulus (the initial tangential modulus)
tends to the value predicted by the �springs in parallel� model, E, shown in Fig. 12; this is consistent with the
previous results in the case of small deformation (Zhu et al., 2001a). Values of c for increasing strain and a
values of 0, 0.4 and 0.7 are given in Table 1; the highest values of c (the role of �cell buckling�) are seen when
a is small and e is large. The presence of cell buckling (and hence the involvement of the �springs in series�
model) is associated with large junction rotation. A plot of the mean absolute junction rotation, as deter-
mined by FEA, with compressive strain is shown in Fig. 8, from which it can be seen that the junction rota-
tions tend to zero when the compressive strain tends to zero. This suggests that the �springs in parallel�
mechanism does indeed dominate at low compressive strains.

The predictions of the combined model in Eq. (17) are shown up to a compressive strain of 0.6 in Fig. 4.
There is good agreement between these predictions and those of the FEA runs for Voronoi honeycombs
with varying degrees of regularity a, implying that the phenomenological model developed in this paper



Table 1
Values for c, the �springs in series� weighting in Eq. (17), for increasing values of the honeycomb strain e and the regularity parameter a

e c

a = 0.0 a = 0.4 a = 0.7

0.00 0.0000 0.0000 0.0000
0.01 0.1441 0.1361 0.1245
0.02 0.2550 0.2391 0.2163
0.03 0.3408 0.3172 0.2832
0.04 0.4075 0.3761 0.3312
0.05 0.4594 0.4204 0.3649
0.10 0.5898 0.5138 0.4085
0.15 0.6240 0.5130 0.3636
0.20 0.6286 0.4846 0.2968
0.30 0.6276 0.4236 0.1761
0.40 0.6587 0.4027 0.1183
0.50 0.7236 0.4236 0.1251
0.60 0.7438 0.4078 0.1180
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can be used to describe the compressive deformation of low density honeycombs. The more irregular the
honeycomb structure (i.e. the smaller the parameter a), the more important is the role played by cell buck-
ling and the �springs in series� model at a fixed compressive strain. For a regular honeycomb (a = 1.0), both
functions u(e) (Eq. (7)) and /(e) (Eq. (16)) reduce to f(e) (Eq. (5)) and hence Eq. (17) gives the correct result.
The co-existence of both the �springs in parallel� and �springs in series� behaviours at high compressive
strains is comparable to similar findings for the high strain compression of irregular open-cell 3D foams
(Zhu and Windle, 2002).
5. Discussion

The applicability of the above results, both FEA and those predicted by Eq. (17), may be limited by two
factors: one is that the maximum strain in the cell walls may exceed the yield strain of the solid material
should elastomeric behaviour cease; another is that the cell walls may come into contact, or overlap, which
is not taken into account. Both of these issues will now briefly be considered.

Since both the maximum bending strain developed in a honeycomb cell wall, ebmax, and the honeycomb
relative density, q, (see Eq. (3)) are directly proportional to the cell wall thickness, t, the ratio ebmax/q is a
unique function of the honeycomb strain and an appropriate variable for investigating possible yielding in
the honeycomb structure (Zhu and Mills, 2000). For low density honeycombs the axial strains in the cell
walls are small in comparison with the bending strains, so that the maximum bending strain is taken as
the yielding criterion. Fig. 14 shows the mean reduced maximum bending strain, ebmax/q, taken across
FEA results for five different Voronoi honeycombs for each value of a shown, as a function of the overall
honeycomb strain. For comparison the theoretical result for a regular hexagonal honeycomb (Zhu and
Mills, 2000) is also shown. Fig. 14 indicates that the higher the irregularity (i.e. the smaller is a), the larger
will be the maximum bending strain developed in the cell walls. The results imply that if the relative density
of a Voronoi honeycomb is 0.005 or smaller, then the maximum strain in the solid material will be less than
0.01 up to an overall honeycomb compressive strain of 0.6.

In terms of the yield stress, rys, a well-known property of most materials, the maximum allowed (re-
duced) bending strain before yielding occurs may be written:
eb max q ¼ rys

Esq

�
ð19Þ



Fig. 14. The mean reduced maximum bending strain eb max=q (from FEA) in the cell walls of Voronoi honeycombs with a = 0.0, 0.4 or
0.7; also shown is the theoretical a = 1.0 result.
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Therefore, given the yield stress and Young�s modulus of the material, it can be determined by referring to
Fig. 14 whether the material in a honeycomb of a given regularity is expected to yield by a particular com-
pressive strain on the overall structure. Below the yield stress of the material there is no plastic deformation
and (ignoring any viscoelastic behaviour in an elastomeric polymer) the predicted reduced stress–strain
relationship of the honeycomb will be as shown in Fig. 4.

Silva and Gibson (Silva and Gibson, 1997) studied the compression of irregular Voronoi honeycombs
using FEA and elastic-plastic cell wall elements. For a Voronoi honeycomb with a relative density of
0.015 and a rys/Es ratio of 0.01, which is an appropriate value for materials such as wood and bone (Reilly
and Burstein, 1975), they obtained a honeycomb �collapse strain� of 0.16 (see their Fig. 2d). From Eq. (19)
and the values quoted above, the maximum reduced bending strain permitted in the cell walls of such a
honeycomb before yielding occurs, ebmax/q, is 0.67. Therefore, by estimating the degree of irregularity from
their Fig. 2a (a is approximately 0.7), the overall honeycomb strain at which yielding occurs may be deter-
mined from Fig. 14 to be 0.16, which agrees very well with their reported collapse strain. In addition, their
stress–strain result is consistent in appearance with our own in Fig. 4c up to a compressive strain of 0.16.

We have also examined visually the deformed structures produced by the FEA simulations, examples of
which are shown in Figs. 9 and 10 for Voronoi honeycombs with a values of 0.0 and 0.7, respectively. Fig.
9b represents the point at which cell walls first overlap, at an overall compressive strain of 0.24, in a fully-
random (a = 0) honeycomb. The strain at which cell walls came into contact generally increased with the
value of a, and did not occur below a honeycomb compressive strain of 0.20 in the examples observed. In a
more regular Voronoi honeycomb, for which a = 0.7, cell wall contact occurred at a strain of 0.36 as shown
in Fig. 10b; while in the case of a regular hexagonal honeycomb (a = 1.0) this does not occur until the over-
all honeycomb strain is about 0.8 (Zhu and Mills, 2000). From Fig. 4d it can be seen that, regardless of the
honeycomb regularity, there is an increase in compressive stress with compressive strain, and thus the hon-
eycombs do not �collapse� even when some of the cell walls overlap. It should be noted that, the solid mate-
rial is treated as linear elastic throughout the deformation. Cell wall �collapse� and �contact� (Papka and
Kyriakides, 1994, 1998) are caused more likely by material�s non-linearity than by geometrical non-linear-
ity. Therefore, the stress–strain relationships predicted in this paper are expected to apply to compressive
strains up to cell wall contact, depending upon the honeycomb relative density.

Turning to the Poisson�s ratio predictions, Fig. 5 shows that the mean Poisson�s ratio generally decreases
at a fixed compressive strain as the regularity of the honeycomb decreases. It can be seen that the Poisson�s



H.X. Zhu et al. / International Journal of Solids and Structures 43 (2006) 1061–1078 1077
ratio goes negative above a compressive strain of 0.47 in a fully-random (a = 0) honeycomb, and negative
above a compressive strain of 0.56 in a regular hexagonal (a = 1.0) honeycomb; where large-scale junction
rotations are responsible for this behaviour in each case. In the case of a regular honeycomb there is also a
discontinuity in the gradient of the relationship between Poisson�s ratio and compressive strain, caused by
the onset of large-scale junction rotations at a compressive strain of 0.102 (which was described as a tran-
sition from the �mode 1� to �mode 2� deformation pattern in Zhu and Mills, 2000). The variation in the mean
absolute junction rotation (in degrees) with compressive strain is shown in Fig. 8 for Voronoi honeycombs
of varying regularity. Each curve in Fig. 8 represents an average over five samples, with the exception of the
result for a regular hexagonal honeycomb which is plotted for comparison (Zhu and Mills, 2000). In general
there is an approximately linear increase in the magnitude of the mean junction rotation in an irregular
honeycomb as the compressive strain increases, and the degree of irregularity has little effect on the rela-
tionship. In the regular hexagonal case the dependency is rather different, there being little or no junction
rotation up to a strain of 0.102 followed by a sudden increase at the onset of a concerted elastic buckling
throughout the structure.
6. Conclusions

We have extended the previous low-strain analysis of the compression of irregular Voronoi honeycombs
with periodic boundary conditions (Zhu et al., 2001a) to compressive strains of 0.6 for values of the regu-
larity parameter, a, between 0 and 0.7. Finite element simulations have been carried out using the ABA-
QUS software, and all cell walls have been treated as straight elastic beams of uniform thickness;
consequently our analysis is limited to honeycombs of low relative density (densities of 0.08 or lower have
been used). The results indicate that a honeycomb with high geometric irregularity has a larger tangential
modulus at low strain and sustains a lower compressive stress at high strain (above approximately 0.04)
compared with a more regular honeycomb. The stress–strain response for y-direction compression of a reg-
ular hexagonal honeycomb (Zhu and Mills, 2000) may be taken as an upper bound for the mechanical
properties of a honeycomb of the same relative density at high strain. The compression behaviour of a
low density irregular honeycomb has also been modelled using a combination of �springs in parallel� and
�springs in series� mechanisms. While the coexistence of both mechanisms is required in order to account
for the observed stress–strain response, the �springs in series� model becomes more important as the irreg-
ularity of the honeycomb and, in many cases, the compressive strain increases. The Poisson�s ratio of an
irregular honeycomb is observed to generally decrease as the compressive strain and the irregularity of
the honeycomb increases. For honeycombs with an a value of 0.7, both the stress–strain response and
the Poisson�s ratio were affected little by the value of the relative density (densities of 0.08 and below were
used) and the structures were, on average, approximately isotropic with respect to the orthogonal x- and y-
directions. The mean junction rotation in an irregular honeycomb has been found to increase approxi-
mately linearly with the compressive strain, and is largely unaffected by the degree of irregularity. Finally,
the dependency of the maximum cell wall bending strain upon the overall honeycomb strain has been eval-
uated for honeycombs of varying regularity; this enables the overall strain to be predicted at which yielding
of the cell wall material of such a honeycomb is likely to occur.
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