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Abstract

We consider two classes of graphs: (i) trees of order n and diameter d = n — 3 and (ii) unicyclic graphs
of order n and girth g = n — 2. Assuming that each graph within these classes has two vertices of degree 3
at distance k, we order by the index (i.e. spectral radius) the graphs from (i) for any fixed k (1 < k < d — 2),
and the graphs from (ii) independently of k.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction

For the basic notions and terminology on spectral graph theory the readers are referred to [4,5].
To make the paper more self-contained, we mention here only a few basic facts. The spectrum
of a (simple) graph G is the spectrum of Ag, the adjacency matrix of G (note all eigenvalues of
simple graphs are real). The index (or spectral radius) is the largest eigenvalue of a graph. If G
is connected, then the index, to be denoted by p(G), is its simple eigenvalue (i.e. of multiplicity
one). It can be also considered as the largest root of @(G, x), the characteristic polynomial G
(recall, @(G, x) = det(xI — Ag)).
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Fig. 1. The graph Mzdj'
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Fig. 2. The graph M(‘)lk.

Let I, 4 be the class of trees of order n and diameter d, and let %,, , be the class of unicyclic
graphs of order n and girth g. Throughout this paper we will take thatd = n — 3, while g = n -2

(then, any graph from the observed sets can have at most two vertices of degree 3). By 7, 5

(%ﬁ ._>) we denote those graphs from .7, g (respectively %, ;) having just two vertices of degree

k

3 at distance k. (Note, any graph from 7, 5 differs only by an edge from a single graph from
U~ ) We also put 7~ o f f'k (“u*

n,n—2" nn—=3 — n,n—3 UI\;”:/fJ 1 02/ﬁ,n—2)‘

In [3,2] the authors determined all the graphs whose index is in the interval (2, v 2 + V5).
This interval is of certain importance in the literature, as it turns out that graphs with index 2
are Smith graphs, while v/2 + +/5 is the smallest limit point such that any real greater than this
value is a limit point for a class of graphs (see [8]). The complete understanding of graphs from
this class (and their ordering by index) is one of a rather classic goal of spectral graph theory. A
large subclass of these graphs is in .7, ,_; (to be considered in this paper), while the remaining
graphsarein 7 , ,—3 \ 7 * n.n—3- For some other results (and applications) concerning the ordering
of graphs by the index (bounded as above), see [10]. The ordering of graphs belonging to 7, 4
(d < n — 3)is to a large extent obtained in [9,6].

We now introduce a notation for the trees (i.e. caterpillars) from the set 7 ﬁ a3 Let Mi‘f i
(withd =n — 3, j =i + k) denote a caterpillar of diameter d in which i and j are its vertices
of degree 3 (soi > 0 and j < d) — see Fig. 1 (note, k — 1 is the number of the vertices in the
interval [i 4+ 1, j — 1]). Note also that due to symmetry we can always assume that i < Ldz;kj.

nn—2 =

Besides, we will also consider the graphs Mg_ « (see Fig. 2) which do not belong to the set
T ﬁ 2_3 (mow d is not a diameter of the corresponding graph). Note, such graphs can occur in our
class under consideration as the result of some graph perturbations. The ordering of these graphs
by index can be easily done by making use of Theorem 6.2.2 [5].

The paper is organized as follows. In Section 2 we give some basic tools to be used later. In
Section 3 we give our main results (Theorems 3.1 and 3.4), the complete ordering of trees within
the sets 7, k _3 (1 <k < n—5). In Section 4 we order all unicyclic graphs from the set %,

(Theorem 4 1) Finally, in Section 5, we give some general overview about the whole topic.

n,n—2

2. Basic tools

For any simple graph G, let p(G) = p be its index, while x = (x1, x2, ..., xn)T its Perron
eigenvector (i.e. a positive eigenvector, not necessarily a unit one); x; is also called the weight of
the ith vertex (with respect to x). Then we have
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ox; = ij (i=1,2,...,n),
i~j
where ~ denotes the adjacency relation. This equation is called the eigenvalue equation for the
ith vertex (corresponding to the index).

Lemma 2.1. Let G be a (simple) graph and v one of its vertices. Denote by € (v) the set of all
cycles in G containing v. Then we have

(G, x) =xP(G—v,x)— Y DG—v—w.x)—2 Y &G-V(C),x).
w~v Ce%(v)

We assume that (G, x) = 1 if G is the empty graph (i.e. with zero vertices).
The next lemma can be simply verified.
Lemma 2.2. Given the graphs G' and G” then:

(1) if o(G', x) — &(G”, x) > 0, forany x > t, wheret = max(p(G’), p(G")), then p(G") >
p(G");

(ii) if &(G',x) — D(G",x) >0, for any x € (a, B), where o < min(p(G’), p(G")) and
max(p(G"), p(G")) < B, then p(G") > p(G").

Remark 2.3. It is well known that the index of a path of order n is 2 cos .2~ +1 (so less than 2).
Next, for a given connected graph G and its proper subgraph G’, we have p(G’) < p(G).

3. Main results

In what follows, the graph M 4« Will be abbreviated to Gd if k is fixed, and to G; if both k
and d are fixed.

We now recall that a path vg, vy, ..., vk—1, v (joining vertices vg and vi) is an internal
path in a graph if deg(vo), deg(vy) > 3, while deg(vs) = 2,5 = 1,...,k — 1;if deg(vp) = 1 or
deg(vg) = 1, then the corresponding path is an external path.

2(k—1)

Theorem 3.1. Letd = 2(k — 1) and consider G; = M7*,V and G ; = =M.

.Then p(G;) =
i,i+k i
,O(Gj)fOI"O < i,j < L—dzkj.

Proof. Without loss of generality let j =i + 1 (theni + 1 < Ld Sk ]). Butthen k —i — 3 > 0.
Namely, since i + 1 < [45% | andd = 2(k — 1), wegetd —k—i —1=k—i—3>i+1>0,
as required.

Assume first that i > 1. We now apply Lemma 2.1 to G; at the vertex kK — 1. Then (see also
Figs. 3 and 4) we get

B(Gi,x) = xP*(Aj k—i—2, X) — D(Aj f—i—3, X)D(A; f—i—2, X)

— DA k—i—2, X)P(Ai 1 k—i—2,X)
= DP(Ajk—i—2, X)xP(Aj k—i—2, x) — P(Aj k—i—3,X) — P(Ai_1k—i—2,X)].
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Fig. 3. The graph A, 4 (r > 0).
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Fig. 4. The graph Ag 4 (r = 0).

Since P(A; j—i—1,x) = xP(A; k—i—2,x) — P(A; y—i—3, x) we obtain

D(Gi, x) = P(Aj j—i—2, [ P(Aj k—i—1, X) — P(Aj—1 k—i-2, X)]. (1)
In the same way for G, we obtain that
D(Giy1, %) = P(Ait1 k—i—3, X)[P(Ait1 k—i—2, ¥) — P(Aj k—i-3, X)]. 2

We next claim that the second factors in (1) and (2) are equal. Namely, since
D(Ajk—i—1,%) = XP(Aj k—i—2, X) — P(Aj f—i-3, X)

and
P(Ait1k—i—2, %) = XP(Aj k—i—2, X) — P(Ai—1 k—i-2, X),

the claim easily follows.

Observe now that the index of G;, and of G;41, is the largest root of the second factor in
(1) and (2), respectively (since A; y—;—2 and A;41 x—;—3 are induced subgraphs of G; and G, 41,
respectively — see Remark 2.3). But since these factors are the same, we are done.

Assume now that i = 0. Applying Lemma 2.1 at vertex k — 1 in G we get

B(Go, x) = xD* (P, x) = D(Pe_1, X)D(Pr, x) — xD(Pe—g, x)D(Pr., x)
= Q(Pr, X)[xDP(Py, x) — D(Pr_1, x) — xP(Pr_2, x)].
In the same way, for G| we get
D(Gi,x) = P(A1 k=3, V[ P(A1 k-2, x) — P(Ag,k-3, X)].

Note firstthat Ag x—3 = Px—1. ApplyingLemma2.1to A x> atthe vertex | weget ®(A| x—2, x) =
XDP(Py, x) — xP(Px_3, x), and therefrom we easily get that

(G, x) = P(A1 k-3, ) [XxP(Py, x) — P(Pr—1,x) — xP(Pr_2, x)].

Therefore, the second factors in the corresponding characteristic polynomials are again the same
and we are again done (similarly to above).
This completes the proof. [

We now define a function g (x). Inspecting the above proof we can write

gk(x) = P(Ajx—i—1,%x) — P(Ai_1x—i—2,%X) = P(A1 k-2, x) — DP(Ag k3, X)
= P(A1k—2,x) — P(Pr_1,x) = P(Py1,x) — xP(Pr_2, x).
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Note, the largest root of gi(x) represents the index of all graphs Ml.% Eikl) for 0 <i < L%J.

Therefore, for a (unique) unicyclic graph from J?/fl ._n all trees obtained by deleting an edge of

the cycle from the internal path of length k — 1 have the same index.

Remark 3.2. Let p, o’ be the indices of the graphs P11 and P, U K, respectively. Then
o' < p < 2. Let 7 be the largest root of gi(x) = 0, and suppose that ty > 2. Then for any
x € (2, 1) we have that g (x) < 0.

Lemma 3.3. If G¢ = M{, , and 0 <i < |45*], then
(G, x) — (G, ). x) = DM > x) — DM T, x)
holds for any d.

Proof. Fori = 0 the proofis trivial. Fori = 1, we observe thatd — k — 2 > 2. Applying Lemma
2.1 for Gf at the vertex of degree 1 positioned on the right side we get

(G, x) = xBM{ L. x) — &M 3 x).
Applying the same lemma for Gg at the vertex of degree 1 positioned on the left side we get

(G, x) = xDM{ L. x) — DM 2, x).

Therefrom

(G, x) — D(GS. x) = DM . x) — D(M{ . x).

We suppose now that i > 1, and that

d—2(i—1 d—-2(i—1
G x) — DG x) = oMV ) — e 3TV

holds for any d. Consider next the graphs Gl?d and Gf 41~ Itfollows thatd — k — 2 > 2i. By similar
calculations we obtain

DG x) — DGy )= dMIF L x) — DML x)

= &(GI7E x) — B(GI2 x).
Therefore, by induction, we get
D(GY, x) — D(GY, . x) = DM x) — DM ).
This completes the proof. [

Theorem 3.4. Let Glfl = Mfk i Then
() ifd > 2(k = 1) then p(Gy) < p(G ) for 0 <i < j < 455 ];
(i) ifd < 2(k — 1) then p(G;) > p(G ) for 0 < i < j < |45£].

Proof. Without loss of generality let j =i + 1. Theni + 1 < [45* . Lets =d —2i —k — 2.
Clearly, s > 0.
By Lemma 3.3 we have

A= 0(Gi,x) = B(Giy1,x) = DMy, x) — BMY 3T, 0).
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We first assume that s = 0. Then we have
k42 k42 _
Q(M()‘k »x)_¢(M1’k+11x) = (D(PO»x)fk(x)-

(Note, we assume here that @( Py, x) = 1)).
We next assume that s > 0 (then k + 3 < d). Applying Lemma 2.1 at the vertex k 4 3 of both

graphs M(I)‘J,;Hs and M {‘J,:f]” we obtain

¢(M(l)cj;2+s’ x) = x<p(M(l)""k‘2, X)P(Ps_1,x) — (A jy1, x)P(Ps—1, X)
— DMy, ) P(Py_a, x),

and
DM x) = x DM TS x)B(Py_1, x) — B(Aygy1, X)P(Py1, x)
— B(M{ 13, x)B(Py_2, x).

(Note, we assume here that @(P_1, x) = 0.)
Next we have

A= DM x) — DM x)
= (x®(Py_1. x) — D(Py 3, X)) (B(M >, x) — DM T3, %)) = D(Py. x) fie(x).

At this point we observe that P is a proper subgraph of the graphs G; and G, 1, and that for
x 2 min(p(G;), p(Gi+1)), fr(x) and 4 have the same sign, since @(Ps, x) > 0.
Now we prove that fi(x) = gr(x). In fact, applying Lemma 2.1 repeatedly we obtain

fi() = xP(Ag j—1, %) — D(Piy3, x) = x> P(Pyy1, x) — X2D(Pi—1, x) — D(Piy3, )
=XP(Pry2,x) + xP(Pr,x) —xDP(Pr,x) — xP(Pr_2,x) — P(Pr4+3,Xx)
= D(Py3,x) + P(Py1, x) — xP(Pr_2, x) — P(Pyy3, X)
= P(Pry1,x) — xP(Pr_2, x) = gr(x).

Therefore tx is the largest root of fi(x). Since lim,_, » fr(x) = 400, for x > 7 we have

fr(x) > 0.
Now we can finally prove the theorem.

(i) Let G be any graphin 7~ 1; 4(d =n —3)suchthatd > 2(k — 1). We eliminate some vertices
from the external paths of G in order to obtain a graph G’ of the type with d’ = 2(k — 1).
Then the index of G’ is exactly 7%, and it is the same for any choice that we can do for
the elimination of the vertices in the external paths. So 7 < p(G) for any G in question.
Consequently @(G;, x) — @(Gi+1,x) > 0 for any x > 14, and by Lemma 2.2(i) p(G;) <
P(Git1).

(ii) Let G be any graph in fﬁ’d (d = n — 3) such that d < 2(k — 1). We add some vertices
to the external paths of G in order to obtain a graph G’ of the type with d’ = 2(k — 1).
Then the index of G’ is exactly 7%, and it is the same for any choice that we can do for
the adding of the vertices in the external paths. So 7z > p(G) for any G in question. We
observe that the index of any graph G is greater than 2 unless in a few cases (related to
Smith graphs; see [4, p. 79]). But for these cases we can easily show that the theorem
holds (by calculating the spectra). Therefore, for all other cases, there exist « and 8 such
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that 2 < o < min(p(G;), p(Gi+1)), and max(p(G;), p(Gi+1)) < B < 1%. Using Remark
3.2, we have that fy(x) < 0 for any x € («, §). Finally, using Lemma 2.2(ii), we get that

p(Gi) > p(Git1).
This completes the proof. [

Theorem 3.5. Let 1y be the largest root of fi(x). Then {t}xen is an increasing sequence and

lim 7 = /2 + /5.

k— 00

Proof. By Theorem 3.1 we can consider t; as the index of the graph Mgl;{—z = Af+1,k—2, and

Tr+1 as the index of the graph M&kkﬂ = Ag42.k—1. Since Ajy1 k—2 is subgraph of Ay o r—1,
it follows that 7 < 7x41, .. T is an increasing sequence (also note that 7 < 3, so limy_; ooy,
exists).

Note next that 7y < p(Ak+1.k+1) < Tk+3 forany k € N (since Ag41 x—2 is a proper subgraph
of Ak+1.k+1, while the latter graph is a proper subgraph of A4 x+1). Therefore

lim 7 = lim p(A,,).
k—o00 r—0o0
On the other hand (see [7])

lim p(A,,) =2+ V5.

This completes the proof. [

Corollory 3.6. The value v/2 + /5 is the best possible upper bound for the index of the graphs

Mfk+i’ whered = 2(k — 1).

Remark 3.7. It can be shown that in the above corollary we can put that d < 2(k — 1), but to
prove this some results from [1] are necessary.

4. A result on unicyclic graphs

Let C§ be a unique graph from %ﬁ,g (g =n —2). So, it is a graph consisting of a cycle of
length g having two pendant edges at distance k # O (then 1 < k < L%J). We denote by C;‘ the
graph consisting of a cycle with one hanging edge added. In the following theorem we prove that
for any fixed g if k increases then the index decreases.

Theorem 4.1. Let 2 < k < [ 4] = [£], then p(CE™") > p(CY).
Proof. Let4 = ¢(C lg_l, x) — @(CK, x). Applying Lemma 2.1 at a pendant vertex for both graphs
k—1 k
C,™ and C, we get
O(Cy ") = x®(CF, x) — D(Ak—2.4-k41, %),

and

O(C, x) = xB(CF, x) — B(Ar_1.d-1. x).
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So
A=P(Ar 10—k, %) — P(Ak—2,d—k+1, X).

Applying Lemma 2.1 at the vertex of degree 1 positioned on the left side of Ax_; 4—k and the
same lemma at the vertex of degree 1 positioned on the right side of Ax—_2 4—x+1 We get

A=P(Ar_24—k-1,x) — P(Ax_3,d—k, X).

Next, applying repeatedly (in the same way) the same lemma we obtain

A= DP(A2,q4-2k+3, %) — P(A1,d—2k44, X)
= D(A1,d—2%42, X) — P(A0,d—2k+3, X)
= D(Py_2k43, %) — XP(Py_2412, x) = —P(Py_2k+1, X).

Next, since p(Py—2k+1) < min(p(C,f_l), ,o(C,f)) we have 4 < 0, for any x > p(Py—2k+1). Fi-
nally, by Lemma 2.2(i), the proof follows. [

5. Concluding remarks

In [3,2], all graphs with index in the interval (2, v2 + V/5) were determined (see also [10]).
These graphs are the trees of two types (star-like trees with three legs or the trees as we considered

in this paper). In this section we will give some comments about the trees from .77 5 whose

indices fall in the above interval. Finally, we list all the graphs with index in (2, v2 + V5) in

order to show the reader to what extent this class of graphs is covered by the graphs we considered

in this paper. As we will see below, it turns out that only the graphs from {d} are not covered.
We now list the graphs (trees) that we considered in the previous sections of this paper:

{1} The graphs Mg «» Where 2k < d — 1 (note, d is not a diameter; also note that they were
sometimes indicated as Ax4+1,4—k). We exclude from this set of graphs those which are
Smith graphs, or their proper subgraphs.

{2} The graphs M, (1 <i < |%5%], d is the diameter) with d < 2(k — 1).

{3} The graphs M, (1 <i < |%5%], d is the diameter) with d > 2(k — 1).

We next list all the graphs with index in the interval (2, v'2 + +/5). We will specify for each
of them, to which of the above sets it belongs.

{a} The graphs Az, (m > 5)and A; ,,, (I > 2, m > 3). Clearly, this set of graphs is the set {1}.

{b} The graphs Mfl.+k, where 1 <i < L%J and d < 2(k — 1). This set of grphs is the set
{2}.

{c} The graphs Mﬁz, M§’6, MZI%, M31,310 and M317511; the graphs Mil,k+1’ where 2k — 1 <d <
2k + 1; and the graphs Mg,k+2’ where d = 2k — 1. This set is a subset of {3}.

{d} The graphs depicted in Fig. 5 do not belong to any of the set {1}, {2} or {3}. This last set

of graphs is a subset of 7, ,_3\T ) , .

*

An interesting problem is to completely order all graphs of 7 5

We gave some further contributions in [1].

with respect to the index.
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m>2
—_——

Fig. 5. Graphs with index in (2, v'2 + +/5) which are not in .9";’; n_3-

Acknowledgments

Research of the first and second author was supported by MIUR and INDAM. Research of
the third author was partly supported by INDAM and Project 144015G of Serbian Ministry of
Sciences.

References

[1] F. Belardo, E.M. Li Marzi, S.K. Simi¢, Path-like graphs ordered by the index, Int. J. Algebra, in press.

[2] A.E.Brouwer, A. Neumaier, The graphs with spectral radius between 2 and v/2 + +/5, Linear Algebra Appl. 114115
(1989) 273-276.

[3] D. Cvektovi¢, M. Doob, I. Gutman, On graphs whose eigenvalues do not exceed v/2 + ﬁ, Ars Combin. 14 (1982)
225-239.

[4] D. Cvetkovi¢, M. Doob, H. Sachs, Spectra of Graphs, third ed., Johann Ambrosius Barth, Heidelberg, 1995.

[5] D. Cvetkovié, P. Rowlinson, S. Simi¢, Eigenspaces of Graphs, Cambridge Univ. Press, Cambridge, 1997.

[6] J.-M. Guo, J.-Y. Shao, On the spectral radius of trees with fixed diameter, Linear Algebra Appl. 413 (2006) 131-147.

[7]1 A.J. Hoffman, On limit points of spectral radii of non-negative symmetric integral matrices, Graph Theory and
applications, in: Lecture Notes, vol. 303, Springer-Verlag, 1972, pp. 165-172.

[8] J.B. Shearer, On the distribution of the maximum eigenvalue of graphs, Linear Algebra Appl. 114/115 (1989) 17-20.

[9] S.K. Simi¢, B. Zhou, Indices of trees with a prescribed diameter, submitted for publication.

[10] E. Zhang, Z. Chen, Ordering graphs with small index and its application, Discrete Appl. Math. 121 (2002) 295-306.



	Introduction
	Basic tools
	Main results
	A result on unicyclic graphs
	Concluding remarks
	References

