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a b s t r a c t

Lugo’s constant L given by

L = −
1
2

− γ + ln 2

is defined as the limit of the sequence (Ln)n∈N defined by

Ln :=

n
i=1

n
j=1

1
i + j

− (2 ln 2)n + ln n (n ∈ N := {1, 2, 3, . . .})

as n → ∞, where γ denotes the Euler–Mascheroni constant. In this work, we establish
new inequalities for the Lugo and Euler–Mascheroni constants.

© 2011 Elsevier Ltd. All rights reserved.

1. Introduction

The Euler constant (or, more popularly, the Euler–Mascheroni constant) γ was first introduced by Leonhard Euler
(1707–1783) in 1734 as follows:

γ = lim
n→∞

Dn


Dn :=

n
k=1

1
k

− ln n


∼= 0.57721 56649 01532 86060 6512 09008 24024 31042 . . . . (1)

The constant γ is closely related to the celebrated gamma function 0(x) by means of the familiar Weierstrass formula
[1, p. 255, Equation (6.1.3)] (see also [2, Chapter 1, Section 1.1]):

1
0(z)

= zeγ z
∞
n=1


1 +

z
n


e−z/n


(|z| < ∞). (2)

Lugo [3] considered the sequence (Ln)n∈N, which is essentially an interesting analogue of the sequence (Dn)n∈N occurring
in (1), defined by

Ln :=

n
i=1

n
j=1

1
i + j

− (2 ln 2)n + ln n. (3)

In fact, Lugo [3] proved the following asymptotic formula:

Ln ∼ −
1
2

− γ + ln 2 −
5
8n

+
7

48n2
+ O(n−3) (n → ∞). (4)
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Clearly, we find from (4) that

L := lim
n→∞

Ln = −
1
2

− γ + ln 2, (5)

where L is usually called Lugo’s constant.
Recently, Chen and Srivastava [4] established new analytical representations for the Euler–Mascheroni constant γ :

γ = −

n
i=1

n
j=1

1
i + j

+ ln 2 − 1 +


n +

1
2


ψ


n +

1
2



−


n +

3
2


ψ(n)+ (2 ln 2)n −

3
2n

(n ∈ N), (6)

in terms of the psi (or digamma) function ψ(z) defined by

ψ(z) :=
d
dz

{ln0(z)} =
0′(z)
0(z)

or ln0(z) =

 z

1
ψ(t)dt.

Also in [4], the authors proved inequalities for the Lugo and Euler–Mascheroni constants:

5
8

n +

7
30

 −
53

2880

n +

2081
4770

3 < L − Ln <
5

8

n +

7
30

 (n ∈ N). (7)

Choi [5] summarized some known representations for the Euler–Mascheroni constant γ . For a rather impressive
collection of various classes of integral representations for the Euler–Mascheroni constant γ , the interested reader may
be referred to a recent paper by Choi and Srivastava [6].

In this sequel, we establish new inequalities for the Lugo and Euler–Mascheroni constants.

2. Sharp inequalities for the Lugo and Euler–Mascheroni constants

In view of the second inequalities in (7) it is natural to ask:What is the smallest number a andwhat is the largest number
b such that the inequality

5
8(n + a)

≤ L − Ln ≤
5

8(n + b)
(8)

holds for all integers n ≥ 1? The following theorem answers this question.

Theorem 1. For all integers n ≥ 1,

5
8(n + a)

≤ L − Ln <
5

8(n + b)
(9)

with the best possible constants

a =
−8γ − 13 + 24 ln 2
8γ + 8 − 24 ln 2

= 0.244459972 . . . and b =
7
30

= 0.233333333 . . . .

In order to prove Theorem 1, the following results are needed.
It is known from the recent works [7–9] that, for x > 0,

ln x +
1

24x2
−

7
960x4

< ψ


x +

1
2


< ln x +

1
24x2

−
7

960x4
+

31
8064x6

(10)

and

1
x

−
1

12x3
+

7
240x5

−
31

1344x7
< ψ ′


x +

1
2


<

1
x

−
1

12x3
+

7
240x5

. (11)

It follows from the known results (see [10, Theorem 8 and Theorem 9]) that, for x > 0,

ln x −
1
2x

−
1

12x2
+

1
120x4

−
1

252x6
< ψ(x) < ln x −

1
2x

−
1

12x2
+

1
120x4

(12)

and
1
x

+
1
2x2

+
1
6x3

−
1

30x5
< ψ ′(x) <

1
x

+
1
2x2

+
1
6x3

−
1

30x5
+

1
42x7

. (13)
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Remark 1. The inequalities (10) and (11) were, in fact, derived by means of some results from [11].

We conclude from (10) and (12) that, for x > 0,

1
2x

+
1
8x2

−
1

64x4
< ψ


x +

1
2


− ψ(x) <

1
2x

+
1
8x2

−
1

64x4
+

1
128x6

. (14)

From (11) and (13), we obtain, for x > 0,

−
1
2x2

−
1
4x3

+
1

16x5
−

3
64x7

< ψ ′


x +

1
2


− ψ ′(x) < −

1
2x2

−
1
4x3

+
1

16x5
. (15)

From (13)–(15), we obtain

ψ


x +

1
2


− ψ(x)+


x +

1
2


ψ ′


x +

1
2


− ψ ′(x)


− ψ ′(x)+

1
x

+
3
2x2

<
1
2x

+
1
8x2

−
1

64x4
+

1
128x6

+


x +

1
2


−

1
2x2

−
1
4x3

+
1

16x5


+

1
x2

−
1
6x3

+
1

30x5

=
5
8x2

−
7

24x3
+

3
64x4

+
31

480x5
+

1
128x6

(x > 0). (16)

From (12) and (14), we obtain

1
2

−


x +

1
2


ψ


x +

1
2


− ψ(x)


+ ψ(x)− ln x +

3
2x

>
1
2

−


x +

1
2


1
2x

+
1
8x2

−
1

64x4
+

1
128x6


+

1
x

−
1

12x2
+

1
120x4

−
1

252x6

=
5
8x

−
7

48x2
+

1
64x3

+
31

1920x4
−

1
128x5

−
127

16 128x6
(x > 0). (17)

We are now in a position to prove our Theorem 1.

Proof of Theorem 1. Indeed, by using (6), L − Ln can be written as follows:

L − Ln =
1
2

−


n +

1
2


ψ


n +

1
2


+


n +

3
2


ψ(n)− ln n +

3
2n

(n ∈ N). (18)

The inequality (9) can be written as

a ≥
1

8
5

 1
2 −


n +

1
2

 
ψ

n +

1
2


− ψ(n)


+ ψ(n)− ln n +

3
2n

 − n > b (n ∈ N).

In order to prove (9), we consider the function f defined by

f (x) =
1

8
5

 1
2 −


x +

1
2

 
ψ

x +

1
2


− ψ(x)


+ ψ(x)− ln x +

3
2x

 − x.

We conclude from the asymptotic formula of ψ [1, p. 259] that

f (x) ∼
7
30

+
53

1800x
+ O


1
x2


,

which implies

lim
x→∞

f (x) =
7
30
.

Differentiating f (x) and applying inequalities (16) and (17) yields

8
5


1
2

−


x +

1
2


ψ


x +

1
2


− ψ(x)


+ ψ(x)− ln x +

3
2x

2

f ′(x)

= ψ


x +

1
2


− ψ(x)+


x +

1
2


ψ ′


x +

1
2


− ψ ′(x)


− ψ ′(x)+

1
x

+
3
2x2
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−
8
5


1
2

−


x +

1
2


ψ


x +

1
2


− ψ(x)


+ ψ(x)− ln x +

3
2x

2

<
5
8x2

−
7

24x3
+

3
64x4

+
31

480x5
+

1
128x6

−
8
5


5
8x

−
7

48x2
+

1
64x3

+
31

1920x4
−

1
128x5

−
127

16 128x6

2

= −
p(x)

4 064 256 000x12

with

p(x) = 38 241 275 209 + 289 354 688 532(x − 3)+ 543 104 914 296(x − 3)2

+ 490 633 633 728(x − 3)3 + 254 598 194 004(x − 3)4 + 80 399 052 720(x − 3)5

+ 15 345 282 960(x − 3)6 + 1 634 169 600(x − 3)7 + 74 793 600(x − 3)8

> 0 (x ≥ 3).

Straightforward calculation produces

f (1) =
−8γ − 13 + 24 ln 2
8γ + 8 − 24 ln 2

= 0.244459972 . . . ,

f (2) =
−107 − 48γ + 192 ln 2

46 + 24γ − 96 ln 2
= 0.2425032898 . . . ,

f (3) =
−1149 − 360γ − 360 ln 3 + 2520 ln 2

358 + 120γ − 840 ln 2 + 120 ln 3
= 0.240541882 . . . ,

and thus, the sequence

f (n) =
1

8
5

 1
2 −


n +

1
2

 
ψ

n +

1
2


− ψ(n)


+ ψ(n)− ln n +

3
2n

 − n (n ∈ N)

is strictly decreasing. This leads to

7
30

= lim
n→∞

f (n) < f (n) ≤ f (1) =
−8γ − 13 + 24 ln 2
8γ + 8 − 24 ln 2

.

The proof of Theorem 1 is complete. �

3. Continued fraction approximations for L − Ln

We define the sequence (vn)n∈N by

vn = L − Ln −

5
8

n + a +
b

n+c+ p
n+q

. (19)

We are interested in finding the values of the parameters a, b, c, p and q such that (vn)n∈N is the fastest sequence which
would approximate zero. Our study is based on the following Lemma 1, which provides a method for measuring the speed
of convergence.

Lemma 1 ([12,13]). If the sequence (λn)n∈N converges to zero and if there exists the following limit:

lim
n→∞

nk(λn − λn+1) = l ∈ R (k > 1),

then

lim
n→∞

nk−1λn =
l

k − 1
(k > 1).

Theorem 2. Let the sequence (vn)n∈N be defined by (19). Suppose also that

a =
7
30
, b =

53
1800

, c =
1339
1590

, p =
15 975
22 472

and q = −
6 528 287
59 267 250

. (20)

Then

lim
n→∞

n8(vn − vn+1) = −
6 164 042 747

257 644 800 000
and lim

n→∞
n7(vn − L) = −

6 164 042 747
1 803 513 600 000

. (21)
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The speed of convergence of the sequence (vn)n∈N is given by the order estimate O

n−7


as n → ∞.

Proof. First of all, we write the difference vn − vn+1 as the following power series in n−1:

vn − vn+1 =
30a − 7
24n3

−
−31 − 120b + 120a + 120a2

64n4
+

200a − 300b − 200bc + 300a2 − 400ab + 200a3 − 49
80n5

−

1200a − 2400b − 2400abc − 2400bc + 1200bp − 1200bc2

+ 2400a2 − 4800ab + 2400a3 + 1200b2 − 3600ba2 + 1200a4 − 263
 1
384n6

+

1680a − 4200b + 1680a5 − 1680bc3 − 8400abc − 5600bc + 4200bp

− 4200bc2 + 3360bcp + 1680bpq + 3360b2c + 4200a2 − 11 200ab
− 6720ba3 + 5040ab2 + 5600a3 + 4200b2 − 12 600ba2 + 4200a4

− 321 + 3360abp − 3360abc2 − 5040bca2
 1
448n7

−

−1503 + 8960a − 26 880b + 26 880a5 − 26 880bc3 + 8960bpq2 − 89 600abc − 44 800bc

+ 44 800bp − 44 800bc2 − 8960bc4 − 8960bp2 + 53 760bcp + 26 880bpq + 53 760b2c
+ 26 880a2 − 89 600ab + 26 880pbc2 − 107 520ba3 + 80 640ab2

+ 17 920bcpq − 8960b3 + 44 800a3 + 44 800b2 − 134 400ba2 + 17 920abpq
+ 35 840abcp − 17 920abc3 − 26 880a2bc2 + 26 880a2bp + 53 760b2ca
+ 26 880b2c2 − 17 920b2p + 53 760b2a2 + 44 800a4 − 35 840bca3

+ 8960a6 − 44 800ba4 + 53 760abp − 53 760abc2 − 80 640bca2
 1
2048n8

+O


1
n9


(n → ∞). (22)

The fastest sequence (vn)n∈N is obtained when the first five coefficients of this power series vanish. In this case a =
7
30 , b =

53
1800 , c =

1339
1590 , p =

15 975
22 472 and q = −

6 528 287
59 267 250 , we have

vn − vn+1 = −
6 164 042 747

257 644 800 000n8
+ O


1
n9


(n → ∞). (23)

Finally, by using Lemma 1, we obtain assertion (21) of Theorem 2. �

Motivated by Theorem 2, we establish the following:

Theorem 3. For all integers n ≥ 2, then

5
8

n +
7
30 +

53
1800

n+ 1339
1590

< L − Ln <
5
8

n +
7
30 +

53
1800

n+ 1339
1590 +

15 975
22 472

n− 6 528 287
59 267 250

. (24)

Proof. We only prove the left-hand inequality in (24). The proof of the right-hand inequality in (24) is similar.
The lower bound in (24) is obtained by considering the function g(x)which is defined by

g(x) =
1
2

−


x +

1
2


ψ


x +

1
2


− ψ(x)


+ ψ(x)− ln x +

3
2x

−

5
8

x +
7
30 +

53
1800

x+ 1339
1590

.

We conclude from a well-known asymptotic formula for ψ (see, for example, [1, p. 259, Equation (6.3.18)]) that

lim
x→∞

g(x) = 0.

Differentiating g(x) and applying inequalities (13)–(15), we find that

g ′(x) = −ψ


x +

1
2


+ ψ(x)−


x +

1
2


ψ ′


x +

1
2


− ψ ′(x)


+ ψ ′(x)−

1
x

−
3
2x2
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+
25(337 080x2 + 567 736x + 229 131)

3(2120x2 + 2280x + 479)2

< −
1
2x

−
1
8x2

+
1

64x4
−


x +

1
2


−

1
2x2

−
1
4x3

+
1

16x5
−

3
64x7


−

1
x2

+
1
6x3

−
1

30x5
+

1
42x7

+
25(337 080x2 + 567 736x + 229 131)

3(2120x2 + 2280x + 479)2

= −
q(x)

13 440x7(2120x2 + 2280x + 479)2

with

q(x) = 377 588 384 377 + 902 538 003 828(x − 3)+ 737 355 609 978(x − 3)2

+ 278 168 322 870(x − 3)3 + 49 996 036 960(x − 3)4 + 3 479 238 000(x − 3)5

> 0 (x ≥ 3).

Hence, g ′(x) < 0 for x ≥ 3.
Clearly, for x = 1, x = 2 and x = 3, direct computation would yield

g(1) = −
43 919
29 274

− γ + 3 ln 2 = 0.00195259 . . . ,

g(2) = −
118 709
54 076

− γ + 4 ln 2 = 0.00014781 . . . ,

g(3) = −
1 676 957
527 980

− γ + 7 ln 2 − ln 3 = 0.00002707 . . . .

Consequently, the sequence (g(n))n∈N is strictly decreasing. This leads us to

g(n) > lim
n→∞

g(n) = 0,

which means that the lower bound in the assertion (24) of Theorem 3 holds true for all n ∈ N. The proof of Theorem 3 is
thus completed. �

Remark 2. The first inequality in (24) is valid for all integers n ≥ 1, while the second inequality in (24) is valid for n ≥ 2.
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