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Abstract

Placing anti-D3 branes at the tip of the conifold in Klebanov—Strassler geometry provides a generic way
of constructing meta-stable de Sitter (dS) vacua in String Theory. A local geometry of such vacua exhibit
gravitational solutions with a D3 charge measured at the tip opposite to the asymptotic charge. We discuss
a restrictive set of such geometries, where anti-D3 branes are smeared at the tip. Such geometries represent
holographic dual of cascading gauge theory in dS4 with or without chiral symmetry breaking. We find
that in the phase with unbroken chiral symmetry the D3 charge at the tip is always positive. Furthermore,
this charge is zero in the phase with spontaneously broken chiral symmetry. We show that the effective
potential of the chirally symmetric phase is lower than that in the symmetry broken phase, i.e., there is no
spontaneous chiral symmetry breaking for cascading gauge theory in dS4. The positivity of the D3 brane
charge in smooth de-Sitter deformed conifold geometries with fluxes presents difficulties in uplifting AdS
vacua to dS ones in String Theory via smeared anti-D3 branes.
© 2014 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/3.0/). Funded by SCOAP3.

1. Introduction and summary

String Theory is expected to have a landscape of (meta-stable) de-Sitter vacua [1]. A generic
way to construct such vacua was presented in [2] (KKLT):
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e First, turning on fluxes on Calabi—Yau compactifications of type IIB string theory produces
highly warped geometry with stabilized complex structure (but not Kéhler) moduli of the
compactification [3];

e Next, including non-perturbative effects (which are under control given the unbroken super-
symmetry), one obtains anti-de Sitter (AdS4) vacua with all moduli fixed;

e Finally, one uses anti-D3 branes of type IIB string theory to uplift AdS4 to de Sitter (dSs)
vacua.

As the last step of the construction completely breaks supersymmetry, it is much less con-
trolled. In fact, in [4-7] it was argued that putting anti-D3 branes at the tip of the Klebanov—
Strassler (KS) [8] geometry (as done in KKLT construction) leads to a naked singularity. Whether
or not the resulting singularity is physical is subject to debates.' In [10] it was shown that the
singularity cannot be cloaked by a regular event horizon, and thus must be unphysical [11]. This
conclusion is reached analyzing local Klebanov-Tseytlin (KT) [12] or KS geometry with reg-
ular Schwarzschild horizon. Such geometry is dual to strongly coupled cascading gauge theory
plasma with unbroken [13—17] (in KT case) or broken [18] (in KS case) chiral symmetry. It was
shown that a D3-brane charge measured at the horizon is always positive, and thus cannot cloak
a physical negative-D3-charge singularity.

The good versus bad gravitational singularity criteria of Gubser [11] is based on a simple
principle that singularities in gravitational backgrounds holographically dual to some strongly
coupled gauge theories arise in the interior of the bulk space—time geometry, corresponding to
the infrared (IR) in the dual gauge theories. Physical infrared singularities in gauge theories
can be removed with an infrared cutoff. In the original paper, [11], this cutoff is provided by a
temperature. However, the role of the cutoff can be served by a curvature scale of a boundary
compactification manifold [19], or by a Hubble scale when the strongly coupled gauge theory
is formulated in dS4 [20]. In this paper we extend analysis of [10] considering2 de Sitter defor-
mation of the KT/KS geometries (holographically dual to cascading gauge theory in dS4 with
unbroken/broken chiral symmetry). As in [10], we ask the question whether it is possible to
construct smooth geometries with a negative D3 charge in the interior of the space.

The analysis presented here closely follow [21]. In Section 2 we review dual five-dimensional
effective gravitational actions describing states of cascading gauge theory on My with (un-)bro-
ken chiral symmetry. In Section 3 we construct states of cascading gauge theory in dSs with
unbroken chiral symmetry. In Section 4 we repeat the exercise for states of the theory with spon-
taneous broken chiral symmetry. In Section 5 we compare effective potentials of the cascading
gauge theory in dS4 with broken and unbroken chiral symmetry and identify the true ground
state of the theory. In Section 6 we compute the D3 charge in the interior of the bulk of de Sitter
deformed KT/KS geometries. Using results of [21], we compute the D3 charge in the interior
of the bulk of S* deformed KT/KS geometries — in this last section we use the radius of the
three-sphere ¢3 as an infrared cutoff to distinguish good versus bad gravitational singularities.

Our discussion is rather technical; so, for benefits of the readers who are interesting in results
only, we collect them here. Recall that cascading gauge theory is a four-dimensional A = 1
supersymmetric SU(K + P) x SU(K) gauge theory with two chiral superfields Aj, Az in the
(K + P, K) representation, and two fields By, B; in the (K + P, K). Perturbatively, this gauge

' See [9] for arguments in favour of this singularity.
2 The early discussion of this problem was presented in [20].
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theory has two gauge couplings g1, g» associated with two gauge group factors, and a quartic
superpotential

W ~ Tr(A; B; A Bp)e*e/®. (1.1)

The theory has a global SU(2) x SU(2) (flavor) symmetry under which A; and By (separately)
transform as doublets. As this symmetry is always unbroken (both in the field theory and in the
gravitational dual) all our conclusions concerning uplifting to de Sitter vacua with anti-D3 branes
are strictly applicable when the anti-D3 branes are smeared on the tip of the conifold — it is only
in this case that the dual gauge theory flavor symmetry is unbroken. To define a theory, one
needs to specify the space—time four-manifold M, in which the theory is formulated. In case
when My = R*>!, i.e., Minkowski space-time, one finds that the sum of the gauge couplings
does not run

d b4 4 4r
v (s = 00 70) = "
while the difference between the two couplings is
47 4r
2 g

~P[3+2(1—yij)]ln%, (1.3)

where A is the strong coupling scale of the theory and y;; are anomalous dimensions® of opera-
tors Tr A; B;. For generic My, the sum of the gauge couplings runs; however, the theory is still
determined by 2 parameters: the asymptotic value of the dilaton g,

4 4 \7!
go= lim gy(w)= lim ({ ——+——) , (1.4)
u—>o00 n=oo gr(uw) gy (w)

and the strong coupling scale A arising in the renormalization group running of the difference of
two couplings (1.3). To summarize, cascading gauge theory is characterized by {P, go, A} and
the choice of a four-manifold M. Relevant to the discussion here, when My = dS4 or R x S3,
the manifold provides one additional scale to the problem: the Hubble scale H (in case of dS4)
or the compactification scale £5 ! (in case of §3 compactification). Depending on the ratio of the
mass scale supplied by M4 and the strong coupling scale A, the cascading theory might undergo
phase transition in the infrared associated with spontaneous breaking of the chiral symmetry*
Zop — 7. 1deally, we would like to explore the phase structure of the theory for arbitrary values
of parameters — in practice, we are restricted to regions of parameter space where our numerical
code used to generate M4 deformed KT/KS throat geometries is stable.
We now present the summary of our results:

e When My = dS4 and the chiral symmetry is unbroken, the D3 brane charge at the tip of the
conifold is always positive, as long as

H2

n—r— >
A2P2gy ~

—0.4. (1.5)

3 When K > P, y;j ~ — 1, see [8].
4 When My is Minkowski, the chiral symmetry is spontaneously broken, see [8].
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e When My = dS, and the chiral symmetry is broken, the D3 brane charge at the tip of the
conifold is always zero; we managed to construct geometries of this type for

H2

In ———
A2P2gg

> —0.03. (1.6)

e Comparing effective potential of the gauge theory in broken Ve[jﬁc and unbroken Vjﬁ phases
we establish that in all cases, when we can construct the phase with spontaneously broken
chiral symmetry,

2

b s
Veﬂ > V;ﬁ"’ when In m = —003, (17)
i.e., spontaneous symmetry breaking does not happen for given values of the gauge theory
parameters. To put these parameters in perspective, note that the (first-order) confinement/de-
confinement and chiral symmetry breaking phase transition in cascading gauge theory

plasma occurs at temperature 7 such that [16]

T 2
1 deconfinement, x SB

=0.2571(2), 1.8
e ) (1.8)

and the (first-order) chiral symmetry breaking in cascading gauge theory on S occurs for
compactification scale u3 = 83_1 such that [21]

2
M3 «SB

In —=—
A2P2g0

= 0.4309(8). (1.9)

e When M4 = R x S3 and the chiral symmetry is unbroken, the D3 brane charge at the tip of
the conifold is negative when

2
M% M3,negative
AZpZg, ~ " AZP2
80 80

In —0.0318(3). (1.10)

However, since cascading gauge theory undergoes a first order phase transition with spontaneous
breaking of the chiral symmetry at

MU3,xSB > U3, negative (1.11)

and the D3 brane charge at the tip of the conifold in broken phase is zero, the charge in the ground
state is in fact zero whenever

“3 < [43,%SB- (1.12)
Furthermore, chirally symmetric states of cascading gauge theory on S develop symmetry
breaking tachyonic instabilities at (43 sachyon (below the first order chiral symmetry breaking scale
U3, xSB)

2
M 3,tachyon
A2P2g
which is again above w3 jegarive-

Our results represented here, together with those reported in [10], point that the singularity of
smeared anti-D3 branes at the tip of the conifold is unphysical: had it been otherwise, we should

In =0.3297(3) (1.13)
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have been able to implement an infrared cutoff in the geometry with a D3 brane charge measured
at the cutoff being negative. The role of the cutoff is played by the temperature (as discussed
in [10]), by the compactification scale (when M4 = R x §3), or by the Hubble scale (when
My = dSy). Interesting, we find that the D3 brane charge can become negative when the KT
throat geometry is S deformed; however this occurs in the regime where this phase is unstable
both via the first order phase transition and the tachyon condensation to S deformed KS throat
geometry — the latter geometry has zero D3 brane charge at the tip. All this raises questions
about construction of generic de Sitter vacua in String Theory [2].

We stress, however, that our analysis does not definitely exclude local non-singular super-
gravity description of de Sitter vacua in String Theory. The issue stems from the anti-D3 brane
“smearing approximation” used. Early discussion of the relevant smearing approximation ap-
peared in [6,9]. There, the authors carefully analyzed non-supersymmetric deformations of KS
geometry, invariant under the SU(2) x SU(2) global symmetry of the latter. They further iden-
tified a class of perturbations that is being sources by anti-D3 branes, placed at the tip of the
conifold, and then computed the leading-order backreaction of those perturbations on KS geom-
etry. Insistence on preserving the SU(2) x SU(2) global symmetry is a smearing approximation
— from the brane perspective it implies that anti-D3 branes are uniformly distributed (uniformly
smeared) over the transverse compact five-dimensional manifold. Our discussion here shares
the same smearing approximation as in [6,9], but extends the analysis to the full (rather than
leading-order) backreaction. Smearing approximation is a practical tool enabling the analysis of
the complicated cascading geometries involved. However, it must be questioned: it is not clear
that non-supersymmetric uniform distribution along T''! directions of anti-D3 branes is stable
against ‘clumping’. While it is highly desirable to lift this approximation, it is very difficult to do
this in practice: one is forced to analyze a coupled nonlinear system of partial differential equa-
tions, rather than ordinary differential equations. We feel that until fully localized anti-D3 brane
analysis in cascading geometries are performed, the singularity question of local supergravity
description of de Sitter vacua in String Theory will remain open.

2. Dual effective actions of cascading gauge theory

Consider SU(2) x SU(2) x Z, invariant states of cascading gauge theory on a 4-dimensional
manifold My = 9 M. Effective gravitational action on a 5-dimensional manifold M describ-
ing holographic dual of such states was derived in [18]:

108
167TG5

1
Ss[guvs i, hi, @] = / V01M591922~Q32{R10— E(W)z

Ms

1 _of(hi—h3)? 1 2, | 2)
— e (T (v 4+ —(Vh

2 (2912922932 szg‘( Y 9;‘( 3)

1 of 2 5 1 ( P)2 1 2)
— e Vhy)? + hy— =) +——h

2 (922932( 2 222i\ 7 9 2202

| 2
<4~Qo+h2(h3—h1)+§Ph1> } (2.1)

T ot o?
202202504

where £2 is a constant, Ry is given by
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- +< L2 2 2 25 27 ) 20In(212222)
= _— _— _— —_ - — —_ n
T2 T 22 T 22 a2l ak? 2l 1742°43
—{(VIn2))? +2(VIn2,)* + 2(VIn£23)* + (Vln(91922932))2}, (2.2)
and Rjs is the five-dimensional Ricci scalar of the metric

ds? = g, (y)dy* dy", (2.3)

that forms part of the ten-dimensional full metric

ds%o = dS52 + dS%-L] N
dsti = 27(0)g5 + 25 (85 +&3) + 2 () (&i + £3)- 24)
One-forms {g;} (fori =1, ..., 5) are the usual forms defined in the warp-squashed 71 and

are given as in [ 18], for coordinates 0 < ¢ <47,0<6, <mand0< ¢, <27 (a=1,2).
All the covariant derivatives V, are with respect to the metric (2.3). Fluxes (and dilaton @)
are parametrized in such a way that functions A1 (y), h2(y), h3(y) appear as

By=hi(y)g1 A g2+ h3(y)g3 A g4,

1
F3 = §Pg5 ANgINga+ha(¥)(81ANg2—8g3Ng4) Ng5

+ (g1 A g3+ 82 A ga) Ad(ha(y)),
D =dD(y), 2.5)

where P corresponds to the number of fractional branes in the conifold.
Finally, G5 is the five-dimensional effective gravitational constant

729
T 4n3
where G is a 10-dimensional gravitational constant of type IIB supergravity.

Chirally symmetric states of the cascading gauge theory are described by the gravitational
configurations of (2.1) subject to constraints

Gs Go, (2.6)

P
18’

In what follows, we find it convenient to introduce

1 /K P
h1=—<—1—3690), h)=— K>,

18
1 /K;3
hy=—( =2 — 369 ),
3 P<12 °>

U 12,14 L
Q1= fh'4, 2, = — £12p1/4,
1 3fc 2 \/gfa

hy =hs, hy) = 20 = $23. 2.7

o214
23 =— h'. (2.8)
3 \/Efb
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3. Chirally symmetric phase of cascading gauge theory on dS4

We consider here SU(2) x SU(2) x U(1) x SO(4) (chirally-symmetric) states of the strongly
coupled cascading gauge theory. We find it convenient to use a radial coordinate introduced in
[23]:

ds3 = guu(y) dy" dy"
1
- h1/2p2<—dt2 + coshz(Ht)(dS3)2) +h'2p72(dp)?, 3.1)

where h = h(p). Furthermore, we use parametrization (2.8) and denote’

fe= fa. fa=fo =13, Ki=K3=K, @ =Ing, (3.2)

with f; = fi(p), and K = K (p), g = g(p).
Notice that parametrization (3.1) is not unique — the diffeomorphisms of the type

p ? p/(1+ap)

h h (1+ap)* h

f2 f2 A4ap)2 f

‘ — | _ , o = const, 3.3
f3 fa (I+ap)? f3 (3-3)
K K K

g ¢ §

preserve the general form of the metric. We can completely fix (3.3), i.e., parameter « in (3.3),
requiring that for a geodesically complete M5 the radial coordinate p extends as

o € [0, +00). (3.4)
3.1. Equations of motion

For a background ansatz (3.1), (3.2), the equations of motion obtained from (2.1) take form
f8)? _ 3AKDN LK) 3HU)
8g2 16hf2gP?  8h2 413
12 / 1
h 3 3
_L_;r_fz +(ﬁ__>f2/
26 e \25
3¢P2 K> HGfF—9H+6/)
4hf32p2 8]12‘]!?,02 f32/02
(K)? S (f9)?
16hf3g P2 8g2 8h? 413
3fs  ph gP?
P hp 4 fohfsp?
K 5/, -6f3+3f
8f2h2f33/02 f30?

0=f) +

—3hf>H?, (3.5)

0=f3' +

—3hf3H?, (3.6)

5 Recall that for the unbroken chiral symmetry we must set Ko (p) = 1.
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"2 "2 "2 N2 / i
0 SED? K2 o) 3h(f) <212+f2 4>h/+@

16g/2P2 8¢  8h  4f} i 2h 0) T oh

9K? hf; )
+8fzhf34p2+<f3p )"
seP?  h(fr— 1326

+9h*H?, (3.7)
4f2f32p2 f32p2
" K3 29K P?
0= K”+<f2—g—————>K’—g72, 3.8)
2 8 hp hfz f3 p?
0=g"— ©” + (2—]03/ + S i) "+ Ky _g*P? : (3.9)
i 2f p 4hfZP?  hfsfip?

Additionally we have the first order constraint

2hfEP%(g')? N 2f2P2g(h)? 8 f3hg P2 (fip —2f3)

0= (K 4+ — 12hP%(f))? - £
(K') (£3) fap :
16 fro P2(4 £'h W 4p? 2K? P2
n [3gP @4 f3h + f3 )+<96hf3—48hf32—16hf2— L 2>g
0 f2 hf2f3
+48gP2h2f32H2- (3.10)

We explicitly verified that the constraint (3.10) is consistent with (3.5)—(3.9).
3.2. UV asymptotics

The general UV (as p — 0) asymptotic solution of (3.5)—(3.10) describing the symmetric
phase of cascading gauge theory takes form

3.0 1 1 2, L 2
f=1—a10(Hp)+ —gf’ go—ZKo-i-Z(Oll,o) +§P golnp | (Hp)

+D D ank(Hp)' I p, (3.11)

n=3 k

1 2 1 1 2 1 2 2
fa=1—a19(Hp)+ _EP go—ZKoJrZ(ou,o) +§P golnp |(Hp)

+ 3 bux(Hp)"Ink p, (3.12)

n=3 k

1 1 1 1
h= §P2go + ZKO - EPzgolnp +a1,o<§Ko - Pzgolnp>(Hp)

+ (L paga Ol prgy— Lp2 ik de k
— - = o? o
576" 50T gg 0T 80T 4 800 T g R0 T g*1,070
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1 1
- 9—6P2g0 (62P2g0 + 1200112’0 + 48[(0) Inp+ §P4g(2) In? p) (Hp)?

+ 3 hak(Hp)" In* p, (3.13)

n=3 k
Koy — 2P2g0 Inp — Pzgoal,o(HP)

1 1
+ (Engo (2Ko +9P%go —4af ) — ZP“g%; In p> (Hp)?

+ > Kni(Hp)"Ink p, (3.14)

n=3 k

] o
g= go(l — 5 P20(Hp)* + 3 ) gni(Hp)" In ,0). (3.15)

n=3 k

It is characterized by 7 parameters:

{Ko, H, go, 1,0, 4,0, d6,0, 48,0, 84,0} (3.16)

In what follows we developed the UV expansion to order O(p'?) inclusive.

3.3. IR asymptotics

We use a radial coordinate p that extends to infinity, see (3.4). Introducing

y=

p ’

1 _
W=yTh,  fli=yfa. (3.17)

the general IR (as y — 0) asymptotic solution of (3.5)—(3.10) describing the symmetric phase of
cascading gauge theory takes form

h_ 4h
fHh=ro—

OH>P(f0)°8 + 6H*(K)* = 17(/3)* (f30)* +6.£3'(f3)’

501 y
2 S (3.18)
n=2
= phy- PP2(f10) gy + OHYKY)? + (0 (1) — 18f2h,o(f3h,o)3y
o 510
2 f" (3.19)
n=2

hh

(1 20 0 ¢ sttt
4H? 5 (f3}f0)4f2ffo y

Ny yn>, (3.20)
n=2
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16K g" p2H2
oy Ky
(f3,()) fz’() n=2

8¢ P2H

h 80 7

8§=280o <1 + y+2 &y )
5( f3 0)2 h Z

It is characterized by 4 additional parameters:

[KE. g, o fio)-

In what follows we developed the IR expansion to order O(y®) inclusive.

3.4. Symmetries

(3.21)

(3.22)

(3.23)

The background geometry (3.1), (3.2) enjoys 4 distinct scaling symmetries. We now discuss

these symmetries and exhibit their action on the asymptotic parameters (3.16).
e First, we have:
1
P — AP, g— 3 g,
o, fioh Ky = {p, fi,h K}, Ay, fl 0"} = |y, fi b},
which acts on the asymptotic parameters as
1

- - )
80 Ago

{Ko, H, 1,0, a4,0, a6,0, a8,0, 84,0} = {Ko, H, a1,0,a4,0, a6,0, as,0, 4,0},

and
h _h  ch h h oa—=1_h ¢h h
{Ko. 20> frlo0 fo} = {Ko- 27 80> f2l0- fiio)-
We can use the exact symmetry (3.24) to set
go=1.
e Second, we have:
1 2 2
P — AP, P h— 22h, K — A’K,

(H, fi.g} — {H, fi, g},
o 2 AR = iy afg

which acts on the asymptotic parameters as

80 — 80,
a0 —> Ao,

Ko — )\Z(Ko — 2P2g0 lnk),

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)
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1 1
aso —> A4 <a4,0 + &P2g0(3K0 — Pzg()) Inx — Ep4g§ In? A.), (3.32)

3
84,0 — A4 <g4,0 + <——P 011 080 —

5 2 37
T —KoP“go+ — —pt g0+3a4o InA

64 96

3 1
+aPng( zgo+2K0)1n2)~—RP4g(2>1n3k>v (3.33)

ag,o—> A | ae,0+ | —= P as,080 — zPgog4,0 + = Koas o

a0 ™ 5 073
LML s 68973 s 1L
32000 °" 0T 3840000° 50" 320

197 419
— p*a? K§P2g0> Ini

OP 0‘1 080

T ea0 ML 08 + 38400

+ (=L pta? +1K + L kPt
o 1 A7
g3 P85+ 1 KoP 80+ 3355 Ko P

3
——— P03 — —_KoP*Z ) In* A+ —POIn* 1), 3.34
+( 14400° %07 16070 go) ORI TR (i (3-34)

1
P2gy(70K( — 141 P2gp)

ag.o — 28 <a8,0 + (—140P4618,088

11289869889229P12 ¢ 4 18K2a LTOML s 5
- —_— o a
7468070400000 0440 280 07 ¥1094.080
67 131
- 7K0P4(X%’0g8g4,0 + TKngafoM,ogo
17122502251 1264903
— 24K, P> LTS kPRl gt — — T K POat g3
0174080840 = 550575000 00 1080 T THeggp 0 Y1080
3642629 5 o 5 3 3.5 44 o 308363 . ,
+W 0P e 080 — 4K0P 0‘1080 560 P“loa4080
135 5 s 16067 5 4, , 53709659 .
>p DO KPR g —
Ty 08080t Ty *1,080 = 3087000 | OF 44080
15332, 875 4 4 )
- WKOP 80840 — TP 1 034,080
1923781 5 ,  , 2001 , , , 4> 5
WKOP a4,ogo—%K0P 80840 +350P af (ac,08(
- e 5706 ¢ o 2
4,085,840 120 Ky P as,080 35 KoPrag g0

17699297459 1 5 5 1365178374361y s

592704000 1080 553790400000 O 0
4598761 o 4 4 2135

6 6 3
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48152049931 , ¢ 4 337030114O7P8 4 14708381P84

189665280000 °' 807 148176000 = “+080T T5p9200 80840
L 402129463 3 3 3965783 gy o 1315 6

210739200 0" 807 15052800 0" S0 g T 46080

49853
+TP 4080—8P g0g40 In

5436207853 g 4 35277 6 o 5 1469772059 g
_ 5436207853 5 4 o2 g3 _ 1469772959

30732800000 S0 1715000 1050 T 31610880000 O &0
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4617 3 1
_ P¥gg+ ——KoP% | In’ » — —— PBggIn® 3.35
+< 248000 80T 16000 g0> 1600~ S0 (3.35)
and
{KGs 80 f20: f1o} = {X°KG, 802 Af2or Mol (3.36)

We can use the exact symmetry (3.28) to relate different sets of {Ko, P}. For the study
of perturbative in P?/K( expansion we find it convenient to set Ko = 1 and vary P2. To
access the infrared properties of the theory we set P = 1 and vary K(. Notice that the two
approaches connect at {Ko =1, P = 1}.

Third, we have:

1

P — Ap, H — XH’
(P, 2, f3.h,K,g} = {P, f2, f3.h,K, g},
Iy, £ Ry — Dty g L a2t (3.37)

This scaling symmetry acts on the asymptotic parameters as

{go, a1,0} = {80, 1,0}, (3.38)
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Ko — Ko+2P?golnA, (3.39)
aso— aso—+ iP“gz—il(olﬂgo 1n,\—iP4g21n2)\ (3.40)
’ ’ 48" °% 16 16- °00 ™ :

3 2.2 5 2 37 4 2
8¢o—>g40+-<T€P ahogo+-gZKbP go—-ggP 8y —3as ) Ini
+ iP4g§+iKoP2go 1n2)\+ip4g§1n3x, (3.41)
64 32 16
ago+ (-2 p2 +1p Lg IO1 opig?
a a ——P-a - — —Koas o — ——
6,0 6,0 40 4,080 5 8084.,0 5 0d4,0 32000 0 80
689743 . 11, 197 4 5 o, 419 ,
_ 27 pogd_ __kop Zp — 7 K2P% ) Ina
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+<144oo 80 Jgp0f 80 ) AT g0 (342)
e 1 11289869889229 1,
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8.0 80T b2y (70K — 141 P2g0) \ 7468070400000 50

- o0~ 80
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9013 5706 131, , 5
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— 18Kgago ) Inx+ | =302 200000 80
< 1469772959 35277 2) . 3

_ Ko — P
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2508800 ° 140
+ 2 K2 5 >ln )
560 0740 T 35940
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+
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K 2 P4 2
+< 19600 " 130%° " 2508800 * 640 0“1’0) 80
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40 8960
3590117 g 4 (93 , 4537 6 3
— Ko )P
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+ (70 4“0 1792 0) ) '
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P¥gy — ——KoP%g | In° A — ——P3ggnS 1, (3.43)
448000 1600 1600
and
(K5, g5 oo o} = (Kos 865 27 fros 271 £} (3.44)
We can use the exact symmetry (3.37) to set
H=1. (3.45)

e Forth, we have residual diffeomorphisms (3.3) of the metric parametrization (3.1). The latter
transformations act on asymptotic parameters as

{80, H, Ko} — {go, H, Ko}, (3.46)
+22 (3.47)
ol 0— o —, .
1,0 1,0 H
I , o L, a?
aso0 — aso+ — P a1080— + -P° 80— (3.48)

4 TCTH 4 H?’
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3 5 a 3 5 o?
— g40— 2P = 2Py —, 3.49
840 = 840 = s PTa1080 7 = 5 P70 7 (3.49)

(=~ L pag2 L P20y + 2 PP Ko 0 +3 “
a, —da o — o - o o1.04 f—
6,0 = 46,0 9% 8010 g P80 o + 5 P goKoar0 10040 ) 77

H(-Lp +5KP +3 o
Yl 0P80 +3a40 ) 15
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(0 4T3y 1417
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10410840 7 1920 0%1.0 T 55600

+ 1 1 o + 761 p2
—o1.0a4
4 70 30 1,044,0 80
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10 0¢1,044,0 1,046,0 H

1791949 ¢ 1793 5 16839\,
2560000 0T\ T 1280%10 " ga000 )" 80
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+ <E“4° 10549 " 256000 T 620

— Saioa4,o +

KO“]{Q) P280

) 9 a?
+ 0a6,0+1—0K0a4,0 T2

145 5 5 P2o 110 o?
+ a4 goalo-l- 120110+96 01,0 go + 10aq,0a4,0 g

N 145P42+77KP . at
- ano ) —
288 192 0T 8070 [
L eoPa S+ Lp? o @3:51)
g80FP o 2 P?g 75’ .
and
{KG. 80+ fror fio) = (Ko g0. fror fiol- (3.52)
As mentioned earlier, the diffeomorphisms (3.3) can be completely fixed requiring that
lim A~ '%p7%2 =0, (3.53)
p—>~+00

i.e., in the holographic dual to the symmetric phase of cascading gauge theory the manifold
M geodesically completes in the interior with smooth shrinking of dS4 (see (3.1)) as p —

—+00.
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3.5. Keeping the physical parameters fixed

Holographic duality between a gauge theory and a supergravity necessitates the dictionary
relating the parameters of the two. Specifically, the non-zero non-normalizable components of
the gravitational modes are mapped to parameters of the gauge theory. From (3.11)—(3.15) these
are: H (characterizing the curvature of the boundary metric 9 M5 in (3.1)), the asymptotic string
coupling g, the number of fractional D3 branes P, and the asymptotic five-form flux parame-
ter Ko. It is straightforward to map the former 3 parameters: H is simply the Hubble constant
of the background geometry on which we formulate the cascading gauge theory; the value of gg
is related to the sum of the gauge couplings of the cascading gauge theory in the far UV (see
(1.4)), and the parameter P is the rank difference of the cascading gauge theory group factors
inducing the renormalization group flow. It is a bit more tricky to identify the last gravitational
parameter — K. The difficulty arises from the fact that Ky cannot be identified in the far UV,
i.e.,as p — oo in (3.14), and thus it is sensitive to the rescaling of the radial coordinate p. To ad-
dress this question, the authors of [6,9] proposed matching the D3-brane Maxwell charge of two
cascading geometries (supposedly dual to the same gauge theory) on a fixed® UV holographic
screen. An alternative (and equivalent) method, first proposed in [23], is to notice that Ky must
be related to the strong coupling scale A of the cascading gauge theory, see (1.3). It becomes
clear then why rescaling of the radial coordinate p requires modification of Ky: holographic
radial coordinate serves as an ‘energy scale ruler’, and its rescaling necessitates corresponding
rescaling of the dimensionful gauge theory parameters (H and A in our case). It is also clear that
the combination of gravitational parameters dual to the ratio of % must be left invariant under
the rescaling. Specifically, in our case the corresponding combination must be invariant under
the gravitational symmetry transformations rescaling the asymptotic radial coordinate p, i.e., the
symmetries (3.28) and (3.37). Turns out that this is sufficient to unambiguously relate K to the
strong coupling scale of the cascading gauge theory. We point out that this approach was used
in [23] and [16], and passed a highly nontrivial consistency check of validity of the cascading
gauge theory plasma first law of thermodynamics in a dual holographic setting. It was also used
in [21].

Recall that a symmetry transformation (3.37) rescales H, and a symmetry transformation
(3.28) rescales P and affects K, while leaving the combination

2

H
+2InH + In P?gy = invariant = —2In A +2InH =1In = (3.54)

Ko

P2go
invariant. The latter invariant defines the strong coupling scale A of cascading gauge theory. In
particular, using the symmetry choices (3.27) and (3.45) we identify

Ko 1 1

2= nng. (3.55)
Notice that (3.55) is not invariant under the symmetry transformation (3.28). This is because such
transformation modifies P2 g0, and thus changes the theory; (3.55) is invariant under the residual
diffeomorphisms (3.3).

As defined in (3.55), a new dimensionless parameter § is small when the IR cutoff set by the

dS4 1s much higher than the strong coupling scale A (and thus cascading gauge theory is close
to be conformal). In Section 3.7 we develop perturbative expansion in §.

6 Fixing a UV screen requires a careful matching of the radial coordinates.
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3.6. Numerical procedure

Although we would like to have an analytic control over the gravitational solution dual to
a symmetric phase of cascading gauge theory, the relevant equations for {f», f3, h, K, g}
(3.5)—(3.10) are rather complicated. Thus, we have to resort to numerical analysis. Recall that
various scaling symmetries of the background equations of motion allowed us to set (see (3.27)
and (3.45))

limg=go=1, H=1. (3.56)
p—0

While the metric parametrization (3.1) has residual diffeomorphisms (3.3), the latter are fixed
once we insist on the IR asymptotics at y = % — 0 (see (3.53)). Finally, a scaling symmetry
(3.28) relates different pairs { Ko, P} so that only the ratio % = % is physically meaningful (see
(3.55)). In the end, for a fixed §, the gravitational solution is characterized by 5 parameters in the

UV and 4 parameters in the IR:

UV: {10, a4,0, a6,0, 43,0, 84,0}
R:  {K{. g5 f20: fio} (3.57)

Notice that 5 + 4 =9 is precisely the number of integration constants needed to specify a so-
lution to (3.5)—(3.10) — we have 5 second order differential equations and a single first order
differential constraint: 2 x 5 — 1 =09.

In practice, we replace the second-order differential equation for f; (3.5) with the constraint
equation (3.10), which we use to algebraically eliminate fz’ from (3.6)—(3.9). The solution is
found using the “shooting” method as detailed in [16].

Finding a “shooting” solution in 9-dimensional parameter space (3.57) is quite challenging.
Thus, we start with (leading) analytic results for 6 < 1 (see Section 3.7) and construct numerical
solution for (Ko = 1, P?) slowly incrementing P2 from zero to one. Starting with the solution at
Ko = P? =1 we slowly decrease K while keeping P2 = 1.

3.7. Symmetric phase of cascading gauge theory at % >1

In this section we describe perturbative solution in § < 1 (3.55) (3.5)—(3.10). Such gravita-
tional backgrounds describe cascading gauge theory on dS4, which Hubble scale H is well above
the strong coupling scale A of cascading gauge theory.

In the limit § — O (or equivalently P — 0) the gravitational background is simply that of the
Klebanov—Witten model [22] on dS4 [20]:

" K
4(1 ++/Kop)?

KO 120’ g(O) =1, (3.58)
where K. o0 is a constant. Perturbatively, we find

o PZ J R o0 P2 J .
fip) = £ XZ(F) fii(0*Ro),  h(p)=h© x Z(T) n(0*Ro).
j=0

0 i—o Ko
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P2 . S P2 J N
K(p)= K@xix ) i(p*Ko). mm=§®xXXTngﬁm)(w%
Ko =0 \Ko
Apart from technical complexity, there is no obstacle of developing perturbative solution to any
order in I};—z. For our purposes it is sufficient to do so to order (’)(1};—2). Notice that explicit p
0 0

dependence enters only in combination p K 0, thus, we can set K o = 1 and reinstall explicit K 0
dependence when necessary.
Substituting (3.59) in (3.5)—(3.10) we find to order O(§) the following equations

2 3 3p% —16p — 16
0= g, — -0 AR T () ) LA T
1 2p(p+ 1) 2p(p+1) 4 4p%(p +1)?
4K 4+7/,1-20f31-3 (3.60)
(p+ Dp? ’ ‘
6 2 3p% —16p — 16
0= f1— 520 (KD o - 2000y,
1 2p(0+ 1) 2p(p+1) 4p2%(p 4+ 1)?
5f21+8f31—4K; —1 (3.61)
(p+ 1Dp? ' ‘
o—p_ P4 /+§(,f (p+2)(f31+4f351) | 9(p* —16p —16) 1
Yope+n AN 2p(p+1) 4p2(p +1)?
17 68 f3.1 — 36K —5
171+ 683 36K =5 (3.62)
(p+Dp
p+6 8
0=K| — - 5 (3.63)
2p(p+ 1) (0 +Dp
” p+6 / 7\2 4
=g/ ———— ¢ +(K) - —, (3.64)
b 2p(p+ D! (K1) (p + 1)p?
along with the first order constraint
(p+Dp 2 (p+HBp+4)
0=f/ +4f/ —i—h/ 42T 7 / AL Ly
A K T 2
2(4 —4K; -1
n @ f3,1+ f2.1 1 ). (3.65)

(0 +2)p
Above equations should be solved with O(8) UV and the IR boundary conditions prescribed
in Sections 3.2 and 3.3. We solve all the equations numerically. Parameterizing the asymptotics
as follows:

e UV, i.e., p — 0 (the independent coefficients being {c1.1,0, k1,40, @1,6,0, @1.8,0- §1,4,0}):

f (-2 +h 2, (L] = 3
=« —— — - —In -+ -« ——In -
2,1 1,1,00 3 ) 1,1,0 ) PP 3 ) 1,1,0 ) PP

+ > ! +4k +91
24 20t110 3140 1611,0
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29 8 5
+ + 01110——16140——1110)/05

8

Inp+ay, 60)06

1 25099
+ 160 —In’ P+—1H,0k140+

38400
3 8379
——In? —-—1 k —1 -3
+ 160 n-p npK1.4,0 — 12800 np—uoq1,0 ai,6,0
L9 17513\ -
15 1407 55600 )°

+ 3 In3p+ 3 In? pk + 6ln k2, o+ 89373 In2
8960 P T a0 " PEIAOT 35 ARLA0 T 5508800

L2791 223043661 .
19600 PK1L40F 351535000 1P T 180 )P
10, (3.66)

11 1 , (1 1 1 5
Hai=aiiop+ ————a1,1.0+§ln,0 P+ Z+—a1,1,0——ln,0 o

2 2 2 2
n 41 1 + 1 4
192 2 o1,1,0 nop|p

(L] 1 >
n
32 206110 ) PP

+<——ln p——lnpk14()

640 15
wlnp—éal10—10160+§k140—7381067 )06
38400 g M0 T g0 T 480 0 T 1228800
+<iln p+1lnpk14o— 6229 lnp—i-zallo
640 5 +07 12800 g b

3 1043 591377 \ -
+Zm@°_2§7‘A°+1msam>p
+<893601 ,0+%01n pk140+3glnpki4’0
L2827 L A9 k14 L lersolel

2508800 19600 o 0™ 351232000

231 231 129741 116879077\ 4
T e L0 T gy meotaisot Tag” 1’4*0—49152000>'°
+0(p°). (3.67)

h1=l—21np+(1—204110)p+<19+05110—1n,0>
2 b 24

n 11 41 n 431+ +1k 1271 4
Y ®1,1,0 11,0,0 1024 ®1,1,0 6140 12811,0/7
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3359 63
—i—(—@— 110——k140+a1np>
656813 189 12233 ]
+ (1536000 Lot 5apka0 = m“‘p)"
4213513 1201 11599 ;
+< 10752000 T L0 a0 M40 ToR00 hm)”
9 12 12441
( 7168 0 p = Jip0” ko — T Inpki 4o + Fo I’
T M2 BOBTIL 6T
15680 105 280985 600 64
693 15 17860741 110837461177\ 4
T3y 60 T T A80 T ey K140t 16850136000 )p
+0(p%); (3.68)

Ki=—2Inp+ L2 ]3+k +3ln
1= ptp—gp —op 40+ o np

33 3
2k 40— —1 3
+<64O 1,4,0 D) nP)P

307 35 35 1031 15 45
+ (—— + —k1 4,0+ —1n,0>,06 + (— — —ki40— —lnp)p7

3072 256 7168 4 256
24077 1155 3465
24077 | |
< 131072 T 256 140 T 15384 “p)p +0(p); (3.69)

—__1 _|_l q+ 4+ —— +4k In +—1I1
81 2:0 2:0 81,4,0 54 1,4,0 o 32 p ,O

31 15 3
+|—==-2 —2k +|——8k Inp— —1 3
( 128 81,4,0 1,4,0 (16 1,4 0) np n p)p

16
3671 35 L len
92]6 gl4() 36 1,4,0
. 497+35k ps 350 (531 83,
3g4 T 3 LA0 )P L o’ 1024 4 81407 pftL40
103 45 81683 1 1155
— — 15k Inp— —1n%p )p’ — =k —
+<64 ‘“’) P08 p)p +<131072 2140 T 555 81,40
7117 15499 27
—k - 118k 1 1o )t +0(0°%):  (3.70
+768 1,4,0 ( 2192 + 140) n,0+64n,0)/) +0(p”) (3.70)

e IR ie.,y= % — 0, (the independent coefficients being {a{”o, bfo, g?yo, k{l,o}:
fa=aly+0m),  fi=bly+00).  gi=gly+00),
A 6 18 , 72 4 h 2
Ki=kKo+00)  hi=(-2+zafo+ <blo—8k, )y +0(7). 37D
we find
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@110=043427@8),  ki40=0.0482909),  aj60=—0.40703(7),
ais0=—042707(1),  gi40=—026443(7),  a,=—0.15661(4),
bl ,=—-037883(6),  gi,=-072222(2), k| ,=—1.10592(2). (3.72)

In an analogous way, it is possible to go to second order in § by taking Egs. (3.5)—(3.10)
and evaluate them with the expansion (3.59) to second order in §. Then, we will get equations
for functions f22, f3,2, h2, K2, g2. As with the first order equations, one uses the UV and IR
boundary conditions prescribed in Sections 3.2 and 3.3. Setting H = 1, we get that the inde-
pendent coefficients in the UV are {a2,1,0, k2,4,0, a2,6,0, 02,8,0, §2,4,0}, while those in the IR are
{(1’21 0 bé’ 0 gé’ 0 ké’ O}. Solving numerically, we find the values of these constants to be

a2.1,0=0.35729(1), k2,40 =10.18423(1), az6.0 = —0.48877(2),
az.g.0 =—0.60853(7), g2.4.0 = —0.64457(3), aé’yo = 0.54009(5),

by, =0.638054),  gh,=031165(0),  ki,=1.65246(0). (3.73)
We can now identify the leading O(8?) values of general UV and IR parameters (see (3.57)):

2
ajo=—1—aj 1,06 —azi,0d",

1 4 139 2 22k 4k
aso = (——+§k1,4,0>8+(— Lauo 28140 22Kia0 2’4’0)82,

12 1152 24 3 9 3
84.0=81400+824008%,

29 8 1
aso=\|a160+——zkiso+ zor10])9

9% 3 2
145 Saji0 i axio 48140 n 44ki 4.0
576 32 4 2 3 9
4a k 8k
_Aai0kia0  8kaa0 +areo )82,
3 3
17513 98
as.o (al,s,o ai 6,0 75600 o1,1,0 + G 1,4,0)
87973 15353a110 4l
192000 25600 2

—2ay,1,0a1,6,0 — @2,1,0 — 3a2,6,0 + a2,8,0 +
4 101g1,4’0 _ 2423](1’4’0 178a1,1,0k1,4,0 98]{2’4’0)52

(3.74)
30 180 15 15

Ki=1+K 8 +ko8%  gh=1+glys+g,8%
fo=1+algs+ahos®  flo=1+blgs+bl, 8% (3.75)
where we set Ko = 1.

Fig. 1 compares the values of general UV and IR parameters «1,0, a4.0, d6,0, 48,0, 84,0 Ké’,

gé’, fzho, f3h o (see (3.57)), with their perturbative predictions at linear and quadratic order. The
results for first and second order will help to correctly initialize the fully non-linear calculation
and at the same time provide a verification of the results, at least for small enough §.
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Fig. 1. (Colour online.) Comparison of values of UV parameters {] ¢, a4 0.4d6,0,%8,0, 84,0} and IR parameters
{ag, bh, K(})', gg} (see (3.57)) in the range § € [0, 1] (blue curves) with their perturbative predictions (3.74)—(3.75) at
first (green dotted) and second order (red dashed) in §.
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4. Cascading gauge theory on dS4 with spontaneously broken chiral symmetry
4.1. RY3 — dSy deformation of Klebanov=Strassler state of cascading gauge theory

N =1 supersymmetric ground state of cascading gauge theory on R3! — referred to as
Klebanov—Strassler state — spontaneously breaks chiral symmetry [8]. A natural route to con-
struct a x SB state of the theory on dS; is to “deform” Klebanov—Strassler state: RY3 — dS4. We
explain now how to achieve this in a “continuous” fashion.

Consider the five-dimensional metric of the type:

1
ds? = g, () dy" dy' = ¢} (—dl2 +3 coshz(Ht)(dS3)2> + c3(dp)?, 4.1)

where ¢; = c;(p). We will be interested in x SB states of cascading gauge theory on dS4 with a
Hubble scale H. One can derive equations of motion from (2.1). Alternatively, we can construct
an effective 1-dimensional action’ from (2.1), by restricting to the metric ansatz (4.1), and the
p-only dependence of the scalar fields {@, k;, £2;}:

SS[g/LV’inhiv¢] = Sl[Ci,.Qi,h[,d)]. (42)

It can be verified that equations of motion obtained from S; coincide with those obtained
from (2.1), provided we vary® §; with respect to c3, treating it as an unconstrained field. The
1-dimensional effective action approach makes it clear that the only place where the information
about dSy enters is through the evaluation of Rs in (2.2):
8" 8cch  12(c))? 12
Ry—_Sc  fas B 15 (4.3)

2 3 22 2
cscl c3c1 cscy o

where derivatives are with respect to p, and k = H 2,
4.2. Equations of motion

Asin (3.1) and (2.8) we denote

c1 =h_1/4p_1, C3=/’l1/4p_1, ®=Ing,

h1=%<%—36.§2@>, hzzl%l{z, h3=%(%—36.{20),

R (44
The equations of motion obtained from Si[c;, £2;, h;, D] are

0= f/— % e D2 Sfe  Je&)?  3ffi 63/

2fc  p? 8g2 4fy  16fpp?
63fs  3fc _ felf)?  3fafl S felFy)?
16fal02 fap2 8fa2 4fa 8h? Sbe

_|_

7 Effectively, in obtaining S we perform Kaluza—Klein-like reduction of the effective action S5 on dSy.
8 This produces the first order constraint similar to (3.10).
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3f. 63 K? 3gP?
for® 8% 8fZh2f2p2 ' 2f2hp?
Jefaty 27K K3 K2K?
C 2afs 32fahfegPP07 32f202 f70?
K> K? K3K? 3f(K)?

BfZH2 20> 321202 fF0>  32nflgP?
3f.(K5)?  3gP’K} 3gP’K} 3gP2K;
32f2hgP? " 8hf2p  8f2hp*  2fZhp?
9f2  fh KiKiK3
 falor® T ho 16 £212 22
K)K1Ks  gP?f.(K))? 27K? 27K2

T8RS 12fuhfs | GAfahfosP20R | 64 fafrg P20 )
0= f7— 45 2 fal  gPHKD?  5(K5)?
16f fop> ~ hp 36hf,  32fshgP?
Safpfl D Sfa 31,
Adfefo  8fa P> p
. KIK} K2Kf  K3K§ 3gP’Ky | 3gPK;
2 fah? f70%  8fcfuh®f20>  32fcfah® fE0?  2fcfahp? 8 fcfahp?
B 9K? B 9K} 3fa  3fe
64 fhfpg P2p* 64 fchfpgP?p?  fop®  fop?
9K K3 K3K K3
32 fehfpgP20%  16f fuh2 £ p?
K2K K3 5fug P*K3 K? 3g P2
TSI SRS S SIfah [0 2fefahp?
C3faKDP 9 fu@)?
32nfrgP?  p? 8g2
Capey Jady  Sfa FlB | Ofa | a2 216 “6)

2fp - Afe  8fF  Bfep® B8RP 16fcp*

0= - 3y U S 45f  hh KE o 3fp(KY)?
p o 8fs P> 16fcfap®  ho  8fh2f2fpp?  32hgf7P>
K3K? K»K? K3K?
32fch? f7 fop?  Bfch? f7fop?  32fch® [ fop?
9K} 3gP’K;
64 fohg fu P2 p? fehfop?
9K3 5¢fpP> | 3fp | 3fe

— — + +
64fchgfap2p2 2fchfa2102 falo2 falo2
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_ fofifa | 5(KD? | gPA(K))?
dfcfa  32hgfpP? 36hf,
9 211 97, K3K K3
p?  16f.p%  8fep*  16fch? f2 frp?

K2K K3 S¢fvP’K>  5gfpP?K;
8fch2fasz:02 chhfazpz 8fChfa2102
9K K3 fr(g)? 3
32fchgfaP?p*  8g?
foly _ HUD? | Bf f)
2 fa 812 4f. 8h2

3hfpke

+

252 2 212
0=h//+ KZKI _ K2K1 KZKS

Aff2f2h0?  fof2f2hp*  Af.f2 f2hp?

9K} 9K?
+ +
16fcfafbngP2 l6fcfabe2gP2
2hf! N 4hf) 4nf,  (K))? (K})?

a

252
gP°K;

fep  fop fap  8f2gP%  8f2gP?
gP*K?  2gP?K,  flN
2fef20> fef20? T 2fe
Wiy W f, 16k (W)?

+ + 12h%

K2K K3 K?
fcfaszzhpz fcfaszzhpz
2¢P?  gP*(K})?

9K1K3 3n

2fcf;,2:02

K3Ki K3
fo o fa PP h 2f f2fyho?

M7 AT A A Ty

gK3K1P?  gK3K3P? 4gK K P? 2gK,K3P?

0=K| -
Y fofRhe? T fef2hp? fef2hp?

Ky 9/pK3
2fcfa)02 2fcfa/02

WK\P KL Kig KW LK) 3K[Kif

Cfef2he? T 2fe g h fa

¢K2K, P? ~ gK3K3P? 22Kk P?

fcfazhpz

0

9faK1

Jb

’

9faK3

131

“4.7)

(4.8)

(4.9)

K3 fi

0=Ki+

Kég’ féKg th’ 3K§ Kéf(j
- + - - - — _7
8 Ib h P Ja

FofPho®  fofPho:  fofPhp® | 2fcfor®  2fcfop?

2fe

(4.10)
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0= Ké/ _ 9/ K> . 9/fuK> 9/ . 9K2K12 I 9K>K K3
2fcfap2 2fcfbp2 fcftzp2 8fch2hfbfap2 4fch2hfbfap2
9K K2 9K} 9K K3 K, f!

B Sfcgpzhfbfapz 4fch2hfbfa,02 B 4fch2hfbfa,02 2fe
K.g’ K'n' 3K/
28 ot 272 @.11)
8 h P

g2P2K;  ?P’K] | 28°PK,
2fe 2 2f f2hp?  fef2hp?
9K} 9K?

+ +

16fc‘fafhhp2p2 16fcfafhhpzp2
_@r 9Kk (K> (KD?
g 8fcfafhp?>P?  8f2hP? " 8 fZhP2
2g2P2 g2P2(K£)2 g/fcl

Cfef2ho? Ofufsh 2.
n ' fa N 'ty 3¢
fa fh 1%

Additionally, we have the first order constraint

Ozg//

4.12)

8 > > 2., ASPKGfIPY Agf2fIPA(W)?
0= 58 (K3) fofaP* + (K5) " f5 + (K) " f2 — —25 L
9 fep h
4h(g? f2fEP?  96hgf2f,P>  96hgf. f7P?
+ + 5 + 5
o P
96hgf? fiP* 4gKiP?
2 fehp?
OK1K3fofa 328f2 17PN
+ T+
fep o
16g°K, f7 P+ 4g*K3 f2P*
fcpz fc/)z
gK3K?P? 4gK,KPP? gK;K;P?
fchlo2 fchp2 fchp2
N 64hgfy P f; N 64hgfa [P,
o P
32f.hgfafo P> 18hgfaf; P?
— 16hgfa fo P2 f) 11 — -
“ alb 0? fep?
_ 18hgf; frP? N 36hgf2 f}P? 3 9K3 fi fa
fcp2 fcp2 fcp2
PP — st Py - (ST 26K
8Jp a 8Ja b fc/02 fchP2

+96h%g f2 2 Pk

2
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 4gKoKiK3P? 8hgfi P flf,

fchlo2 fe
2 2 p2 ¢/ 2 2 ¢l gt 2
y HSTIRPAL PR 9K o @)
Jep fe 2fep

We explicitly verified that for any value « the constraint (4.13) is consistent with (4.5)—(4.9).
Moreover, with

fe= 12 Ja=fo = f3, Ki=K3=K, K> =1, 4.14)
Egs. (4.5)—(4.13) are equivalent to (3.5)—(3.10).

4.3. UV asymptotics

The general UV (as p — 0) asymptotic solution of (4.5)—(4.13) describing the phase of cas-
cading gauge theory with spontaneously broken chiral symmetry takes the form

3 0 1 L, 1.5 2
fe=1—a10p+ —ggop —ZKO'FZ“LO'FEP golnp )p

1 o
+ 3 PPen.0800° +2;f0,n,k p"In*p, (4.15)
n=:

2 4 4 2

o
AN famk p" 0 p, (4.16)

n=4 k

L 1 L, 1., 2 3
Ja=1—ai0p+ | —580P — Ko+ ajg+ 5P glnp |p”+ fa3.0p

1 1 1 1
fo=1—arop+ <—§goP2 = Ko+ gafo+ P70 lnp>p2

1 o0
+ (—P2a1,ogo - fa,3,o)p3 + ) fonxp" I p, (4.17)

2
n=4 k

1 5 1 I , 5 1
h:gg()P +ZKO_§P golnp+|—-P goln,O+EK0 o100

1 5 5 119
L eaP =2 P20 2 ko a2 7 ph,2
+ (( 180 g Prgolnp+ 2 0)“1,0 T 3761 80

31 1 1 31 !

+ %PzgoKo + gK(% + §P4g§ Inp? — 4—8P4g(2) Inp — Elin280K0>/’2
5 11 5

+ ((—ZPzgo Inp — ﬂgon + §K0>ai0

3 23 19 3 23
+ <§P4g§ Inp? — EP“gg Inp + 6—4P4g3 - 51inzgoK0 + 3—2P2g0K0

3 oo
+ §K§>0l1,0> PP Y D haie" I p, (4.18)

n=4 k
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Ky =Ko —2P%gylnp — P?ay 0g0p
1 1 9 1
+ (-szaf,ogo - ZP4g(2) Inp + 1—6P4g§ + §P2g0K0>p2

12

1 1
+ (——a%’ogop2 + —goPZ(—36P2go Inp + 13P2g0 + 6K0)C{1,()

48

1
+ 1380 P2(96fs 300 p 432 fa3.0 + 32k2,3,0)),03

oo
+) ) ke Ink p,

n=4 k
3
Ky=1+ (kz,s,o - Zal,()Png Inp + 3fa,3,olnp>p3

o
+Y > ko p" I p,

n=4 k

K3 =Ko —2P%golnp — P2y 0g0p

1 1 9 1
+ (-szaf,ogo - ZP4g(2) Inp + 1—6P4g§ + §P2g0K0>p2

1 1
+ (——a%’0g0P2 + Egopz(lzngo Inp + 29P2g0 + 6K())Ol1’0

12

1
~ 1380 P2(96fs 300 p 432 fa3.0 + 32k2,3,0)),03

oo
+) ) ke nk p,

n=4 k

1o o 1 2, .3 = nqok
g=go<1—§P g00> = S0P 200> + 3 3 gn k"I p ).
n=4 k
It is characterized by 11 parameters:

{Ko, H, go, a1,0, k23,0, fc,4,00 fa,3,0, fa,6,00 fa,7,00 Ja,8,0, 84,0}

In what follows we developed the UV expansion to order O(p'%) inclusive.

4.4. IR asymptotics

(4.19)

(4.20)

4.21)

(4.22)

(4.23)

As in Section 3.3, we use a radial coordinate p that extends to infinity, see (3.4). The cru-
cial difference between the IR boundary conditions for a chirally symmetric phase discussed in
Section 3.3 and the IR boundary conditions for a x SB phase discussed here is that in the for-
mer case the manifold Ms geodesically completes with (a smooth) shrinking to zero size of
dSs C Ms, while in the latter case, much like in supersymmetric Klebanov—Strassler state of

cascading gauge theory [8], the 10-dimensional uplift of Ms,
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Ms — Mijg=Mj5x X5, 4.24)

geodesically completes with (a smooth) shrinking of a 2-cycle in the compact manifold X5 [8].
Introducing

1 _
> W=y=h, =V fabe (4.25)
the general IR (as y — 0) asymptotic solution of (4.5)—(4.13) describing the x SB phase of cas-
cading gauge theory takes form

h h h ooh
#h 3 <_19(k2,2)2P280 3 0 _3fa,0k2,4 13P%gh 6

yE

frd [ K J— + —_
¢ 470 540h 47070 2kE, AS(fR)2mlE S
h h \2 h \2 h 1h
Jaokiz)™ 27 n 193 1) 3k7 5k3 >y2
64P2glhy  SfIokh,  320P2fR glht 20k P2 f gl
o0
+ Yy (4.26)
h \2p2 h 1h
fh= hO (17(k2,2) P g iy Ohh Jaokz4
a — s h h
¢ 405k @ K,
| 4Pg 11 faolkiy)?
A5(fr2hg 5 48P2glhl
N 18 17(kh1)2 ki k5 )
SFh kb 240P2 fh 10k, P2 fh
a,0%2,2 ogo 2.2 ogo
o0
+ > fr (4.27)
oo
=3+ £l (4.28)
n=2
h p2/h 2 h \2 h \2
W ph <_80P (k2,2) (hh)2 4g(})'P2 (k1,3) (kg,,]) ) 5
= S0° 227 - — —
271, 9fr)?  48gi P2 16g) P2(f))?
+Zhh m (4.29)
Ky =kl 5y +Zk1ny2”+1 (4.30)
n=2
o0
Ky=Ki Y+ K04+ K, v, (4.31)

n=3
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heph h hiph 1h h 1h
h 41P280(k2,2)2k3,1 4P2gok2,2k1,3 T hih 1, k3 k3
K3=k3’1y+ h h h h +_h0k3,lK__k1,3+ h
810 f) \ht 135 £%  nl 10 5 kb
N 2P2ghkh AKL (kD) 18Kk% | ~ 41(k% )?
15( f£0)3h’3 510 480P2ghnlt 5 f£0)2k’g’2 480 P2( fcﬁo)2g3hg
K (kS )? ) s
s s 3 h 2n+1
- YA+ ) k3, (4.32)
o2, )t 2
heph h \2 h
g=g(1 <P2g0(k2’2)2 4Py k)T sy ) 2
0 27 1 ohi Ofr)3h  48P2high  16P2(f1 )2k gl
o0
+) e y2”> . (4.33)
n=2
Notice that the prescribed IR boundary conditions imply
. 1 .y 1/2
lim 22 = lim = f,h"/? = lim = f,(h")"'" =0 434
lim 23 yl_%6fb lim < fo(h") . (4.34)
with all the other warp factors in (2.4) being finite. Moreover, see (2.4),
: 1 12(1
lim (23 8-+ 93 [+ ) = g 7o) (58 + 4 ), 35

which is the metric of the round S which stays of finite size in the deep infrared as the 2-cycle
fibered over it (smoothly) shrinks to zero size (4.34). Asymptotic solution (4.26)—(4.33) is char-
acterized by 7 additional parameters:

{ff,o’ hg, k{ls’ ké’,z’ ké”4, ké”l,gg}. (4.36)

In what follows we developed the IR expansion to order O(y'?) inclusive.
4.5. Symmetries and numerical procedure

The background geometry (4.4) dual to a phase of cascading gauge theory with spontaneously
broken chiral symmetry on dS4 enjoys all the symmetries, properly generalized, discussed in
Section 3.4:

1
e P—> AP, g—)xg,

{0, fab.c: b, K123} = {0, fabe, 1y K123}, (4.37)

1
e P— AP, p—> —p,

A
{h,Ki3) = 220, K13Y, {fabes K2y 8} = {fabcr K2 &), (4.38)
1
e p— Ap, H— XH,

{Pv fa,b,c'v hs K1,2,37 g} - {P3 fa,b,c, h’ K1,2,33 g}» (439)



A. Buchel, D.A. Galante / Nuclear Physics B 883 (2014) 107-148 137

P P P
P p p/(1+ap)
h h (1+ap)*h
° - A = _ , o =const. (4.40)
fa,b,c fa,b,c 14+ ap) 2 fa,b,c
K123 K123 K123
g g 4

e Thus, much like in Section 3.4, we can set
ﬁ =In ! l
P2 AZP2 S
The residual diffeomorphisms (4.40) are actually completely fixed once we insist on the IR
asymptotics as in (4.26)—(4.33).

=1, H=I, (4.41)

The numerical procedure for solving the background equations (4.5)—(4.13), subject to the
boundary conditions (4.15)—(4.22) and (4.26)—(4.33) is identical to the one described earlier, see
Section 3.6. Given (4.41), for a fixed §, the gravitational solution is characterized by 8 parameters
in the UV and 7 parameters in the IR:

UV: a0, k23,0, fc,4,0, fa,3,00 fa,6,00 fa,7,0, fa,8,00 84,0},
IR: {flo, hg, kis, Ky Ky g K2y gl ) (4.42)

a

Notice that 8 + 7 = 15 is precisely the number of integration constants needed to specify a
solution to (4.5)—(4.13) — we have 8 second order differential equations and a single first order
differential constraint: 2 x 8 — 1 = 15.

In practice, we replace the second-order differential equation for f. (4.5) with the constraint
equation (4.13), which we use to algebraically eliminate f, from (4.6)—(4.12). The solution is
found using the “shooting” method as detailed in [16].

Ultimately, we are interested in the solution at k = H? = 1. Finding such a “shooting” solution
in 15-dimensional parameter space (4.42) is quite challenging. Thus, we start with the analytic
result for k = 0 (the Klebanov—Strassler state of cascading gauge theory), and a fixed value of §,
and slowly increase k to x = 1. We further use the obtained solution as a starting point to explore
other values of §.

4.6. k-deformation of Klebanov-Strassler state

We begin with mapping the Klebanov—Strassler solution [8] to a x = 0 solution of
(4.5)—-(4.13). We set

=1, P=I 4.43)
N =1 supersymmetric Klebanov—Strassler solution takes form”:

ds? = Hyg? (—di® + dx} + dx3 + dx3) + Hy§ o? ggdr?,

Qi=wixsHs,  hi=hiks, (4.44)

9 See Eqs. (2.22) and (2.34) in [18].
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coshr — 1 (rcoshr 1 r
hiks= ( —1>, hz,Ks=—(1— >

18sinhr sinhr 18 sinhr
coshr +1 (rcoshr
h = -1}, =1,
3KS = I sinhr ( sinhr ) &
€23 62/3121/52 n’
WIKS = —F—=% > w2 KS = ——=—cosh -,
\/EKKS V2 2
2312
€ KS ... T
w3xs = —KS ginp (4.45)
NG 2
with
. (sinh(2r) — 2r)1/3
Kxs = 73 =
21/3 sinhr

o — 16((9h2 xs — 1)h1 ks — 9h3 xsh2 ks)
Ks 968/31612(5 sinh?r
20=0, (4.46)

’

where now r — o0 is the boundary and r — 0 is the IR. Above solution is parametrized by a
single constant € which will be mapped to K¢, and which in turn will determine all the parameters
in (4.42) once k = 0.

Comparing the metric ansatz in (4.44) and (4.1), (4.4) we identify

(dp)*

= (w1 ks (M) (dr)?. (4.47)
Introducing
7= e_r/?’, (4.48)

we find from (4.47)

Z

1 V/6(2¢)%3 /d ub —1

0 4 20—+ 1208wy B

(4.49)
1
In the UV, r — 00, z — 0 and p — 0 we have

_ V626
=

e—r/3

=z p<1+Qp+Q2p2+Q3p3+Q4p4+Q5p5

27 , 6 2T 4 9 4 9 4 27 4 6
2L etm3 L et o4 et lne + 2t
+(80e 3+ Q7 200¢ T 16¢ M2t g€ net g ine)p

63 189
+ (—R64Q1n2+ EEA‘QIH?) + Q7

729 ., 63, 189 7
= —e*ol —~ 01
+800Qe +206 Qlne + 0 Qe"Inp |p
2403 , , 63 4 189 ,
—_— - — In2+ — In3
+<4006Q 4eQn+2ern

63 189
+ ?64921116 + 08+ we4Qzlnp)p8
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189 9729 189
+ (—64Q3 e+ -t Q- et n2

400 4
567 4 9 403 10
+2—Oe Q°In3+Q° + Q’Inp |p +(9( Inp) |, (4.50)
where
1
V6(2¢)%/3 1—u® 1
Q:i du B -— -1
4 w?(1—ul2 + 12uImu)/3  u?
0
6(2 2/3
—\/_(%) x 0.839917(9). 4.51)
IntheIR,r—>O,z—>l,and%—>0wehave
V6213 223313 71.323.213
r=31/3,€2/3y< T 5 an Y T a5 e Y +0(y )> (4.52)

Using (4.50) and (4.52), and the exact analytic solution describing the Klebanov—Strassler state
of cascading gauge theory (4.45), (4.46) we can identify parameters'’ (4.42)

5 4 2
K0=—1n3+§ln2—§lne—§, ajo0=29,

3.6 3
k3.0 = %62(3 In3—5In2+4lne),  fo40=0,  fizo= iez
27 81 81 27 36
= (-2 + = + I3+ —Ine ) + X032,
fa60 ( 16" T50 50" a0 n6>€ T
“/—2 4
faz0= %Q(2268—18001n2+14401ne+10801n3)e + 2—&20%,
3.6
fa8.0= §Q2(270 —180In2 +1081n3 + 1441Ine)e* + T\/_QSEZ,

g4)0 = 0, (453)
in the UV, and

flo=213.323 .45 pl =78 x 0.056288(0),

A 4\/6 N 22/3 \ 11 .21/3 .32/3
Ms=ga 227 3273 4730 24775 8B
44/6 - 21/3 .32/3
K= —— =1, (4.54)

in the IR. Notice that inverting the first identification in (4.53), € = €(Kp), we obtain a prediction
for all the parameters (4.42) as a function of Kj.

Figs. 2 and 3 compare the results of select UV and IR parameters in (4.42) obtained numeri-
cally (blue dots) with analytic predictions (red curves) (4.53) and (4.54) for the supersymmetric

10 We matched the asymptotic expansions (4.15)—(4.22) and (4.26)—(4.33) with the exact solution (4.45) to the order we
developed them: O(p'0) and O(y'9) correspondingly.
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Fig. 2. (Colour online.) Comparison of values of select UV parameters {f4 3,0, fa,6,0- k2,3,0} of Klebanov—Strassler
state obtained numerically (blue dots) with the analytic prediction (red curves), see (4.53).

Klebanov—Strassler state. In this numerical computation we must set ¥k = 0. Notice that in
Klebanov—Strassler state the string coupling is identically constant, i.e., g = 1. The latter in
particular implies that g4, 0 =0 and gg = 1. To find our numerical solutions, we set those values
as constants and eliminate the second order equation (4.12) for g, finding excellent agreement
between the expected and the numerical result.

As we mentioned earlier, we are after the states of cascading gauge theory with broken chiral
symmetry on dS4, i.e., the deformations of Klebanov—Strassler states at k = 1. In practice we
start with numerical Klebanov—Strassler state at Ky = 0.25 (P = 1) and increase « in increments
of 8k = 1073 up to k = 1. The resulting state is then used as a starting point to explore the states
of cascading gauge theory on dS4 with x SB for other values of Ko # 0.25.

5. Ground state of cascading gauge theory on dSy

Recall that effective potential V4 of a theory on dS4 is defined (by analogy with the free
energy density in thermodynamics) via

e—VfVQﬁ‘ = Zg, 5.1

where Zf is a Euclidean partition function of the theory on dS4, and V4E is a volume of the
analytically continued de Sitter, dSq — S4,

VE=_"—1. (5.2)

For a cascading gauge theory with a dual gravitational action given by (2.1), the effective poten-
tial is
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Fig. 3. (Colour online.) Comparison of values of select IR parameters {K g’ D Kél 4 K {1 3} of Klebanov-Strassler state
obtained numerically (blue dots) with the analytic prediction (red curves), see (4.54).

o]

Ver = / dp LE, (5.3)
PUV
where L is the Euclidean one-dimensional Lagrangian density corresponding to the state, and

puv is the UV cut-off, regularizing the Euclidean gravitational action in (5.3). Briefly, holo-
graphic renormalization of the theory modifies the effective potential

) 00
/ dp Lg— f dp Lg+ Sé[]{[\/ + Sf&%terterms’ 5.4
pUV pUV

to include the Gibbons—Hawking and the local counterterms at the cut-off boundary p = pyv in
a way that would render the renormalized effective potential finite in the limit pyy — 0.

Here, we have to distinguish two states of cascading gauge theory: with broken (we use the
superscript ?) and the unbroken (we use the superscript *) chiral symmetry. These states are
constructed (numerically) in Sections 4 and 3 correspondingly. Given a cascading gauge theory
on dSy, i.e., having fixed its strong coupling scale A, the dilaton asymptotic value ggp, the rank
offset parameter P, and the Hubble scale H, the true ground state of the theory minimizes the
effective potential Ve

We now present some computational details of Vf — the effective potential of the state of
cascading gauge theory on dS4 with (spontaneously) broken chiral symmetry. Using the equa-
tions of motion (4.5)—(4.13), it is possible to show that the on-shell gravitational Lagrangian (2.1)
takes form
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108 d (263¢,2,02202
) (L (PR e, 302)

E= x
167 G5 dp c3
1/2 ’ 1/2
__ 108 % i fafb(ph +4h) + = K hfafbf (5.5)
167w Gs dp 216hp% 18 p3 ’ '

leading to

167Gs , _ _<fc1/2fafb(,0h/+4h)) o 7dp Wfafo £

108 " 216hp* p—pry 18 P
puv
o0
_( cl/zfafb(Ph/+4h)> & / gp Mt hfafbf“2 56
216hp* p=pyy 18 2 03
where we used the fact that (see (4.26)—(4.29))
12 W+ 4h mV1/2 ¢h ch phy
lim Je' " fa fo(ph" + 4h) — _ lim (fc) fa fb( ) —0. (5.7)
p—>00 216hp* y—0 216h"

Both terms in (5.6) are divergent as pyy — 0. First, using the asymptotic expansion
(4.15)—(4.18), we isolate the divergence of the integral in (5.6):

1
12,
/e fbf
Tpyy = —6k / dp ==5— —Iﬁmw+Zﬁuv,divergem+O(PUVMZPUV)» (5.8)
pUV
\ odofe"h
ﬁmte —6x / dp ( jdivergent)’
0
1 /1 1
jdtvergent p_ ggOP + KO_EP golnp
1
2 2
+p2 <4a1 080 P 1np—Ea10(5goP —|—2K0))
1 1 1 2 5 4 o
+;( 3 Kgoln p—i-(gKoP Kgo—l—&P kgo |Inp
1 b 2 67 4 5 2 l
— )2 —P — —KpP , 59
T 1 (@0) Po0+ 155 Pless — geKoPPkgo — 5K (59)
1
b b
Ipuv,divergent = —bk / d,o jdivergent
pUV
1 3 3
=— <—Kg()P2 In pyy — —K(—g0P2 + 2K0)>
Pov \2 8

1 3 3
+ pU_V <—§/{ot%’,0goP2 In pyv + gkalb’o(gon + ZKO))
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1 1
— ZK2P4 In® pyy — — K (=72KoP?kgo — 60P*kg]) In® puv

192
I
- @K(—n(a’f,o)zP g0 — 67P*k g3 + 60Ko P*kgo + 36K3K) In puv
1 R ) 2
{15k (~720k g0 P — 144K — 144t o Ko + T2g0P?) |, (5.10)

where in the last line we separated the finite piece coming from the upper limit of integration in
gUV’ divergent” The superscript © in the UV parameter « 1,0 is used to indicate that it is computed in
the phase with broken chiral symmetry. Combining the divergent terms in (5.10) with divergences

of the boundary term in (5.6) we find

167 Gs 1 1 1
o5 Vetr = | Vetr—a 4+V +Vﬁ - 2+Vﬁ‘71 +Vigo
+O(p°)} : (5.11)
P=pUV
with
Ko—2Inp
%4 , 5.12
o477 27(1 + 2Ky — 4In p) (5.12)
b
Vb _ o‘1,()
=37 27(1 + 2K — 41n p)?
x (161np? — (4(1 +4Ko)) Inp + 1 + 2K +4K3), (5.13)

)V /—— !
=27 3888(1+2Ko —41np)3
+ (32(43 4 333Ko — 108(ar? ) + 324K3 — 324Ko(a? )°)) In p?
— (4(~97 + 344Ko — 360(a? ) + 1332K3 — 864K (a? ) + 864K
— 1296K3 (e} 4)*)) Inp — 99 — 194K +36(ar? ) + 344K3 — 720K0(a? )’

(69121n p* — (192(37 + 72K0 — 36(a? 1)) In o>

+888K; — 864K3 (ol o) + 432K — 864K (f o)), (5.14)
“1,0 _ 5 EPYIIRY: 4
Vi1 = S T2k Ay (—276481np° + (1536(32 + 45K0 — 6(af 5)*)) In

— (64(413 + 1536K0 — 108(cr} ) + 1080K3 — 288Ko(er? ;)*)) In p°

+ (48(161 + 826K — 88(ar? ) + 1536 K3 — 216Ko(a? ) + 720K
—288K2(a? o)7)) In p? — (16(134 + 483K +21(a? ) + 1239K3
—264Ko(a? o)’ + 1536K3 — 324K2 (o} o) + 540K — 288K3 (o} o)7)) Inp
+301 + 1072Ko — 300(a? ) + 1932K3 + 168Ko(a? ;) + 3304K;

— 1056K3 (e} ) +3072K] — 864K3 (o )’

+ 864K — 576K} (o} )°). (5.15)
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1 2
Vb o= ———1Inp* + ——(13+ 12Kp) In p? — ——— (103 + 312K, — 576
70="g "0 3456( 12K0)Inp? = 5 (103 -+ 312K0 = 576 (e

+ 144K3) Inp, (5.16)

where weset P =1, go =1, k = 1, and used (4.15)—(4.18). Turns out that all the divergences are
removed once we include the generalized1 ! Gibbons—Hawking term, see [23],

108 1 1 nl/4 gl '
SO = —(cti2303) = _f’/4( f'f4f“f") . (517
87Gs c3 p=pyy STGsh p p=puv
and the local counter-terms obtained in [23] with the following obvious modifications:
1 1 6
K=K+ oK efT=32, 9§<T=§(92+93). (5.18)
We find
9 2 3 b \2 59 805 3 ,
167TG5Vﬁr = 3fc 4,0 + 32(0(1 0) + EKO(O{I O) + — 43 () + m — Zal,OKO
3 1
1 h ph ny1/2
- gal 0 §K0 +Z ﬁmte /dy —6h f fb (f ) ) + Vambtgult)’
0
Vb —36k? K2 — 36K Ko — 36K2 (5.19)
ambiguity — 1720 2 3>
where Vambl quiry COMES from the renormalization scheme ambiguities {Kl.b }, see [23]. Note that

the ambiguities are completely specified by the gauge theory parameters, i.e., {Ko, P, go} and
the Hubble scale H (the non-normalizable coefficients of the holographic gravitational dual).
Identical analysis for the symmetric phase leads to

805 3 59 9 3 3

2 2
16JTG5Vﬁc—3a4o+ 152 Sai’0+48K0+32( iO) —Zaf’0K0+%(Oéio) Ko

1
1 1/2
SKO +7 ﬁnzte /dy 6hh f3) ( f2) / )+Vémbiguity’
0

1

13

ﬁmte 6/d10( :
0

s Lol 1 1 11 1,
jdivergent = F 3 + ZKO ) Inp |+ —2 ZOl]’O Inp — EQI’O(S +2Ky)
4

1/2

s
- L7divergent) ’

%(—élnzp—l—<8K0+:8)lnp+li6(ai0)2
+ Ok —LK2)
1152 96 " 32°0)
—361] K§ — 363 Ko — 36K, (5.20)

S —
ambiguity —

1 “Generalized” five-dimensional Gibbons—Hawking term is just a dimensional reduction of the 10-dimensional
Gibbons—Hawking term corresponding to (2.4).
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Fig. 4. (Colour online.) Left panel: effective potentials of the chirally symmetric (V eﬁ’ red) and the broken phase (Vh..
blue) of the cascading gauge theory on dS,4. Right panel: the difference (Veb - VX ) The vertical lines represent the

first order chiral symmetry breaking phase transitions of cascading gauge theory on S3 [21] (green line) and at finite
temperature [16] (orange line).

We can now compare the effective potentials of a chirally symmetric state and a state spon-
taneously breaking chiral symmetry for a cascading gauge theory on dS4 (we restored the full
{P, go, H} dependence)

167 G5 (Vo — Viy)
=3(fea0— H 614,0)

3
+ 15 (-3P%at 080 +2P7g0 — 2Koa o + 4Ko) H? (Hary o — o )

3
_ 3_2(319 go+2Ko)H*(Har} o — o} 0) (Iﬁmte i)
1 1
+ H2 /dy (_6hhf¢flfljl(f¢h)l/2) _ fdy (—6hh (f{,)Z(ny}l)l/Z) 7 5.21)

0 0

where we used the same renormalization scheme for computing both V? off and eﬁ, i.e., we set

— b —
H 4K,‘| =H 4Kl'

Yoi=1,2,3. (5.22)

Fig. 4 presents effective potentials (and their difference) between the state with spontaneously
broken chiral symmetry, Vfﬁ', and the chirally symmetric state, V., of cascading gauge theory

. 2 .
on dS4 as a function of In % Over the range of % studied,?

161Gs V7 —Vor H?
TS Tl g i > —0.03, (5.23)
Pig2 H* A2

implying that chirally symmetric phase is a true ground state of cascading gauge theory on dS4.
For comparison, the vertical green and orange lines indicate the first order chiral symmetry break-
ing phase transitions of cascading gauge theory on 3 [21] and at finite temperature [16].

12 1t is difficult to keep our current numerical procedure stable for smaller values of %
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6. Properties of dS4 deformed KT/KS geometries

Given numerical constructions of dS4 deformed KT/KS geometries as in Section 3, we can
compute the D3 brane charge at the tip of the conifold. Following [10], we find (see (3.21))

h

D3,s _ L K
O™ = g Im KO =500 6.1)
and (see (4.30)—(4.32))
oP3h = lim L (K10) (2 = K2(9) + K2(0)K3(0) = (6.2)

547

where we use superscripts ” and * to denote chiral symmetry broken (deformed KS) and chiral
symmetry unbroken (deformed KT) phases.

Fig. 5 presents D3 brane charge at the tip of the conifold of the dS4 deformed KT throat
geometry, QP3 as a function of % Note that over all the range of parameters accessible with
our numerical code QP35 > 0.

7. Properties of S3 deformed KT/KS geometries

Using numerical constructions of § 3 deformed KT/KS geometries presented in [21], we can
compute the D3 brane charge at the tip of the conifold. Following [10], we find (see Eq. (3.24)
of [21])

D3,s _ L . Kh
077 = 7 yh K(y)= T (7.1
and (see Eqgs. (5.34)—(5.36) of [21])

1
oYM = — lim (K1()(2 = K2(0) + K20)K3(») =0, (7.2)

where we use superscripts ” and * to denote chiral symmetry broken (deformed KS) and chiral
symmetry unbroken (deformed KT) phases.
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Fig. 6. (Colour online.) D3 brane charge at the tip of the conifold of the $3 deformed KT throat geometry, QD3"", as
a function of ”73 The vertical orange line represents the value of the compactification scale u3 ,sg below which it

becomes energetically favourable to tunnel to $3 deformed KS throat geometry, with spontaneous breaking of chiral
symmetry. The vertical red line represents the value of the compactification scale ©3 achyon below which some of the
linearized fluctuations (spontaneously breaking the chiral symmetry) become tachyonic. The vertical black lines denote
the value of the compactification scale 43 pegarive below which QD3"‘ <0.

Fig. 6 presents D3 brane charge at the tip of the conifold of the S* deformed KT throat
geometry, QP>, as a function of % Here, unlike the dS4 deformed KT throat geometry, we

find that QP3* can become negative! This happens whenever

2
M3 negative
< coatives In———— =0.0318(3), 7.3
M3 < I3, negative A2P2g0 3) (7.3)
which is represented by black vertical lines in Fig. 6. However, these negative values of QP>
are not physical. The issue is that prior we reach the compactification scale (3 yegarive, Namely at

w3, xsB [21]

M % xSB
AZPZg
chirally symmetric phase of cascading gauge theory on S> undergoes a first order phase transition
to a symmetry broken phase (deformed KS geometry), where QP3? = 0, see (7.2). This first
order transition is further enhanced by perturbative tachyonic instabilities in chirally symmetric
phase which arise at a slightly lower value of p3, namely at 13 acnyon [21]

M3,xSB > M3 negatives In =0.4309(8), (7.4)

2
I’L3,tachyon
A?P2g
Thus, a correct behaviour of the D3 charge at the tip of the conifold in 3 deformed throat
geometries is

My SB = M3, tachyon = M3, negatives In =0.3297(3). (7.5)

p3_ | 0P >0, wu3> 3 ys8;

0™ =1 Jp3s (7.6)
077" =0, u3 < U3,SB-

Once again, the D3 charge at the tip of the conifold is never negative.
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