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This article addresses the combined effects of chemical reaction and viscous dissipation on MHD radiative
heat and mass transfer of nanofluid flow over a rotating stretching surface. The model used for the nano-
fluid incorporates the effects of the Brownian motion and thermophoresis in the presence of heat source.
Similarity transformation variables have been used to model the governing equations of momentum,
energy, and nanoparticles concentration. Runge-Kutta-Fehlberg method with shooting technique is
applied to solve the resulting coupled ordinary differential equations. Physical features for all pertinent
parameters on the dimensionless velocity, temperature, skin friction coefficient, and heat and mass trans-
fer rates are analyzed graphically. The numerical comparison has also presented for skin friction coeffi-
cient and local Nusselt number as a special case for our study. It is noted that fluid velocity enhances
when rotational parameter is increased. Surface heat transfer rate enhances for larger values of Prandtl
number and heat source parameter while mass transfer rate increases for larger values of chemical reac-
tion parameter.
� 2016 Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND license (http://

creativecommons.org/licenses/by-nc-nd/4.0/).
Introduction

The study of boundary layer flow and heat transfer over a
stretching sheet has many important industrial and technological
applications such as materials manufactured by polymer extrusion,
drawing of copper wires, continuous stretching of plastic films,
artificial fibres, hot rolling, wire drawing, etc. In these cases, the
final product of desired characteristics depends on the rate of cool-
ing in the process and the process of stretching. Crane [1] investi-
gated the steady two-dimensional boundary layer flow caused by
the stretching of the sheet which moves in its own plane at a veloc-
ity that varies linearly with the distance from the slit. Later many
researchers extended this problem to the Newtonian and non-
Newtonian fluids under various physical conditions. Gupta and
Gupta [2] studied the heat and mass transfer characteristics with
suction or blowing. Rajagopal et al. [3] analysed the characteristics
of the boundary layer flow for small values of viscoelastic param-
eter and showed that the skin friction coefficient decreases with
the increase of viscoelastic parameter. Char [4] discussed the
effects of magnetic field and power law surface temperature on
heat and mass transfer from a continuous flat surface.

The problems of heat and mass transfer in combination with
radiation are of great importance in manufacturing industries for
the design of fins, steel rolling, nuclear power plants, and gas tur-
bines and various propulsion devices for aircraft, missiles, satellites
and space vehicles, etc. The radiative flow of an electrically con-
ducting fluid with high temperature in the presence of magnetic
field occurs in electrical power generations, astrophysical flows,
solar power technology, etc. Raptis [5] studied the role of radiation
in a viscoelastic fluid flow. Abd El-Aziz [6] analyzed the effect of
radiation on the unsteady flow and heat transfer over stretching
surface. Thermal radiation effects on heat and mass transfer over
a stretching sheet was investigated by Shateyi and Motsa [7].

Changes in fluid density gradients may be caused by nonre-
versible chemical reaction in the system as well as by the differ-
ences in the molecular weight between values of the reactants
and the products. Apelblat [8] studied analytical solution for mass
transfer with chemical reaction of the first order. Chemical reaction
effects on MHD heat and mass transfer flow over a stretching sur-
face in a porous mediumwas studied by Cortell [9]. Anjalidevi et al.
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Fig. 1. Physical model.
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[10] have examined the effect of chemical reaction on the flow in
the presence of heat transfer and magnetic field. Ibrahim et al.
[11] obtained the combined effects of a transverse magnetic field
and radiation on an unsteady mass transfer flow with chemical
reaction through a channel filled with saturated porous medium
and non-uniform wall temperature, Mabood et al. [12] reported
the effects of chemical reaction on MHD stagnation point flow past
a stretching sheet with heat transfer analysis.

Viscous dissipation effect plays an important role in many prac-
tical applications such as oil products transportation through
ducts, polymer processing, etc. Generally, this effect is charac-
terised by the Eckert number. Grebhart and Mollendorf [13]
obtained the explicit calculation of the viscous dissipation in a
multi-dimensional natural convection flow over an infinite flat ver-
tical surface. Vajravelu and Hadjinicolaou [14] obtained the analyt-
ical results for the heat transfer in viscous fluid flow over a
stretching surface with viscous dissipation and heat generation.
Wahiduzzaman et al. [15] analyzed the viscous dissipation and
radiation effects on MHD boundary layer flow of a nanofluid over
a rotating stretching sheet.

‘‘Nanofluid” is the name conceived to describe a fluid in which
nanometer-sized particles are suspended. Due to small size and
very large specific surface areas of nanoparticles, nanofluids have
superior properties like high thermal conductivity, minimal clog-
ging in flow passages, long-term stability and homogeneity which
make them potentially useful in many applications in heat transfer
including microelectronic, solar energy, nuclear reactors, pharma-
ceutical processes, hybrid-powered engines, etc. Choi [16] was
mostly the first researcher to introduce the technique of nanofluids
by using a mixture of nanoparticles and the base fluids. Buongiorno
[17] showed that such massive increase in the thermal conductiv-
ity occurs due to the presence of two main effects namely the
Brownian diffusion and the thermophoretic diffusion of nanoparti-
cles. Mabood et al. [18] focused on the study of combined heat and
mass transfer of electrically conducting nanofluid over a non-linear
stretching surface in the presence of a first-order chemical reaction
and viscous dissipation. Rana and Bhargava [19] numerically inves-
tigated the flow of nanofluid over a nonlinearly stretching sheet
using finite element method. Kumar [20] investigated the radiative
heat transfer with the viscous dissipation effect in the presence of
transverse magnetic field. Ramana Reddy et al. [21] studied the
behaviour of MHD nanofluid flow past a permeable plat plate in
porous medium under the influence of chemical reaction, radiation
and rotation. Some relevant studies can be found from the list of
Refs. [27–33].

Motivated by the investigation mentioned above, the aim of the
present work is to investigate the effects of viscous dissipation and
heat source on chemically radiative MHD boundary layer flow of a
nanofluid past a rotating stretching sheet. The nonlinearity of basic
equations associated with their inherent mathematical difficulties
has led us to use numerical method. Thus the transformed dimen-
sionless governing equations are solved numerically by using the
Runge–Kutta–Fehlberg method (RKF) method along with shooting
technique. It is hoped that the results obtained from the present
study will provide useful information for different industrial appli-
cations. To the best of our best knowledge such a study is not
investigated in the scientific literature.
2. Mathematical formulation

We consider a two-dimensional steady boundary layer flow of
an incompressible, electrically conducting nanofluid past a stretch-
ing surface of a rotating system with the linear stretching velocity
uw = ax. Fluid flows over the region of yP 0. The x-axes and y-axes
are taken respectively in the direction along and perpendicular to
the fluid motion (see Fig. 1). It is assumed that at the stretching
surface, the temperature T and the concentration C takes constant
value Tw and Cw respectively. The ambient values attained as y
tends to infinity of T and C are denoted by T1 and C1 respectively.
The flow field is exposed to the influence of an external transverse
magnetic field of B = (0, Bo, 0). The governing equations of the flow
are given by Khan and Pop [21]
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The boundary conditions for the velocity, temperature and con-
centration fields are

u ¼ uw ¼ ax;v ¼ 0;w ¼ 0; T ¼ Tw ¼ T1 þ A1
x
l

� �m
;

C ¼ Cw ¼ C1 þ A2
x
l

� �m
; at y ¼ 0:

u ¼ U ¼ bx;w ¼ 0; T ! T1;C ! C1; as y ! 1 ð6Þ

where u, v, w are velocity components, a ¼ k
qCp

is the thermal diffu-

sivity, q is density, Cp is specific heat at constant, k is the thermal
conductivity, r is the electrical conductivity, U is the uniform veloc-
ity, a and b the linear constant parameter, l is the characteristics
length and A1, A2, is the constant whose values depends on the
properties of the fluid, m is the constant parameter.

DB is the Brownian diffusion coefficient, DT is the thermophore-
sis diffusion coefficient, s Effective heat capacity of nano particle Q
is the temperature dependent volumetric rate of heat source qr is
the radiative heat term, kr is the dimensioned chemical reaction
parameter.

The stream function satisfying Eq. (1) is defined as u ¼ @w
@y and

v ¼ � @w
@x. Defining the following similarity transformation

variables:



Table 2
Comparison of �h0ð0Þ when M ¼ 1;R0 ¼ k ¼ R ¼ Ec ¼ m ¼ Q ¼ Nb ¼ Nt ¼ 0.

Pr Sreenivasulu and Reddy [25] Hamad and Pop [26] Present results

0.7 0.45395 0.45391 0.4544
2 0.91131 0.91136 0.9113
7 1.89541 1.89540 1.8954
20 3.35390 3.39350 3.3539
70 6.46221 6.46220 6.4622

Table 3
Comparison of �h0ð0Þ when Pr ¼ Le ¼ 10;R0 ¼ k ¼ R ¼ Ec ¼ M ¼ m ¼ Q ¼ 0.

Nb = Nt Khan and Pop [22] Present results

0.1 0.9524 0.95237
0.2 0.3654 0.36536
0.3 0.1355 0.13551
0.4 0.0495 0.04946
0.5 0.0179 0.01792
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Using Eq. (7), the governing partial differential equations are
reduced to

f 000 þ ff 00 � f 02 þMðk� f 0Þ þ 2R0g þ k2 ¼ 0 ð8Þ

g00 þ fg0 � 2R0f 0 þMg ¼ 0 ð9Þ
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The transformed boundary conditions are as follows:

f ¼ 0; f 0 ¼ 1; g0 ¼ 0; h ¼ 1; / ¼ 1 at g ¼ 0 ð12Þ

f 0 ¼ k; g ¼ 0; h ¼ 0; / ¼ 0 as g ! 1

Here M ¼ rB20
qa is the magnetic parameter, R ¼ 16rsT31

3kj� is the radiation

parameter Pr ¼ m
a is the Prandtl number, Ec ¼ u21

CpðTw�T1Þ is the Eckert

number, R0 ¼ Xx
U2 is the rotational parameter, Q ¼ Q0x

qCpaU
is the heat

source parameter, Le ¼ m
DB

is the Lewis number, Nb ¼ ðqcÞpDBðCw�C1Þ
mðqcÞf is

the Brownian motion parameter, Nt ¼ ðqcÞpDT ðTw�T1Þ
mT1ðqcÞf is the ther-

mophoresis parameter, c ¼ krUðCw�C1Þ
m is the chemical reaction

parameter, k ¼ b=a is the stretching parameter and m is constant.
The physical quantities of interest for the governing flow prob-

lem are skin-friction coefficient, the reduced Nusselt number and
reduced Sherwood number, which can be written as [23–24]
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1
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1
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ShðRexÞ
1
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where Rex ¼ Ux
t is the Reynolds number.

3. Solution method

The reduced Eqs. (8)–(11) are nonlinear and coupled, and thus
their exact analytical solutions is not possible. These equations
are solved numerically using Runge-Kutta-Fehlberg method with
shooting technique for different values of parameters. The effects
Table 1
Comparison of �f 00 ð0Þ and �h0ð0Þ for different values of Q&M when R0 ¼ k ¼ R ¼ Ec ¼ Nb

Q Mabood et al. [18]

M ¼ 5 M ¼ 10

�f 00ð0Þ �h0ð0Þ �f 00ð0Þ �h0ð0Þ
�0.2 2.44949 0.88444 3.31662 0.80175
0.0 2.44949 0.67051 3.31662 0.54649
0.2 2.44949 0.75900 3.31662 0.58855
of the emerging parameters on the dimensionless velocity, temper-
ature, skin friction coefficient, the rate of heat and mass transfer
are investigated. The step size and convergence criteria were cho-
sen to be 0.001 and 10�6 respectively. The asymptotic boundary
conditions in Eq. (6) were approximated by using a value of 10
for gmax as follows:

gmax ¼ 10; f 0ð10Þ ¼ k; gð10Þ ¼ 0; hð10Þ ¼ 0; /ð10Þ ¼ 0: ð17Þ
This ensures that all numerical solutions approached the

asymptotic values correctly.
To validate the obtained solution, comparisons have been made

with previously published data from the literature for �f 00ð0Þ and
�h0ð0Þ in Tables 1–3, and they are found to be in a favorable
agreement.
4. Results and discussion

The heat and mass transfer characteristics in nanofluid flow due
to a stretching sheet subjected of a rotating system subjected to
various parameters like magnetic parameter M, radiation parame-
ter R, Prandtl number Pr, Eckert number Ec, rotational parameter R0,
Lewis number Le, Brownian motion parameter Nb, Thermophoresis
parameter Nt, stretching parameter k, Constant parameter m, heat
source parameter Q, chemical reaction parameter c have been
studied numerically. For illustration of the results, numerical val-
ues are plotted in Figs. 1–12.

Fig. 2(a) shows the effect of magnetic parameter M on primary
velocity. As the magnetic parameter M increases, the velocity
decreases. This is due to the fact that, an increase in the strength
of magnetic field produces a resistive force called Lorentz force
which reduces the fluid velocity. Effect of rotational parameter R0

on primary velocity is shown in Fig. 2(b). As shown in the figure
primary velocity decreases with the increase of rotational parame-
ter R0.
¼ Nt ¼ 0; Pr ¼ m ¼ 1.

Present results

M ¼ 5 M ¼ 10

�f 00ð0Þ �h0ð0Þ �f 00ð0Þ �h0ð0Þ
2.44948 0.88444 3.31663 0.80175
2.44948 0.67051 3.31663 0.54649
2.44948 0.75900 3.31663 0.58855
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Fig. 2. Effects of M; R0&k on f 0ðgÞ.
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In Fig. 2(c), the dimensionless primary velocity distribution is
plotted for various values of stretching parameter k. The stretching
parameter is defined as the ratio of the velocity of the flow outside
the boundary layer (inviscid flow) to the velocity of the stretching
sheet. From the Fig. 2(c), it is clearly seen that as stretching param-
eter increases the primary velocity also increases gradually.

In Fig. 3(a) and (b), dimensionless secondary velocity distribu-
tion is plotted for different values of rotational parameter R0 in
the absence and presence of stretching parameter k. From Fig. 3
(a), it is clear that the secondary velocity decreases initially with
an increase in the rotational parameter but it increases signifi-
cantly after a certain distance g normal to the sheet in the absent
of stretching parameter. But from the Fig. 3(b), it is noticed that the
secondary velocity decreases gradually as rotational parameter
increases in the presence of stretching parameter.

Fig.4(a) and (b) clearly demonstrate that the secondary velocity
decreases with an increase in the magnetic field in the absence and
presence of stretching parameter k. The magnetic parameter is
found to retard the velocity at all points of the flow field. It is
because that the application of transverse magnetic field will result
in a resistive type force (Lorentz force) similar to drag force which
tends to resist the fluid flow and thus reducing its velocity. Also the
boundary layer thickness decreases with an increase in the mag-
netic field.

Fig. 5(a) shows the effect of magnetic parameter M on temper-
ature profiles. As shown in the figure magnetic parameter M
increases, temperature also increases. Fig. 5(b) depicts the effect
of stretching parameter k on secondary velocity. It is observed that
for the increasing values of k, temperature decreases. Fig. 5(c) illus-
trates the effect of radiation parameter R on temperature profiles.
As shown in the figure temperature increases as radiation param-
eter R increases.

The variation of temperature profiles with rotational parameter
R 0 is shown in Fig. 6(a). It is observed that an increase in the value
of rotational parameter R 0 decreases the temperature. Fig. 6(b)
explains the effect of constant parameter m on temperature pro-
files. It is observed that temperature profile decreases for increas-
ing value of constant parameter m. The effect of Brownian motion
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Nb on temperature profiles are illustrated in Fig. 6(c). It is clearly
observed that temperature increases as Brownian parameter Nb
increases.

The effect of Thermophoresis parameter Nt on temperature is
shown in Fig. 7(a). From these plots, it is observed that the effect
of increasing values of Nt increases temperature profiles. Fig. 7(b)
depicts the effect of heat source parameter Q on temperature pro-
files. It is noticed that an increase in the heat source parameter Q
increases the temperature profiles of the flow. Fig. 7(c) is plotted
to explain the effect of viscous dissipation Ec on temperature. From
these plots, it can be seen that temperature increases with Ec.

Fig. 8(a) is drawn to illustrate the influence of magnetic param-
eterM on concentration profiles. As shown in the figure concentra-
tion increases with magnetic parameter M. Fig. 8(b) reveals that
the concentration profiles increases with stretching parameter k.
Fig. 8(c) shows the effect of constant parameter m on concentra-
tion profiles. The figure clearly shows a decrease in dimensionless
concentration with an increase in m.

Fig. 9(a) presents the effect of Lewis number Le on concentra-
tion profiles. As shown in the figure concentration decreases with
Le. Fig. 9(b) shows the concentration profiles for different values of
heat source parameter Q . We infer from this figure that the con-
centration decreases with an increase inQ. Fig. 9(c) illustrates the
influence of chemical reaction parameter c on concentration pro-
files. We have seen a raise in the concentration with an increase
in the chemical reaction parameter c.

Fig. 10(a) represents the effect of Brownian parameter Nb on
concentration profiles. It is evident from the figure that an increase
in the Brownian parameter Nb declines the concentration profiles.
Fig. 10(b) reveals the effect Thermophoresis parameter Nt on con-
centration profiles of the flow. It is observed that an increase in the
Thermophoresis parameter Nt decreases the concentration profiles
of the flow. Fig. 10(c) plotted over concentration profiles for differ-
ent values of local Reynolds number Rex. It is observed that as the
of local Reynolds number Rex increases, concentration profiles
decreases.

Fig. 11(a) depicts the primary shear stress ð�f 00ð0ÞÞ for different
values of rotational parameter R 0 and stretching parameter k
drawn against the magnetic parameter M. It is observed that as
the magnetic parameter M increases the primary shear stress
increases gradually. Fig. 11(b) illustrates the secondary shear stress
ð�g0

0ð0ÞÞ for different values of rotational parameter R 0 and stretch-
ing parameter k drawn against the magnetic parameter M. It is
observed that as the magnetic parameter M increases the sec-
ondary shear stress increases gradually.

Fig. 12(a) shows the dimensionless heat transfer rate �h 0ð0Þ for
different values of rotational parameter R0 and stretching parame-
ter k drawn against the magnetic parameter M. It is noticed that as
the magnetic parameter M increases the dimensionless heat trans-
fer rate decreases. Fig. 12(b) shows the dimensionless heat transfer
rate �h 0ð0Þ for different values of heat source parameter Q and
constant parameter m drawn against the radiation parameterR. It
is noticed that as the radiation parameter R increases the dimen-
sionless heat transfer rate decreases.

Fig. 13(a) presents the dimensionless mass transfer rate �/ 0ð0Þ
for different values of stretching parameter c and chemical reac-
tion parameter c drawn against the Lewis numberLe. It is noticed
that as the Lewis number Le increases the dimensionless mass
transfer rate increases. Fig. 13(b) shows the dimensionless mass
transfer rate �/ 0ð0Þ for different values of Brownian parameter
Nb and thermophoresis parameter Nt drawn against the local Rey-
nolds number Rex. It is noticed that as the local Reynolds number
Rex increases the dimensionless mass transfer rate decreases.

The results for �f 00ð0Þ and �h 0ð0Þ obtained in the present work
and those by Mabood et al. [18] are given in Table 1, for different
values of Q&M. Table 2 shows the comparative values of �h0ð0Þ
with Sreenivasulu and Reddy [25] and Hamad and Pop [26] for dif-
ferent values of Pr. Moreover, Table 3 also shows the comparative
values of �h 0ð0Þ with Khan and Pop [22] for various values of Nb
and Nt.

5. Conclusions

In this article, effects of chemical reaction and viscous dissipa-
tion on MHD radiative nanofluid over a stretching sheet have been
investigated numerically. The problem is studied by transforming
the governing equations in nonlinear coupled ordinary differential
equations and then solved numerically. The numerical comparison
is also presented and found that the present results are in good
agreement with the existing literature. The major outcomes for
the present analysis are summarized below:

� Large values of thermal radiation parameter and thermophore-
sis parameter enhance the temperature profile.
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� Temperature profile decreases due to the influence of Prandtl
number while heat source parameter enhances the temperature
profile.

� An increment in Lewis number shows a decrement in concen-
tration profile.

� Nanoparticle volume fraction shows opposite behavior for
Brownian motion parameter and thermophoresis parameter.

� The skin friction coefficient increases with the increase of the
magnetic field parameter and rotational number.

� The rate of mass transfer increases with the increase of the
Lewis number and chemical reaction parameter but a reverse
effect occurs for thermophoresis parameter.
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