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We develop the scattering theory for the Klein-Gordon equation. We follow
the usual procedure of considering an equivalent equation, which is first order
in time, in the Hilbert space of vector valued functions which have a finite
energy norm. We prove existence and completeness of the wave operators, the
intertwining relations, and the invariance principle as well. This is done for a
large class of potentials. In particular, the magnetic potential may even be
divergent at infinity. Electric and scalar potentials that behave at infinity as
| x!~€-1 € > 0 are contained in our class.

INTRODUCTION

We develop the scattering theory for the Klein—-Gordon equation [1]:

~

(12— b 1) = [ 3 0= 87 4 2+ 00| e

xeR®, teR, D, = —i- L,
ox;
by(x) and ¢ (x) are real valued functions and # is a positive constant. The Klein-
Gordon equation describes a relativistic spin zero particle of mass m in the
presence of an electric potential by(x), a magnetic potential b,(x), 1 <7 < n and
g4(x) may be interpreted as a scalar potential.

We follow the usual procedure of considering an equivalent equation, which
is first order in time, in the Hilbert space of vector valued functions which have
finite energy norm.

In our main theorem (Theorem 5) we prove existence and completeness of
the wave operators, the intertwining relations, and the invariance principle as
well. This is done for a large class of potentials. In particular the magnetic
potential, b,(x), 1 <{ i < » may even be divergent at infinity. Electric and scalar
potentials that behave at infinity as | x |~1-¢, € > 0 are contained in our class.

The essential point in the. proof of our main Theorems 1, 2, 3, and 5 is that
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SCATTERING THEORY 101

we show that the unperturbed and perturbed Hamiltonians are unitary equi-

valent to pseudodifferential operators defined in %;? = £2? 5 £2. That allows

us to use the methods developed for pseudodifferential operators in 5, 6].
The Klein—Gordon equation has been studied by many authors. We will just

mention the more recent results [2, 7, 8, 9], where a list of references is given.
Lundberg [2] considers the case n = 3, b(x) == 0, | <X i -z and:

(i) g, and g, real valued, locally Hélder continuous except at a fnite
number of singularities;
(i1)  by¥(x), g,(x) square integrable;
(ii1) by(x) and ¢ x) behave as O(] x [73¢), ¢ > 0 for | x| — 503

(iv)  [de(—bg? + q) | fE)P = —a [da( VF12 £ m2 £, with 0 <
a <1 and f(x)e Cy°.

Eckhardt [8] considers the case n == 3, b(x) == 0, 1 <l < n. He assumes
[2,1IV] and conditions of Stummel type on ¢(x) and b,%(x); and some other
conditions [7]. The method of the proof of [2, 8} is different from our method;
they consider eigenfunction expansions, as in [10]. Kako [9] considers the case
n =3, and b{x} 0 <1 << n and g,(x) bounded, measurable, and satisfving:

(1) 1) < Claj? 0<ig 3
(2) bx), 1 <i <3 are differentiable and I(¢/éx;) b, ' =L C'x 25
3) gl <Cix|?e
All the functions we consider are assumed to be measurable. Since we are

interested in scattering theory we did not obtain here the stronger possible local
singularities in the potentials. See [15] concerning that question.

1

The Klein—~Gordon equation [1] is the partial differential equation:

(15— 80 .0 = [ 5 00— g2 — e 09] s 0,

! i=1

) . __”(__
xeRm™, teR, D == —1 B (1.1)

b,(x), 0 < i <X n, and g,(x) are real valued functions, and m is a positive constant.
The Klein—Gordon equation describes a relativistic spin zero particle of mass

m in the presence of an electric potential by(x), a magnetic potential b,(x),
< [ < n, and g,(x) may be interpreted as a scalar potential.



102 R. A. WEDER

As is well known, Eq. (1.1) together with the initial conditions

W, 0, 55 4w, 0)] = (A(), o)

define a well-posed initial value problem. Moreover, the energy integral

@) = [ dns

S - spr o lur+ | af] 02

where g(x) = ¢,(x) — by%(x), is constant in time. We will follow the usual
procedure of reducing (1.1) to an equivalent equation which is first order in
time. Let fi(x) = y(x, £), fo = 1(/t) y(x, ), and f = (}2). Then (1.1) is equi-
valent to the equation ’

i(0/or) f = Hf, (1.3)

where

=0 é], D(k) = CF*,

L=5% (D;—b)+m+q@), a0 =q,— b (1.4)

4e=1

0 = by(x).

C,> is the space of infinitely differentiable functions of compact support on R?,
and C3? = C> @ C,>.

We associate with the energy integral (1.2) a sesquilinear form, the energy
sesquilinear form, defined in Cg*%, namely,

(f, 8k = 2((-01' —b)f1, (Di — by)gr) + ((m* + 9 fr &) + (f2,8) (1.5)

f, 8 C2% (-, *) denotes the usual #2 scalar product, and g(x) = g,(x) — by2(x).
It is easy to verify that % is symmetric on the energy sesquilinear form, i.c.,

(*f, 8)e = (1, 72)e - (1.6)

We consider first the free case, i.e., the situation where b(x) = 0, g,(x) = 0.
In this case the energy norm is given by

(fr800 = 3 (Difs » Dag) + m¥(fi» 1) + (> 20) (L.7)

=1

Let 5, be the completion of C&*? with this norm. Clearly (-, *), is equivalent
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with the norm of H, ® £2, where H,, s R is the Sobolev space of order s.
Equation (1.3) reduces to

~

o

. 0 I A
i f o Hfy  Hy— [, e of (1.8)

We prove in Section 2 that

Turorem 1. Hy is self-adjoint on #, with domain D(H,) = H, @ H,, and
is essentially self-adjoint on C3'%. It is absolutely continuous and o(H,) == oo(H,) ==
(—o0, —m] U [m, ©). ao(H,) denotes the essential spectrum of H,.

In the interacting case, i.e., the case where b,(x) and g,(x) are not identically
zero, we introduce an assumption assuring that the energy sesquilinear form is
strictly positive, i.e., it defines a norm.

(Ay) Thereis a constant € > 0 such that
[ ¢ f@Rdm < YD+ = 1 f1% [eCy
. i-1

g*(x) denotes the positive and negative parts of g{x).

We give in the Appendix a necessary and sufficient condition for A, to be
satisfied. Note that A, is weaker than [2, Condition iv]. Then (-, ‘) is a norm
(see Lemma 2.1 of Section 2), and we denote by # the completion of Cg* with
the energy norm.

We give our conditions in terms of the following quantities [3]:

Nooa) =sup [ (9 wuls — y) dr,
x Yle-yl<s

where
wy(x) = | x |>~" for o << n,
=1—lg|x] for o = n,
=1 for o > n.

We denote N {q) == N, 1(g), and we say that g € N, if N,(g) < co.
Our next assumptions are:
(A) Forl <<i<<n, b{x)eN,and if n =2 N, (b)) ;.4 0.
(Ay) [g(x)*?eN,andif n =2 N, (q) = 0.
We prove in Lemma 2.4 that A; — A, imply that the norm of #% and 3%

are equivalent, then they coincide as a set. Let ] be the identification operator
from 5%, onto H#% . J, is a bijection.
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We introduce three more assumptions:

(Ay) Clx) =3;, ((8]0x;) b(x)) € Ny and if n =4 N,(C) b 0.

(A) g(@)eNyand if n>4 N,(g) 70, 8* =i bXx) € Ny, and if
n >4 Ny (b) 0.

(A;5) by(x)e N, and if n =2 N, (b,) — 0.
We prove in Section 2 that
Taeorem 2. If A-A; are satisfied h has a self-adjoint extension, H, in
with domain
D(H)=H,®H, .
The wave operators are defined, when they exist in the following way:

. J _'H
wy = s-lim e’Ht]e Hot
t Lo

where s-lim means strong limit. Note that H, is absolutely continuous, i.e.,
Pyo(Hy) = 1.

w. are said to be complete if their range coincides with the absolutely continu-
ous subspace of H. In that case the scattering matrix, S, is defined as

S =w *o_ and is unitary.

We say that the intertwining relations hold is $(H) wi — wuf(Hy) for each
Borel function . The invariance principle holds for a class of functions ¢ if

T ito(H) 7, —ito(Hy)
s = fi, o0 Je7 00
for ¢ in the class.

We need four more assumptions:

(Ay) Let p(x) = (1 + | x]). Then (p%h;) 0 < i <= belong to N,, and
(p°C) belongs to N,, for some s > 4. If n =2 N, (b;) ;;O, 0<i<n If
n>=4 Ny (C) ;;0.

Note that A, implies A, , A;, and A; . We define

Noolg) = [ 1als — )P w(y) dv.
lvl<1

Then

(A7) Naolp'h:) e 05 Nyolp°C) | a0 and  Ny.(q) 72 0, where
1 < i < n. Moreover, N, ,(b?) e 0.
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The last assumptions are

(Ay) Let d denote any one of by(x), 0 << 3 n C(x); then

=

p(x) [ cr | ()2 dy € P for some p == 1, and « satisfying

e S T Y T L
oy e gy S S R A TS
(Ag) PP Jloicr | g(¥) dy € £ for some B, [ satisfving | </ 1,

B> 1—(2nl/(l + n)p).
Then we prove in Section 2.
TueoreM 3. Let Ay, Ay, Ay, and Ag—A, be satisfied. Then the wave operators

wy. exist and are isometries from H, onto H2C. The intertwining relations hold, and
the invariance principle holds for all functions ¢ satisfving

I,

0

-dr]—>0 as t— %

f e—ins-—itq(s) ds
r

and
f e gy 50 as t— 7%
r

for any compact I' contained in (— oo, —m) U (m, ). The singular spectrum
of H has measure zero.

We denote by ¢ the absolutely continuous subspace of H. For the defini-
tions of the absolutely continuous and singular parts of a self-adjoint operator
see [13].

Once Theorem 3 is proved the conditions on the magnetic potential b(x)
[ < i < n can be weakened in a considerable amount by the introduction of a
Gauge transformation. In particular we can include magnetic potentials which
are divergent at infinity. From now on we assume that b,(x) € &, , for 1 << i <n,
and, for simplicity, that n > 2. We define (Rot b);; == ¢;b,) where [ ] means the
alternation of the indices /, j. We denote

M,,(q) = sup [ late= i,
ro Y ni<

M, , is the set of functions ¢ such that M, ,(q) <Z oc. We also say that ¢ is
locally in M, , if pq € M, , for every p € Cy™.

We introduce the assumption AT: Let b;, 1 «{{ sln be locally M, , and
suppose that (Rot b);; is a locally Holder continuous tensor such that

C,TJ(\ = ‘. | Db; — Db, [ rtndy <7 oo, 14, j=in,

for each x, where r =[x — y |.
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Lemma. If AT is satisfied

bi®) = b7(x) + (Elox) (), 1 <i<n,
where

b7(x) = K [ (Rot b),((8fex,) r=n) d,

#) = [ (6i—bNas,
K = —I(in)2(n — 2) 2.

C is any curve from a fixed point to x (the integral is independent of the curve), and
the summation convention is used.

Proof. See [4, Lemma 2.1]. A gauge transformation is a unitary trans-
formation from a Klein—-Gordon equation with magnetic potential b(x),
1 <i<n to a Klein-Gordon equation with magnetic potential 57(x),
1 <7 < n. The point is that the 5,7(x) have a better behavior at infinity than
the original b,(x). For example, the 5,(x) may even be divergent at infinity while
the 4,7(x) go to zero at infinity faster than K/| x| .

We introduce the following assumptions.

(A,T) CLeN, and N, (C}) ;30’ 1<,j<n

A,T=A,: |¢g|*2eN, and N, | ¢|'/?) S—:OO and we define the energy
norm for the b7(x): f, g€ C5 7, (£, gy = Toy (Ds — b7V fr, (Ds — b)) +
((m? + @) f1 > 8) + (Jo, &) By Ag (¢, *)r is a norm and let 5 be the completion
of CP*? with this norm. As before AT and A, imply that the norm (-, )y
is equivalent to the norm of H; ® %2

The Klein-Gordon equation with b,7(x) is

o

rmn e[S )

=~

(1.9)
Ly = Z D; — bir)z +m? - g(x).

t=1

Note that CT(x) = Y, (9/@x;) b7 (x) = 0. Then we do not need an assumption
like A, .

(As") g(®)eN, and if #=>4 Ny(g) 0, (B?) =2;(Cyy)’e N, and
if n2>4 Ny(B?) —0.

Moreover,
AT=Ag byeN, and N, (B) = 0.
Now Theorem 2 implies (note that 572 = 37 b7 < KB;?)
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Turorem 4. Let Ay, Ay and A\T-A,T be satisfied. Then hy has a self-adjoint
extension, Hy in 7 , with domain D(H) = H, X H, .

We define ##; to be the following Hilbert space:
Hy = {fe L2 such that f = U7 for some f7 € 54},

with the scalar product (f, g)g = (f7, g7)r, where U-YfT(x) = e @f7(x).
Hg is, clearly, the completion of U-1Cy? with the energy norm (1.5), because

(D; 4- b7 Uf (x) = (D; -+ b7y e f (x) - U(D; -~ by) f(x).

U is a unitary operator from s onto . by construction. Moreover,
H == UYH U is a self-adjoint extension of % (as defined in 1.4).
T ]
Then U is a gauge transformation, i.e., a unitary transformation from Eq.
1.3) in 5#% with magnetic potential b,(x), 1 <{ 7 << n onto a Klein—-Gordon Eq.
E g p q
(1.9) in 5#; with magnetic potential b,7(x) 1 < ¢ << n.
The identification operator from 7, onto J#% is given by J = U-1],, where
P 0 EIISE )
Jr is the identification operator from 3 onto J#.. The wave operators are
given by:

. : - . L tH it
ws = s-lim e’Ht]e it o lim U 1,0tHT pitlyt
t-rion t

= k0

Then the existence of the w.? = s-lim eltHre-itHy implies the existence of
t>too
the w. , and moreover wy = Ulw.T. Then we assume:

AT AT AT, and AgT: Assume that Ay, A,, A;, and Ay hold with
b;, 1 <<i<nreplaced by C;; 1 <4, j < n. Note that 3; (D7) =0, ie.,
the assumptions concerning C in AgiA, are excluded. In A, we replace 52 by
B2

TraeoREM 5. Let A,, AT, A,T, AT, and A;T-AT be satisfied. Then all the
conclusions of Theorem 3 hold true.

Proof. By Theorem 3 the w.T exists, then w. = U-lw.l. Moreover the
w,” are isometries from #, onto J£2°. Then the w. are isometries from J#,
onto J£3¢. By the same argument the intertwining relations and the invariance
principle hold. Q.E.D.

— wT*e T = ST,

We note that since wy = U lws” the S matrix S = w *w_
1.c., the scattering matrix is gauge invariant, as one should expect.
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2

In Section 2 we prove Theorems 1, 2, and 3. Let s denote the space of
Schwartz. By H, , the Sobolev space of order, s, s € R, we denote the completion
of Cy® with the norm

Iflls =10+ 19 B2 EfI],  feCo,
where F denotes the Fourier transform, and |} || denotes the #2? norm.
Proof of Theorem 1. We denote %2 = £ @D £2. Let U, be the operator

1 . (7’2 + m2)1/2 1
U, = 173 1 ((7]2 O _I)F.

U, is a unitary operator from 3, onto .%,%. Moreover Hy, = U-1H,U, where

Hy = F(y2 + m®22FM, M = [(1) _(1)]
Now by [5, Lemma 1.2 and Theorem 1.7} H, is self-adjoint on H, ® H, and
essentially self-adjoint on C&? and o(H,) = oo(H,) = (—c0, —m] U [m, ).
H, is clearly absolutely continuous. The statement of the theorem follows from
the unitary equivalence of H, and H,.

Now we prove that if A, is satisfied the energy sesquilinear form is positive.

Levma 2.1. Let Ay be satisfied. Then

(£ = e(fi /) + (oo o)), feCo™
Proof. 1t follows from Ag and [3, Lemma 1.2, p. 168] that

n

(@f0) < LID: + 0N+ (m* = AR fe G

Then _
(fis ) Z (i s /) + (fos fo) 2 (K, /) + (e, o))
Note that we can always take ¢ < 1. Q.E.D.

The following two lemmas have been proved by Schechter [3].

Lemma 2.2. Suppose g Ny, for some s >0, and if n > 2s assume that
Nq,.o(9) =0 Then for each € > O there is a constant K, such that

leflh <ellflls + KN, feCo™
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Proof. See [3, Lemma 7.5, p. 140].
LemMa 2.3. Let g€ Ny, s > 0 and let N, (q) - 0, then g(x) is a compact
operator from H to L2, B
Proof. 'This follows as in [3, p. 145].

Lemma 2.4. Let Ay, Ay, A, be satisfied. Then there exists C,, C, > 0 such
that

Coll fu Ei1 AP < (e < Gl ﬁ = L)
Proof.

(50 = 3Dy = BIRE + (O + 9o 0= (oo

L C(AIE L

where we applied Lemma 2.2. Moreover

e =2 Z I Dify P~ 2 Z 1Dl bl — e AL — KA+ falf

n

=Y IDAIP =€ NAl— K UAL -1 AP

i=1

by the same argument. Then

(= YA + 1L < (f e + K(fi, /)

<
< Cf,f)g, C 0. QE.D.

Lemma 2.4 implies that the norm of s#; and the norm of H; ® .#* are
equivalent, and that they coincide as a set. Then 5% and #% coincide as a set.

Lemma 2.5. If A,, A;, and A, are satisfied L is self-adjoint in L* with
domain H, and essentially self-adjoint on Cy>.

Proof. Lf =(—44m?+ V + b+ q)f,fe Cy°, where 1" ==237 | b,D, -
PN (Db, b* = S b2 By Lemma 2.2 we have for any ¢ > 0

< el fla + Kl flh

N fil < ellflla + Kl fs
Y. bDif

| < el + K
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and

18%11 < el fll + K| & f-

Then Ve > 0 there exists K, such that [[(V + 8 + ¢) fl| < el fll + K| f]l -

This implies that V? + 5* 4 ¢ is —4 -+ m? bounded with relative bound zero,

and the statements of the theorem follow from the Kato—Rellich theorem.
Q.E.D.

Proof of Theorem 2. L is, clearly, the operator associated with the closed
form

Iy g0) = z (D + b}y » (D + b)er) + (o + Q)f » £2)

D(l) = H,. The positivity assumption A, implies that (see Lemma 2.1):
Ufy, fi) = e(fy s /i)y i€ D(). Then L = € >0 and D(L12) = H, . Moreover
U(fi, &) = (L2, , L1 ), f, g€ H, . It follows that

(f Qe = (Lf , LVgh) + (fa, &), fge e,
We define the operator:

1 L2 1
Uf:§1_/2[L1/2 _1]fy fe%'

U is a unitary operator from 5 onto %? = 2 @ 2.
We define the pseudodifferential operator H in %2

o a A A2 0 1 —1
A=B+0 B=(y _pu)p 0=2(, 7))
A, is self-adjoint on D(H,) = H; @ Hy. By A; and Lemma 2.2, Q is H,-
bounded with relative bound equal to zero. Then H = H, + O is self-adjoint
on H, ® H,. But
H = U—lﬁU:[(Z (1)] +0

is a self-adjoint extension of & with domain D(H) = U-D(H) = (H, ® H,).
Q.E.D.

Remark 2.7. H can be written in the following way:

H=H,+ 7,
where
0 1
H, = [—A + m2 o]
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and

7=y )

Clearly D(H,) C D(V), then for any z € p(H) N p(H,)
R(z) - Ry(z) — R(z) OR(2) == Ry(=) — Ry(2) OR(3),

where

R(z) == (H — =), Ry(z) = ({1, - 2)*.
et ] be the identification operator from J#, onto J#g . Then we have

Ro(z) — J'R(z) ] = Ry(2) OT'R(3) ]
= J7'R(z) JOR(2),

where
Ry(2) = (Hy — 2)7".

So H, and H satisfy a second resolvent equation.

Now we are ready to prove Theorem 3. We will obtain the proof by showing
that the conditions of an abstract theorem in scattering by Schechter are satis-
fied. To be self-contained we will include the statements of the Theorem:

Let J#,(5#) be Hilbert spaces, and let I be a self-adjoint operator on it
with spectral family {EyA)}, ({E;(A)}). Put Ry(z)  :(z - Hy)™' and Ry(2)
(2 — Hy)y™L. Suppose:

(a) There is a linear bijective operator from | to ] .

(b) There is a Hilbert space K and closed linear operators o, B from
H#, to K such that 4 is injective and D(H,) C D(A) N D(B).

(¢) D(H)CDAJY)YD(BJ*), and

Ry(z) — J7Ry(3) ] = [Ro(=) B*] AT 'R\(2) ]
= [J7'R(2) JB*] ARy(2).

where [W] means the closure of the operator W’

(d) There is a z, in p(H,) such that BR(z,) [Ry(2) 4*] is a compact
operator on K for all nonreal z.

(e) Of(z) = [BRy(2) A*] is bounded on K for one = in p(H,), and o(2)
1 -+ O(2) has a bounded inverse on K for some nonreal z.

(f) 'There are an open set A of real numbers and functions O.(}) which
are continuous from A to B(K) (the set of bounded operators on K) such that
O(X = ia) converges in norm to Q4(A) as a — 0 for each A in /1.

580/27/1-8



112 R. A. WEDER

(¢) There is a function M(A) from /1 to B(K) which is locally square
integrable and such that {[AR(A + ia) — R(A — ia) A*] u converges weakly to
2aM() p in K as a — 0 for each p in K and almost every A in 4.

(h) There is a closed set e of measure zero such that [J*] — J] E(l") is a
compact operator for each interval I € (A\e) (I' € A\e means that the closure
of I' is compact and contained in A\e).

THuEOREM 5 (Schechter). Under hypotheses (a)~(h) the strong lLimits

w;tf _ tljmw eitHlje—itHoESC(A)f

exist.
The operators wy. are isometries from EYS(A) A, onto E2(A) A, . The inter-
twining relation holds, i.e.,

Y(H) wx = oif(Hy)  on  Eg*(A),
and

w:i:f: . tljglw eitd:(Hl)]e—itd)(Ho)Eg.C(A)f

holds for all function ¢ satisfying

r

o 2
f gins=ites) gg } dn—0 as t—
r

and

J‘ e gy > 0 as t-—»> o0,
r

for any compact I contained in A.
Proof. See [11, Theorem 3.1}.
Proof of Theorem 3. Take K = £2 @ %2 @ £ @ L2 We define

A: Hy — K{Af} = {ALf, Aof, Asf, Auf}

and
B: #y — K{Bf} = {B,f, B,f, Bsf, Bsf}
where
[PV o R _ [0 b __[sigqlqV® 0
1“[0 o Ae=r"4 A"“[o o 2nd A‘*’[ 0 0]’

P N N R A RS
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By A, and A; D(H,) C D(4) N D(B). Then (b) is satisfied. Moreover

BrAf = [V+2‘~’ i 220];

then by Remark 2.7 (c) is satisfied.
BR\(=) is bounded. Moreover

k=7 e e

where r(s?) = (—4 + m*> — 22)"1. Ry(z) 1s bounded from H, & H, into
H,® H, and 4,, 1 <i <4 is compact from H, @ H, into #? by A, and
Lemma 2.3. Then AR((z) is compact from 5 into K, and (d) is satisfied.

Clearly BR A* = D}_; B;Ry(2) A;*, in an obvious notation. (¢) will be
proved if we find a z € p(H,) such that || B;Ry(2) A;* ! <C1 as operator from
K —> £, for 1 <{i << 4. But

—Spf 2 8 *
BIROAI* — [P r(" )(P V) 0]’

0 0
0 0
f
BaRody™ = [Zpsbor(zz)p“s 2zp°’b0r(zz)p"‘“]’
br(z2)b 0O
ByRy Ay :[ (0) 0]’
and
112 p(22) si 120
BRA,* — [Iql ( )0 gqlql 0]‘
We have

| BiRoA* || < Mt Vr(@@))* [ = 1l o V(%) -
But p*V is compact from H, to #2. Then Ve > 0 there exists a K, such that
1o Vr(d) fil < elir(@@) 1l + K lir(z) f1] -
Take 2 = ia, & >> 0. Then
o Vr(=?) f1I < (e + (K[ [ 1]
Then Ve > 0 there exists a «, such that || ByR4,* || <{ e if a >> o, . Moreover

| BeRyAy* || << 2872 [} 2p%byr (%) p= |
<2 (1
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But by A4 and Lemma 2.2 Ve > 0 there is a o such that || p®by(r)172 || <C /2872,
for a > oy, and then || ByR A4,* || < . By a similar argument

H BsRoAs* “ < H B4R0A4* ” S

and (e) is satisfied.

We take A = (—o0, —m) U (m, ov). Since H, is absolutely continuous
E3°(A) =1. By [11, Lemmas 3.3 and 3.4] (f) and (g) will be satisfied if we
prove that

d
h (Eo(M) A*v, A*w)y = (MM, )k,
and

& (B B, A%w)y = (N, @),

where M(X), N(A) are locally Hélder continuous functions from A to B(K).
We denote by C* and one of 4* or B*. Then

di;\ (Eo(A) CFo, A*w)y = ;X (UgEo(R) C*o, A*w),
where U, is the unitary operator from £, onto %2 introduced in the proof of
Theorem 1. We consider A > m, for A <. —m is similar. Then

9 (B Cro, A%w)y = S (B 0) MUC*0, Upd*o)

d
L
where M = [} _Y] (see the proof of Theorem 1), where E,(}) is the spectral
family of the operator F-1(n? - m?)1/2 F.

Then

d d
Y (Eo()‘) C*o, A*w)o = Z D (Eo(/\)( Uoc*n)u‘ ;" (UOA *m)lk wkm)
ik

where

®-

4
v == @ on, w = ™, o™, w™ e K.
n=1

1

3
il

But if Ag and A, are satisfied we prove as in [6] (see also {12]) that

d
P (B (UpC*)y5 0%, (UpA*™) 13 ™) = (Mg . mA) 057, wi™),
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where M, 2,m,n 15 a locally Holder continuous function from (m, o0) to B(K).
This gives the proof of (f) and (g). It remains to prove #, but

TJ—1=(F 4+ 8+ q)r(0)
F'r(0), 8%(0), gr(0) are compact by Lemma 2.3. Q.E.D.

APPENDIX

We give a necessary and sufficient condition for A, to be satisfied. We define
[14]

Ba) = jof sup 1= [ 1400)| Sl — 3) 43 d,

where &, ,(x) 1s the inverse Fourier transform of

@A+ DT, A =0,
Then

Lemma Al Ay is satisfied if and only if By(q7) <. | for some X << m?.

Proof. A, is equivalent to

@h) <(=4+Nff), [feC
and A =: m? — ¢; then the lemma follows from [14, Theorem 5.2]. QED

We define
Sxa) = sup [ 1 g(3)] S - ) d.

Clearly B,(q) << S)(9); then A, is satisfied if S,(¢7) <1 for some A < m? In
the case n = 3 this takes a particularly simple form, because

S,.a(x) = cxp[ AV ], no=s 3,

1
4| x|
Then A, is satisfied if

sup ( g (») W{T (exp —A2{x — v ) dy < 4n

for some A < m2.
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In the case when g(x) is of Coulomb type, i.e., ¢(x) = —e¢/| x|, e > 0, we get
N2 — v d
flyl l(eXP lx—y)dy <

By taking polar coordinates and explicit integration we get: e/A1/2 <{ 1; then A,
is satisfied if e << m. Eckardt [8] obtained in this case

1 2m? )
6(31/2) ’ 25(31/2)

which is clearly a stronger condition. In the case of a electric potential of
Coulomb type, i.e., g, = 0, and by(x) = ¢/| x |, one could use the necessary and
sufficient condition given in Lemma A.l, but it is easier to use, in this case,
Hardy’s inequality. A, is satisfied if and only if

e<min(

& [y @R s < [ (02 4 2) LB %
but by Hardy’s inequality:
fl_;*lz_ FE)R s < 4 [ | Ff () do%.

We see that A, is satisfied if
lel <%

It is known that the constant in Hardy’s inequality is the best possible. Returning
to the ordinary system of units, | e | <{ 1 corresponds to the condition | 2| <
68.5, 2 being the atomic number. These results can be generalized in a trivial
way to the case n > 3; we obtain | e | < ((n — 2)/2), n > 2.
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