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ARTICLE INFO ABSTRACT
Keywords: Although the residual method, or constrained regularization, is frequently used in applica-
lll-posed problems tions, a detailed study of its properties is still missing. This sharply contrasts the progress
Reg}ﬂa“zatm“ of the theory of Tikhonov regularization, where a series of new results for regularization in
Residual method Banach spaces has been published in the recent years. The present paper intends to bridge
Zf:glsllg the gap between the existing theories as far as possible. We develop a stability and conver-

gence theory for the residual method in general topological spaces. In addition, we prove
convergence rates in terms of (generalized) Bregman distances, which can also be applied
to non-convex regularization functionals.

We provide three examples that show the applicability of our theory. The first example is
the regularized solution of linear operator equations on [P-spaces, where we show that the
results of Tikhonov regularization generalize unchanged to the residual method. As a sec-
ond example, we consider the problem of density estimation from a finite number of sam-
pling points, using the Wasserstein distance as a fidelity term and an entropy measure as
regularization term. It is shown that the densities obtained in this way depend continu-
ously on the location of the sampled points and that the underlying density can be recov-
ered as the number of sampling points tends to infinity. Finally, we apply our theory to
compressed sensing. Here, we show the well-posedness of the method and derive conver-
gence rates both for convex and non-convex regularization under rather weak conditions.

© 2011 Elsevier Inc. Open access under CC BY-NC-ND license

Convergence rates

1. Introduction

We study the solution of ill-posed operator equations
Fx) =y, (1)

where F : X — Y is an operator between the topological spaces X and Y, and y € Y are given, noisy data, which are assumed to
be close to some unknown, noise-free data y* e ran(F). If the operator F is not continuously invertible, then (1) may not have
a solution and, if a solution exists, arbitrarily small perturbations of the data may lead to unacceptable results.

If Y is a Banach space and the given data are known to satisfy an estimate |y’ — y|| < §, one strategy for defining an
approximate solution of (1) is to solve the constrained minimization problem

R(x) — min subject to ||F(x) —y|| < B (2)
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Here, the regularization term R : X — [0, +oo] is intended to enforce certain regularity properties of the approximate solution
and to stabilize the process of solving (1). In [39,55], this strategy is called the residual method. It is closely related to Tikhonov
regularization

T(x) := |[F(x) - y|I* + oR(x) — min, (3)

where o > 0 is a regularization parameter. In the case that the operator F is linear and R is convex, (2) and (3) are basically
equivalent, if o is chosen according to Morozov’s discrepancy principle (see [39, Chap. 3]).

While the theory of Tikhonov regularization has received much attention in the literature (see for instance
[1,14,21,22,33,37,45,49,52,56,58]), the same cannot be said about the residual method. The existing results are mainly con-
cerned with the existence theory of (2) and with the question of convergence, which asks whether solutions of (2) converge
to a solution of (1) as |y — y'|| < — 0. These problems have been treated in very general settings in [38,51] (see also
[34,54,55]). Convergence rates have been derived in [6] for linear equations in Hilbert spaces and later generalized in [34]
to non-linear equations in Banach spaces. Convergence rates have also been derived in [7,9,32] for the reconstruction of
sparse sequences.

The problem of stability, however, that is, continuous dependence of the solution of (2) on the input data y and the pre-
sumed noise level g, has been hardly considered at all. One reason for the lack of results is that, in contrast to Tikhonov reg-
ularization, stability simply does not hold for general non-linear operator equations. But even for the linear case, where we
indeed prove stability, so far stability theorems are non-existent in the literature. Though some results have been derived in
[34], they only cover a very weak form of stability, which states that the solutions of (2) with perturbed data stay close to the
solution with unperturbed data, if one additionally increases the regularization parameter 8 in the perturbed problem by a
sufficient amount.

The present paper tries to generalize the existent theory on the residual method as far as possible. We assume that X and
Y are mere topological spaces and consider the minimization of R(x) subject to the constraint S(F(x),y) < f. Here S is some
distance like functional taking over the role of the norm in (2). In addition, we discuss the case where the operator F is not
known exactly. This subsumes errors due to the modeling process as well as discretizations of the problem necessary for its
numerical solution. We provide different criteria that ensure stability (Lemma 3.6, Theorem 3.9 and Proposition 4.3) and
convergence (Theorem 3.10 and Proposition 4.3) of the residual method. In particular, our conditions also include certain
non-linear operators (see Example 4.6).

Section 5 is concerned with the derivation of convergence rates, i.e., quantitative estimates between solutions of (2) and
the exact data y'. Using notions of abstract convexity, we define a generalized Bregman distance that allows us to state and
prove rates on arbitrary topological spaces (see Theorem 5.4). In Section 6 we apply our general results to the case of sparse
fP-regularization with p € (0,2). We prove the well-posedness of the method and derive convergence rates with respect to
the norm in a fairly general setting. In the case of convex regularization, that is, p > 1, we derive a convergence rate of order
O(B"P). In the non-convex case 0 < p < 1, we show that the rate O(f) holds.

2. Definitions and mathematical preliminaries

Throughout the paper, X and Y denote sets. Moreover, R : X — [0,+o0] is a functional on X, and S: Y x Y — [0, +00] is a
functional on Y x Y such that S(y,z) = 0 if and only if y = z.

2.1. The residual method
For given mapping F : X - Y, given data y € Y, and fixed parameter 8 > 0, we consider the constrained minimization
problem
R(x) — min subjectto S(F(x),y) < B. (4)
For the analysis of the residual method (4) it is convenient to introduce the following notation.
The feasible set ®(F,y, B), the value 1(F,y, ), and the set of solutions X(F,y, ) of (4) are defined by
O(F,y, ) = {x € X : S(F(x),y) < f},
v(F,y, p) = inf{R(x) : x € ®(F,y, )},
2(F,y,p) == {x € ®(F,y, ) : R(x) = v(F,y,p)}.
In particular, @(F,y,0) consist of all solutions of the equation F(x) = y. The elements of X(F,y,0) are therefore referred to as R-
minimizing solutions of F(x)=y.
In addition, for ¢t > 0, we set
Pr(Fy, B t) .= ®F,y, p) N {x € X: R(x) < t}. (5)
An immediate consequence of the above definitions is the identity
Z(Fyvﬁ) = ¢R(F7y7ﬁ~ U(F7y7ﬁ)) (6)
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Remark 2.1. We do not assume a priori that a solution of the minimization problem (4) exists. Only in the next section shall
we deduce the existence of solutions under a compactness assumption on the sets @ (F,y, 8,t), see Theorem 3.1.

Lemma 2.2. The sets &% (F,y, B,t) defined in (5) satisfy

QR(Fyvﬁv t) - QR(F>Y*ﬁ+’yt+8) (7)
forevery vy, & > 0, and
¢R(F7Y7/37 t) = ﬂ ¢R(F7y7ﬂ+y7t+g) (8)
7.6>0

Proof. The inclusion (7) follows immediately from the definition of ®r. For the proof of (8) note that x €, ,®Pr
(F,y,B+7,t+¢)if and only if S(F(x),y) < g+ 7 forall y >0 and R(x) < t + ¢ for all ¢ > 0. This, however, is the case if and only
if S(F(x),y) < p and R(x) < t, which means that x € & (F,y,$,t). O

Further properties of the value v and the sets @, ®; and X are summarized in Appendix A.
2.2. Convergence of sets of solutions

In the next section we study convergence and stability of the residual method, that is, the behavior of the set of solutions
2(Fi, Y1 Bi) for B — B,y — y, and F, — F. In [21,50], where convergence and stability of Tikhonov regularization have been
investigated, the stability results are of the following form: for every sequence (y,),., — ¥ and every sequence of minimizers
X, € argmin{||[F(x) — y,||* + «R(x)} there exists a subsequence of (Xk)en that converges to a minimizer of ||F(x) — yI? + aR(x).
In this paper we prove similar results for the residual method but with a different notation using a type of convergence of
sets (see, for example, [41, Section 29]).

Definition 2.3. Let 7 be a topology on X and let (X}),., be a sequence of subsets of X.

(a) The upper limit of (X),.y is defined as

T— Lir}l(lﬁoscupzk = ﬂ (‘E —d U Zkr>,

keN K>k

where 7 — cl denotes the closure with respect to .
(b) An element x € X is contained in the lower limit of the sequence (X),_., in short

X € T — Lim inf X},
k—o0

if for every neighborhood N of x there exists ko € N such that Nn X # (0 for every k > k.
(c) If the lower limit and the upper limit of (2),.,, coincide, we define

ke

T—limy_ . 2y :=7— Lig{n inf 2, = 7 — Lim sup X

k—o0

as the limit of the sequence (XZy),..

Remark 2.4. As a direct consequence of Definition 2.3, an element x is contained in the upper limit T — Lim supy_,..Xy, if and
only if for every neighborhood N of x and every ko € N there exists k > ko with NN X # 0.

If X satisfies the first axiom of countability, then x € T — Lim supy_, .2}, if and only if there exists a subsequence (X, );cy, of
(Zk)ken and a sequence of elements x; € X, such that x; —» .x (see [41, Section 29.IV]). Note that in particular every metric
space satisfies the first axiom of countability.

The following proposition clarifies the relation between the stability and convergence results in [21,50] and the results in
the present paper.

Proposition 2.5. Let (X}),. be a sequence of nonempty subsets of X, and assume that there exists a compact set K such that
X CK for all k € N. Then t — Lim supy_,..X is non-empty.

If, in addition, X satisfies the first axiom of countability, then every sequence of elements x, € X has a subsequence converging
to some element x € T — Lim supy_, .o 2.

Proof. By assumption, the sets Sy := 7 — clJy ., 2k form a decreasing family of non-empty, compact sets. Thus also their
intersection (,.ySk = T — Lim sup,_, .. 2 is non-empty (see [40, Theorem 5.1]).
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Now assume that X satisfies the first axiom of countability. Then in particular every compact set is sequentially compact
(see [40, Theorem 5.5]). Let now x; € X for every k € N. Then (x;),y is a sequence in the compact set K and therefore has a
subsequence (xy,);c, converging to some element x € K. From Remark 2.4 it follows that x € T — Lim supy_... X, which shows
the assertion. [

2.3. Convergence of the data

In addition to the convergence of subsets X of X, it is necessary to define a notion of convergence on the set Y that is
compatible with the distance measure S.
Definition 2.6. The sequence (y),.n C Y converges S-uniformly toy €Y, if
sup{|S(z,y) = S(z,y)| : z€ Y} — 0.
The sequence of mappings Fy : X — Y converges locally S-uniformly to F : X - Y, if
sup{|S(Fi(x),y) — S(E(x),y)| :y e Y, x e X, R(x) <t} — 0

for every t > 0.

Remark 2.7. The S-uniform convergence on Y is induced by the extended metric
S101,¥2) = sup{|S(z,¥1) = S(z,¥,)| : z€ Y}.

If the distance measure S itself equals a metric, then S; coincides with S. Similarly, local S-uniform convergence of a se-
quence of mappings F, equals the uniform convergence of F, on R-bounded sets with respect to the extended metric

S2(y1,¥2) = sup{|S(y1,2) = 8(y2,2)| : z€ Y}

3. Well-posedness of the residual method

In the following we investigate the existence of minimizers, and the stability and the convergence of the residual method.
Throughout the whole section we assume that 7 is a topology on X, F : X — Yis a mapping, y € Y are givendataand 8 > Oisa
fixed parameter.

3.1. Existence
We first investigate under which conditions X(F,y, ), the set of solutions of (4), is not empty.

Theorem 3.1 (Existence). Assume that ®(F,y, B, t) is T-compact for every t > 0 and non-empty for some to > 0. Then Problem
(4) has a solution.

Proof. Eq. (6) and Lemma 2.2 imply the identity
Z(F>y7ﬁ) = d)R(Fvy7 /ga U(F7y7 ﬁ)) = m (DR(F>.V7 ﬂ', V(F,y, ﬁ) + 8)'

>0
Because &% (F,y, B, to) # 0, the value of (4) satisfies «(F,y, ) < to < co and therefore § # @ (F,y, 8, v(F,y, B) + ¢€) for every ¢ > 0.
Consequently, 2(F,y, ) is the intersection of a decreasing family of non-empty t-compact sets and thus non-empty (see [40,
Theorem 5.1]). O

Recall that a mapping F : X — [0, +o0] is lower semi-continuous, if its lower level sets {x € X : F(x) < t} are closed for every
t > 0. Moreover, the mapping F is coercive, if its lower level sets are pre-compact, see [4]. (In a Banach space one often calls a
functional coercive, if it is unbounded on unbounded sets. The notion used here is equivalent if the Banach space is reflexive
and 7 is the weak topology.) In particular, the mapping F is lower semi-continuous and coercive, if and only if its lower level
sets are compact.

Proposition 3.2. Assume that R and x—S(F(x),y) are lower semi-continuous and one of them, or their sum, is coercive. Then
@ (F,y, B, t) is T-compact for every t > 0. If additionally ®x(F,y, B,to) is non-empty for some t, > 0, then Problem (4) has a
solution.

Proof. If R and x—S(F(x),y) are lower semi-continuous and one of them is coercive, then

Pr(F.y, p,t) = {x: S(F(x),y) < prn{x: R(x) < t}
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is the intersection of a closed and a t-compact set and therefore itself t-compact. In case that only the sum
x—S(F(x),y) + R(x) is coercive, the set

Pr(Fy,f,0) = {x: S(F(x),y) < f} N {x: R(x) <t} C {x: S(F(x),y) + R(X) < p +}

is a closed set contained in a tT-compact set and therefore again t-compact. O

The lower semi-continuity of x—S(F(x),y) certainly holds if F is continuous and S is lower semi-continuous with respect
to the first component (for some given topology on Y). It is, however, also possible to obtain lower semi-continuity, if F is not
continuous but the functional S satisfies a stronger condition:

Proposition 3.3. Let ©’ be a topology on Y such that z—S8(z,y) is lower semi-continuous and coercive, and assume thatF: X - Y
has a closed graph. Then the functional x—~S(F(x),y) is lower semi-continuous.

Proof. Because F has a closed graph, the pre-image under F of every compact set is closed (see [38, Theorem 4]). This shows
that

{(xeX:S(F(x),y) <py=F'({zeY:S(zy) <p})

is closed for every g, that is, the mapping x—S(F(x),y) is lower semi-continuous. O

3.2. Stability

Stability is concerned with the continuous dependence of the solutions of (4) of the input data, that is, the element y, the
parameter S, and, possibly, the operator F. Given sequences B¢ — S, yx — ¥, and F, — F, we ask whether the sequence of sets
X (Fr Y Br) converges to X(F,y, ). As already indicated in Section 2, we will make use of the upper convergence of sets intro-
duced in Definition 2.3. The topology, however, with respect to which the results are formulated, is stronger than 7.

Definition 3.4. The topology 7%z on X is generated by all sets of the form UN {x € X : R(x) > s} withs € Rand U € 7 and all
sets of the form Un {x € X : R(x) < t} with t € RU {co} and U € 7. (Hence % consists of all unions of finite intersections of
sets of the form UN{x € X: R(x) >s} or UN{x € X: R(x) < t}.)

Note that a sequence (x;),.y C X converges to x with respect to T, if and only if (x),.y converges to x with respect to t
and satisfies R(x;) — R(x) for k — oo.

For the stability results we make the following assumption:

Assumption 3.5

1. Let > 0,lety €Y, and let F : X — Y be a mapping.

2. Let (By)ren be a sequence of nonnegative numbers, let (y,),., be a sequence in Y, and let (F),., be a sequence of mappings
F.: X-Y.

3. The sequence (f),.y converges to f, the sequence (y,)., converges S-uniformly to y, and (Fy),., converges locally
S-uniformly to F.

4. The sets @ (F,w,7,t) and &% (F,w, y,t) are compact for all w, v, t, and k. Moreover, for every w, ), k there exist some to
such that @z (F,w,7,to) and @ (F,w,7),t,) are nonempty.

The following lemma is the key result to prove stability of the residual method.

Lemma 3.6. Let Assumption 3.5 hold and assume that

lim sup y(FkaYIﬁﬂk) < zj(mez/g) < 0. (9)
Then,
0#Tr — Lir;l sup X(Fi, ¥, Bi) € 2(F,y, ). (10)

If, additionally, the set X(F,y, p) consists of a single element xg, then
{Xs} = Tr — limyoo Z(Fi, Vi, Bi). (11)

Proof. In order to simplify the notation, we define
Pi(t) := Pr(Fi, Vi i 1), D(t) := Pr(F,y, B, 1),
v = V(oY B, vi=vFy,B),
2y = 2F, Y B, 2 =2(Fy,p).
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Moreover we define the set T:=rt — Limsup,_. X Because the topology 1 is finer than 7, it follows that
Tr — Lim sup,_ 2y c T. We proceed by showing that § # T c ¥ and T C 7z — Lim sup,_, X%, which then gives the assertion
(10).

The inequality (9) implies that for every ¢ > 0 there exists some ko € N such that s, < v+ ¢ for all k > ko. Since  — 8, we
may additionally assume that g, < f+ &. Lemma A.1 implies, after possibly enlarging ko,

D (vx) C Pr(Fy, Yy, B+ & vi) C Pr(Fy, 428, 1) C Pr(F Yy, f+ 28,0+ ¢) (12)
for all k > ko. Thus,
T=1—LimsupZ, =) (‘c —d( z,(,> =N (r —d(J qs,(,(yk,)> C Ox(Fy,f+2¢v+8). (13)
k=00 keN K>k k>ko K>k

The sets T — cl|Jp .2y are closed and non-empty and, by assumption, the set ®(F,y, f + 2¢, v + &) is compact. Thus T is the
intersection of a decreasing family of non-empty compact sets and therefore non-empty. Moreover, because (13) holds for
every ¢ >0, we have

0#TC()Pr(Fy,B+26v+e) =d(v) =2 (14)

&>0
Next we show the inclusion T C 7z — Lim sup,_, _X\. To that end, we first prove that
v = limg vy. (15)

Recall that Theorem 3.1 implies that @,(z;) = X is non-empty. Therefore, (12) implies that also @ (F,y, B + 2¢, v) is non-
empty, which in turn shows that v, > «(F,y,p + 2¢) for all k large enough. Consequently,

Liin inf v, = v(F,y, p+ 2¢) (16)
for all ¢ > 0. From Lemma A.2 we obtain that v = sup.o¥(F,y, 8 + 2¢). Together with (16) and (9) this shows (15).

Let now x € T, let N be a neighborhood of x with respect to 7, let 6 >0 and ko € N. Since T C X (see (14)), it follows that
R(x) = v. Thus it follows from (15) that there exists k; > ko such that

|k —R(x)| < 0
for all k > k;. In particular,

2 C{xeX:R(X)—d < R(X) < R(X)+ 6} 7
for all k > k. Remark 2.4 implies that there exists k, > k; such that

NN Xy, #0. (18)

Now recall that the sets NN {x € X : R(x) — 6 < R(X) < R(x) + ¢} form a basis of neighborhoods of x for the topology .
Therefore (17) and (18), and the characterization of the upper limit of sets given in Remark 2.4 imply that
X € T — Lim sup,_ . Z}. Thus the inclusion (10) follows.
If the set X(F,y, ) consists of a single element x;, then the first part of the assertion implies that for every subsequence
(k;)jeny We have
T — Lim sup Z(ij’ykja ﬁkj) = {Xﬁ}'

J—oo
Thus the assertion follows from Lemma A.3. O
The crucial condition in Lemma 3.6 is the inequality (9). Indeed, one can easily construct examples, where this condition

fails and the solution of Problem (4) is unstable, see Example 3.7. What happens in this example is that the upper limit
T — Lim sup,_, . Z(F,y,, B) consists of local minima of R on &(F,y, B) that fail to be global minima of R restricted to &(F,y, B).

Example 3.7. Consider the function F: R — R : x—x> — x? (illustrated in Fig. 1) and the regularization functional R(x) = x2.
Let y > 0 and choose =Y. Then

argmin{R(x) : |[F(x) —y| < g} = argmin{x? : |x>* —x2 —y| <y} =0. (19)
Now let y, >y. Then

argmin{R(x) : [F(x) — y,| < } = argmin{x? : |x* — x> — y,| <y} = X,

where x; is the unique solution of the equation F(x) = y, — y. Thus, if the sequence (y,),., converges to y from above, we have
x> 1 for all k and lim,_,..x, = 1. According to (19), however, the solution of the limit problem equals zero.

The following two theorems are central results of this paper. They answer the question to which extent we obtain stabil-
ity results for the residual method similar to the ones known for Tikhonov regularization.



M. Grasmair et al./Applied Mathematics and Computation 218 (2011) 2693-2710 2699
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0 1

Fig. 1. The nonlinear function F from Example 3.7. The feasible set ®(F,y, ) = {x € R : |[F(x) — y| < B} consists of an interval and the isolated point {0}.

Theorem 3.8 (Approximate Stability). Let Assumption 3.5 hold. Then there exists a sequence & — 0 such that

0 # T — Lim sup Z(Fy, Yy, fi + &) C Z(F,y, p).
k—o0

Proof. Define

& 1= lrlf{8 > 0: (DR(F7Y7IB7 v(me'ﬁ)) C (DR(F’(MYIU ﬂk + &, U(th?ﬂ))}
Lemma A.1 and the assumption that g, — g imply that g — 0. Since by assumption

@ o 2(F3y7 ﬁ) = ¢R(F7y7 ﬁ: U(F7y7 ﬁ)) - qu(Fk?yk? ﬁk + &, ”(F:% :B))7
we obtain that «(Fy, Vi B + &) < UF,y, ). Thus the assertion follows from Lemma 3.6. O

Theorem 3.8, is a stability result in the same spirit as the one derived in [34]. While it does not assert that, in the general

setting described by Assumption 3.5, the residual method is stable in the sense that the solutions depend continuously on
the input data, it does state that the solutions of the perturbed problems stay close to the solution of the original problem, if
one allows the regularization parameter j to increase slightly. Apart from the more general, topological setting, the main

difference to [34, Lemma 2.2] is the additional inclusion of operator errors into the result.
The next theorem provides a true stability theorem, including both data as well as operator perturbations.

Theorem 3.9 (Stability). Let Assumption 3.5 hold with g >0 and assume that the inclusion

P (F,y,p.t) C ) <T—CIU¢R(F,y,/}—8,t+6)> (20)

>0 >0
holds for every t > 0. Then,
Q)#T’R_LHF SupZ(Flﬁykvﬂk) CZ(FLV,B) (21)

If, additionally, the set X(F,y, B) consists of a single element x;, then
{xp} = T — limy_ oo 2(Fy, Yy, B)-
Proof. The convergence of (f,),. to f and Lemma A.1 imply that for every ¢ >0 and t € R there exists ko € N such that

(DR(F7y7 ﬁ — &, t) C (pR(Fkyykv :Bkv t)
for all k > ko. Consequently,
limsup v(Fy, ¥, i) = limsup(inf{t : r (Fe, Yy, B, t) # 0}) < in(f)(inf{t: Pr(Fy,f—¢&t) #0}).
k—o0 k—o0 &>

From (20) we obtain that
inf(inf{t : Ox(F,y, f — &,t) # 0}) < inf{t: Dx(F.y, f.t) # 0} = v(F.y, ).

This shows (9). Now (21) follows from Lemma 3.6. O

For Theorem 3.9 to hold, the mapping x—S(F(x),y) has to satisfy the additional regularity property (20). This property
requires that every xe€ X for which F(x)#y can be approximated by elements X with S(F(X),y) < S(F(x),y) and
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R(X) < R(x) + . That is, the function x—S(F(x),y) does not have local minima in the sets {x € X : R(x) < t}. As will be shown
in the following Section 4, this property is naturally satisfied for linear operators on Banach spaces.

3.3. Convergence

The following theorem states the solutions obtained with the residual method indeed converge to the R-minimizing solu-
tion of the equation F(x) =y, if the noise level decreases to zero. Recall that the set of all R-minimizing solution of the equa-
tion F(x) =y is given by X(F,y,0).

Theorem 3.10 (Convergence). Lety € Y be such that there exists x € X with F(x) =y and R(x) < oo and assume that @ (F,w, ), t)
is t-compact for allw e Y and y, t = 0. If (yy ), converges S-uniformly to y and satisfies S(y,y,) < fr — O, then

limsup v(F, y;, Bi) < (F,y,0) < cc. (22)

k—o0
In particular,
0 # tr — Lim sup X(F, y;, Bi) C 2(F,y,0). (23)

k—o0

If, additionally, the R-minimizing solution x' is unique, then

{x'} = T — Lim sup 2(F,yy, B). o
k—o0

Proof. By assumption S(y,yx) < fr which implies that v(F,y,, f;) < R(X) for all ¥’ € &(F,y,0). This proves (22). Now (23) and
(24) follow from Lemma 3.6. O

4. Linear spaces

Now we assume that X and Y are subsets of topological vector spaces. Then the linear structures allows us to introduce
more tangible conditions implying stability of the residual method.
For the following we assume that F: X - Y and y € Y are fixed.

Assumption 4.1. Assume that the following hold:

1. The set X is a convex subset of a topological vector space, and Y is a topological vector space.
2. The mapping x—S(F(x0),y) is semi-strictly quasi-convex. That is, for all xo, x; € X with S(F(xo),y), S(F(x1),y) < oo, and all
0< <1 we have

‘S(F(/LXO + (1 - )»)X]),y) < max{S(F(xo),y),S(F(xl),y)}.

Moreover, the inequality is strict whenever S(F(xo),y) # S(F(x1),Y)-
3. For every $ > 0O there exists x € X with S(F(x),y) <  and R(x) < occ.
4. The domain domR = {x € X : R(x) < +oc} of R is convex and for every x,x; € domR the restriction of R to

L={Xo+(1-2)x:0<i<1}

is continuous.
We now show that Assumption 4.1 implies the main condition of the stability result Theorem 3.9, the inclusion (20):

Lemma 4.2. Assume that Assumption 4.1 holds. Then (20) is satisfied.

Proof. Let xo € @ (F,y, B, t) for some g > 0. We have to show that for every neighborhood N c X of X, and every 6 > O there
exist ¢>0 and x’ € N such that X' € &z (F,y, — &,t + 9).

Item 3 in Assumption 4.1 implies the existence of some x; € X satisfying the inequalities S(F(x1),y) < /2 and R(x;) < cc.
Since we have S(F(x1),y) < p and S(F(xp),y) < f8, we obtain from Item 2 that S(F(x),y) < p forevery x € L := {ixg + (1 — A)x :
0 < 2 < 1}. Since xg,x; € domR, it follows from Item 4 that R is continuous on L. Consequently lim;_.;R(ixo + (1 — A)x1) =
R(xo) < t. In particular, there exists 1y < 1 such that R(Axo + (1 — 2)x1) < t + d forall 1> 2> 4. Since X is a topological vector
space (Item 1), it follows that x':=ixg+(1 — A)x; € N for some 1> /> Jo. This shows the assertion with ¢:= f—
SFX),y)>0. O

Lemma 4.2 allows us to apply the stability result Theorem 3.9, which shows that Assumption 4.1 implies the continuous
dependence of the solutions of (4) on the data y and the regularization parameter p.
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Proposition 4.3 (Stability & Convergence). Let Assumption 4.1 hold and assume that the sets & (F,w,7,t) are compact for
every y € R, t € R, and w € Y. Assume moreover that (y,),., converges S-uniformly to y € Y, and that g — p. If p = 0, assume in
addition that S(y,y,) < Pi. Then
0 # tr — Lim sup X(F,y,, B) c Z(F.y, B).
ke

o0

ke

If, additionally, the set X(F,y, p) consists of a single element xg, then
X} == — Lir,n sup Z(F,y;, B)-
K—00

Proof. If =0, the assertion follows from Theorem 3.10. In the case 8 > 0, Lemma 4.2 implies that (20) holds. Thus, the asser-
tion follows from Theorem 3.9. Note that the non-emptyness of the sets @ (F,w,7,t) for some t follows from Item 3 in
Assumption 4.1. O

Proposition 4.4 (Stability). Let Assumption 4.1 hold. Assume that (y, ). converges S-uniformly to y € Y, the mappings Fy :
X — Y converge locally S-uniformly to F : X — Y (see Definition 2.6), and fx — B > 0. Assume that the sets &% (F,,w,y,t) and
@5 (F,w,7,t) are compact for every y > 0,t € R, and w € Y. Then

0T — Lirin sup Z(Fy, ¥y, fr) € 2(F,y,p).

If, additionally, the set X(F,y, §) consists of a single element xg, then
{xp} = T — limy_ oo 2 (Fi, Y, Be)-

Proof. Again, Lemma 4.2 shows that (20) holds. Moreover, the non-emptyness of the sets @z (F,w, y,t) and @ (F,,w,7,t) (at
least for k sufficiently large) for some t follows from Item 3 in Assumption 4.1 and the local S-uniform convergence of the
mappings F, to F. Thus the assertion follows from Theorem 3.9. O

Item 2 in Assumption 4.1 is concerned with the interplay of the functional F and the distance measure S. The next two
examples consider two situations, where this part of the assumption holds. Example 4.5 considers linear operators F and
convex distance measures S. Example 4.6 introduces a class of non-linear operators on Hilbert spaces, where Item 2 is sat-
isfied if the distance measure equals the squared Hilbert space norm.

Example 4.5. Assume that F : X —» Y is linear and S is convex in its first component. Then Item 2 in Assumption 4.1 is
satisfied. Indeed, in such a situation,

S(E(Axo + (1 = 4)x1),¥) = S(F(x0) + (1 = DF(x1),y) < AS(F(X0),y) + (1 — 2)S(F(x1),y) < max{S(F(xo),y), S(F(x1),y)}.

If moreover, S(F(xo),y) # S(F(x1),y) and 0 < A1 < 1, then the last inequality is strict.

Example 4.6. Assume that Y is a Hilbert space, S(y,z) = ||ly — z||>, and F : X - Y is two times Giteaux differentiable. Then
Item 2 in Assumption 4.1 holds if for all xg # x; € X the mapping

t=p(t: X0, x1) = |[F(xo + t1) — y|*

has no local maxima. This condition holds, if the inequality Ofgo(O;xg, x1) > 0is satisfied whenever 9,¢(0; xo,x1) = 0. The com-
putation of the derivative of ¢(-;xo,x1) at zero yields that

3:p(0;x0,X1) = 2(F (x0)(x1), F(x0))
and
07 (0:X0,%1) = 2(F"(x0) (x13%1), F(Xo)) + 2||F (x0)1 ||*.

Consequently, Item 2 in Assumption 4.1 is satisfied if, for every xo, X; € X with x; # 0, the equality (F(xo)(x1),F(x0)) =0
implies that

(F"(Xo) (x1;%1), F(X0)) + [[F'(%0) (%1)|* > 0.
4.1. Regularization on LP-spaces
Let p € (1,00) and set X = LP(Q, u) for some g-finite measure space (£2, it). Assume that Yis a Banach spaceand F: X — Yis a

bounded linear operator with dense range. Let R(x) = HxHﬁ and S(w,y) = ||w —y||. We thus consider the minimization
problem
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x> — min  subject to |[Fx —y|| < 8.

We now show that in this situation the assumptions of Proposition 4.3 are satisfied. To that end, let T be the weak topol-
ogy on LP(Q,u). As LP(Q,u) is reflexive, the level sets {x € X : R(x) < t} are weakly compact. Moreover, the mapping
x— ||[Ex — y|| is weakly lower semi-continuous. Thus all the sets @ (F,w,y,t) are weakly compact. Example 4.5 shows that
Item 2 in Assumption 4.1 holds. Item 3 follows from the density of the range of F. Finally, Item 4 holds, because R is norm
continuous and convex.

Now assume that y, — y and B, — B. If § = 0 assume in addition that ||y, — ¥|| < Bk The strict convexity of R and convexity
of the mappings x — ||[Ex — y;|| imply that each set X(F,yy, «) consists of a single element x,. Similarly, X(F,y, ) consists of a
single element x. From Proposition 4.3 we now obtain that (x;),.,, weakly converges to x"and |[x,|5 — [|x|[?. Thus, in fact, the
sequence (xi)., strongly converges to x" (see [44, Corrollory 5.2.19]).

Let >0 and assume that F, : X — Y is a sequence of bounded linear operators converging to F with respect to the strong
topology on L(X,Y), that is, sup{||Fx — Fx|| : ||x|| < 1} — 0. Let again f; — f and yx — y, and denote by x, the single element in
X(Fi.Yi Br)- Applying Proposition 4.4, we again obtain that x;, — x.

Remark 4.7. The above results rely heavily on the assumption that p > 1, which implies that the space LP(Q, u) is reflexive. In
the case X = L'(Q, ), the level sets {x € X : ||x||; < t} fail to be weakly compact, and thus even the existence of a solution of
Problem (4) need not hold.

Remark 4.8. The assertions concerning stability and convergence with respect to the norm topology remain valid, if X is any
uniformly convex Banach space and R the norm on X to some power p > 1. Also in this case, weak convergence and conver-
gence of norms imply the strong convergence of a sequence [44, Theorem 5.2.18]. More generally, this property is called the
Radon-Riesz property [44, p. 453]. Spaces satisfying this property are also called Efimov-Stechkin spaces in [55].

4.2. Regularization of probability measures

Let (Q,d) be a separable, complete metric space with distance d and denote by P(Q) the space of probability measures on
the Borel sets of Q2. That is, P(Q) consists of all positive Borel measures p on Q that satisfy u(Q)=1. For p > 1 the p-Was-
serstein distance on P(L) is defined as

. 1/p
Wy, v) == (inf{/ dx,y)lPde: ¢ € P(Qx Q), )¢ = pu, Mo ¢ = v}) .

Here 7r"#cf denotes the push forward of the measure ¢ by means of the ith projection. In other words, nj#g“(U) =¢(U x Q) and
nié(U) = ¢(Q x U) for every Borel set U C Q.

Recall that the narrow topology on P(Q) is induced by the action of elements of P(Q) on continuous functions u € ((£2).
That is, a sequence (i), C P(L2) converges narrowly to u € P(Q), if

/ udp, = / udp  for all u € C(Q).
Q Q

Lemma 4.9. Let p > 1. Then the Wasserstein distance satisfies, for every u,, it,,v € P(Q) and 0 < 4 < 1, the inequality
Wi (itty + (1= 2y, v < AW (tty V) + (1 = )Wy (pt5, V). (25)

Moreover it is lower semi-continuous with respect to the narrow topology.

Proof. The lower semi-continuity of W, has, for instance, been shown in [27]. In order to show the inequality (25), let
&1,¢& € P(Q x Q) be two measures that realize the infimum in the definition of Wp(,v) and Wy(u,,v), respectively. Then
7L (A& + (1 = A)&) = Ay + (1 — ), and 72 (2, + (1 — 2)&) = v, which implies that the measure i¢; + (1 — 4)¢; is admissi-
ble for measuring the distance between /u; + (1 — )i, and v. Therefore

Wy (2l + (1 = 2y, V)P = inf{/d(x,y)"dé STLE =y + (1= Ay, TE = v} < /d(x,y)"d(}vél +(1-2)&)
= Wty V)P + (1 = )Wy (phy, V)P,

which proves the assertion. [

Since P(Q) is a convex subset of the space M(Q) of all finite Radon measures on €2, and the narrow topology on P(Q) is
the restriction of the weak* topology on M (Q) considered as the dual of C,(£2), the space of bounded continuous functions on
Q, it is possible to apply the results of this section also to the situation where Y = P(Q2) and S = W,,. As an easy example, we
consider the problem of density estimation from a finite number of measurements.
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Example 4.10. Let Q c R" be an open domain. Given a finite number of measurements {y,...,yx} C 2, the task of density
estimation is the problem of finding a simple density function u on € in such a way that the measurements look like a typical
sample of the distribution defined by u. Interpreting the measurements as a normalized sum of delta peaks, that is, equating
{y1,....yx} with the measure y := 1>":5(y;) € P(Q), we can easily translate the problem into the setting of this paper.

We set X:={u e L'(Q) : u > 0 and ||u||; = 1}, which is a convex and closed subset of L'(Q), Y := P(Q), and consider the
embedding F : X — P(Q),u—uL". Then F is continuous with respect to the weak topology on X and the narrow topology on
P(£2). We now consider the distance measure S = W), for some p > 1 and the Euclidean distance d on €. Then Lemma 4.9
implies that, for every u € P(Q), the mapping u — Wp(Fu, ) is weakly lower semi-continuous.

There are several possibilities for choosing a regularization functional on X. If Q is bounded (or at least £"(Q2) < oo), one
can, for instance, use the Boltzmann-Shannon entropy defined by

R(u) := / ulog(u)dx foru e X.
Q

Then the theorems of De la Vallée Poussin and Dunford-Pettis (see [24, Theorems 2.29, 2.54]) show that the lower level sets
of R are weakly pre-compact in L!(€2). Moreover, the functional R is convex and therefore weakly lower semi-continuous
(see [24, Theorem 5.14]). Using Proposition 3.2, we therefore obtain that the compactness required in Assumption 3.5 holds.
Also, Lemma 4.9 shows that Item 2 in Assumption 4.1 holds. Items 1 and 4 are trivially satisfied. Finally, Item 3 follows from
the density of domR in X and the density (with respect to the narrow topology) of ran F in P(Q). In addition, it has been
shown in [59] that the weak convergence of a sequence (i), CL'(Q) to ueL'(€) together with the convergence
R(ux) — R(u) imply that |lu, — u||; - 0. Thus the topology 75 coincides with the strong topology on X.

Proposition 4.3 therefore implies that the residual method is a stable and convergent regularization method with respect
to the strong topology on X. More precisely, given a sample y = 1 3°;(y;), the density estimate u depends continuously on the
positions y; of the measurements and on the regularization parameter 8. In addition, if the number of measurements
increases, then the Wasserstein distance between the sample and the true probability converges almost surely to zero. Thus
also the reconstructed density converges to the true underlying density, provided the regularization parameters decrease to
zero slowly enough.

5. Convergence rates

In this section we derive quantitative estimates (convergence rates) for the difference between regularized solutions
xy € X(F,y, ) and the exact solution of the equation F(x") = y'.

For Tikhonov regularization, convergence rates have been derived in [3,6,23,36,46,47] in terms of the Bregman distance.
However, its classical definition,

D:(x,x") = R(X) = R(X) + (&X' = X)x- x, (26)

where ¢ € OR(x!) C X", requires the space X to be linear and the functional R to be convex, as the (standard) subdifferential
OR(x") is only defined for convex functionals. In the sequel we will extend the notion of subdifferentials and Bregman dis-
tances to work for arbitrary functionals R on arbitrary sets X. To that end, we make use of a generalized notion of convexity,
which is not based on the duality between a Banach space X and its dual X* but on more general pairings (see [53]). The same
notion has recently been used in [29] for the derivation of convergence rates for non-convex regularization functionals.

Definition 5.1 (Generalized Bregman Distance). Let W be a set of functions w: X — R, let R : X — RU {+oco} be a functional
and let x" e X.

(a) The functional R is convex at x" with respect to W, if

R(x') = R™(x") := sup (inf(R(x) —w(x) + w(x*))). (27)
wew \ XX
(b) Let R be convex at x" with respect to W. The subdifferential at x* with respect W is defined as
OwWwR(XN) :={we W :R(x) = R(x") + w(x) — w(x!) for all x € X}.
(c) Let R be convex at x" with respect to W. For w € 9y R(x") and x € X, the Bregman distance between x" and x with respect
to w is defined as

Dy(x,X") := R(X) — R(X") — w(X) + w(x"). (28)

Remark 5.2. Let X be a Banach space and set W= X*. Then a functional R : X — R U {400} is convex with respect to W, if and
only if it is lower semi-continuous and convex in the classical sense. Moreover, at every x" € X, the subdifferential with
respect W coincides with the classical subdifferential OR(x") c X*. Finally, the standard Bregman distance, defined by
(26), coincides with the Bregman distance obtained by means of Definition 5.1.
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In the following, let W be a given family of real valued functions on X. Convergence rates in Bregman distance with respect
to W will be derived under the following assumption:

Assumption 5.3

1. There exists a monotonically increasing function / : [0,00) — [0,0) such that

SU1,Y2) SY(SW1,Y3) +S83,y;3)) forally;,y,,y; €Y. (29)

2. For some given point x" € X, the functional R : X — RU {+oo} is convex at x" with respect to W.
3. There exist w € owR(x') and constants y; € [0,1), 2 > 0 such that

w(x") = w(x) < 9, Dw(x,x") +7,S(F(x),F(x")) (30)
for every x € @ (F,F(x!),y(2p), R(x")).
In a Banach space setting, the source inequality (30) has already been used in [36,50] to derive convergence rates for Tik-

honov regularization with convex functionals and in [34] for multiparameter regularization. Eq. (29) is an alternate for the
missing triangle inequality in the non-metric case.

Theorem 5.4 (Convergence Rates). Let Assumption 5.3 hold and let y € Y satisfy S(F(x"),y) < . Then, the estimate

Da(y 1) < 77208+ S(FIX).9)) 31)

holds for all x; € X(F,y, B).

Proof. Let x; € X(F,y, 8). This, together with (29) and the assumption that S(F(x'),y) < g, implies that
S(F(x4),F(x")) < Y(S(F(x4),y) + S(F(x'),y)) < ¥(2B).

Together with (30) it follows that
D (x5, X) = R(x5) = R(x") — w(xg) + w(x') < R(x5) — R(X") + 1 D (x5, X") + 7, S (F(xy), F(x")).

The assumption y; € [0,1) implies the inequality

1 ; %
7=y, (RX) —RAD)) +5 j/] S(F(xy), F(x)). (32)

Since S(F(x'),y) < 8, we have R(x;) < R(x"). Therefore (32) and (29) imply

Dy (x5,x") <

D11 < 2SR ). FO) < 22y (B4 S ),

which concludes the proof. O

Remark 5.5. Typically, convergence rates are formulated in a setting which slightly differs from the one of Theorem 5.4, see
[6,21,36,50]. There one assumes the existence of an R-minimizing solution x" € X of the equation F(x") = yT, for some exact
data y* e ran(F). Instead of y', only noisy data y € Y and the error bound S(y!,y) < p are given.

For this setting, (31) implies the rate

Du(xp,%') < 5 32% V(2B) = O(W(2p)) as f— 0,

where x; € X(F,y, 8) denotes any regularized solution.

Remark 5.6. The inequality (30) is equivalent to the existence of #, #, > 0 such that

w(x') — w(x) < 11 (R(x) = R(x")) + 1, S(F(x), F(x")). 33)
Indeed, we obtain (33) from (30) by setting #; := y1/(1 — 1) and #1 := /(1 — 7). Conversely, (33) implies (30) by taking
Y1:=01/(1+ 1) and 2 = 112/(1 +171).

5.1. Convergence rates in Banach spaces

In the following, assume that X and Y are Banach spaces with norms || - | and || - ||, and assume that R is a convex and
lower semi-continuous functional on X. We set S(y,z) := |y — z|| and let D: with ¢ € 9R(x') denote the classical Bregman dis-
tance (see Remark 5.2).
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If x satisfies the inequality
(&,X1 = x) <7De(x,X") + 7,[[F(x) — F(x")]| (34)

and y are given data with ||[F(x") — y|| < 5, then Theorem 5.4 implies the convergence rate D:(xs, x') = O(f). In the special case
where X is a Hilbert space and R (x) = ||x||> we have D:(x,x") = ||x — x||, which implies the convergence rate ||x — x|| = O(/?)
with respect to the norm. In Proposition 5.8 we show that the same convergence rate holds on any 2-convex space. For r-
convex Banach spaces with r> 2, we derive the rate O(g'/").

Definition 5.7. The Banach space X is called r-convex (or is said to have modulus of convexity of power type r), if there exists
a constant C> 0 such that
inf{1 —[|(x+y)/2|| : [X[| = [lyll = 1, [Ix = y|| > €} > Cé¢'

for all ¢ €[0,2].
Note that every Hilbert space is 2-convex and that there is no Banach space (with dim (X) > 2) that is r-convex for some
r<2 (see [42, pp. 63ff]).

Proposition 5.8 (Convergence rates in the norm). Let X be an r-convex Banach space with r > 2 and let R(x) := ||x||"/r. Assume
that there exists x' € X, a subgradient ¢ € 9R(x"), and constants y, € [0,1), y2 = 0, Bo >0 such that (34) holds for every
X € O (F,F(x"),2py, R(x")).

Then there exists a constant ¢ > 0 such that

1% — X'|| < c(B+ [Fx) =yl (35)
for all g €[0,Bo), all y € Y with ||[F(x") — y|| < §, and all x; € X(F,y,p).

Proof. Let ], : X — 2*" denote the duality mapping with respect to the weight function s — s"~'. In [60, Eq. (2.17)] it is shown
that there exists a constant K> 0 such that

X"+ 2] = (X" + i (x"), 2)x- x + K]|2]]" (36)
for all x¥, z € X and j(x") € J(x"). By Asplund’s theorem [13, Chap. 1, Theorem 4.4], the duality mapping J. equals the subgra-
dient of R = || - ||"/r. Therefore, by taking z=x — x" and j(x") = ¢, inequality (36) implies

D:(x,x1) > g\\x —x'||" forall x",x € X and ¢ € OR(x"). (37)

Consequently, (35) follows from Theorem 5.4. O

Exact values for the constant K in (37) (and thus for the constant c in (35)) can be derived from [60]. Bregman distances
satisfying (37) are called r-coercive in [35]. This r-coercivity has already been applied in [2] for the minimization of Tikhonov
functionals in Banach spaces.

Example 5.9. The spaces X = [P(€2, i) for p € (1,2] and some o-finite measure space (€2, 1) are examples of 2-convex Banach
spaces (see [42, p. 81, Remarks following Theorem 1.f.1.]). Consequently we obtain for these spaces the convergence rate
O(B'/?). The spaces X = [P(, p) for p > 2 are only p-convex, leading to the rate O($!/?) in those spaces.

Remark 5.10. The book [50, pp. 70ff] clarifies the relation between (34) and the source conditions used to derive conver-
gence rates for convex functionals on Banach spaces. In particular, it is shown that, if F and R are Gateaux differentiable
at x" and there exist y >0 and w € Y* such that y|w|| <1 and

E=Fx)'wecarx), (38)

|[F(x) — F(x") — F'(x")(x — x")[| < yD:(x,x") (39)
for every x € X, then (34) holds on X. (Here F(x)* : Y* — X* is the adjoint of F(x").) Conversely, if ¢ € R (x') satisfies (34), then
(38) holds for every x € X.

In the particular case that F : X — Y is linear and bounded, the inequality (39) is trivially satisfied with y = 0. Thus, (34) is
equivalent to the sourcewise representability of the subgradient, ¢ € 9R(x") N ran(F").

6. Sparse regularization

Let A be an at most countable index set, define
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A(A) = {x =(X);es CR:Y 6P < oo},

reA
and assume that F : X:= ¢*(A1) > Y is a bounded linear operator with dense range in the Hilbert space Y. We consider for
p €(0,2) the minimization problem

Rp(X) = X[} ) = Z Ix;F — min subjectto ||[Fx — y|* < 8. (40)
e
For p > 1, the subdifferential 9R,(x") is at most single valued and is identified with its single element. (The subdifferential
may be empty since we consider R, as functions on ¢%(A).)

Remark 6.1 (Compressed Sensing). In a finite dimensional setting with p = 1, the minimization problem (40) has received a
lot of attention during the last years under the name of compressed sensing (see [7,8,10,16-18,20,26,57]). Under some
assumptions, the solution of (40) with y = Fx" and = 0 has been shown to recover x' exactly provided the set {1 € 4 : xﬁ;«éO}
has sufficiently small cardinality (that is, it is sufficiently sparse). Results for p <1 can be found in [11,15,25,48].

In this section we prove well-posedness of (40) and derive convergence rates in a possibly infinite dimensional setting.
This inverse problems point of view has so far only been treated for the case p =1 (see [32]). The more general setting has
only been considered for Tikhonov regularization

[Ex — y||* + «R,(x) — min
(see [12,14,28,31,43,61]).

6.1. Well-posedness

In the following, T denotes the weak topology on (% A), and T, := Tr, denotes the topology as in Definition 3.4. Then a
sequence (xi),., C £2(A) converges to x € £2(A) with respect to 1, if and only if x, — x and R, (x,) — Rp(X).

Proposition 6.2 (Well-Posedness). Let F : ¢(*(A) - Y be a bounded linear operator with dense range. Then constrained ("
regularization with 0 < p < 2 is well-posed:

1. Existence: For every >0 and y €Y, the set of regularized solutions X(F,y, B) is non-empty.
2. Stability: Let (Bx) and (yi) be sequences with g, — >0 and y, — y € Y. Then () # tr — Lim sup,_. . X (F,y;, Bx) € Z(F,y, B).
3. Convergence: Let ||yx — y|| < Bx — 0 and assume that the equation Fx =y has a solution in ¢°(A). Then we have

0# T — Lim SupZ(Fv.ykvﬁk) c Z(F7y0)
k—o0

Moreover, if the equation Fx =y has a unique R,-minimizing solution x', then we have t, — Lim supy_,..Z(F,yi, fx) = {x'}.

Proof. In order to prove the existence of minimizers, we apply Theorem 3.1 by showing that @ (F,y, 8, t) is compact with
respect to the weak topology on ¢%(A) for every t >0 and is nonempty for some t. Because F has dense range, the set

Dr(F.y, ,t) = {x € 2(4) : Ry(x) < t,|IF(x) —y|I* < B}

is non-empty for t large enough.

It remains to show that the sets ®(F,y,f,t) are weakly compact on ¢3()) for every positive t. The functional
Rp(x) = 3, 41%:|P is weakly lower semi-continuous (on £%(1)) as the sum of non-negative and weakly continuous functionals
(see [19]). Moreover, the mapping F is weakly continuous, and therefore x — ||Fx — y||? is weakly lower semi-continuous, too.
The estimate Rp(x) > Hfoz(A) (see [31, Eq. (5)]) shows that R, is weakly coercive. Therefore the sets @z (F,y, $,t) are weakly
compact for all t >0, see Proposition 3.2.

Taking into account Example 4.5, it follows that R, S, and F satisfy Assumption 4.1. Consequently, Items 2 and 3 follow
from Proposition 4.3. O

Remark 6.3. In the case p > 1, the functional R, is strictly convex, and therefore the R,-minimizing solution x" of Fx=y is
unique. Consequently the equality
Tp — Lll"l'l sup Z(Faykaﬁk) = {XT}
K—00

holds for every y in the range of the operator F.

Remark 6.4. For the convex case p > 1, itis shownin [31, Lemma 2] that the 7, convergence of a sequence x; already implies
Rp(xx —x) — 0. In particular, the topology 7, is stronger than the topology induced by || - || 2, A similar result for 0<p <1
has been derived in [30].
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6.2. Convergence rates

In the following, we derive two types of convergence rates results with respect the /2-norm: the convergence rate O(f'/?)
(for p € (1,2)), and the convergence rate O(g™™"1/7}) (for every p € (0,2)) for sparse sequences—here and in the following, x
€ %(A) is called sparse, if

supp(x) := {4 € A:x] # 0}

is finite. The convergence rates results for constrained ¢” regularization, derived in this section, are summarized in Table 1.

For p > 1, the same type of results (Propositions 6.5, 6.7) has also been obtained for ¢’-Tikhonov regularization in [31,50].
The results for the non-convex case, p € (0,1), are based on [30], where the same rate for non-convex Tikhonov regularization
with a priori parameter choice has been derived (see also [29]). Similar, but weaker, results have been already been derived
in [5,28,61] in the context of Tikhonov regularization. In [61], the conditions for the convergence rates result for non-convex
regularization are basically the same as in Proposition 6.7, but only a rate of order O($'?) has been obtained. In [5,28], a
linear convergence rate O(p) is proven, but with a considerably stronger range condition: each standard basis vector e,,
A € A, has to satisfy e; € ranF*.

Proposition 6.5. Let 1 <p <2 x' = (xﬁ);ﬂ1 € 2(A), and let F : /*(A) > Y be a bounded linear operator. Moreover, assume that
there exists w € Y with OR,(x') = F*w. Then the set Z(Fy,) =: {x;} consists of a single element and there exists a constant d, > 0
only depending on p, such that

d,llw
(R .. L By X ) (a1)

) S312R, ()

for all >0 and y € Y with |F(x") —y|| <p.

Proof. The assumption dR,(x') = F'w then implies that (30) is satisfied with W =X*, y; =0 and 7, = ||@||. Theorem 5.4 there-
fore implies the inequality

SUp{Dor, ) (Xs, X') : X5 € Z(F,y, )} < ||| (B + [|Ex" — ). (42)
From [31, Lemma 10] we obtain the inequality
Ix = X2 < i Dy (% X) (43)
EU 3 1IR, () + Ry(x) DY

for all x € dom(R,). Now, (41) follows from (42) and (43). O

Remark 6.6. Since °(A) is 2-convex (see [42]) and continuously embedded in ¢*(A), Proposition 5.8 provides an alternative
estimate for x; — x in terms of the stronger distance || - || »()- The prefactor in (35), however, is constant, whereas the pre-
factor in (41) tends to 0 as R,(x") increases. Thus the two estimates are somehow independent from each other.

Proposition 6.7 (Sparse Regularization). Letp € (0,2), let x' = (x}),_, € £*(A) be sparse, and let F : £*(A) — Y be bounded linear.
Assume that one of the following conditions holds:

e We have p € (1,2), there exists w € Y with OR,(x') = F'w, and F is injective on
V = {x € £*(A) : supp(x) c supp(x')}.

e We have p = 1, there exist ¢ = (&,),., € OR1(x") and w € Y with ¢ =F*w, and F is injective on
V={xel(A):supp(x) c {LeA:|&|=1}}.

e We have p € (0,1), x" is the unique R,-minimizing solution of Fx = Fx', and F is injective on

V = {x e *(A) : supp(x) C supp(x')}.

Table 1

Convergence rates for constrained ¢” regularization.
Rate Norm Premises (besides ran(F) N 9R,, # 0) Results
B -1l pe(1,2) Proposition 6.5
B> Il pe(1,2) Remark 6.6
pp 12 p €[1,2), sparsity, injectivity on V Proposition 6.7

B - 1l,2 p € (0,1), uniqueness of x', sparsity, injectivity on V Proposition 6.7
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Then
sup{[[x; — X[l 24, : s € Z(F,y, B), [Fx' —y|| < B} = O(B™™1/P}) as p— 0.

Proof. Assume first that p € (1,2). Define W := {w(x) := —c||x — X||” : X € X, ¢ > 0}. Then the functional R, is convex at x" with
respect to W. Moreover it has been shown in [31, Proof of Theorem 14] that there exists w(x) = —c||x — x7||P € dw(x") € W such
that for some #4, 1, > 0 the inequality

~w(x) = cllx = X" <11 (Rp(x) = Rp(x1)) + 1, [[F(x — x7)]| (44)
holds on X(28,y",F) for g small enough. Using Remark 5.6, Theorem 5.4 therefore implies the rate
sup{Dw(xs,x") : X, € Z(F,y, B), [Fx' — y|| < p} = O(B) as p— 0.

The assertion then follows from the fact that the norm on ¢*(A1) can be bounded by the Bregman distance D,,.
The proofs for p=1 and p €(0,1) are similar; the required estimate (44) has been shown for p=1 in [31, Proof of
Theorem 15] and for p € (0,1) in [30, Eq. (7)]. O

7. Conclusion

Due to modeling, computing, and measurement errors, the solution of an ill-posed equation F(x) = y, even if it exists, typ-
ically yields unacceptable results. The residual method replaces the exact solution by the set X(F,y, ) = arg min{R(X) :
S(F(x),y) < B}, where R is a stabilizing functional and S denotes a distance measure between F(x) and y. This paper shows
that in a very general setting X(F,y, 8) is stable with respect to perturbations of the data y and the operator F (Lemma 3.6 and
Theorem 3.9), and the regularized solutions converge to R-minimizing solutions of F(x) =y as 8 — 0 (Theorem 3.10). In par-
ticular the stability issue has hardly been considered so far in the literature.

In the case where F acts between linear spaces X and Y, stability and convergence have been shown under a list of rea-
sonable properties (see Assumption 4.1). These assumptions are satisfied for bounded linear operators, but also for a certain
class of nonlinear operators (Example 4.6). If Y is reflexive, X satisfies the Radon-Riesz property, F is a closed linear operator,
and R and S are given by powers of the norms on X and Y, the set X(F,y, ) consists of a single element x;. This element is
shown to converge strongly to the minimal norm solution x' as # — 0. In this special situation, norm convergence has also
been shown in [39, Theorem 3.4.1].

In Section 5 we have derived quantitative estimates (convergence rates) for the difference between x' and minimizers
x5 € 2X(F,y,p) in terms of a (generalized) Bregman distance. All these estimates hold provided S(F(x"),y) < § and a source
inequality introduced in [36] is satisfied. For linear operators, the required source inequality follows from a source wise rep-
resentation of a subgradient of R at x'. This carries on the result of [6] for constrained regularization. In the special case that
X is an r-convex Banach space with r > 2 and R is the rth power of the norm on X, we have obtained convergence rates
O(B"") with respect to the norm. The spaces X = [P(R2) for p € (1,2] are examples of 2-convex Banach spaces, leading to
the rate O(y/B) in those spaces.

As an application for our rather general results we have investigated sparse ¢ regularization with p € (0,2). We have
shown well-posedness in both the convex (p > 1) and the non-convex case (p < 1). In addition, we have studied the recon-
struction of sparse sequence. There we have derived the improved convergence rates O(f'/?) for the convex and O(g) for the
non-convex case.
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Appendix A. Auxiliary results

Lemma A.1. Assume that (y; ),y converges S-uniformly toy € Y and the mappings Fy : X — Y converge locally S-uniformly to F :
X-Y.

Then, for every >0, t>0 and &> 0, there exists some ko € N such that

(DR(nyvﬁf g, t/) C ®R(Fk1yk1ﬁ7 tl) c ®R(F7y7ﬂ+’sv t,) (Al)

forevery t <tandk > ko.

Proof. Since y, — y S-uniformly and F, — F locally S-uniformly, there exists k, € N such that
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|S(Fe(X), yi) — S(Fe(x),y)| < €/2, A2)
IS(Fi(x),y) — S(F(x),y)| < &/2,

for all x € X with R(x) <t and k > ko.
Now let t' < t and let x € % (F,y,p — &,t'). Then (A.2) implies that

[S(F (%), i) — S(F(x),¥)| < [S(Ee(x),¥i) — S(F(x),¥)[ + |S(Fi(x),¥) — S(E(x),¥)| < ¢,
and thus
‘S(Fk(x)vyk) < S(F(x)’.V) +é< ﬁ«,

that is, x € @z (Fy,y,, B,t'), which proves the first inclusion in (A.1). The second inclusion is shown in a similar manner. 0O
The following lemma states that the value of the minimization problem (4) behaves well as the parameter  decreases.

Lemma A.2. Assume that ®%(F,y,7y,t) is T-compact for every y and every t. Then the value v of the constraint optimization
problem (4) is right continuous in the first variable, that is,

D(F7Y7 ﬂ) = lim8~>0+ D(F7y7 ﬁ + 8) =Ssup V(F7y7 ﬂ + 8)' (AB)
&>0

Proof. Since ®(F,y,pB,t) c ®r(F,y,B+¢,t), it follows that #«F,y,p) > ¢F,y,f+¢) for every ¢>0, and therefore
UF.y.p) = supgoF.y,p + &).

In order to show the converse inequality, let 6 > 0. Then the definition of «/(F,y, 8) implies that % (F,y, 8, v(F,y, ) — 6) = 0.
Since (cf. Lemma 2.2)

0= daR(Fvyv /37 U(Fﬂyv :B) - 5) = m @R(Fvyvﬂ +é&, V(F,y, ﬁ) - (S) (A4)

>0

and the right hand side of (A.4) is a decreasing family of compact sets. It follows that already @ (F,y, 8 + &, v(F,y,8) — ) =0
for some &g > 0, and thus

supv(F.y, p+¢) > v(F.y,f+ &) = v(F.y,p) - o.
&>0

Since § was arbitrary, this shows the assertion. O

Lemma A.3. Let (21),. be a sequence of subsets of X. Then U =t — Limy_, .2y, if and only if every subsequence (2y,),. satisfies

U=1- Lim sup Xy

Jj—oo

Proof. See [41, Section 29.V]. O
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