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1. Introduction

In this paper, we consider the existence and uniqueness of solutions of the following initial value problems:
Dx(t) = f(t, DPx(t)), 1>t >0, (1.1)
xPO)y=n, k=0,1,....,m—1 (1.2)

wherem — 1 <o <mn—1< B8 <n(@mmn e Nm—1 > n), D* are the wth Caputo fractional derivatives and
f ec(o, 1] x R).

The initial and boundary value problems for nonlinear fractional differential equations arise from the study of models of
viscoelasticity, electrochemistry, control, porous media, electromagnetic, etc (see [ 1-3]). Therefore, they have received much
attention. For the most recent works for the existence and uniqueness of solutions of the initial and boundary value problems
for nonlinear fractional differential equations, we mention [4-15,1-3,16]. But in the obtained results, for the existence, the
nonlinear term f needs to satisfy the condition: there exist functions p, r € C([0, 1], [0, 00)) such that for 1 > t > 0 and
eachu € R,

If (¢, wl < p®)ful +r(t) (1.3)

and for the uniqueness, the nonlinear term f needs to satisfy the condition: there exist functions p, r € C([0, 1], [0, c0))
such thatforeach1 >t > 0andany u, v € R,

If(t,w) — f(t, v)| < p(O)u —v] (1.4)

such that by using these results, we cannot discuss the existence and uniqueness of solutions of the following simple
problems.
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Example 1.1. Consider the problem

t — [DYix@®)P

D*x(t) =
O = a7 09

, 1>t>0, (1.5)

1
x(0) = 7 (1.6)

In this paper, our object is to improve the situation. Our main result is the set of the following theorems.

Theorem 1.1. Lletn — 1 < B < o < n(n € N). Assume that

(Hy) f : [0, 1] x R — Ris a continuously differentiable function;
(Hz) f(0,0) =0andf(t,0) # 0on acompact subinterval of (0, 1] and
(H3) thereexist] > 1, 1 > y > 0and a(t) € C([0, 1], [0, c0)) such that

1

t
- _ e—p-1 _
T(x—B) oilfgp]/o (=97 aeds = 1=y, (1.7)

t
0<R sup f (t —)* P f (s, 0)|ds < o0 (1.8)
0

= (o — B) o<t=1
and for any x, y € C([0, 00)) with0 < |x(t)], [y(t)| < %Rfor 1>t>0,
If (¢, x(0)) — f (&, y@)| < a®)x(®) —y(@®)| for 1=t >0. (1.9)
Then (1.1)-(1.2) has a unique solution.

Theorem 1.2. [etn— 1< B8 <n<m—1<a < m(n, me N). Assume that (H;) and (H,) are satisfied and
(Hy) thereexistl > 1,1 > y > 0and a(t) € C([0, 1], [0, c0)) such that

1 t

su (t —s)* " 1" Pas)ds < 1 —y, 1.10

F@—mFn—g+1) Oﬁ‘;/o ( Y (1.10)
n—1 l’k t

0 <R:= sup Z—nk +/ (t —)* " Yf(s, 0)|ds | < o0 (1.11)
0<t<1 =0 k! 0

and for any x, y € C([0, 00)) with0 < |x(t)], [y(t)| < %Rfor 1>t>0,
IF (€, x(6)) — f (£, y(O)] < a@®)|x(t) —y(®)| for 1=t >0. (1.12)

Then (1.1)-(1.2) has a unique solution.

It is obvious that if Theorem 1.1 holds, then it is easy to see that taking a(t) =

(1.5)-(1.6) has a unique solution.
Our work is motivated by the work of [16].

m, y = 1/2 and | = 2, the problem

2. Preliminaries
Definition 2.1 ([16]). The fractional order integral of order « for the function x is defined as

1“x(t) = /t wx(s)ds 1>t>0
“Jo T@ T T

wherem —1 <o <mandm € N.

Definition 2.2 ([12]). The ath Caputo derivative of x is defined as

-l t
Dx(t) = ﬁ/ t =" xM()ds, 1>t>0
m-—auo 0

wherem — 1 <o <mandm € N.

Definition 2.3 ([12]). u € C™[0, 1] is called a solution of (1.1)—(1.2) if it satisfies (1.1) and (1.2).
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Lemma2.1 ([15]). leemeNm—1 <o <m,u e C™0,1landv € C'[0, 1], thenfor 0 <t < 1,

(2.1.1) D*I*v(t) = v(t);
(2.1.2) 1Du(t) = u(t) — Y15 Lu®(0);
(2.1.3) lim;_, o+ D*u(t) = lim,_, o+ I“u(t) = 0;
RIDHIFO <o <1(=1,2,...,n)witha = ZL] «; such that for each k € {1, ..., m — 1}, there exists i, < n with
k= i":] «a;, then
Dx(t) = D*" ... D*2D*1x(t).

Lemma2.2 ([16]). et meN,m—1< B8 <a <m,u € C"[0, 1]. Then, foranyk € {1,...,m —1}and0 <t < 1,
DO(*HH*kX(mfk) (t) — Dax(t)
and

D*PDPx(t) = Dx(t).

Lemma 2.3 ([16]). Letn,me Nn—1< B <n <m—1 < «a < mand assume that (H,) and (H,) hold. Then, u € C™[0, 1]
is a solution of (1.1)-(1.2) if and only if

nl ¢k Lt — )" Tu(s)ds
< k! 0 (n—1!

where v € C[0, 1] is a solution of the equation

m—n—1 _k

v = D et n)/ct 97 ]f< o _ﬂ)/cs—h)" - 1v(h)olh)ds 0=t=1. (1)

k=0

Lemma 2.4 ([16]).Letn € NNn— 1 < B8 < o < n and assume that (H;) and (Hy) hold. Then, u € C"[0, 1] is a solution of
(1.1)-(1.2) if and only if
n—1 l‘k
u(t) = n—{—i/(t—s)ﬁ lu@s)ds, 0<t<1
kZ “T T

where v € C[0, 1] is a solution of the equation

v(t) = F(%—ﬂ)/o t =) PG, v(s)ds, 0<t<T. (2.2)

3. The proof of main results

We divide the proof of Theorem 1.1 into several steps.
First, we have the following lemma.
Lemma 3.1. If (Hy)-(Hs3) holds, then (2.2) has a unique solution v with ||V|| < IR/y.
Proof of Lemma 3.1. Let X be a linear space consisting of all functions x € C[0, 1] such that

sup |x(t)| < 400
1>t>0

with the norm

x|l = sup [x(t)].

1>t>0

It follows that X is Banach space.
Define a bounded, convex and closed subset B of X and the operator T as follows:

IR
B={xeX:|x(t)|Sforlzt20} (3.1)
4
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and

t
Tx(t) = F(%—ﬂ)/(; (t —)*Pf(s,x(s))ds, 1>t>0. (3.2)

Then, from (1.7), (1.8) and (3.1)—(3.2), we have that for each x € B,

ITx(t)] = r(%_ﬁ) ’ /0 (£ — % P1f (s, x(5))ds

) [ /0 (t — 9% P1f (s, 0)ds| + /0 (£ — 9" P If (5, x(5)) — f s, 0>|ds}

+ _t /t(r — )% P a(s)|x(s)|ds
=Rt e B
IR IR
SR+(1=y) =" —(=DR 1220 (3.3)
which yields that

T:B— B, (3.4)

and for any x, y € B, from (1.7), (1.9) and (3.1), we have

t
ITx(t) = Ty(t)| < F(%—,B)fo (t =) P (5, x(5)) — f (5, y(9))ds

1 t
< Ix —YIIW/ (t —)* P la(s)dhds < (1 —y)llx - y|
- 0

which, together with (3.4), yields that T : B — B is a contraction. Therefore, from the Banach fixed point theorem, it is easy
to see that in B, T has a unique fixed point yr. The proof is completed. O

Next, we have the following lemma.

Lemma 3.2. If (H;)-(Hs) holds and x(t) is a solution of (2.2), then x(t) = v (t) where v (t) is as in Lemma 3.1.
Proof of Lemma 3.2. First, from (3.3), it is easy to see that

[ ()] < I;R —(-=DR, 1>t=0. (3.5)
Set

IR
T:inf{t:lztanndlx(t)|> }
14

Then, (i) {t 1>t >0and |x(t)| > 3} isemptyor (ii)T = 1or(iii)1 > T > 0.
If (i) or (ii) holds, then, |x(t)| < ’)’f for 1 > t > 0 and from (1.7) and (1.9), we have

1 t
lx =9yl < HF(W—,B)/ (t =) P75, x(5)) = f (s, ¥ (5))|ds

< K=Vl f (t —5)*Fla(s)ds
<(1- y)llx— vl
which yields that
x(t) =y(t) for1>t>0. (3.6)
If (iii) holds, then, [x(T)| = ’;R Ix(t)] < lg for T > t > 0 and from (1.7) and (1.9), we have
1 t
sup [x(t) — Y ()| £ ———— sup / (t =) PN (s, x(5)) — f(s, ¥ (s))lds
0<t<T (o — B) o<t<t
1

t
= moilrlgrf (£ =" la)x(s) — ¥ (5)lds

< (1 =) sup [x(t) = ¥ ()]
0<t<T

A
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which yields that
x(t) =y() forT>t>0
which, together with (3.5), yields that

1 T
(I=DR=xT) =M < 7/ (T —)* P (s, x(s)) — f(s, ¥(s)|ds =0
Fa—8)Jo

which yields that (i) or (ii) holds (note (3.6)). The proofis completed. O

Finally, from Lemmas 2.4, 3.1 and 3.2, it is easy to see that Theorem 1.1 holds.
Similar to Theorem 1.1, we can prove that Theorem 1.2 holds.
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