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Abstract

The aim of this paper is to show how geometric and algebraic approaches lead us to a new symplectic elementary transformations:
the 2-D symplectic Householder transformations. Their features are studied in details. Their interesting properties allow us to
construct a new algorithm for computing a SR factorization. This algorithm is based only on these 2-D symplectic Householder
transformations. Its new features are highlighted. The study shows that, in the symplectic case, the new algorithm is the corresponding
one to the classical QR factorization algorithm, via the Householder transformations. Some numerical experiments are given.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction

Householder transformations [7,18] play an important role in numerical linear algebra. Their interesting features are
widely used for constructing efficient and stable [8] algorithms. Thus, for example, the well-known QR factorization, via
Householder transformations, is used for solving a large variety of problems as linear systems, least squares problems,
eigenvalue problems, matrix factorization [2,7,14,18]. From a geometric algebra point of view, the usual Householder
transformation is a transvection [1] of a finite dimensional Euclidean linear space E, which in addition, belongs to the
group of isometries. An isometry is an isomorphism that preserves the scalar product. The group G of isometries is
also called the orthogonal group. In matrix language, the orthogonal group is the group of orthogonal (or Hermitian)
matrices. It provides similarity transformations, structure-preserving, for Jordan and Lie algebras.

Some important applications in control theory, lead to Hamiltonian or skew-Hamiltonian matrices, which are struc-
tured matrices [9,10,12,13,17]. Unfortunately, such structures are not preserved under orthogonal (or Hermitian)
similarities. However, these structures are preserved by symplectic similarities. The group of symplectic transfor-
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mations can be interpreted as the group of isometries of a finite dimensional symplectic linear space F [1]. We refer to
as the symplectic group S.

The corresponding Jordan algebra (respectively, Lie algebra) is nothing else than the algebra of the skew-Hamiltonian
matrices (respectively, the Hamiltonian matrices). The SR decomposition [3,4,6,13] is the basis for constructing
structure-preserving methods for Hamiltonian or skew-Hamiltonian matrices. It can be obtained using symplectic
Gram-Schmidt [6,15,16] algorithm or a QR-like factorization using symplectic elementary transformations [5,17,13].

In this paper, the geometric approach leads us to the skew-Hamiltonian 2-D symplectic Householder transformations.
Their properties are studied in details. The algebraic approach is more complete and general. The approach is based
on the following result: any finite dimensional symplectic linear space possesses a canonical splitting in a direct sum
of symplectic planes. The approach leads us to the 2-D symplectic Householder transformations. Their features are
established in details. Such transformations will serve to construct an algorithm for computing a SR factorization. The
new algorithm is the corresponding one, in the symplectic case, to the OR factorization via Householder transformations,
in the Euclidean case.

The remainder of this paper is organized as follows. In Section 2, we introduce some notations, some definitions
and results. Section 3 describes briefly the symplectic geometry. In Section 4, the geometric approach is presented. A
detailed study is derived. The algebraic approach is treated in Section 5. Interesting new results are given. Section 6
deals with the construction of a SR decomposition via the 2-DSH transformations. Some numerical experiments are
reported. Section 7 is devoted to concluding remarks.

2. Notations and some preliminaries
In this section, we recall some notations and necessary tools which will be used throughout this paper.
2.1. Notations

We use italic capital and lower letters to denote matrices and vectors, respectively. The transpose of a matrix M =(m; ;)
is denoted by MT = (m ji)- The range of M (i.e., the linear space, spanned by the columns of M) is denoted by ran(M)
and the usual scalar product by (x, y) = xTy. We set

0 s
Jon = <_”I 0” ) . .1
n n

where 0, and I, denote the null and the identity matrices of R"*", respectively. The matrix J», is skew-symmetric and
orthogonal. If the actual dimensions of the matrices are apparent from the context, we will write simply 0, 7, J. We also
use the notation

K,
diag(K . ..., J,) = :
Kp

where the dimension will be apparent from the context.
2.2. Scalar product associated to the matrix J

Consider the bilinear form (x, y) — (x, y); from R x R*" to R defined by
Vx € R, Vy e R*", (x,y),:(x,Jy):xTJy. 2.2)
The form is non-degenerate, i.e.,
(x,);=0, Vy=x=0 2.3)
and is skew-symmetric, i.e.,

v,y e R, (x,y);=—(, %) (2.4)
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For any real 2n-by-2n matrix M, there is a unique matrix M, the adjoint of M with respect to (-, -) ; defined by
Vx,y e R,  (Mx,y); =, M’y);. (2.5)
It is easy to show that
M’ =M. (2.6)

The following properties of the adjoint with respect to (-, -); are all analogous to properties of transpose. We have
obviously: VM, N € R¥"*?",

M+N)Y =M’ +N, MmN =N'M, MY =m, Mm)HT=wm")’. (2.7

A linear space equipped with the underlying skew-symmetric inner product (-, -) ; is called symplectic linear space.
Let us recall that the symplectic group is given by

S ={S e R*"|(Sx, Sy); = (x,y);, Vx, y € R*"}
={S c Ran2n|S1S=I},

the Jordan algebra J is given by

J=1{A € R""|(Ax, y); = (x, Ay);, Vx, y € R*"}
— {A c RZHXZH|AJ :A},

and the Lie algebra is given by

L={H e R*"|(Hx,y); =—(x, Hy);,Vx, y € R*"}
Z{H e R2n><2n|HJ Z—H}

A matrix Sin Sis called symplectic, a matrix A in J is called skew-Hamiltonian and a matrix H in L is called Hamiltonian.
The symplectic group S provides structure-preserving similarities for matrices in S, J, and L [10], i.e.,

VSeS, AcE—=— S 'AScE where E=S,J, or L.
2.3. Extensions

In the literature, symplectic matrices are defined as elements of the symplectic group S. This definition is extended
[15] to matrices which are not necessarily square but only of size 2n x 2k. An extension of the definition of the adjoint
is needed. The adjoint of x € R*" is defined by

x! =xTJ, (2.8)
and the adjoint of M € R?"*?F is defined by

M’ =13 M I, (2.9)
Thus, in particular, the underlying inner product can be written as

x, )y =x"y. (2.10)
Definition 2.1. A matrix § € R>"*%* is called symplectic if

§7S = In. 2.11)

The non-square adjoint (2.9) of M with respect to (-, ) ; satisfies VM € R¥"*% ¥N ¢ R?>2p
(MNY =N'M7, M)y =m, Mm)HT=wmT)’. (2.12)

For proof and more details see [15].



536 A. Salam et al. / Journal of Computational and Applied Mathematics 214 (2008) 533—548
We give the following lemma, which will be used in the sequel.

Lemma 2.2. Let V = [vy, va] be a 2n x 2 real matrix and X be a 2 x 2 real matrix, then we get

>+ 2 =trace(X)h, XX =det(X)l, and VIV =vlJub.

Proof. Set

zz(j g).

Then

T (s [ R [ G Y (e )

It follows that X + X7/ = trace(2) > and 227 = det(2)I,. We get obviously

viv— vty = (9“1 (v J (v v)=vlJusl 0
= =\1 0 v"zr 1 2)="V; 212.

3. Symplectic geometry

In the sequel, we need to consider the specificity of the symplectic geometry. We outline briefly some features
of symplectic geometry contrasting with orthogonal geometry. See [1,15] for more details on common features of
orthogonal and symplectic geometry and on special features of symplectic geometry. As usual, a vector x € R is
said to be orthogonal to y € R?", with respect to the skew-symmetric scalar product (-, -) g, 1ff (x, y); = 0. We use
the symbol L for the orthogonality in an Euclidean space whereas 1’ is used for a symplectic space. Let & be a linear
subspace of R*". Define the symplectic complement of . to be the subspace

Y =(x e R¥|Vy € &, (x,y); =0}
The symplectic complement satisfies

(Lt =+ 3.1
and

dim Z + dim £+ =2n. (3.2)

However, unlike orthogonal complements, ¥ "N % does not need to be the null space. We recall the following case:

e ¥ is symplectic if
Ny =10} (3.3)

This is true iff the restriction of (-, -); on % is a non-degenerate form.
e ¥ isisotropic [1] if

' Nny=2 (3.4)

This is true iff the restriction of (-, -) ; on % is the null form. Indeed, any one-dimensional subspace is isotropic.

In Euclidean spaces, there exists no isotropic subspaces different from the zero space, whereas there are in symplectic
spaces.

Any finite Euclidean space E, can be written as a direct sum of a given one-dimensional subspace (line) and its
orthogonal complement, i.e.,

vv e E\{0}, E=(v) & (v)*. (3.5)
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As a consequence of (3.5), the Euclidean space R" can be written as a direct sum of orthogonal lines, i.e.,
i, ..., v, € R'IR" =@7_;span{v;}, v Lv;, VI<i# j<n. (3.6)

Contrasting with the Euclidean case, a symplectic linear space R*" can never be written as a direct sum of symplectic
one-dimensional subspaces (lines) as (3.6). This is due to the fact that any one-dimensional subspace is isotropic, i.e.,

Yo eE, (v)C (v)*. (3.7)

However, such splitting is possible using two-dimensional subspaces (planes). In fact, for any (vi, v2) symplectic
subspace of R%", one gets

’

R = (vy, v2) ® (v1, v2)*. (3.8)
As a consequence of (3.8), the symplectic linear space R>" can be written as a direct sum of symplectic planes, i.e.,

Ju; € R*, i=1,...,2n such that, R* = @&"_ (vpi_1, v2i), (3.9)
where the matrix [vy;_1, v2;] is symplectic, for 1 <i <n, and

VI<i # j<n, (vai—1, v2) L (v2j—1, v2j). (3.10)

4. Geometric approach, limited case

In an Euclidean space E, the Householder transformation

Hy=1—-2vw" /v 4.1

is associated to the linear splitting (3.5) and conversely. H, is a symmetry with respect to the hyperplane (v), i.e.,
Vx € (v), Hx=—x, Vxe (U)J', Hx =x. 4.2)

In a symplectic linear space R?", it is not permitted to follow the same scheme, for constructing a “symmetry”, since
(v) C (U)L.

However, the linear splitting (3.8) can be associated in a natural way with the elementary transformation
Hy=1-2vv’/v)y~lv/ (4.3)

and conversely, where V = [v1, v2] and the plane (v1, vp) symplectic. In a symplectic space, this transformation can be
interpreted geometrically as an extended “symmetry” with respect to planes. In other words, any vector of the (vy, v2)~*
remains fixed by Hy whereas any vector of (vq, v2) is displaced to the opposite, i.e.,

Vx € (v, v2), Hyx=—x, Vx € (v, vz)J‘,, Hyx =x. 4.4)
Remark 4.1. Note that (v, vp) is symplectic iff UITJ vy # 0 and Hy is defined only when (vy, vy) is symplectic. Since
VIV =vlJvy I, then Hy can be written as

2
UITJvz

Hy=1— vv?' or Hy=1-2vV’/,v'v.

If vlTJ vy = 1 (which can be guaranteed by a adequate choice) then, the expression is reduced to Hy =1 —2VV’. We
will refer to V as the direction of Hy .

We establish the useful properties of Hy .

Proposition 4.2. The elementary transformation Hy is symplectic (H‘f Hy = DIb,) and skew-Hamiltonian (H ‘{ =Hy).
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Proof. We get Hy = (I — 2/vf Jvo)VV) =1 -/l Jv2)(VV?) = Hy. Then, H)Hy =HZ =1 -4V (V/V)™!
v/ +avvIvy-tvivv/vyTlvl =10 O

Proposition 4.3. Let G be a non-singular 2-by-2 real matrix and set W =V G. Then Hy = Hy.

Proof. Hy =1 —2W(W/ W)~ 'w’/ =1 -2VG(G'V/VG)~'G’V’. From Lemma 2.2, we have G’ G = det(G)
and V’/V = v] Juy 1, and then we get Hy = Hy. O

Let #5 be #y = {Hy,V € R**2 ran(V) symplectic}. The mapping problem for Hy consists in mapping
simultaneously a pair of vectors into another pair. It takes the form

Theorem 4.4. Let X, Y € R**? such that X’ (X — Y) # O5. Then
3Hy € Hy such that Y = HyX = X’X=Y'v, v/x=x"v.
Moreover, the elementary symplectic transformation Hy _x of direction Y — X moves X into Y.
Proof. Since Hy is symplectic, we get Y'Y = (Hy X)’ HyX = X’ HJ Hy X = X’ X. As Hy is skew-Hamiltonian,
we obtain Y/ X = (Hy X)X = X/ (Hy)’ X =X'HyX =X'Y.
Reciprocally, we recall (Lemma 2.2) that (Y — X)J(Y — X) is non-singular iff (Y — X)J(Y — X) # 0p. From
X' X=Y'v, v/ X=X'Y, weget X —-Y)Y=X'Y —Y/Y=VY/X - X/X=—(X—-Y)/X and then (Y — X)’

(Y — X) =2(X — YY) X # 0,. It follows that (Y — X)/ (Y — X) is non-singular. We have then Hy_xX = X — 2
Y=-X)¥ =X -X)'-X)X=Xx-20-XX-V'X) ' v-X)X=X+Y-X=Y. O

We refer to Hy as skew-Hamiltonian 2-D symplectic Householder transformation. In [13], Paige et al. introduced
the matrix transformation

_ (diag(lx—1, P) O
H (e, w) = (0 diag(Ie_1, P)> : 5

where
P=1]— 2wa/wTw, w e Rk

The matrix H (k, w) is orthogonal and symplectic. They used the denomination Householder symplectic matrix to
designate H (k, w), which is just a direct sum of two “ordinary” n-by-n Householder matrices [18]. It is used to zero
selected components of a vector [13,17] in a skew-Hamiltonian context. We establish the following link.

Proposition 4.5. The symplectic Householder transformation introduced by Paige et al. in [13] is a particular case of
the skew-Hamiltonian 2-D symplectic Householder transformations. Furthermore, H (k, w) is recovered explicitly by

Hk,w)=I, —2VV’//v’V,
with

V=[,unl, vw=Jv, vu=0 w 0 0.

Proof. From vi = (0 w| 0 0)T and v, = JTv; = <(I)

(;I)vlz(o 0 0 w), we get VJV:vlrJvz

L= |vil3 I = w3 I>. We have also

0 0 0 0
7_ o0 =1\ ,r(0 I\ _ [0 ww®T 0 0O
VV—<10>V(—10>‘00 00
00 0 wwt

It follows then that 1>, —2VV//V/V = H(k, w). O
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The above geometric approach allowed us to construct the skew-Hamiltonian 2-D symplectic Householder trans-
formations. They can be used in a more general context than those introduced by Paige et al. However, their context
remains still limited. The following approach permits us to construct elementary symplectic transformations for a
general context.

5. Algebraic approach, general case

In the sequel, we present a complete algebraic approach, leading us to an elementary symplectic transformations: the
2-D symplectic Householder transformations. These transformations will serve to present an algorithm for computing
a SR factorization of at least almost any arbitrary matrix A. The obtained algorithm corresponds to the QR factorization
via Householder transformations in the Euclidean case.The approach is as follows.

5.1. 2-D transvections

Set E; =[e; eptilfori=1,...,nand xp = R2*2. The canonical basis of R*" is denoted by {ei}i—1,. 2y Itiseasy
to verify that

E'E;=E/E; =6;;Db. (5.1)

The space R?"*? can be considered as a right linear space over Kk, of dimension n, i.e., any U € R***? can be expressed,
in a unique way, as a right linear combination

n
U=)_ EiM; where M;=E]U=E]U €. (5.2)

i=1
Definition 5.1. ¢ : R*"*? —s &, is said to be a right linear form (r.L.f) if
VX,Y € R"2, Vieky, HX+YA)=dX)+ dY)A (5.3)
Definition 5.2. T is said to be a 2-D transvection of direction V if T is of the form
T(X)=X+ Vp(X). 54
Lemma 5.3. ¢ is a r.lf < IW € R?*? such that ¢(X) =W’ X, VX € R*"*2,

Proof. Let X'be X = 3 o £iM; with M; € B2, Setting ¢(E;) = Nij’ then ¢(X) = Z?:lNiJMi = (Z?:lEiNi)J
O-L L EiM;) = WYX, with W = S EN;. O

5.2. 2-D symplectic Householder transformations (2-DSH)
Definition 5.4. H is said to be a 2-D symplectic Householder transformation of direction V if H is a symplectic 2-D
transvection.

Let 7> (R?") the set of such transformations. The following theorem specifies the form of a 2-DSH.

Theorem 5.5. H is a 2-D symplectic Householder of direction V # 0 iff there exists X € Ky such that
H=1+Vv'V/, (5.5)
with

rank(V) =1 or viv det(2) + trace(2) = 0. (5.6)
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Proof. From Definition 5.4 and Lemma 5.3, the form of a 2-D symplectic Householder transformation H is given by
H=1+ VW’ where V, W € R*"*?. His symplectic iff H/ H = I which is equivalent to

vw/+wv/+wv/vw’ =o. (5.7)
If rank (W) = 2, then rank (W7 (W/)T) =2 and W/ (W”)T € K is non-singular. Using (5.7), we get

V=wx’, (5.8)
where X7 € K, and is given by

= +vIivwhwHTw! wHhHh (5.9)

It follows then that H = I + W2’ W which is the desired form.
If rank(W) = 1, we get WV/VW' = 0. In the fact, setting V = [vy, va] and W = [owy, fw;], where w; # 0 and
(o £ 0 or  # 0). We obtain

_ T
WWJ:[awl,[iwl][ ﬁ:}l], J=0.
ocwl

From Lemma 2.2, we get
wvIivw! =uvlJu,ww’ =o0.
Moreover, Eq. (5.7) becomes
vw! +wv’/ =o. (5.10)

Developing (5.10), we have

ol el
U1, U owi, pw =Y,
PRI o0 ) Lpet PP 0 ) Lget

which is equivalent to
(—Pv1 + av)w] = wi(—pu; + owy)?. (5.11)

If —Bvy + ows # 0, then from (5.11), we get wy = d(— v + owy) for a certain & € R and then W = VX7 for a certain
2 € k7 and one gets the desired form.

If —fv; + oy =0, we will show that V W’ =0 and then H is reduced to the identity. Therefore, we get the desired
form, with 2/ = 0 € «». In fact, there is no loss of generality, if one takes o = 1. It follows

0 -1 T
VW]=[v1,ﬁv1]<1’ 0 )[E}ﬂ]:&

Thus the expression of any 2-DSH of direction V is necessarily given under the form

H=1+Vv3V. (5.12)
Now, from (5.12), H is symplectic (H'H=1)is expressed by

vl +z+3vivehv! =o. (5.13)
From Lemma 2.2, Eq. (5.13) can be written as

V[trace(X) 4 v Jva det(X)]L V7 =0. (5.14)
It follows then that H is symplectic iff

VvV’ =0 or trace(X) + v{ Jvy det(X) = 0. (5.15)

To end the proof, since vy = —v1v2T + vzv]T, we get vvy =0iff rank(V)<1. O
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Unlike for the extended ”symmetry” (4.3), it is important to note that for a 2-DSH of direction V, the subspace ran(V)
could be isotropic (i.e., VIV =0).

Remark 5.6. The 2-D symplectic Householder transformation H = I + VX'V’ e 7,(R*") is symplectic, but not
necessarily skew-Hamiltonian.

Proposition 5.7. H=1+4+VZX Tyl e g Q(RZ”) let unchanged x € [ran(V)]J'/ and let invariant the subspace ran(V).

Proof. If x € [ran(V)]l/ then V/x =0 and Hx = x. If x € ran(V) then x can be written as x = Vz for a certain
zeR2 Itfollows Hx =Vz 4+ VE/z=V(h + 2')z eran(V). O

The mapping problem for the 2-D symplectic Householder transformations is solved as follows:
Theorem 5.8. Let X = [x1, x2], Y =[y1, y2] € R?*% with X' X =Y'Y #0,.If
det((Y — X)’X) #0, (5.16)
then

IH € 7H(R™)|HX =Y.

Proof. Setting H =1 + (Y — X)2/(Y — X)). Then HX =Y < Y - X =¥ — X)2/( - X)'X <
Y — X)L — 2/ (Y — X)JX) = 0. Then (5.16) implies rank(¥Y — X) = 2 and thus (I» — >Ny — X)JX) =0.
Finally, we obtain ~ T =1y = X)XV 1tis easy to verify that X 7 satisfies the condition (5.6). O

Remark 5.9. Eq. (5.16) can easily be checked since
det((Y — X)’ X)) =det((Y — X)VIX) =yl Jx1.y3 Jxz2 — x3 J (y1 — x1).x1 J (y2 — x2). (5.17)
Furthermore, without the additional condition (5.16), the mapping problem takes the form

Theorem 5.10. Let X = [x1, x2], ¥ =[y1, 2] € R X/ X = Y'Y # 0,. Then AH, € T»(R*"), Hr € T(R*")
|HoH X =Y.

Proof. If det((Y — X )j X)) # 0, then the result is straightforward from Theorem 5.8. Assume now that
det((Y — X)JX)) = 0. There are two cases.
First case: x?Jyz # 0 or ngyl # 0. We choose o € R\{0, 1} such that

xJy; + éxlTJyz #£0. (5.18)
We set Z = [ay1, y2/a]. It is easy to check that 7’7 =Y’Y. Then, we have

det((Z — X)JX) = xlTJyl.szJyz — xlTJ (%2 — xz) .szJ(ocyl —Xx1). (5.19)
Developing the right-hand side of Eq. (5.19) and using det((Y — X )/ X)) =0, we obtain

det((Z — X)' X) = (@ — Dx[ Jx» <x2TJy1 + ixlTJyz) # 0.
Thus, from Theorem 5.8, there exists H; € z(IRZ”)|H 1 X = Z. Indeed, Z is carefully chosen since from

det((Y = 2)!Z) = 2 Jy1.53 vy — 21 J (2 = 22).23J (1 = 21),

and using z; = oy, and 7 = yp /o, we obtain

— T 2
det((Z — X))’ X) = [ 1)(;1 J¥5)]

£0.

Thus, from Theorem 5.8, there exists Hy € 72(R*")|H,Z =Y, i.e., HbHi X =Y.
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Second case: xi]yz =0 and szJyl =0. We set Z =[z1, z2], with z1 = x1 + y1 and z2 = x3. In one hand, we have

21 Jz = (x] + y[)Jx2 =x[Jx, and thus X/ X = Z/ Z. On the other hand, we get

x{Jzp =x]Jxz #0, (5.20)
and

Ty, =1+ y) Ty, =yl Jy, #0. (5.21)

Thus, from the first case, we have: there exists H| € 7 2(|R2")|H1 X = Z (which corresponds to Eq. (5.20)) and there
exists Hy € 7(R*")|H,Z = Y (which corresponds to Eq. (5.21)). Thus b H X =Y. O

Proposition 5.11. We have #> C 7 2(R*).

Proof. Let H € 2. Then, there exists V € R2*2 with V'V = I such that H = I — 2V V. Thus, it can be written
as

H=14+V3'V’) with X =-2I.
Since X = —21, satisfies (5.6), it follows that H € 7 ,(R*"). O

In [13], Paige et al. introduced also the matrix transformation

c S
J(k,0)—<_S c)’ (5.22)
where
C =diag(lx—1,cos 0, I,,_), S =diag(Ox_1,sin0, 0,_z).

J (k, 0) is a Givens symplectic matrix, which is an “ordinary” 2n-by-2n Givens rotations that rotates in planes k and
k+n [18]. Such transformations are used [17,13] to zero prescribed entries in a vector, in a structure-preserving QR-like
algorithm, for Hamiltonian or skew-Hamiltonian matrices. We present here the interesting result.

Proposition 5.12. The transformation J (k, 0) given by (5.22) is a 2-DSH.

Proof. Note first that J (k, 0) is characterized by
J(k, O)El = E,‘ for i 75 k

and
cos 0 sin 0

Ik, ) Ex = Ey (—sin@ cos@) ’
Consider

Hk,0) =1+ E 2 E], (5.23)
with

J_(cosO  sin0
h+2" = <—sin8 cosﬂ)' (5.24)

In one hand, it is obvious that 2" given by (5.24) satisfies (5.6) and thus
H(k, 0) € T,(R™).
On the other hand, since E kf E; = 0y; I, we obtain

Hk,0)E; = E; = J(k, 0)E;, fori #k
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and
Hk, 0)Ey = Ex + Ex2) = Ex(I + 27) = J (k, 0) Ey.

Thus H(k, 0) = J(k,0). O
6. SR-algorithm via the 2-D symplectic Householder transformations

In addition to the two types of elementary symplectic matrices H(k, w) and J(k, 0) given by (4.5)—(5.22),
Bunse-Gerstner et al. [5] introduced a third type defined by

=g H) ©1)

where k € {2,...,n}, ve Rand D, F are the n x n matrices

D=1, + ;—1 (e el —{-eeT)
= Iy (1+v2)]/4 k—1€_1 k€ )

v T T
F = W(ek_lek +6k€k_l).

The matrix G (k, v) is a non-orthogonal symplectic matrix. Such a type was introduced in order to proceed to a SR
factorization for at least almost arbitrary matrices, i.e., up to a set of measure zero. Their algorithm is quite complicated.
It involves heterogeneous transformations. It is an empirical algorithm and thus, it lacks theoretical results. There is for
example no algebraic analysis behind it. The algorithm is not the corresponding one, to the classical QR factorization,
via Householder transformations. We demonstrated here that there is no need to distinguish between H (k, w) and
J (k, 0) since they are just two 2-DSH.

We outline here how to obtain, in an unified way, a SR factorization for almost arbitrary matrices, via only 2-DSH.
The introduction of G (k, v) is superfluous. A 2-DSH is constructed so that one gets a SR factorization by following
the same scheme as in QR factorization via Householder transformations. Thus, the new algorithm is in the symplectic
case, the equivalent of OR factorization via Householder transformations. The new algorithm is constructed following
an algebraic analysis. Theoretical results can be then established.

6.1. SR algorithm, via the 2-D symplectic Householder transformations
Let us first present the following result, which will be used in the algorithm.

Lemma 6.1. Let U, V, W be subspaces of R such that
V=U®W withULW. (6.2)

Let g1 : U — U (respectively, , : W — W) a symplectic isometry.
The map o1 L'cy : V. —> V defined by

YueU, YweW, ol ou+w) =0 u)+o(w) (6.3)
is a symplectic isometry. Moreover, if t € 7 (W) then Iy L't € T ,(V), where Iy is the identity on U.
Proof. Letui,ur € U and wy, wy € W and set v =u + w; and vy = us + wy. Set 03 = o1 L'g2. We have

a3 ()’ 73 (12) = 63(v1) T 03(v2) = (01 (1) + 2(w1)) ' (01 (2) + G2(w2)).
From (6.2), we obtain

a1 () Joa(wa) = a2 (wi) a1 (ua) =0.
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Thus
a3(1)’ 03(v2) = 01 () T o1 (12) + a2 (wi) T T o2 (w).
Since o1, o are isometries, we have
al(ul)TJal(uz) = uTJuz and az(wl)TJaz(wz) = w?]wz.
Then we obtain
a3(v1)? 63(v2) = uf Juz + w Jwa = (uy + w) I (wr + wa) = v{ va,

i.e., g3 is a symplectic isometry.
Forv e V,letu, € U, w, € W such that v = u, + w,. Suppose that T € 7 »(W). Then 7 can be written as

t=1Iy + 22777 € TH(W),
fora certain Z € W2 and X € k» satisfying (5.6). Thus
Iy L' t(v) =uy + t(wy) = uy + wy + 227 27wy = v+ 227 727 w,,

Since U L’W, we have Z”/u, = 0 and then Z/ w, = Z7 (uy + wy) = Z7v.
Therefore

IyL't(v) =y + 227 Z7 ).
It is now obvious that Iy + ZX7 77 € 7,(V). O
Let K; C K7 the subset of upper triangular matrices. The main steps of the algorithm can be also understood as
follows. Let A be a 2n x 2n matrix. AE | represents the first and the n + 1th columns of A. Let A; be an arbitrary
element of ;cj' such that A{Al = (AEl)JAEl. The first step is
e Find H| € FQ(RZ") such that H{AE| = E1A;. One uses Theorems 5.8 or 5.10 for determining explicitly H; =

[+ ViZ] v/, where Vi € R*"? and X € K,.
The action of Hy on AE is

HlAEl ==

= ElAl-
0 x
00

Zero in the second and last rows of Hj A E| represents the null vector in R
e Update A by

X X X X
0 AV 0 A
H A= s (6.4)
0 x X X
0 A o al)

where Algjl,) fori, j=1,2aren — 1 x n — 1 matrices.
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e Find H, € 7>(R*2) so that HA® has the form (6.4), i.e.,

X X

2

HA® = 0 Ay
0 x

2)

0 A5

X
0
X
0

X
2
Al
X
)
Ay

545

where Ag) fori,j =1,2 are n — 2 x n — 2 matrices. Theorems 5.8 or 5.10 allow us to determine explicitly
H, =1+ \7225 sz, where V» € R*2%2 and 3, € K». Set

W= ran(El)J‘/,

where i1, € R"1%2, Wy € Rr—1x2,
o We get Hy = ran(El)J—/HZ = Ipon + szg sz and then

X X X
0 x x
HyH{A =
0 x x
00 x
00 AP

00 AP0 0 AP

X X X

0 x x

X X X

0 x x

00 AY

Vo = [— and ﬁz = Iy + ‘722‘2,‘721,

It is important to note that Ho H{AE| = H{AE1, i.e., the first and the n 4 1th columns (respectively, rows) of H A
are unchanged by the action of H». The next step is obtained in a similar way.
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e Atthe n — lth step, we get

Rii R
H,_i...HbHIA=R = (R; RZ)’

where R11, Ri2, Ra1, Ry are n xn upper triangular matrices. The symplectic factor Sis given by S=H 1’ HZJ .. Hnt1 .
The algorithm can be easily adapted to a non-square 2n x 2k matrix.

6.2. Numerical experiments

Numerical results, concerning the preservation of geometric properties of the exponential operator, when the matrix
is Hamiltonian, are reported in [11]. The accuracy in the evaluation of the system energy is much higher in the proposed
structure preserving method [11] than the standard Krylov process. The proposed structure preserving method uses the
modified symplectic Gram—Schmidt algorithm [15] as a key step. The modified version of symplectic Gram—Schmidt
algorithm presents a significant improvement with respect to the no modified version [15]. In the following numerical
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experiments, we remark that the J-orthogonality is more preserved in a SR decomposition via 2-DSH than via the
best modified version of symplectic Gram—Schmidt. Thus, we expect for example, that the preservation of the above
geometric properties of the exponential operator, could be still significantly improved if an adapted SR factorization
via 2-DSH is used. We mention also that we used a very simple version of the algorithm, in the sense that no particular
attention was given to its optimal implementation of the algorithm. This will be the aim of future investigations
(Figs. 1-4).

7. Conclusion

In this paper, a geometric approach is presented leading us to skew-Hamiltonian 2-D Householder transformations.
The properties of such transformations are studied in details. However, the algebraic approach allowed us to present
more general elementary symplectic Householder transformations: the 2-D symplectic Householder transformations (2-
DSH). Their features are established in details, providing interesting results. A SR-algorithm based on only these 2-DSH
transformations is constructed. We demonstrated that the algorithm is the corresponding one, in the symplectic case, to
the QR-factorization, via Householder transformations, in the Euclidean case. The new algorithm is numerically better
than the best of the modified symplectic Gram—Schmidt algorithms. Furthermore, the new algorithm is theoretically
and numerically rich. These aspects will be the aim of a future work. Thus, questions as error analysis, choice of the
free parameters, link with modified versions of symplectic Gram—Schmidt, breakdowns, etc., will be treated. We expect
that the approach presented here will be very helpful for such investigations.
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