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Abstract

Given a graph G, one can define a matroid M = (E,C) on the edges E of G with circuits C where C is either the cycles of G or
the bicycles of G. The former is called the cycle matroid of G and the latter the bicircular matroid of G. For each bicircular matroid
B(G), we find a cocircuit cover of size at most the circumference of B(G) that contains every edge at least twice. This extends the
result of Neumann-Lara, Rivera-Campo and Urrutia for graphic matroids.
Published by Elsevier B.V.
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1. Introduction

Let G be a graph (loops and parallel edges allowed) with vertex set V ={1, 2, . . . , n} and edge set E, where |E|=m.
The bicircular matroid of G is the matroid1 B(G) defined on E whose circuits are the subgraphs which are subdivisions
of one of the graphs: (i) two loops on the same vertex, (ii) two loops joined by an edge, (iii) three edges joining the
same pair of vertices. See Fig. 1. Here and elsewhere we identify a subgraph and its collection of edges. The circuits
of B(G) are the bicycles of G. A subset C∗ of the edges E of G is a cocircuit of B(G) if the spanning subgraph G\C∗
has exactly one tree component T and each edge in C∗ is incident with at least one vertex of T. In other words, C∗ is a
minimal set of edges such that G\C∗ has exactly one tree component.

In what follows G is a 2-connected loopless graph with m edges and n vertices. Let c denote the circumference of
G, the size of a largest cycle of G, and let c∗ denote the size of a largest bond (minimal edge cutset) of G. Likewise let
cB denote the circumference of B(G), the size of the largest circuit of B(G), and let c∗

B denote the size of the largest
cocircuit of B(G). Lemos and Oxley [1] showed that the number of elements of a 2-connected matroid can be bounded
by the size of the largest circuit, cM , and cocircuit, c∗

M .

E-mail addresses: mcnulty@mso.umt.edu (J. McNulty), nancy@pacificu.edu (N.A. Neudauer).
1 A general reference for matroid theory is [5].
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Fig. 1. Bicycles of G.

Theorem 1 (Lemos and Oxley [1]). Let M be a 2-connected matroid with at least 2 elements. Then, |E(M)|� 1
2cMc∗

M .

This result prompted the question by Oxley [4]: Does every such matroid, M, have a collection of c(M) cocircuits
such that every element of M is in at least two of them? Here c(M) is a function of the circumference. Neumann-Lara
et al. [3] answered this question in the affirmative for graphic matroids.

Theorem 2 (Neumann-Lara et al. [3]). Let G be a 2-connected loopless graph with circumference c. Then there are
c bonds of G, not necessarily distinct, such that every edge of G lies in at least two of them.

We extend this result to bicircular matroids.

Theorem 3. Let G be a 2-connected loopless graph with at least n + 1 edges and let B(G) be the bicircular matroid
on G with circumference cB . Then there are cB cocircuits of B(G), not necessarily distinct, such that every edge of G
lies in at least two of them.

2. Preliminaries

The following results are key elements to the proof of Theorem 2 and consequently, to the proof of Theorem 3. The
first lemma [3] is a graph theoretic version of Tutte’s connectivity theorem and the second is a result due to Wu [6].

Lemma 4 (Neumann-Lara et al. [3]). Let G be a block and C a cycle of G. For each edge e of G not in C, at least one
of the graphs G\e or G/e is a block in which C is a cycle.

Lemma 5 (Wu [6]). Let G be a 2-connected loopless graph with circumference c > 3. Then G has a bond B that meets
every c-cycle and every (c − 1)-cycle in at least 2 edges.

Next we relate bonds of a graph G to cocircuits of the bicircular matroid B(G).

Lemma 6. Let B be a bond of a connected graph G. If G\B contains at most one acyclic component, then there is a
cocircuit B̂ of B(G) such that B ⊆ B̂.

Proof. Consider a bond B of G. The number of acyclic components of G\B can be 0, 1, or 2. If G\B has exactly one
acyclic component then B is a cocircuit of B(G). If G\B has no acyclic components, then we break the cycles in one
of the components by adding edges to B to get a cocircuit B̂ of B(G). �

We note that if all bonds of G are of this type, then c�cB and it follows from Theorem 2 that there are c cocircuits
of B(G), not necessarily distinct, such that every edge of G lies in at least two of them. Thus, Theorem 3 easily holds
for these types of graphs. To prove the theorem in general, we investigate those graphs which have bonds that are not
of this type.

We say a bond of G is of type tree–tree if G\B contains two acyclic components. Thus, the bonds referred to in
Lemma 6 are not tree–tree bonds.

Lemma 7. Let B be a bond of a 2-connected graph G. B is of type tree–tree if and only if |B| = m − n + 2.
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Proof. The proof is a simple counting argument. If B is of type tree–tree then, |E(G\B)|=n−2. Thus, |B|=m−n+2.
Conversely, if |E(G\B)| = n − 2, then since G\B has exactly two components, each component must be a tree. �

Since a bond of G cannot be any larger than m − n + 2, bonds of type tree–tree are bonds of maximal size. Thus, if
G has a bond of type tree–tree, then c∗ = m − n + 2.

3. Proof of main result

Let G be any 2-connected loopless graph. Subdivide every edge of G to obtain a new graph G′. Notice that G′ is
also 2-connected and loopless, and has circumference c′ = 2c. We show that B(G) has a collection of cB cocircuits
that cover the edges of G at least twice by showing that B(G′) has cB cocircuits that cover the edges of G′ at least
once. Thus, in what follows we consider graphs with even circumference. Before embarking on the proof of our main
theorem we need some terminology and assumptions.

The proof of Lemma 5 is constructive; that is, a bond of G that meets every c-cycle and every (c−1)-cycle in at least
two edges is explicitly found. We include a description of such a bond for any graph G with circumference c = 2r . Let
C be a 2r-cycle of G with vertices v1, v2, . . . , v2r labeled cyclically. Let e = {v1, v2r} and f = {vr , vr+1} be edges of
G. Extend C\e to a spanning tree T of G. Let T1 and T2 be the two components of T \f and let B be the bond induced
by T1 and T2; that is, B is the set of edges with one endpoint in V (T1) and the other in V (T2). We can form such a
bond for every pair of “opposite edges”. We call such a bond an antipodal bond with respect to the 2r-cycle C. We
call any pair of edges, {vi, vi+1} and {vi+r , vi+r+1}, where the indices are taken modulo c, antipodal edges. Similarly
a pair of “opposite vertices”, vi and vi+r (mod c), will be called antipodal vertices. With this terminology Lemma 5 can
be restated for G as follows.

Lemma 8. Let G be a 2-connected loopless graph with cycle C of maximum length c = 2r > 3. Every antipodal bond
of G with respect to C meets every c-cycle and every (c − 1)-cycle in at least 2 edges.

Our construction of the cocircuit cover for B(G′), and hence for B(G), will rely heavily on the antipodal bonds of
G′. As noted before, if a bond is not of type tree–tree, then by (possibly) adding edges to the bond we get a cocircuit of
the bicircular matroid. If a bond is of type tree–tree, then it is not contained in a cocircuit of the bicircular matroid. In
fact, an edge must be removed from the bond to obtain a cocircuit of the bicircular matroid. The addition of any edge
of the bond to the two tree components yields one acyclic component, the complement of which is a cocircuit in the
bicircular matroid. Next, we will characterize those graphs with even circumference for which every antipodal bond
with respect to a maximal circuit is of type tree–tree.

Let G be a 2-connected loopless graph with circumference c = 2r and let C be a cycle of maximum length. We call
an edge of G an equator of G with respect to C if it connects antipodal vertices of C. We construct a graph with even
circumference for which every antipodal bond with respect to a maximal cycle is of type tree–tree. Let C be a cycle of
length 2r . Add a non-empty set of equators to C; call the graph so obtained G0. Finally, subdivide the equators of G0
with the proviso that the circumference remains equal to 2r; call this graph G. A graph G with this structure is a New
York City Wheel (as it is similar to a wheel, but is missing a hub cap). See Fig. 2. We note that the Möbius ladder is a
special case of the NYC Wheel.

Lemma 9. Let G be a 2-connected loopless graph with circumference c = 2r and m�n + 1 edges. If C is a cycle of
G of size c and all antipodal bonds B of G with respect to C are of type tree–tree, then G is an NYC Wheel.

Proof. Let G be a 2-connected loopless graph with circumference c = 2r and let C be a cycle of G of size c so that
all antipodal bonds B of G with respect to C are of type tree–tree. Label the vertices of C, v1, v2, . . . , v2r , cyclically.
Since G is 2-connected there are no maximal paths using exactly one vertex of C. Let P be a path of G from vi to vj

for some i, j that does not contain any edges of C. If j /≡ (i + r) (mod c), then G has an antipodal bond using either
{vi, vi+1} or {vi, vi−1} and the corresponding antipodal edge that is not tree–tree. Thus, the only paths in G using the
edges E(G) − E(C) are subdivisions of equators. Consider a vertex x /∈ V (C) on such a path P from vi to vi+r . If the
degree of x is more than 2, then because G is 2-connected, either there exists a path from x to a vertex of C avoiding
vi and vi+r or there is a path from x to a vertex y of P including no edges of P. In the first case, there is a path from
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Fig. 2. An NYC Wheel.

x to vk for some k /≡ i, (i + r) (mod c). But this gives a path from vi to vk that is not an equator. In the second case,
there are two edge-disjoint paths from x to y that avoid C. Then, G has an antipodal bond that is not tree–tree. Thus, all
paths in G using the edges E(G) − E(C) are subdivisions of equators. Hence G is an NYC wheel. �

Theorem 10. Let G be a 2-connected graph with circumference c so that the graph G′ obtained by subdividing every
edge of G is an NYC Wheel. Then there is a collection of at most cB cocircuits of B(G′) that covers the edges of G′
at least once. Moreover, these cocircuits correspond to cocircuits of B(G) and thus give a collection of at most cB

cocircuits of B(G) that covers the edges of G′ at least twice.

Proof. Let G be a 2-connected graph with circumference c so that the graph G′ obtained by subdividing every edge
of G is an NYC Wheel. Let C′ be a cycle of G′ of length 2c so that all antipodal bonds of G′ with respect to C′ are of
type tree–tree (C′ is the “rim” of the wheel). Let P ′ be a path of maximum length 2l that is edge disjoint from C′. By
construction, P ′ is a subdivision of an equator of C′ from say vi to vc+i and 2l�c. We construct a cocircuit cover of
B(G′) of size c + l.

Let B ′ be an antipodal bond of G′ with respect to C′. By construction, |E(B ′)∩E(P ′)|=1, so let {e}=E(B ′)∩E(P ′).
Since B ′ is of type tree–tree, E(G′)\E(B ′) ∪ {e} either is a spanning tree or consists of two components, exactly one
of which contains a cycle. Thus, E(B ′)\{e} is a cocircuit of B(G′). In this manner, we can construct a collection of
cocircuits B ′

1, B
′
2, . . . , B

′
c of B(G′) that covers the elements of E(G′)\E(P ′) at least once.

If l > 1, we find l cocircuits that cover the edges of P ′. By construction, P ′ is a path of the form vi = x0, y1, x1,

y2, x2, . . . , yl, xl = vc+i where xi is a vertex of G and yi is a vertex added in subdividing the edge {xi−1, xi}. Let
B ′

c+i = {{yi, xi}, {yi+1, xi}} for i = 1, 2, 3, . . . , l − 1 and let B ′
c+l = {{y1, x0}, {yl, xl}}. This collection of cocircuits

covers each edge of P ′ once. Consequently, B ′
1, B

′
2, . . . , B

′
c+l are cocircuits of B(G′) that cover the edges of G′.

If l = 1, then P ′ is a path of the form vi, y1, vc+i . We cannot find a cocircuit to cover the edges of P ′ as above,
instead we modify B ′

i constructed above to cover the edges of P ′. We use the newly constructed B ′
i along with the

B ′
j , j = 1, 2, 3, . . . , c, j 	= i, and a new B ′

c+1 to cover the edges of G′. Let B ′
i be the cocircuit of B(G′) with edges

a = {vi, vi+1} and b = {vc+i , vc+i+1}. We replace one of these antipodal edges with an edge from P ′; namely we
replace edge b ={vc+i , vc+i+1} with {vi, y1} in B ′

i . See Fig. 3. This is a cocircuit of B(G′) because any antipodal bond
B ′ containing these three edges is a bond of type tree–tree since C′ was chosen as such. As above, E(G′)\E(B ′) ∪ {b}
either is a spanning tree or consists of two components, exactly one of which contains a cycle. Let B ′

c+1 be a cocircuit
containing {{vc+i , vc+i+1}, {vc+i , y1}}. Thus, B ′

1, B
′
2, . . . , B

′
c+1 are cocircuits of B(G′) that cover the edges of G′.
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Fig. 3. A subdivision of NYC Wheel with l �1 and l = 1.

By construction, each cocircuit B ′
i of B(G′) corresponds to a cocircuit Bi of B(G). Hence, B1, B2, . . . , Bc+l are

cocircuits of B(G) that cover the edges of G at least twice. Since c + l�cB , this gives at most cB cocircuits of B(G)

that cover the edges of G at least twice. �

Lemma 11. Let G be a 2-connected loopless graph with circumference c and at least n + 1 edges. If G′ is the graph
obtained by subdividing every edge of G, then the bicircular matroid B(G′) has a collection of at most cB cocircuits
that covers the edges of G′ at least once.

Proof. Let G′ be the graph obtained by subdividing every edge of G, let C′ be a cycle of G′ of length 2c and let P ′ be
a chord of C′ of maximum length 2l. We construct a collection of c + l�cB cocircuits that covers the edges of G′ at
least once.

The proof is by induction on c > 1. If c = 2, then since G is 2-connected, G has exactly two vertices. Since G has at
least three edges, l = 1 and cB = 3. By construction, G′ is an NYC Wheel; hence, by Theorem 10, the result follows.

We assume the result holds for every graph G′ with circumference 2ĉ where ĉ < c and maximum chord length 2l̂,
obtained by subdividing every edge of a 2-connected loopless graph G with at least n + 1 edges. That is, there is a
collection of ĉ + l̂�cB cocircuits of the bicircular matroid B(G′) which cover each edge of G′ at least once.

Let G′ be the graph obtained by subdividing every edge of G, a 2-connected loopless graph with circumference c�3
and at least n + 1 edges. As above, let C′ be a cycle of G′ of length 2c and let P ′ be a maximum length chord of length
2l. For each edge f of G let {f ′

1, f
′
2} label the subdivided edge in G′. We refer to such a pair as an f-pair. Let P(f )

denote the set of edges of G parallel to edge f, not equal to f.
If G′ is an NYC Wheel, then we are done by Theorem 10, so suppose otherwise. Thus, there is an antipodal bond

B ′ of G′ with respect to C′ that is not of type tree–tree. Call the two edges of B ′ ∩ C′, e′
1 and f ′

1. Any cycle of G′ that
contains f ′

1 must also contain the other element of the f-pair, f ′
2. By Lemma 8, B ′ meets every cycle of G′ of length 2c

or 2c−1 in at least two edges. We note that G′ has no odd cycles. Let G′′
0 be the graph obtained from G′ by contracting

f ′
1 and f ′

2 and deleting all g-pairs for each g in P(f ). G′′
0 is a subdivision of G/f \P(f ). Since G′′

0 was obtained from
G by contracting an edge from the longest cycle and deleting its parallel edges, it is 2-connected and contains the cycle
C′′ = C′\{f ′

1, f
′
2}. By Lemma 4, the remaining g-pair edges of B ′\e′

1 can be either deleted or contracted from G′′
0,

so that the resulting graph, G′′, is 2-connected and contains the cycle C′′. By construction, the circumference of G′′
is 2(c − 1), since two edges of C′ were contracted and B ′ meets every other 2c and 2c − 1 cycle of G′ in at least
two edges. As C′ is a maximum size circuit of G′′, it follows that the graph G′′′ obtained from G′′ by contracting e′

1
and e′

2 and deleting all g-pairs for each g in P(e) is also 2-connected. Moreover, G′′′ is obtained from a graph with
circumference c−2 by subdividing every edge. By induction, B(G′′′) has a collection of cocircuits B ′′′

1 , B ′′′
2 , . . . , B ′′′

ĉ+l̂
,

where ĉ + l̂�c − 2 + l, which covers each edge of G′′′ at least once.
These cocircuits B ′′′

1 , B ′′′
2 , . . . , B ′′′

ĉ+l̂
of B(G′′′) give rise to cocircuits B ′

1, B
′
2, . . . , B

′
ĉ+l̂

of B(G′). Since G′′′ is

obtained from G′ by deleting or contacting elements, the cocircuits B ′′′
i are contained in cocircuits B ′

i along with,



J. McNulty, N.A. Neudauer / Discrete Mathematics 308 (2008) 4008–4013 4013

possibly, elements that were deleted or contracted to obtain G′′′. Let B ′ be the set of edges obtained by replacing each
edge of the bond B ′ by its mate in its g-pair. Then let B ′

ĉ+l̂+1
= B ′ and B

ĉ+l̂+2 = B ′. Byconstruction, the cocircuits

B ′
1, B

′
2, . . . , B

′
ĉ+l̂+2

cover the edges of G′ at least once. Since ĉ + l̂ + 2�c + l�cB the result follows. �

Finally, we construct a collection of at most cB cocircuits of B(G) that cover the edges of G at least twice.

Proof of Theorem 3. Let G be a 2-connected loopless graph with circumference c and at least n + 1 edges. Let G′
be the graph obtained by subdividing every edge e of G with vertex ye, let C′ be a cycle of G′ of length 2c and let P ′
be an antipodal chord of C′ of maximum length 2l. Let B ′

1, B
′
2, . . . , B

′
ĉ+l̂+2

be the cocircuits of B(G′) constructed in

Theorem 10 and Lemma 11. Recall, ĉ + l̂ + 2�c + l�cB and the collection of cocircuits covers the edges of G′′. By
construction, B ′

i does not contain two edges of G incident with ye for all edges e. Thus, each cocircuit B ′
i of B(G′)

naturally corresponds to a cocircuit Bi of B(G). Moreover, since each edge of G′′ is covered at least once by the
collection, each edge of G′′ will be covered at least twice by the collection. �
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