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We consider actions of SLð2;ZÞ and SLð2;ZÞþ (semigroup of matrices with

nonnegative integral entries) on the projective space P and on P� P. Results are

obtained on orbit-closures under these actions and they are applied to describe a class

of binary quadratic forms Q such that the sets QðZ2Þ or QðZ2
þÞ are dense in R. We

prove also a result generalising a theorem of Troessaert and Valette (On values at

integer points of some irrational quadratic forms, preprint) associating to certain

binary quadratic forms Q rational quadratic forms Q0 such that the closure of QðZ2Þ
contains Q0ðZ2Þ. # 2002 Elsevier Science (USA)
1. INTRODUCTION

Consider the action of the group SLð2;ZÞ of integral unimodular 2 � 2
matrices on P� P, where P is the one-dimensional projective space. Then
the orbits of almost all points are dense in P� P, and in fact using a
Theorem of Artin [1] the set of points with dense orbits can be described in
terms of continued fraction expansions (see Theorem 4.7). The result in turn
enables one to identify a large class of indefinite binary quadratic forms Q
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such that QðZ2Þ, the set of values of Q at integral points, is dense in R (see
Remark 5.2).

Here we consider the action of the semigroup SLð2;ZÞþ consisting of
matrices in SLð2;ZÞ with nonnegative entries, rather than the group
SLð2;ZÞ, on P� P. This is related in a natural way to values of indefinite
quadratic forms at integral points with nonnegative coordinates. We show
that under a condition like in Artin’s theorem the orbit closure of a point in
P� P is ‘large’ in a certain sense (see Theorem 4.3). Using the result we
conclude that for the corresponding binary quadratic forms the set of values
at integral points with nonnegative coordinates (and more generally over
subsets of R2 invariant under the action of SLð2;ZÞþÞ is dense in R (see
Corollary 5.3). The results also enable us to deduce density of values of
binary quadratic forms at integer points, under Artin’s condition (see
Theorem 4.7).

Some of the preliminary results developed in this context also enable us to
generalise a result of Troessaert and Valette [10] about values of certain
rational quadratic forms, over the set of integral pairs, being contained in
the closure of values of other quadratic forms; see Corollary 5.6.

2. ASYMPTOTICS OF SEQUENCES OF 2 � 2 MATRICES

Let G be the subgroup of the linear group GLð2;RÞ consisting of matrices
with determinant �1; for certain preliminary results it will be convenient to
consider this intermediate subgroup rather than SLð2;RÞ or GLð2;RÞ. The
linear G-action on R2 � ð0Þ factors to an action on the one-dimensional
projective space, denoted by P. In this section we describe some asymptotics
of the actions of sequences in G on P. For any matrix x we denote by jjxjj
the norm defined as the maximum of the absolute values of the entries of x.
Also, we denote by Z : ðR2 � ð0ÞÞ ! P the canonical quotient map.

Definition 2.1. An unbounded sequence fgig in G is said to be simple if
the sequence fgiðxÞg converges for all x 2 P.

Lemma 2.2. Every unbounded sequence fgig in G contains a simple

subsequence. If fgig is a simple sequence and c : P ! P is the map defined by

the condition that giðxÞ ! cðxÞ for all x 2 P, then the image of c consists of

at most 2 points, and if the image has two points then one of them is the image

of only one point in P.

Proof. Passing to a subsequence of fgig we may assume that kgik ! 1.
Consider the sequence of matrices fgi=kgikg. It is bounded and hence
has a convergent subsequence. We may therefore assume, passing to
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a subsequence, that gi=kgik converges to a matrix, say y. Since det gi ¼ �1
and kgik ! 1, det ðgi=kgikÞ ! 0 and hence det y ¼ 0. On the other hand, y
is a nonzero matrix since each gi=kgik is of norm 1. Therefore y is of rank 1.
Let u 2 ker y and v 2 Im y be nonzero vectors (ker and Im stand for the
kernel and image, respectively); u and v are unique up to scalar multiples.
For x 2 R2 � ð0Þ such that yðxÞa0 we have

giðZðxÞÞ ¼ ZðgiðxÞÞ ¼ ZðgiðxÞ=kgikÞ ! ZðyðxÞÞ ¼ ZðvÞ:

Now if x 2 P and xaZðuÞ, and x 2 Z�1ðxÞ then yðxÞa0 and hence
giðxÞ ¼ giðZðxÞÞ ! ZðvÞ. Thus fgiðxÞg converges for all xaZðuÞ. We can
now pass to a subsequence fgijg such that fgij ðZðuÞÞg converges, so that the
convergence holds at all points of P. This proves the first assertion in the
lemma. The second is clear from the proof, when applied to a simple
sequence. ]

Example 2.3. Let g 2 G and consider the sequence fgig of (positive)
powers of g. It is easy to see that if it is unbounded then it is a simple
sequence; if g is a hyperbolic matrix with eigenvectors u and v with l1 and l2

as the corresponding eigenvalues, respectively, say jl1j515jl2j, then
giðjÞ ! ZðvÞ for all jaZðuÞ (ZðuÞ is of course a fixed point); if g is
parabolic then giðjÞ ! ZðwÞ for all j 2 P, where w is a nonzero fixed point
of g.

We denote by w the matrix defined by

w ¼
0 �1

1 0

 !
:

For any matrix M we denote by tM the transpose of M. We note that for
any 2 � 2 matrix M, tMwM ¼ ðdet MÞw, as can be verified directly. We note
also that w2 ¼ �I (where I is the identity matrix) and hence it acts trivially
on P.

The following lemma gives a criterion to verify a sequence to be simple.

Lemma 2.4. Let fgig be an unbounded sequence in G. Suppose that there

exist a; b 2 P such that the sets fx 2 P j giðxÞ ! ag and fx 2 P j tgiðxÞ ! bg
have at least two points each, and that giðwðbÞÞ converges as i ! 1. Then fgig
is a simple sequence, and giðxÞ ! a for all xawðbÞ.

Proof. Suppose that the assertion is not true. Then passing to a
subsequence we may assume that there exists j 2 P such that jawðbÞ and
giðjÞ ! a0aa. Passing to a subsequence again, by an argument as in the
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proof of Lemma 2.2 we may assume that the sequence fgi=kgikg converges
to a matrix of rank 1, say y. Then tgi=ktgik ¼ tgi=kgik ! ty. Let u 2 ker y
and v 2 Im y be nonzero vectors. Since tywy ¼ ðdet yÞw ¼ 0, we get that
wðvÞ 2 ker ty. Also, since ywty ¼ 0 and ker ty is one-dimensional we get that
wðIm tyÞ ¼ ker y, and so wðuÞ 2 Im ty. Arguing as in the proof of Lemma 2.2
we get that giðxÞ ! ZðvÞ for all xaZðuÞ and tgiðxÞ ! ZðwðuÞÞ ¼ wðZðuÞÞ for
all xawðZðvÞÞ. Since by hypothesis the sets fx 2 P j giðxÞ ! ag and fx 2
P j tgiðxÞ ! bg have at least two points it follows that a ¼ ZðvÞ and
b ¼ wðZðuÞÞ. Also, since giðjÞ ! a0aa we get that j ¼ ZðuÞ. But this is a
contradiction since b ¼ wðZðuÞÞ and jawðbÞ. Therefore, the assertion in the
lemma must hold. ]

3. SEQUENCES OF NONNEGATIVE MATRICES

Let Gþ be the semigroup consisting of 2 � 2 unimodular matrices with
nonnegative integral entries. This section is devoted to construction of
certain simple sequences in Gþ; these will be used later. Along the way we
also introduce some more notation which will be followed throughout.

We recall that every irrational number y 2 R has a unique continued
fraction expansion as

y ¼ n0 þ
1

n1 þ
1

. .
.

þ
. .
.

nk þ
1

. .
.

;

where fnkg1k¼0 is a sequence of integers with nk51 for all k51, and
conversely for every such sequence fnkg the right-hand side represents an
irrational number y (see [5]). We shall denote the continued fraction
expansion as above by ½n0; n1; . . . ; nk; . . .�.

For any natural number n let En be the matrix defined by

En ¼
1 1

0 1

 !
if n is odd; and

1 0

1 1

 !
if n is even:

To each y ¼ ½n0; n1; . . . ; nk; . . .� we associate a sequence fgðy; iÞg in Gþ
defined by

gðy; iÞ ¼ En0

1 En1

2 � � �Eni�1

i for all i ¼ 1; 2; . . . :



ORBITS OF SL(2,Z)+ 317
It may be noted here that Gþ consists precisely of gðy; iÞ, y an irrational
number and i ¼ 1; 2; . . . ; and the identity element (see [7]).

We denote by e1 and e2 the standard basis vectors in R2, namely

e1 ¼
1

0

 !
and e2 ¼

0

1

 !
;

and by F the image of the closed positive quadrant in P, that is,

F ¼ fZðse1 þ te2Þ j s; t50g:

We denote by o : R ! P the map defined by oðtÞ ¼ Zðte1 þ e2Þ, for all
t 2 R.

The following is a well-known fact; a proof is included for the readers’
convenience.

Proposition 3.1. Let y ¼ ½n0; n1; . . . ; nk; . . .� be a positive irrational

number. Then gðy; iÞðjÞ ! oðyÞ, as i ! 1, uniformly for all j 2 F.

Proof. For all i51 let gi ¼ gðy; iÞ. Let D ¼ fse1 þ te2 j s; t50; s þ t ¼ 1g
be the line segment in R2 joining e1 and e2. Clearly, F ¼ ZðDÞ and hence it is
enough to prove that giðjÞ ! oðyÞ for all j 2 ZðDÞ. By considerations of
convexity it suffices, furthermore, to prove that ZðgiðelÞÞ ! oðyÞ for l ¼ 1
and 2. Let fpig10 and fqig10 be the sequences of integers defined by the
conditions g2iþ1ðe2Þ ¼ p2ie1 þ q2ie2 for all i50 and g2iðe1Þ ¼ p2i�1e1þ
q2i�1e2 for all i51. Thus p0 ¼ n0, q0 ¼ 1, p1 ¼ 1 þ n0n1, q1 ¼ n1, and so
on. We have g2iþ1ðe1Þ ¼ g2iE

n2i

1 ðe1Þ ¼ g2iðe1Þ for all i51, and similarly
g2iþ2ðe2Þ ¼ g2iþ1ðe2Þ, for all i50. Also, for all i51,

g2iþ2ðe1Þ ¼ g2iþ1E
n2iþ1

2 ðe1Þ ¼ g2iþ1ðe1 þ n2iþ1e2Þ
¼ ðp2i�1 þ n2iþ1p2iÞe1 þ ðq2i�1 þ n2iþ1q2iÞe2;

and similarly

g2iþ1ðe2Þ ¼ g2iE
n2i

1 ðe2Þ ¼ g2iðn2ie1 þ e2Þ
¼ ðp2i�2 þ n2ip2i�1Þe1 þ ðq2i�2 þ n2iq2i�1Þe2:

This shows that the sequences fpig10 and fqig10 satisfy the recurrence
relations pi ¼ nipi�1 þ pi�2 and qi ¼ niqi�1 þ qi�2, for all i52. It follows that
for each i50, pi=qi is the ith convergent of y (see [5, Theorem 149]).
Therefore pi=qi ! y as i ! 1. Hence Zðpie1 þ qie2Þ ! oðyÞ. Since
fZðgiðe1ÞÞg and fZðgiðe2ÞÞg are subsequences of fZðpie1 þ qie2Þg, they must
converge to oðyÞ. This completes the proof of the Proposition. ]
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By a (finite) block B we mean a finite sequence of positive integers fzjgl
j¼1,

which we write as ðz1; . . . ; zlÞ; the integer l is called the length of the block.
Given a block B ¼ ðz1; . . . ; zlÞ we define B̃ to be the block with entries of B

arranged in reverse order, namely ðzl ; . . . ; z1Þ. Given two blocks B ¼
ðz1; . . . ; zkÞ and B0 ¼ ðz01; . . . ; z0lÞ we define BB0 to be the block
ðz1; . . . ; zk; z01; . . . ; z0lÞ.

Let fxkg10 be a sequence of integers. We say that the block B ¼
ðz1; . . . ; zlÞ occurs in fxkg starting at s, if xsþj�1 ¼ zj for j ¼ 1; . . . ; l; we say
that B occurs in fxkg if it occurs starting at some s. We say that a sequence
of blocks fBig occurs in fxkg if there exists a sequence fsig of nonnegative
integers such that, for each i, Bi occurs starting at si and siþ15si þ lðBiÞ,
where lðBiÞ denotes the length of Bi (so they appear disjointly in the
sequence, possibly leaving gaps in between); we call fsig the sequence of
starting points of the occurrence of fBig.

For a ¼ ½m0;m1; . . .�41 and k51 we denote by Bða; kÞ the block
ðm0;m1; . . . ;mk�1Þ.

We now prove the main technical result of the paper.

Theorem 3.2. Let a¼ ½m0;m1; . . . ;mk; . . .�41, b¼ ½n0; n1; . . . ; nk; . . .�41
and z ¼ ½p0; p1; . . . ; pk; . . .�50, and let a ¼ oðaÞ, b ¼ oðbÞ and z ¼ oðzÞ.
Suppose that there exist sequences fkig and flig of positive integers tending to

infinity, such that the sequence of blocks f gBða; kiÞBða; kiÞBðb; liÞg occurs in fpkg10 ; let

fsig be the sequence of starting points of the occurrence of and suppose that

si þ ki is even for all i. Then there exists a simple sequence fgig in Gþ such that

giðjÞ ! a for all jawðzÞ and giðwðzÞÞ ! wðbÞ.

Proof. Let fkig, flig and fsig be as in the hypothesis. For all i51 let

Pi ¼ gða; kiÞ; Qi ¼ gðz; siÞ and gi ¼ Pi
tQi:

We shall show that fgig has the desired properties.
Let j 2 F be arbitrary and for each i let ji ¼ tQiðjÞ. Then ji 2 F (since

p050), and giðjÞ ¼ PiðjiÞ ¼ gða; kiÞðjiÞ, for all i. Therefore by Proposition
3.1, giðjÞ ! oðaÞ ¼ a for all j 2 F. Again let j 2 F be arbitrary, and
consider tgiðjÞ, i51. We have tgiðjÞ ¼ Qi

tPiðjÞ ¼ gðz; siÞðciÞ, where
ci ¼ tPiðjÞ, for all i. Hence by Proposition 3.1, tgiðjÞ ! oðzÞ ¼ z for all
j 2 F. Thus both the sets fx j giðxÞ ! ag and fx j tgiðxÞ ! zg contain F.
We shall verify that giðwðzÞÞ converges to wðbÞ; by Lemma 2.4 this would
imply that fgig is a simple sequence and giðjÞ ! a for all jawðzÞ, as desired
to be shown.

Let r > i51 be arbitrary and consider Qi and Qr. We have

Qr ¼ gðz; srÞ ¼ gðz; siÞE
psi

siþ1 � � �Epsr�1
sr

:
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Since gBða; kiÞBða; kiÞ occurs in fpkg starting at si we have psiþj ¼ mki�1�j for
04j4ki � 1. We note also that since by hypothesis si þ ki is even Esiþjþ1 is
the transpose of Eki�j, for each j. Together with the preceding observation
this implies that

E
psiþj

siþjþ1 ¼ tE
mki�j�1

ki�j for 04j4ki � 1:

Also, since Bðb; liÞ occurs in fpkg starting at si þ ki, and si þ ki is even we get

E
psiþkiþj

siþkiþjþ1 ¼ E
nj

jþ1 for 04j4li � 1:

It follows therefore that Qr ¼ Qi
tPigðb; liÞRi;r, for an element Ri;r 2 Gþ

(namely the product of the remaining terms if any, and the identity matrix
otherwise). Therefore,

giwQr ¼ Pi
tQiwQr ¼ Pi

tQiwQi
tPigðb; liÞRi;r:

Recall that for any matrix M in G we have tMwM ¼ w. Hence for all
r > i51 and for all j 2 F we get

giwgðz; srÞðjÞ ¼ giwQrðjÞ ¼ wgðb; liÞRi;rðjÞ ¼ wgðb; liÞðji;rÞ;

where ji;r ¼ Ri;rðjÞ 2 F. By Proposition 3.1 as r and i tend to infinity the
right-hand side converges to wðbÞ. Also gðz; srÞðjÞ converges to z, as r ! 1
(for any j 2 F). Therefore we get that giðwðzÞÞ ! wðbÞ. This proves the
theorem. ]

Let Lþ be the semigroup consisting of all integral matrices in GLð2;RÞ
with nonnegative entries (the determinants of these matrices are �1). For
the action of Lþ Theorem 3.2 can be strengthened, insofar as we do not need
to assume the sequence fsi þ kig to consist of even numbers.

Theorem 3.3. Let a, b and z, and a ¼ oðaÞ, b ¼ oðbÞ and z ¼ oðzÞ, be as

in Theorem 3.2. Suppose that there exist sequences fkig and flig of positive

integers tending to infinity, such that the sequence of blocks f gBða; kiÞBða; kiÞBðb; liÞg
occurs in fpkg10 . Then there exists a simple sequence fgig in Lþ such that

giðjÞ ! a for all jawðzÞ and giðwðzÞÞ ! wðbÞ.

Proof. Let fsig be the sequence of starting points of the sequence of
blocks f gBða; kiÞBða; kiÞBðb; liÞg. Passing to a subsequence we may, without loss of
generality, assume that either fsi þ kig are all even numbers or they are all
odd numbers. If they are even numbers then we are through by Theorem
3.2. Now suppose that all si þ ki are odd. Let z0 ¼ ½q0; q1; . . .�, where qk ¼
pkþ1 for all k. Then the condition in the hypothesis is satisfied for z0 in the
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place of z, and moreover the sequence corresponding to fsi þ kig as in
Theorem 3.2 consists of even numbers (the si’s are reduced by 1 while the
ki’s remain the same). Hence by Theorem 3.2 there exists a simple sequence
fgig in Gþ such that giðjÞ ! a for all jawðz0Þ and giðwðz0ÞÞ ! wðbÞ, where
z0 ¼ oðz0Þ. Now, z ¼ gðz0Þ, where g is the matrix p0 1

1 0

� �
. We note that

gwg ¼ �w ¼ g�1wg�1. We define g0i ¼ gig for all i, which is a sequence in Lþ.
Then g0iðjÞ ¼ giðgðjÞÞ ! a for jag�1wðz0Þ ¼ g�1wg�1ðzÞ ¼ wðzÞ, and
g0iðwðzÞÞ ¼ giðgwðzÞÞ ¼ giðgwgðz0ÞÞ ¼ giðwðz0ÞÞ. Thus g0iðjÞ ! a for all
jawðzÞ and g0iðwðzÞÞ ! wðbÞ. This proves the theorem. ]

4. ACTIONS OF Gþ ON P AND P� P

In this section we apply Theorem 3.2 to describe closures of orbits of Gþ
on P and P� P. We begin with some simple observations.

Proposition 4.1. The closure of every Gþ-orbit in P contains F.

Proof. Let j 2 P be given. There exist g 2 Gþ and y > 0 such that
gðjÞ ¼ oðyÞ. For any positive irrational number a, gða; iÞgðjÞ ¼
gða; iÞoðyÞ ! oðaÞ (see Proposition 3.1). Therefore the closure of the Gþ-
orbit of j contains F. ]

Proposition 4.2. Let a; b 2 P be such that aab and ða; bÞ is a limit point

of a Gþ-orbit on P� P. Then at least one of a and b is contained in F.

Proof. Under the condition as in the hypothesis there exist y; z 2 P and
an unbounded sequence fgig in G such that giðyÞ ! a and giðzÞ ! b. In view
of Lemma 2.2, passing to a subsequence we may assume fgig to be a simple
sequence. Let c : P ! P be the limit map defined by setting, for each x 2 P,
cðxÞ to be the limit of fgiðxÞg. By Lemma 2.2 the image of c contains at
most 2 points. By our choice a and b are contained in the image of c, and
since aab it follows that the image of c consists only of a and b. Also, since
gi 2 Gþ for all i, the image of c contains some point from F. Therefore at
least one of a and b must be contained in F. This proves the proposition. ]

Proposition 4.2 shows, in particular, that the Gþ-action on P� P has no
dense orbits. Also, no orbit is dense in F� P (or P� F) either. To see this
we only need to consider orbits of points of the form ða; wðbÞÞ, where
a; b 2 F; the Gþ-orbit of such a point is contained in
ðF� wðFÞÞ [ ðE1F� E1wðFÞÞ [ ðE2F� E2wðFÞÞ, which can be seen to be
a proper closed Gþ-invariant subset; more generally for k51 if Sk is the set
of elements in Gþ with word-length at most k with respect to fE1;E2g
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(which is a set of generators of Gþ, as a semigroup), then
S

s2Sk
sðFÞ �

swðFÞ is a closed Gþ-invariant subset containing ða; wðbÞÞ as above. On the
other hand, we prove the following.

Theorem 4.3. Let z ¼ ½p0; p1; . . . ; pk; . . .�40 be such that every finite

block of positive integers occurs in the sequence fpkg, and let z ¼ oðzÞ. Then

for every y 2 P other than wðzÞ the closure of the Gþ-orbit of ðy; wðzÞÞ contains

the set

fða; wðbÞÞ j a ¼ oðaÞ; b ¼ oðbÞ; a; b > 0; maxfa�1; bg > 1g:

Proof. We first note that since every finite block occurs in fpkg, any
block occurs also starting at an even integer. For if B is a given block we can
form a block BB0B with a block B0 of suitable length (with arbitrary positive
entries, and length of opposite parity than B) so that independently of where
BB0B occurs (as it must) in the sequence fpkg, one of the two occurrences of
the block B resulting from this starts at an even number. We note also that
every block must occur infinitely often, since longer and longer blocks with
stipulated entries extending the given block have to occur. It follows
therefore that any given sequence of blocks fBig occurs in fpkg, with each Bi

starting at an even number.
Now let yawðzÞ be given and let C be the closure of the Gþ-orbit of

ðy; wðzÞÞ. Consider first any pair of the form ða; wðbÞÞ, where a ¼ oðaÞ and
b ¼ oðbÞ, with a and b irrational numbers greater than 1. By the

observation above the sequence of f gBða; 2iÞBða; 2iÞBðb; 2iÞg occurs in fpkg, with
each of the blocks starting at an even number. Then the conditions of
Theorem 3.2 are satisfied and hence it follows that there exists a sequence
fgig in Gþ such that giðjÞ ! a for jawðzÞ and giðwðzÞÞ ! wðbÞ. This shows
that C contains ða; wðbÞÞ. Next let a; b be any positive irrationals, with a51,
and let a ¼ oðaÞ and b ¼ oðbÞ. Let n be the natural number such that
ðn þ 1Þ�15a5n�1, and let a0 ¼ a=ð1 � naÞ and b0 ¼ bþ n and let a0 ¼ oða0Þ
and b0 ¼ oðb0Þ. Clearly a0; b0 > 1 and hence by the above conclusion
ða0; wðb0ÞÞ is contained in C. It is easy to see that ða; wðbÞÞ ¼ En

2ða0; wðb0ÞÞ.
Hence ða; wðbÞÞ is contained in C. Together with the previous conclusion this
proves the theorem. ]

The following result provides a converse to Theorem 4.3 in a stronger
form.

Proposition 4.4. Let z ¼ oðzÞ, with z ¼ ½p0; p1; . . . ; pk; . . .�40. Suppose

that the closure of the Gþ-orbit of wðzÞ in P contains wðoðbÞÞ for all b > 1.
Then every block of positive integers occurs in the sequence fpkg.
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Proof. Let b ¼ ½n0; n1; . . . ; nk; . . .� be a positive irrational number such
that every block of positive integers occurs in fnkg, and b ¼ oðbÞ. Then by
the hypothesis there exists a sequence fgig in Gþ such that giwðzÞ ! wðbÞ. Let
Y ¼ foðtÞ j t irrationalg. Let r51 be arbitrary and let
Or ¼ foðxÞ j x ¼ ½q0; q1; . . .� with qk ¼ nk for k ¼ 0; . . . ; rg. Then Or \Y is
a neighbourhood of b in Y. Therefore, there exists i such that
w�1giwðzÞ 2 Or. But w�1giw ¼ tg�1

i and hence we get that z ¼ tgiðxÞ for
some x ¼ oðxÞ 2 Or. This means that z ¼ tgiðxÞ, under the action on R by
fractional linear transformations. Since tgi 2 Gþ it can be expressed as
Em0

1 Em1

2 � � �Eml�1

l , with m050 and mk > 0 for r ¼ 1; . . . ; l � 1. Since z ¼
tgiðxÞ by Proposition 3.1 we get that pk ¼ nk�l for k ¼ l; l þ 1; . . . ; l þ r if l is
even, and pk ¼ nk�lþ1 for k ¼ l; l þ 1; . . . ; l þ r � 1 if l is odd. Since r is
arbitrary and fnkg contains all finite blocks of positive integers, this shows
that fpkg also contains all finite blocks of positive integers. This proves the
proposition. ]

Corollary 4.5. Let z ¼ ½p0; p1; . . . ; pk; . . .�40 be a positive irrational

number and z ¼ oðzÞ. Then the Gþ-orbit of wðzÞ is dense in P if and only if

every finite block of positive integers occurs in the sequence fpkg.

Proof. Theorem 4.3 shows in particular, if we consider the second
factor, that if every finite block of positive integers occurs in fpkg then the
closure of the Gþ-orbit of wðzÞ contains wðFÞ. By Proposition 4.1 the closure
also contains F, and since F [ wðFÞ ¼ P it follows that the Gþ-orbit of wðzÞ
is dense in P. The converse follows from Proposition 4.4. ]

Remark 4.6. The set of z ¼ ½p0; p1; . . . ; pk; . . .�40 such that every finite
block of positive integers occurs in the sequence fpkg is a set of full measure
among positive real numbers (namely its complement in the set of positive
real numbers has zero Lebesgue measure). It follows therefore that the set of
points wðzÞ for which the conclusion of Theorem 4.3 holds is of positive
measure in P.

From Theorem 4.3 we can deduce the following condition for an orbit
under the action of G ¼ SLð2;ZÞ on P� P to be dense in P� P; the
statement is equivalent to the (sufficiency) condition in the criterion due to
Artin [1], for an orbit of the geodesic flow associated to the modular surface
being dense; (see [8] for an exposition of Artin’s theorem; see also Remark
4.8 for the relation between the present result and Artin’s condition).

Theorem 4.7. Let j ¼ ½m0;m1; . . . ;mk; . . .� and c ¼ ½n0; n1; . . . ; nk; . . .�.
Suppose that jac and every finite block of positive integers occurs either in

fmkg or in fnkg. Then under the action of G ¼ SLð2;ZÞ on P� P the orbit of

ðoðjÞ;oðcÞÞ is dense in P� P.
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Proof. We first note that the condition implies, in fact, that in one of the
sequences fmkg and fnkg every block of positive integers occurs. For if a
block say B does not occur in fmkg then not only B but all blocks of the
form BB0, where B0 is any block, must occur in fnkg, which entails that every
block occurs in fnkg. Now suppose that every block occurs in fnkg. Then by
Theorem 4.3 the closure, say C, of the Gþ-orbit of ðwðoðjÞÞ; wðoðcÞÞÞ
contains fða; wðbÞÞ j a 2 F; b ¼ oðbÞ with b > 1g ¼ S, say. Since F �
E�n

2 ðFÞ for all n51 and
S1

n¼1 E�n
2 ðfoðbÞ j b > 1gÞ ¼ oðRÞ, we get

that C contains F� P. As
S1

n¼1 E�n
1 ðFÞ ¼ P, it now follows that

C ¼ P� P. Therefore the G-orbit of ðoðaÞ;oðbÞÞ is dense in P� P. ]

Remark 4.8. Artin’s criterion alluded to above is about orbits of the
geodesic flow associated to the modular surface, G=H2, where H2 is the
upper half-plane equipped with the Poincaré metric. Let x 2 H2 and x be a
unit tangent vector at x, which is not vertical. This determines a geodesic in
H2 which is a semicircle orthogonal to the real line. Let a; b 2 R be the end
points of the semicircle. Suppose that a and b are irrational, and let a ¼
½m0;m1; . . . ;mk; . . .� and b ¼ ½n0; n1; . . . ; nk; . . .� be their continued fraction
expansions. Consider the double sequence fpkg1�1 defined by pk ¼ m�k�1 if
k4� 1 and pk ¼ nk if k50. Let t be the element of the unit tangent bundle
of G=H2 which is the image of ðx; xÞ; (the singular points may be ignored in
this discussion, without loss of generality). Then Artin’s criterion asserts
that the orbit of t under the geodesic flow is dense (in the unit tangent
bundle) if and only if every finite block of positive integers occurs in the
double sequence fpkg1�1 (in the obvious sense analogous to the definition of
occurrence in a one-sided sequence). The condition can be readily seen to be
equivalent to occurrence of every block of positive integers in one of the
sequences fmkg or fnkg. Also it is well known, and can be seen from a
simple geometric argument, that the orbit of t as above is dense under the
geodesic flow if and only if the G-orbit of ða; bÞ 2 R� R is dense under the
componentwise action by fractional linear transformations, or equivalently
if and only if the G-orbit of ðoðaÞ;oðbÞÞ is dense in P� P. Theorem 4.7 is
therefore equivalent to the ‘if ’ part of Artin’s criterion as above.

5. VALUES OF BINARY QUADRATIC FORMS

We now apply results from the preceding sections to study the set of
values of binary quadratic forms on positive integral pairs. We obtain also a
strengthening of a result of Troessaert and Valette [10].

Let fe1; e2g be the standard basis of R2. For u ¼ ða1

a2
Þ and v ¼ ðb1

b2
Þ in R2 we

denote by Qu;v the quadratic form defined by

Qu;vðxe1 þ ye2Þ ¼ ða1x þ a2yÞðb1x þ b2yÞ for all x; y 2 R:
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Clearly, every indefinite binary quadratic form on R2 can be expressed as
Qu;v for some u; v 2 R2 � ð0Þ such that ZðuÞaZðvÞ, namely linearly
independent of each other. We note that for any g 2 GLð2;RÞ and
u; v 2 R2, QgðuÞ;gðvÞðwÞ ¼ Qu;vðtgðwÞÞ for all w 2 R2; this can be verified
directly. Also, for any u ¼ ða1

a2
Þ and v ¼ ðb1

b2
Þ in R2 we define

dðu; vÞ ¼ a1b2 � a2b1; equivalently d is defined by the condition
u ^ v ¼ dðu; vÞðe1 ^ e2Þ, where ^ stands for the exterior product of vectors.
We note that dðgðuÞ; gðvÞÞ ¼ ðdet gÞdðu; vÞ for all u; v 2 R2 and g 2 GLð2;RÞ.

Proposition 5.1. Let u; v;j;c 2 R2 � ð0Þ be such that ZðuÞaZðvÞ and

ZðjÞaZðcÞ. Let fgig be a sequence in GLð2;RÞ such that det gi ! ca0 and

giðZðuÞ; ZðvÞÞ ! ðZðjÞ; ZðcÞÞ. Let E � R2 be a subset such that tgiðEÞ � E

for all i51. Then the closure of the set fQu;vðpÞ j p 2 Eg contains

cdðj;cÞ�1dðu; vÞQj;cðpÞ for all p 2 E.

Proof. Since giðZðuÞÞ ! ZðjÞ and giðZðvÞÞ ! ZðcÞ there exist sequences
frig and fsig of nonzero real numbers, such that rigiðuÞ ! j and
sigiðvÞ ! c. We conclude from this that the quadratic forms risiQgiðuÞ;giðvÞ
converge pointwise to Qj;c. Also, risidðu; vÞðe1 ^ e2Þ ¼ risiðu ^ vÞ ¼
ðdet giÞ�1ðrigiðuÞÞ ^ ðsigiðvÞÞ ! c�1j ^ c ¼ c�1dðj;cÞðe1 ^ e2Þ. Since ZðuÞ
aZðvÞ and ZðjÞaZðcÞ it follows that dðu; vÞ and dðj;cÞ are nonzero.
Therefore, we get that risi converge to the nonzero number
c�1dðu; vÞ�1dðj;cÞ, as i ! 1. Substituting this we conclude that QgiðuÞ;giðvÞ
converge pointwise to cdðj;cÞ�1dðu; vÞQj;c. In particular for any p 2 E

we have QgiðuÞ;giðvÞðpÞ ! cdðj;cÞ�1dðu; vÞQj;cðpÞ. Since QgiðuÞ;giðvÞðpÞ ¼
Qu;vðtgiðpÞÞ and tgiðEÞ � E for all i, we have

fQgiðuÞ;giðvÞðpÞ j p 2 Eg � fQu;vðpÞ j p 2 Eg:

Therefore, the convergence as above shows that the closure of fQu;vðpÞ j
p 2 Eg contains cdðj;cÞ�1dðu; vÞQj;cðpÞ for all p 2 E, thus proving the
proposition. ]

Remark 5.2. If j;c 2 R are such that the condition as in Artin’s
theorem (Theorem 4.7) is satisfied then, by that theorem and Proposition
5.1, for the quadratic form Qðxe1 þ ye2Þ ¼ ðjx þ yÞðcx þ yÞ the set QðZ2Þ,
of values on the set of points with integral coordinates, is dense in R. It may
be recalled that by Margulis’s theorem settling the Oppenheim conjecture,
for a nondegenerate indefinite quadratic form Q on Rn, n53, the set of
values QðZnÞ is dense in R if and only if Q is not a multiple of a form with
rational coefficients; (see [3, 6, 9] for various details and stronger results in
this respect; see [2, 4] for an elementary exposition). Analogous statement is
not true for binary quadratic forms, and no convenient criterion seems to be
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known for the set of values of binary quadratic forms over integral points to
be dense in R.

Proposition 5.1 may be applied also to sequences fgig from Gþ. In this
respect the set N2 of integral pairs with positive entries (which is Gþ-
invariant) and its Gþ-invariant subsets, such as the subset consisting of
positive integral pairs with each coordinate exceeding k (for any fixed k), or
the subset consisting of elements whose coordinates are coprime to each
other (namely primitive integral pairs), would be of particular interest for E

as in that proposition. We note also that unlike for the action of the
subgroup G ¼ SLð2;ZÞ, the action of Gþ on R2 admits nondense, and
even discrete, Gþ-orbits with points whose coordinates are incommensur-
able. The proposition applies also to values of quadratic forms on such
subsets.

Corollary 5.3. Let Q be the quadratic form defined by

Qðxe1 þ ye2Þ ¼ ðx � jyÞðx � cyÞ, for all x; y 2 R, where j ¼ ½p0; p1; . . . ;
pk; . . .�40 is such that every block of positive integers occurs in the sequence

fpkg, and c 2 R;caj. Let E be a Gþ-orbit of a nonzero point in R2. Then

fQðpÞ j p 2 Eg is dense in R. In particular QðN2Þ is dense in R.

Proof. To begin with we note that since fQðpÞ j p 2 Eg ¼
fQðpÞ j � p 2 Eg, replacing E by �E if necessary, without loss of generality,
we may assume that E contains a point x0e1 þ y0e2 such that at least one of
x0 and y0 is positive. In turn this implies, by application of suitable elements
of Gþ, that E contains a point x0e1 þ y0e2 such that both x0 and y0 are

positive. Now let u ¼ ð�1
c Þ and v ¼ ðj

1
Þ. Then QðpÞ ¼ Qu;wðvÞðpÞ for all p 2 R2.

Let y ¼ ZðuÞ and z ¼ ZðvÞ. Then yawðzÞ, and by Theorem 4.3 the closure of
the Gþ-orbit of ðy; wðzÞÞ contains fðoðaÞ; wðoðbÞÞÞ j a > 0; b > 1g. Hence by
Proposition 5.1 the closure of the set fQðpÞ j p 2 Eg contains
fðc� jÞðabþ 1Þ�1ðax þ yÞð�x þ byÞ j xe1 þ ye2 2 Eg, for all a > 0 and
b > 1. For any fixed p ¼ xe1 þ ye2 2 E the set fðabþ 1Þ�1ðax þ yÞð�x þ
byÞ j a > 0; b > 1g contains the interval ðy2 � xy;xyÞ, those being the limits
as ða; bÞ ! ð0; 1Þ and ða; bÞ ! ð1;1Þ, respectively. Since x0e1 þ y0e2 2 E,
by Gþ-invariance ðx0 þ ny0Þe1 þ y0e2 2 E for all natural numbers n and
hence the above conclusion implies that the closure of the set fQðpÞ j p 2 Eg
contains the interval ½ðc� jÞðy2

0 � x0y0 � ny2
0Þ; ðc� jÞðx0 þ ny0Þy0� for all

n51. This shows that the closure is the whole of R, thus proving the
corollary. ]

Remark 5.4. We note that for a; b > 0 the quadratic form ðax þ yÞ�
ðbx þ yÞ with a; b > 0 takes only nonnegative values on N2, but if the
condition in Artin’s theorem is satisfied then the set of values on Z2 is dense
in R. Using Corollary 5.3 one can give examples of binary quadratic forms
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Q such that while QðN2Þ is not dense QðwðN2ÞÞ (namely the set of values
over integral points in the second quadrant) is dense. Let j ¼ ½p0; p1; . . .� be
a positive number such that every block of positive integers occurs in the
sequence fpkg, and y be a badly approximable number; that is, such that
there exists d > 0 so that jqy� pj > d=jqj for all integers p; q, qa0. Consider
the quadratic form defined by Qðxe1 þ ye2Þ ¼ ðjx þ yÞðyx � yÞ. Then by
Corollary 5.3, QðwðN2ÞÞ is dense in R. However, for any positive integers
x; y we have jyx � yj5d=x (note that we use the Diophantine condition only
for positive integers), and hence jðjx þ yÞðyx � yÞj5jd. Hence QðN2Þ is not
dense in R.

Applying Proposition 5.1 to the power sequence of a hyperbolic matrix
in G (see Example 2.3) we get the following corollary.

Corollary 5.5. Let g be a hyperbolic matrix in G. Let j and c be

eigenvectors of g;j being the one corresponding to the eigenvalue of absolute

value greater than 1. Then for any subset E of R2 such that tgðEÞ � E and any

y 2 R2 � ð0Þ such that ZðyÞaZðcÞ the closure of Qy;cðEÞ contains lQj;cðEÞ,
where l ¼ dðj;cÞ�1dðy;cÞ.

We can deduce from this the following result on values of indefinite
binary quadratic forms, that involves no (direct) reference to matrices. We
recall that a quadratic irrational is an irrational number which is a root of
an irreducible quadratic polynomial over the rationals; the latter being its
minimal polynomial, defined uniquely up to scalar multiplication by
rational numbers. The other root of the minimal polynomial is called
the conjugate. For a quadratic irrational r we shall denote its conjugate
by *rr.

We recall that for a binary quadratic form ax2 þ bxy þ cy2 the number
b2 � 4ac is called the discriminant. For an indefinite binary quadratic form
the discriminant is positive.

Corollary 5.6. Let Q be the quadratic form Qðxe1 þ ye2Þ ¼ ðx � ryÞ�
ðx � syÞ for all x; y 2 R, where r is a quadratic irrational such that r2 is

irrational, and s is any real number different from r. Let ax2 þ bxþ c be a

minimal polynomial of r with a > 0. Let Qr be the quadratic form ax2 þ
bxy þ cy2 and let Dr be the discriminant of Qr. Let E be a G-invariant subset

of R2. Then QðEÞ (the closure of QðEÞ) contains dQrðEÞ, where d ¼
ðr� sÞ=

ffiffiffiffiffiffi
Dr

p
if r > *rr and ðs� rÞ=

ffiffiffiffiffiffi
Dr

p
if r5 *rr.

Proof. Under the conditions as in the hypothesis there exists a
hyperbolic matrix g 2 G ¼ SLð2;ZÞ such that ðr

1
Þ and ð *rr

1
Þ are eigenvectors

of g (see [10, Sect. 3, Lemma 1]). By replacing g by g�1 if necessary we may
assume that the first of the above vectors is the eigenvector corresponding to
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the eigenvalue of absolute value less than 1. Now let

j ¼
*rr

1

 !
; c ¼

r

1

 !
and y ¼

s

1

 !
:

Clearly QðpÞ ¼ Qy;cðwðpÞÞ for all p 2 R2. Also, since Qrðx; yÞ ¼ ax2 þ bxy þ
cy2 ¼ aðx � ryÞðx � *rryÞ for all x; y 2 R we see that QrðpÞ ¼ aQj;cðwðpÞÞ for
all p 2 R2. As E is G-invariant, and in particular invariant under the action
of w, by Corollary 5.5 this implies that QðEÞ contains a�1dQrðEÞ, where
d ¼ dðj;cÞ�1dðy;cÞ ¼ ðr� sÞ=ðr� *rrÞ. We see that Dr ¼ a2ðr� *rrÞ2 and
hence

ffiffiffiffiffiffi
Dr

p
¼ aðr� *rrÞ if r > *rr, and �aðr� *rrÞ if r5 *rr. Therefore a�1d ¼

ðr� sÞ=
ffiffiffiffiffiffi
Dr

p
if r > *rr and ðs� rÞ=

ffiffiffiffiffiffi
Dr

p
if r5 *rr. This proves the

corollary. ]

In the special cases when s ¼ �r or 0 this was proved by Troessaert
and Valette [10] (for E ¼ Z2Þ; for these values they proved also that
ðr� sÞQrðEÞ=

ffiffiffiffiffiffi
Dr

p
coincides with the limit set of QðEÞ, if r > *rr (the latter

assumption involves no loss of generality in the case of the special values).
While such a converse can hold only for special values, we do not know for
what values it holds.

A notable point about Corollary 5.6, and its precursor in [10], is that the
quadratic form Qr is a rational quadratic form. In particular for any s such
that ðr� sÞ=ðr� *rrÞ is rational we get that the set of values of the quadratic
form ðx � ryÞðx � syÞ at integral points contains rational numbers in its
closure. The same conclusion also holds of course for quadratic forms
whose values are dense in R. It would be interesting to know the class of
quadratic forms for which it holds.

Remark 5.7. Let the notation be as in Corollary 5.6. Suppose further
that r > 0, *rr50 and rþ *rr > 0; we note that given a quadratic irrational y
such that y and *yy have opposite signs, this condition holds for either y or �*yy,
for r. In this case the conclusion as in the corollary can be upheld for any
subset E such that GþðEÞ � E (in fact we need such an invariance only
under a specific matrix from Gþ}see below). The conditions as above imply
that b > 0 and c50. Then there exists a hyperbolic matrix g1 in Gþ such that
ðr
1
Þ and ð *rr

1
Þ are eigenvectors, and the eigenvalue corresponding to ðr

1
Þ is the

larger one (the eigenvalues are positive); see [10, Sect. 3, Lemma 1], as in the
proof of Corollary 5.6. Let g ¼ g�1

1 2 G. Now for any subset E such that
g1ðEÞ � E we have tgwðEÞ ¼ wg�1ðEÞ ¼ wg1ðEÞ � wðEÞ. Using this and
arguing as in the proof of Corollary 5.6 we get that, for every such subset E,
QðEÞ contains dQrðEÞ, with d as in the Corollary.
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