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changes on the slip plane do not occur. Friction at the interface is assumed to follow a rate
and state-dependent law with velocity weakening behavior in the steady state. The stabil-
ity to spatial perturbations of the form exp(ikx;), where k is the wavenumber and x, is the
coordinate along the interface is studied. The critical wavenumber magnitude, |k|.,, above
Bifurcation which there is stability and the corresponding phase velocity, c, of the neutrally stable
Anisotropic mode are obtained from the stability analysis. Numerical plots showing the dependence
Elasticity of |k|- and ¢ on the unperturbed sliding velocity, V,, are provided for various bi-material
Anti-plane combinations of practical interest.
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1. Introduction

The problem of stability of frictional sliding of solids in elastic surroundings is introduced below with several simple
examples. The simplest is one wherein a rigid, massless block under a constant compressive normal stress o, is pulled along
a frictional surface by a spring of stiffness K attached to it. A constant velocity V, is applied to one end of the spring and the
sliding velocity of the block is V. At steady state, V = V,. Consider a slip perturbation from the steady state. The elastic relation
for the corresponding shear stress perturbation is then

t=—K(V—V,). M

We first study whether steady sliding is stable, i.e. V — V,, when friction is assumed to follow a purely rate dependent law,
7 =7(V). Linearizing Eq. (1) about the steady state gives

d(vV - Vo)
dt
and it follows that steady sliding is stable if the surface is velocity strengthening, (V,) > 0, and unstable if the surface is
velocity weakening, 7' (V,) < 0. This, however, contradicts experimental evidence that sliding on a velocity weakening surface
can be stable if the block is pulled with a sufficiently stiff spring. The conclusions regarding stability are unchanged if a non-

zero mass is assumed for the block. The governing equation in that case becomes

(Vo) TK(V -V, =0 2)
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mdzv dr(V)
ar " dr

where m is the mass of the block. Linearizing about the steady state with velocity V = V,, Eq. (3) may be written as

+K(V-V,) =0, 3)

&V = Vo) d(v - Vo)
de? dt
Clearly, the system is stable if 7 (V,) > 0 and unstable if '(V,) < 0.
The work of Dieterich (1979) and Ruina (1983) has, however, made a case for a more elaborate framework for the velocity

dependence of friction. They show that at a constant normal stress, a,, friction depends not just on sliding velocity, but also
on a state variable which represents fading memory of the history of sliding velocity. Thus

t=1(V,0), (5)

+7(Vo) +K(V - V,) =0. (4)

where 0 is a state variable. A common way to write this relation is

T =10+ ag, In(V/V,) + ba, In(V,0/L) (6)
where 1, is the frictional stress at the steady sliding velocity V, and a, b and L are positive constants. Several forms are in use
for the evolution of the state variable with the most common being the Dieterich-Ruina ageing law,

do/dt =1-VO/L, (7)
and the Ruina-Dieterich slip law,

do/dt = —(VO/L)In(VO/L). (8)
For steady sliding at a velocity V, both evolution laws give the steady state shear resistance as

t(V) = 7o — ao(b — @) In(V/ V). )
Clearly, a surface is velocity weakening or velocity strengthening as is (b — a) greater or less than zero. Linearizing Eq. (6) in

the slip velocity about a steady sliding state at a velocity V, (keeping normal stress constant at ¢,), and eliminating the ex-
plicit dependence on the state variable, one gets (Rice, 1983)

dt as, dV 'V, (b—a)a,
o A8 n ]

Following Ruina (1983), consider quasi-static slip of the block, so that : = —K(V — V,). Substituting that elastic relation in Eq.
(10), we get

ac, d*(V - V,) b—a\ 1dV-Vo) Vo _
Ve ()] e e =0 .

Thus quasi-static slip of a spring-block system with a rate and state dependent friction law is stable, i.e. V — V,, even for
velocity weakening surfaces, (b — a) > 0, as long as the spring is stiffer than a critical value given by

Ko = M (12)

Sliding is always stable with a velocity strengthening friction law. When K = K, the oscillation frequency is clearly
|, VeV,  [b—av,
w = I<CrTa_()'07 a T (]3)

V-V, ~ etiot (]4)

and

The corresponding result for K, with the mass of the block taken into account is (Rice and Ruina, 1983)

oo(b —a) {] +mV§

Ko == ac,L

(15)

The oscillation frequency, o, is independent of the mass of the block.

Consider next the problem of quasi-static anti-plane sliding of identical isotropic, elastic continua (Rice and Ruina, 1983).
Define a coordinate system such that the interface is located at x, = 0, the x; coordinate lies along the interface and slip oc-
curs in the x3 direction. Let u3(xq,X»,t) denote the displacement field. The governing equation for quasi-static anti-plane
deformation is

62 Us 62 us

e BT R (16)
ox? - ox3
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As before, we consider a state of steady sliding at velocity V,, shear stress t, and normal stress g,. A displacement field which
represents the steady sliding and a perturbation from it is

Uz (X1, %z, t) = %Votsgn(xz) + %D(k, t)ekie-kx2 gon (x,) (17)
where the first term denotes the steady sliding and the second term, the perturbation, satisfies the governing Laplace equa-
tion. The slip velocity perturbation from steady sliding is then

V(x1,t) =V, = %’E’t)e“‘xl (18)

and the relation for the shear stress perturbation t — t, = u Ous/dx,, where u is the shear modulus, gives

. kg
t=—5 (V- Vo). (19)

From Eqgs. (1) and (19) we see that |k| u/2 acts as the stiffness of a continuum in quasi-static anti-plane sliding. It follows from
Eq. (12) that the critical wavenumber for stability in anti-plane sliding of identical isotropic solids is
2(b—a)a,

ul

| Kler = (20)

Higher wavenumbers (i.e. shorter wavelengths) are stable and smaller wavenumbers (i.e. longer wavelengths) are unstable.
The space-time dependence at the critical wavenumber has the form
V(X] , t) _ Vo§ eii\k\c,()qict)7 (21)
where ¢, the phase velocity of the neutrally propagating mode is
Vo
C=—r—ou-—. 22
2\/a(b—a)o, (22)
It is noteworthy that the time dependence of the neutral mode is
V(x1,t) — Vo ~ et (23)

where

o= Kge= /2= 2Ye (24)

is independent of elastic parameters. The corresponding result (Rice et al., 2001) for dynamic sliding of the identical, isotro-
pic half-spaces under anti-plane strain is

Ky = 200 T

(25)
c=qcs/\/1+¢>
where cs is the shear wave speed of the solid and q is a non-dimensional sliding velocity given by
Vo
=9 26
1 2./(b = a)ac,cs (26)

It must be noted that the relation Eq. (24) still holds in the dynamic case, showing that the time dependence of the neutral
mode is independent of inertial parameters also. Sliding is always stable with a velocity strengthening friction law,
(b-a)<o.

The sliding of dissimilar materials has been a topic of much recent interest. When the solids on either side of a sliding
interface have different elastic properties, non-uniform slip on the interface causes changes to the normal stress ¢, acting
on the interface. This has been shown to be inherently destabilizing both under quasi-static and dynamic conditions. For iso-
tropic solids, the normal stress alteration occurs only when the spatial variation of the slip perturbation is in the direction of
sliding (commonly called in-plane sliding) and not when it is transverse to the slip direction (the anti-plane sliding case dis-
cussed above). Under quasi-static conditions, Rice et al. (2001) show that a slip velocity perturbation of the form given in Eq.
(18) (but now with x; being the sliding direction instead of x3) results in shear and normal stress changes

E— "2‘ M Dk, tyetea
06— 0, = lk#D(k, t)elk

where M > 0 is an elastic constant and g is a Dundurs parameter. Rice et al. (2001) show that due to the normal stress cou-
pling, slip can be unstable even with a velocity strengthening friction law, (b — a) < 0. When elastodynamic effects are in-
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cluded, Renardy (1992), Adams (1995), Martins and Simdes (1995), Simdes and Martins (1998) and Ranjith and Rice (2001)
show that the steady sliding of dissimilar materials is often mathematically ill-posed due to a short-wavelength instability
when a Coulomb friction law, t = fo, where fis a constant friction coefficient, acts on the interface. The time dependence of
the slip response for an exp(ikx;) perturbation is found to be of the form exp(«| k|t) with « > 0. Ranjith and Rice (2001) and
Rice et al. (2001) discuss corrections to the Coulomb law which can regularize the steady sliding problem. They show that a
friction law with memory of normal stress history, as suggested by the experiments of Prakash and Clifton (1992) and Prak-
ash (1998), of the form

f:—%(r—fo')

or a rate- and state-dependent law of the form Eq. (6) with a > 0 correct the short-wavelength instability.

The effect of elastic anisotropy on frictional instabilities has recently been studied by Ranjith and Gao (2007) for anti-
plane as well as for in-plane sliding assuming quasi-static conditions. Results were specialized for the sliding of an orthotro-
pic solid on an isotropic solid. In anti-plane shear, the orthotropic solid has two independent elastic constants, Css5 and Cyq,
and follows the constitutive laws

u
131 = Css5 a?;
ous

T3 = C44W,
2

(27)

where 137 and t3; are the anti-plane stresses. Ranjith and Gao (2007) showed that the critical wavenumber for stability in
that case is
ao(b—a) (1 +u/vC55Ca4)

| Kler = 222 y (28)

where y is the shear modulus of the isotropic half-space. The phase velocity, c, of the neutral mode can be determined from
Eq. (22), which still holds. An expression for the critical wavenumber under in-plane sliding was also obtained. It was found
that for a range of orientations of the orthotropic solid, sliding is stable to perturbations of all wavelengths even with a veloc-
ity weakening friction law. Conversely, for the same range of orientations sliding becomes unstable even with a velocity
strengthening friction law.

In the present paper, the work of Ranjith and Gao (2007) is extended to study the stability of dynamic, anti-plane sliding
of dissimilar, anisotropic elastic solids having a plane of symmetry normal to the slip direction. Each anisotropic solid is char-
acterized by three independent elastic constants (in anti-plane shear) and the density, but it is shown that the material con-
stants enter the problem only in the form of an effective shear modulus and a characteristic wave speed, thus simplifying the
analysis. Plots of the critical wavelength for stability, |k|., and the phase velocity of the neutral mode, c, as a function of the
non-dimensional sliding velocity, g, are obtained for various sets of bi-material parameters.

2. Formulation

Consider the origin of a Cartesian coordinate system placed at the planar interface between two unbounded dissimilar
anisotropic solids. Let the x; coordinate lie along the interface. The anisotropic elastic solid occupying the region x, > 0 is
labeled Material #1 while the solid occupying the region x, < 0 is labeled Material #2. It is assumed that the displacements
u;,(i=1,2,3) and the stresses 7;,(ij = 1,2,3) are independent of the x3 coordinate.

The theory of elasticity for a solid of arbitrary anisotropy, with the elastic fields being independent of one spatial coor-
dinate, differs in important ways from isotropic elasticity (see, for example, Eshelby et al., 1953; Teutonico, 1962). For iso-
tropic solids, it is well known that, when the elastic fields are invariant with respect to the xs; direction, the stress
components in the x; — x, plane depend only on the derivatives of u; and u; and the stress components in the x3 direction
depend only on the derivatives of us. For a straight edge dislocation along the x3 axis in an isotropic solid, us; = 0, and for a
straight screw dislocation along the x3 axis, u; = u, = 0. This, however, is not true in general for anisotropic solids. Both edge
and screw dislocations involve all three displacement components and all stress components. Therefore, changes to the nor-
mal stress on the sliding plane could be expected even in anti-plane sliding, which involves dislocations of the pure screw
type. As mentioned in the Introduction, the coupling of slip to normal stress changes often gives rise to unexpected insta-
bilities. An analysis of anti-plane sliding of dissimilar solids of arbitrary anisotropy therefore promises to be of considerable
theoretical and practical interest. Eshelby et al. (1953) also show that only when the x; — x, plane is a plane of symmetry,
does a pure edge dislocation have us; =0 and a pure screw dislocation have u; = u, = 0. The in-plane and anti-plane stress
components also decouple in this case and this greatly simplifies the study of such solids.

In this paper, we consider the anti-plane sliding (in the x3 direction) of two anisotropic solids with the x; — x, plane being
a plane of symmetry. As noted above, the assumption of symmetry implies that only the u3 displacement component is pres-
ent and that normal stress on the interface is not affected by slip. In the steady state, the slip velocity is a constant, V,, and a
constant remote normal stress o, and shear stress z, are applied so that 7, = fo,, where f is the friction coefficient at the slip
velocity V,.
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We first develop the elastodynamic relation between slip and traction perturbations at the interface. The derivation fol-
lows the method of Geubelle and Rice (1995) for isotropic solids. Consider a displacement field for anti-plane motions given
by

Uy =u; = 07
1 (29)
us = ivotsgn(xz) + u(Xq1,X2,t).

where u(xq,x;,t) represents the perturbation from steady sliding in the x5 direction. The slip velocity perturbation from stea-
dy sliding is then given by

_0u(x;, X2 =0",1) du(xy,x, =0,t)
V=Vo= ot B ot (30)

The stress perturbation in Material #1 corresponding to the displacement perturbation u(x,X,,t) is

ou
031 = C55 +C45 '
6 ou (31)
032 = C45 + C44 .
0x;

where Cy4, C45, Cs5 are the elastic stiffnesses of Material #1, so that the traction perturbation on the plane x, = 0 is given by
T— T :632()(17}(2 :0+,t) (32)
The only non-trivial linear momentum balance equation for the perturbation stress and displacement fields is

0031 0032 - 62u

x ox o (33)

where p is the density of Material #1. Substituting for the stress field, Eq. (31) into Eq. (33), one gets the equation of motion,
d%u o*u ?u  u

C55 X +2Cs5 o= X, 0% =+ C44@ = Pﬁ (34)
Let the Laplace transform be defined by

fo = [ erra (35)
Taking the Laplace transform of Eq. (34), we get

g o o*u -

Co 2 o7 7+ 2o Sxow, T g PP (36)
Consider now a single Fourier mode in the displacement of the form

u(xq, Xz, ) = Uk, x5, t)eir. (37)
Taking Laplace transform of Eq. (37) and substituting into Eq. (36), we get

-
—Cssk®U + 2ikCas o~ o —+ c44a u = pp?U. (38)

ox3

Noting that the above equation is an ordinary differential equation for U with constant coefficients, we look for a solution in
the form

U(xz,k,p) = U (k, p)e (39)
Substituting into Eq. (38) one gets for «,
#?Caq + 2ikCys00 — (pp* + Cssk*) = 0. (40)

This quadratic equation has two solutions; picking the root that gives a bounded displacement in the half-space x, > 0, we
have

7ikC45 — \/kz(C44C55 — CAZIS) + C44PP2

— 41

o Cin (41)
The displacement perturbation at x, = 0" is then given by

u(xy, %, =07, t) = Ut (k, t)el, (42)

The perturbation of the traction component of stress at x, = 0" is
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ou ou
T—Tp = C4SE(X1,X2 = 0+, t) + C44@(X1,X2 = 0+, t) (43)
Denoting the traction component of the stress perturbation on the plane x, = 0 by
(X1, ) — 7o = T(k, t)e (44)
Eqs. (42)-(44) imply

T(’C p) = _\/kz(c44css - Cis) + C44PPZU+(’<7P)- (45)

Writing

2
— \[CuyCss — C2, 2=t 46
u s —Clsy =7 0 (46)

we can rewrite Eq. (45) as

T(k,p) = —u| k| /1 +p2/K*EU* (k,p). (47)

It is of interest to note that the corresponding equation between traction and displacement perturbations for an isotropic
half-space has a similar form as Eq. (47), with p identified as the shear modulus of the half-space and c; as the shear wave
speed.

A similar analysis of Material #2 occupying the half-space x, < 0 follows. The constitutive relations for the lower half-
space are

- c ou , ou

31 = L5 5 452"
0Xq 0x; (48)
, ou , ou

o3 =C

595, T 45
where C,,, C,s, Cs5 are the elastic stiffnesses of Material #2. The linear momentum balance equation for Material #2 is

6631 60'32 , azu

x| ox, ot (49)
where p' is the density of Material #2. We look for a displacement field perturbation in the lower half-space of the form

u(xy, Xz, t) = U™ (k, t)e1e** (50)
so that the displacement perturbation at x, =0~ is given by

u(xy,% =07,t) = U (k, t)el, (51)

Taking Laplace transform of Eq. (50), substituting into the equation of motion for the lower half-space and requiring that the
displacements be bounded, one gets

P —ikCys + \/kz(cimass — Cls”) + Chap'D?

52
: o (52)
The perturbation of the traction component of stress is given by
il , ou - , ou _
T(X1,t) — 10 = T(k, )€™ = Cyg — (x1,%2 =0, t) + Cpy — (X1,X2 =07, 1) (53)
6X1 6X2

which gives

T(k,p) =+ | k| /14 p2/Kc20 (k,p), (54)

where

1 = \/CouChg — Crgtc? = L2 (55)
4455 45 »*+1 Cimp,

In the following, we assume without loss of generality, that ¢; < c}.
We now seek the elastodynamic relation between the slip and the traction perturbations at the bi-material interface.
From Eqgs. (42) and (51), we may write

UX1,% =07, 1) —u(x;, % = 07, 1) = (UT(k,t) — U (k, t))e’™ = D(k, t)e (56)
so that the slip velocity perturbation defined by Eq. (30) is
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aD(k, t)
ot

Using traction continuity at the interface, we may combine Egs. (47) and (54) in the form

V-V, = el (37)

T(k.p) = ~* L Fk p)D(k.p) (58)

2;/\/1 +p2/k2c%\/1 +p?/Kc?

F(k,p) = - (39)
u\/l +p2/kc2 + u’\/l + p2/Kc?
When the two sliding solids are isotropic and have the same elastic properties and densities, Eq. (58) reduces to
T(k,p) = — ' kL5 p2ieadik.p), (60)

where u is the shear modulus and ¢; = /u/p is the shear wave speed of the solids, in agreement with the results of Geubelle
and Rice (1995). For the case of quasi-static sliding (i.e. with inertial effects being ignored) of dissimilar anisotropic solids, Eq.
(58) gives

T(k,p) = —

D). (61)

As observed earlier, it is of interest that the anisotropic elastic constants enter the problem only in the form of the combi-
nations y and .

We now derive the governing equation for slip stability when a rate and state-dependent friction law is operative on the
interface. Taking the Laplace transform of the linearized friction law, Eq. (10), we obtain the relation between the traction

perturbation ¢ — ¢, = T(k, t)e? and slip velocity perturbation V — V, = &0 gika a5
Vo) 4 V. .
(p+ )T {p—(b—a)f}pD. (62)
D

Requiring that the traction and slip velocity perturbations also satisfy the elastodynamic relation, Eq. (58), one obtains the
equation governing the stability of sliding as

2<p+ )\k|F(kp)+Lp{ap (b—a)‘”_o (63)
This equation has the same form as that obtained in Rice et al. (2001) for dynamic sliding between identical isotropic
solids. The function F(k,p) is more complicated expectedly for the dissimilar material case. The analysis of Eq. (63) pre-
sented below largely follows that laid out in Rice et al. (2001). It is clear that for a given value of |k|, the roots p of Eq.
(63) occur in complex conjugate pairs. If the roots have a positive real part for a given |k|, then a perturbation of wave-
length /=2n/| k| is unstable. It may be shown, following Rice and Ruina (1983), that for large |k|, the real part of the
roots is negative when a>0. As |k| is reduced from large values, stability is lost for velocity weakening surfaces,
b —a>0, by way of a Hopf bifurcation. At the Hopf bifurcation, a pair of complex conjugate roots cross the imaginary
p-axis from the Re(p) < 0 domain to the Re(p) >0 domain as |k| is decreased below a critical value, |k|.,. We now deter-
mine | k|- and the value of p at the Hopf bifurcation. To do so, we write the value of p at the Hopf bifurcation as p = #i |
k| c and determine all values of |k| and ¢ (and hence of p) at which the bifurcation occurs. The bifurcation that gives the
largest value of |k| corresponds to | k|, since it the value at which stability is lost as | k| is reduced from large values. In
the following, we focus on the root of the form p=+i |k| ¢ with ¢>0 and looks for imaginary p-axis crossings succes-
sively in the region 0 < c < cy,¢; <c<c} and ¢} <c.

First, we consider the case 0 < ¢ < c¢;. Substituting p = +i|k| c in Eq. (23) and separating the real and imaginary parts of the
resulting equation, we get the pair of equations

55F(c)—@|k|c
L2 (64)
KKl _ (b= aoo
2 r
where
2u\1 -2/ 1 - e2fe? )

u\/l —c2/c? +M’\/1 ,Cz/c/lz'

Dividing the two equations in Eq. (64) by one another, we get
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b—aV,
[kle= =1 (66)

Substituting Eq. (66) in the first of Eq. (64), one obtains,

c/c uV,
A i —— 67
FlO ~2vab - aae (©7)
This equation can be solved numerically for c for a given value of the non-dimensional sliding velocity q. The value of | k|
corresponding to the value of g can then be found from Eq. (66).
When ¢; < ¢ < ¢, F(c) is a complex number. Writing F(c) = F1(c) + iF5(c), where F;(c) and Fx(c) are real, following the anal-
ysis in Rice et al. (2001), we can obtain relations analogous to Eqs. (66) and (67) when ¢; < c < ¢} as

B bFy(c)]*> b—a bFy(c) | V,
'kc{ {Zaﬂ(c)} *t _2aF1(c)}T (68)

and

b
Va— 1& _ uVo (69)

=(q.
b2 ¢ 2/a(b — a)a,c
\/ 2%+ ¢ - 1)F(0) - 522 + F(c) (b= D

Finally, it can be shown that no Hopf bifurcations of Eq. (63) occur when ¢ > cj.

3. Discussion

Figs. 1-8 shows the dependence of the wavenumber magnitude, | k|, at the Hopf bifurcations obtained from Eqs. (66) and
(68) and the corresponding phase velocity, c, of the neutrally propagating mode obtained from Egs. (67) and (69) as a func-
tion of the non-dimensional sliding velocity, g, for surfaces that are velocity weakening in the steady state, b — a > 0, and for
bi-material combinations of interest in earthquake mechanics, technology and biology.

Figs. 1 and 2 are for a bi-material system with ¢}, = 1.2¢; and x/u= 1. Such a low contrast in material properties often
occurs across active faults in the earth. The upper curve in Fig. 1 corresponds to the mode with c < ¢; (for all values of b/
a), while the lower curve is for ¢; < ¢ < ¢} with b/a = 1.2. Clearly, the upper curve yields the critical wavenumber, | k|, since
it has a higher value of |k| for a given value of q. The phase velocity, c, corresponding to |k| thus satisfies c < c;. It is of interest
to note that for a range of values of g there are two additional neutrally propagating modes with phase velocity in the range
€1 < ¢ < c}. The results indicate the possibility of anti-plane rupture propagation at a bi-material interface with a speed
greater than the shear wave speed of a constituent material and could have important implications for studies of earthquake
processes and dynamic fractures in technological and biological systems. Figs. 3-8 show similar plots of |k| and c at the Hopf
bifurcation for bi-material systems with a large contrast in the characteristic wave speeds and effective shear moduli, as is
typical of interfaces in technological and biological systems. The value ¢, = 5¢; is chosen for all plots in Figs. 3-8 with x/u
taking the values 1 (Figs. 3 and 4), 10 (Figs. 5 and 6) and 0.1 (Figs. 7 and 8). Figs. 3-8 show qualitative features similar to Figs.
1 and 2.

plklL/2(b-a)o,
2.

175 ¢
15¢

125

075 |

05}

025 f

* - : q

2 4 6 8 10
Fig. 1. Normalized wavenumber magnitude, |k|, at Hopf bifurcation as a function of non-dimensional unperturbed sliding velocity, g, for a bi-material
system with ¢; = 1.2¢; and g = u. The upper curve holds for all values of b/a while the lower curve is for bja = 1.2.
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Fig. 2. Normalized phase velocity, ¢, at Hopf bifurcation as a function of non-dimensional unperturbed sliding velocity, g, for a bi-material system with
¢ =1.2¢; and g = . The lower curve holds for all values of b/a while the upper curve is for bja=1.2.
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Fig. 3. Normalized wavenumber magnitude, |k|, at Hopf bifurcation as a function of non-dimensional unperturbed sliding velocity, g, for a bi-material

system with ¢; = 5¢; and g = u. The upper curve holds for all values of b/a while the lower curve is for bja=1.2.
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Fig. 4. Normalized phase velocity, ¢, at Hopf bifurcation as a function of non-dimensional unperturbed sliding velocity, g, for a bi-material system with

¢, = 5¢; and g = . The lower curve holds for all values of b/a while the upper curve is for bja=1.2.
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Fig. 5. Normalized wavenumber magnitude, |k|, at Hopf bifurcation as a function of non-dimensional unperturbed sliding velocity, g, for a bi-material
system with ¢; = 5¢; and g = 10u. The upper curve holds for all values of b/a while the lower curve is for bja=1.2
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Fig. 6. Normalized phase velocity, ¢, at Hopf bifurcation as a function of non-dimensional unperturbed sliding velocity, g, for a bi-material system with
¢} = 5¢1 and g = 104 The lower curve holds for all values of b/a while the upper curve is for bja = 1.2.
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Fig. 7. Normalized wavenumber magnitude, |k|, at Hopf bifurcation as a function of non-dimensional unperturbed sliding velocity, g, for a bi-material
system with ¢} = 5¢; and g = 0.1x. The upper curve holds for all values of bj/a while the lower curve is for bja=1.2.
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Fig. 8. Normalized phase velocity, ¢, at Hopf bifurcation as a function of non-dimensional unperturbed sliding velocity, g, for a bi-material system with
¢ = 5¢; and g = 0.1u. The lower curve holds for all values of bj/a while the upper curve is for bja=1.2.

As noted in the Formulation section, the results strictly hold only when the plane normal to the slip direction is a plane of
symmetry. In the general case, anti-plane sliding will also cause in-plane displacements and normal stress changes on the
slip plane. An analysis of the more general case should be of considerable interest.

4. Conclusions

The stability to perturbations from steady dynamic anti-plane sliding with velocity V, at an interface between dissimilar
anisotropic materials has been studied. The plane normal to the direction of sliding is assumed to be a plane of elastic sym-
metry. Friction at the interface is assumed to follow a rate and state-dependent constitutive law with velocity weakening
behavior in the steady state. Each anisotropic material is characterized by three elastic constants (in anti-plane shear)
and the density but it is found that the material properties of the two solids enter the problem in combinations of effective
shear moduli, x and x/, and characteristic wave speeds, ¢; and ¢;. The perturbations at the interface of the materials have a
spatial dependence of the form exp(ikx;) and the resulting neutrally stable slip rate modes of the form
V — V, ~ explilk|(x; £ ct)] are determined. The values of the wavenumber magnitude, |k|, and phase velocity, c, at neutral sta-
bility are determined as a function of V,. The critical wavenumber magnitude, |k|., above which there is stability to pertur-
bation and the corresponding phase velocity, c, are hence determined. It is found that the phase velocity corresponding to
|k|cr satisfies ¢ < min(cy, ¢;). It is also observed that two additional modes of neutrally stable slip exist for sufficiently large
values of V,, with phase velocity in between the characteristic wave speeds of the two materials, ¢; < ¢ < c}.
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