=

View metadata, citation and similar papers at core.ac.uk brought to you byl-f CORE

provided by Elsevier - Publisher Connector

Contents lists available at ScienceDirect

Journal of Mathematical Analysis and
Applications

www.elsevier.com/locate/jmaa

Homogeneous manifolds from noncommutative measure spaces *

Esteban Andruchow ®°, Eduardo Chiumiento P:¢, Gabriel Larotonda P:¢-*

4 Departamento de Matemdtica, FCE-UNLP, Calles 50 y 115, (1900) La Plata, Argentina
b nstituto Argentino de Matemdtica, CONICET, Argentina
¢ Instituto de Ciencias, Universidad Nacional de General Sarmiento, ].M. Gutierrez 1150, (B1613GSX) Los Polvorines, Argentina

ARTICLE INFO ABSTRACT
Article history: Let M be a finite von Neumann algebra with a faithful normal trace 7. In this paper
Received 29 June 2009 we study metric geometry of homogeneous spaces © of the unitary group Uxq of M,

Available online 20 November 2009

_ " endowed with a Finsler quotient metric induced by the p-norms of 7, |||, = T(|x|P)V/P,
Submitted by M. Putinar

p > 1. The main results include the following. The unitary group carries on a rectifiable
distance d, induced by measuring the length of curves with the p-norm. If we identify

Ilfi‘;yi‘séof,isﬁ Neumann algebra O as a quotient of groups, then there is a natural quotient distance éip that metrizes the
Finsler metric quotient topology. On the other hand, the Finsler quotient metric defined in O provides
Geodesic a way to measure curves, and therefore, there is an associated rectifiable distance do p.
Homogeneous space We prove that the distances d, and do p coincide. Based on this fact, we show that the

Path i . . . . . .
;;m;nmetrlc space metric space (O,dp) is a complete path metric space. The other problem treated in this

Quotient metric article is the existence of metric geodesics, or curves of minimal length, in O. We give
Unitary group two abstract partial results in this direction. The first concerns the initial values problem
and the second the fixed endpoints problem. We show how these results apply to several
examples. In the process, we improve some results about the metric geometry of /x4 with

the p-norm.
© 2009 Elsevier Inc. All rights reserved.

1. Introduction

In this paper we study metric properties of smooth homogeneous spaces O of the unitary group U of a finite von
Neumann algebra M. If 7 is a finite faithful normal trace on M, the p-norms on M (p > 1) induced by the trace, can
be used to turn /4 into a complete metric space. This is achieved by giving Ti/y, the Finsler metric that is given by the
p-norm at any point of ¢/, recalling that its Lie algebra can be identified with Mg, the skew-hermitian elements of M.
The p-norms in M can be used to turn O into a metric space, in two different ways. First, measuring the distance d,
between classes. Second, with the rectifiable distance d, induced by the Finsler metric just mentioned.

In both cases it is necessary to assume that the isotropy groups Gx C U4 are closed in the p-norm (or else one ends
with a pseudo-distance where d(x, y) = 0 might not imply x =y in O). Note that when Gy is the unitary group of a von
Neumann subalgebra of M, then Gy is p-norm closed in ¢/ y4. The first metric is well known (as it is the quotient metric on
a quotient of a topological metricable group), and moreover it is known that (O, dp) is a complete metric space [15, p. 109].
We show here that for p > 1, these two metrics coincide with no additional hypothesis (Theorem 4.11).

Next we study the existence of metric geodesics, or short paths, for the given metric. We give a first step in that direction
in Theorem 5.2, where it is shown that, under suitable hypothesis (in particular p even), the curves of the form §(t) = e'? -x,
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with minimal symbol z € Mg, that is ||z]l, < [|z— yllp for any y € Gy are minimizing in O up to a critical t, among a certain
family of rectifiable curves.

We also show (Theorem 5.5) that there exists a certain set in O containing x such that any point there can be joined to
x with such a curve, which is shorter than any other smooth curve joining the same endpoints which does not leave the
mentioned set.

In some examples, for instance quotient spaces of U/ x4 with the unitary group Uy, where N is a von Neumann subal-
gebra of the center of M, this set is in fact an open uniform neighborhood of x in O =Ux/Uxs.

This paper is organized as follows: in Section 2, we introduce the necessary definitions (finite von Neumann algebras,
smooth homogeneous structures, rectifiable distances and uniform convexity in Banach spaces). Section 3 contains known
results on the rectifiable distance in the unitary group U/, of a finite von Neumann algebra M, in particular minimality of
geodesics and local convexity of the geodesic distance. In Section 4 we introduce the rectifiable distance in the homogeneous
space O, and we prove several facts on the metric and topological properties of this space, including the coincidence
between the quotient topology and the topology induced by the rectifiable distance in O. These imply the completeness of
the metric space O with the rectifiable distance. In Section 5 we treat the problem of minimality of geodesics in O, and
prove two partial results related to the initial values problem and the fixed endpoints problem. We finish the paper with
a collection of examples where our results apply, among them the homogeneous spaces O = U /Uxr, where N is a von
Neumann subalgebra of the center of M.

2. Definitions and background

Let M be a von Neumann algebra with a finite and faithful normal trace t. Denote by M* and U, the groups of
invertible and unitary operators of M. Let 1 < p < 0o, and denote with LP(M) the noncommutative LP space of (M, 1),
that is, the completion of M relative to the norm || - || ,, where ||x||g =1(|x|?). When p =2, LP(M) is a Hilbert space with
the inner product (a, b); = t(b*a). We use the subscript h (resp. sh) to denote the sets of hermitian (resp. skew-hermitian)
operators. The symbol || || denotes the usual operator norm of M.

If f:X— Y is a smooth map between manifolds, we will use f,:TX — TY to denote the differential of f and
fax:TxX — TpY its specialization. Let O be a topological space on which Uy acts continuously and transitively, such
that for any element x € O, the subgroup Gy = {u € Upq: u - x =x}, called the isotropy group of the action at x, is a closed
submanifold of /4. This implies that O can be endowed with a differentiable manifold structure, in a way such that the
map

T=7x:Upm—> O, mxu)=u-x

is a smooth submersion. Therefore O is a homogeneous space of the group U/ .

Remark 2.1. For x € O, denote by Gy the Banach-Lie algebra of the isotropy subgroup Gy. Since we are assuming that 7
is a smooth submersion, and that O is given the differentiable structure that induces the final topology on T,O, there
exists a closed supplement Fy C Mg, such that Mg, >~ Gy @ Fy, and a smooth section sy : TxO — Fx, (7Tx)«1 © Sx = idr,0,
sxo (Tx)«1 = P x,, where the last expression denotes the unique bounded projection in B(Mg,) with rank Fy and kernel Gy.
The tangent space TxO can be normed with the (uniform) norm,

IVIlx=inf{llz—yl: y € Gy},

where z € Mgy, is any lift of V, i.e. m,(z) = V. Note that

Isx(V) | = [[sx(m0)41 @) | = | P£ @ | = [ Prz—»| < IPEIIZ -yl

for any lift ze Mg, of V € TyO and any s € Gy. Thus [|sx(V)|| < [P £, |IIIV [lx. The norm of P £, does not depend on the point
x € O since

Pl = 1Ady o P7, o Adyx|| = [P,

where Ady : M — M, Ad,(z) = uzu*. Therefore, there exists a constant C» depending only on the differentiable structure
such that

Isy(W)| <ColVIly foranyyeOandanyV eT,0.
2.1. Quotient metrics

Throughout this article 1 < p < oo unless otherwise stated, and L, denotes the length functional for piecewise smooth
curves in U, measured with the p-norm:
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t
Lp(@) :/Ho’t(t)”pdt,
to

while (unless otherwise stated) smooth means C! and with nonzero derivative, relative to the uniform topology of M. Let
us introduce some notation. The action of Z/x4 on O induces two kind of maps. If one fixes x € O, one has the submersion

Tx: UM —> O, mxyUW)=u-X, uelpm.
If one fixes u € Up one has the diffeomorphism
by :O—=> 0, {ux)=u-x,xeO.
If xe O and X € T,O, put
IXllx.p = inf{{Iz]lp: z€ Msh, (Tx)s1(2) = X}.

We call this Finsler metric the quotient metric of O, because it is the quotient metric in the metric linear space T,O if one
identifies it with Mg, /Gx. Indeed, since Gy = ker(my)41, if z € Mg, with ()41 (2) = X, then

IXllx,p =inf{llz— yllp: ¥ € Gx}.

We shall omit the index p since it is fixed in any discussion. One of the main features of this metric in O is that it is
invariant by the group action (or in other words, that the group acts isometrically on the tangent spaces): a straightforward
computation shows that if x€ O, X € TxO and u € Upgq, ||(€y)sx(X)|lux = | X||x. Note that when p = oo, this is the metric
that arises naturally if we regard O as a homogeneous space of L/, as a Banach-Lie group for the topology induced
in Mg, by the uniform norm, as discussed in Remark 2.1.

Remark 2.2. Since the action is transitive, we shall drop the index x € O for the maps involved, when there is no possibility
of confusion. The isotropy group will be denoted by G and the Lie algebra by G, and 7 : Uns — O will denote the smooth
submersion.

Remark 2.3. Recall Clarkson’s inequalities [11] for LP (M) spaces. Let a,b € LP(M), 1/p +1/q =1, then

1 1 L
(la+bllp +lla —bll3)* <23 (llalp +1Iblp)? if1<p<2,
and
1 1 L
(la+blp + lla—blip)? <27 (llally + [b]5)? if2< p < oo.

From them it can be easily derived that LP (M) is uniformly convex and uniformly smooth, and that for any convex closed
set S C LP(M)g, there exists a continuous map Qs p : LP(M)g;, — S which sends x € LP (M)g, to its best approximant
QspX) €S, ie.

[x=Qsp0, <lIx=slp

for any s € S. The map Qs p is single-valued and continuous since LP(M) is uniformly convex and uniformly smooth (see
for instance [5]). Omitting the index p for convenience, note that

lQsx) ||,J <[lQsx) —XHp + lIxllp < N0 —xlp + lIxllp = 21Ix[[p
and also that
[x—Qs® —s|, > [x—Qs®],

for any s e S, hence Qs(x — Qs(x)) =0, namely Qso (1 — Qs) = 0. Also, for any A € R, Qs(Ax) = AQs(x). Calling Qs =
1 — Qgs, we have

S=Q5'(0)=Im(Qs), Qg '(0)=Im(Qs),
and also
Q2=4q, Q2 =Qs, Qs0Qs=0Qs0Qs5=0,

which shows that Qs has some of the properties of the linear projection (when p = 2).
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Let x € O, G be the isotropy group, G the Lie algebra of G and GP its closure in LP(M)g,. Let Q = Qg be the projection
to the best approximant in GP. Let

G =Q71(0) = {x e LP(M)gn: |IXllp < [Ix — yllp forany y € G}.

Then any element z € LP (M)g, can be uniquely decomposed as

z=z-Q12)+Q(2),
where z— Q(z) = (1 — Q)(2) e GL» and Q (2) € GP.

Remark 2.4. In particular, for 1 < p < oo, the quotient metric of O is given by

IXlx:=]z— Q)|

»
where z € My, is any element such that 7,1 (z) = X. Note that there always exists such z since m, is surjective. We call
20 =z — Q(2) € LP(M)s, a minimal lifting of X. A word of caution: the map Q depends on the chosen parameter p > 1.
Note that if p = 2, this metric is Riemannian. Indeed, if Qx = 1 — Py is the orthogonal projection onto GZ, then each
z € Mg, can be uniquely decomposed as
z=2z— Qx(2) + Qx(2) =20 + Qx(2)

and zo = Px(z) is orthogonal to Gy hence

2= yI3 =20 + Q@ — y |2 = 12013 + | Q2@ — ¥ > > 12013

for any y € Gy x, which shows that

IX|lx = inf{llz— yll2: ¥ € G} = llzoll2

where zg is the unique vector in gxi such that (7y)4«1(z0) = X.
We shall denote with TyOP the completion of TyO relative to the p-quotient metric. Then 7,; extends naturally to a
surjective linear map ¥ : LP(M)g, — TxOP, since

HT[*(J/n) —n*(zn)Hx = ”}’n —2Zn—Q(¥n —Zn)“p <N Yn — zallp

and then one can put 7 (z9) = limy, 77,1 (z) disregarding the particular sequence (zn)n>1 such that z, — zg € LP(M)g.

Lemma 2.5. Let p > 1. Let x € O and X € TxOP. An element zg € LP (M )q, with wF (z0) = X is a minimal lifting for X if and only if
r(zgfly) =0forall y € G. For any X € TyOP there exists a unique minimal lifting zo € G-» such that lzollp = 11 X]lx.

Proof. The proof is straightforward, see for instance [2, Lemma 4.3]. O

3. Metric structure of U4
In this section we recall and complete certain facts from [8], concerning the minimality of geodesics in /x4, and in

addition we prove a local convexity result. The following elementary lemma will be used in the proof of Theorem 3.5, its
proof can be found in [2, Lemma 3.4].

Lemma3.1.Let C,& > 0, let f : (—e, 1+¢) — R be a non-constant real analytic function such that f’(s)> < Cf”(s) forany s € [0, 1].
Then f is strictly convex in (0, 1).

Remark 3.2.

1. The map exp(x) = e*, exp : M, — U, is surjective.
2. The exponential map is a diffeomorphism between the sets

Mgy D{ze Mgyt llzll <t} — {u eUpa: 11 —ul <2}

3. Moreover, exp: {z € Mg |z|| < T} — Upnq, is surjective.
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For a,b € M, let Ry, Lg : M — M stand respectively for the right and left multiplication, and let ada =R, — Lg : M —
M stand for the adjoint operator. Then in [2, Lemma 3.3] it is proved the following lemma. Its proof can be adapted to our
context without any modification.

Lemma 3.3. Let a, b € M. Then
1
eXp,q(b) = / e!"%e! dt = e F(ada)b = F(ad a)(e“b),
0

where F(z) = EZT” = 2@0 (nfr—"l)‘ The differential is invertible at a if and only if o (ad(a)) N {2kwi} = @ (k # 0), and then
exp;;(w) = e 9F(ada)~'w. In particular if ||a|| < 7 then exp,, is invertible. If a € My, the differential is a contraction, that is

llexpsq(b)llp < [Ibllp for any p € [1, ool.

Remark 3.4. Let a, b, c € Mg, let Hg : Mg, — R stand for the symmetric bilinear form given by
p—2
p
Ho(b,0)=(=1)2p Z T(aP~2 *bdkc).
k=0
If Q is the quadratic form associated to H, then (see [3, Lemma 4.1] and [13, Eq. (3.1)]):

1. Qq([b, al) <4\p|a||2Qa(b).
2. Qq(b) =plibaz "3+ 83, _n_y lla (@b + ba)a™|3.

In particular Hy is positive definite for any a € Mg,.

The following theorem collects several results concerning the rectifiable p-distance in the unitary group of M, such as:
minimality of geodesics, uniqueness of such geodesics, comparison with the usual p-distance, and finally a fundamental
convexity result which improves the one stated in [3].

Theorem 3.5. Let 2 < p < oc. The following facts hold:

1. Let u € Unq and x € Mg, with ||x|| < 7. Then the curve u(t) = ue®*, t € [0, 1] is shorter than any other smooth curve in U,
joining the same endpoints, when we measure them with the length functional L. Moreover, if ||x|| < 7, the curve j is unique
with this property among all the C2 curves in U .

2. Let ug, uy € Uny. Then there exists a minimal geodesic curve joining them. If ||ug — u1|| < 2, this geodesic is unique among all the
C? curves there.

3. The diameter of U a4 is 7t for all the p-norms.

4. Ifu, v e Upq then

772
1= 35 dpuv) < Ju—vilp <dp(uv).

In particular the metric space Up, dp) is complete.
5. Let p be an even positive number, u, v, w, € U4, with

lu—v| <2, lw—=v| <v2—|lu—v].

Let B be a short geodesic joining v to w in U 4. Then the rectifiable p-distance between u and g is a strictly convex function,
provided u does not belong to any prolongation of .

Proof. The minimality was proved in [4, Theorem 5.4]. Let us prove that if ||x|| <, then u is unique with the minimality
property among all the smooth curves. To do this, we shall follow a standard procedure, using the first variation formula, in
this case, for the functional F, which is given by

1
R = [0
0

if y(t) elUpy, t €[0,1]. Let ys(t), t €[0,1], s € (—r, 1), be a C? variation of the curve y, ie. ys(t) eUpy, for all s, t, the map
(s,t) > ys(t) is C? and yp(t) = ¥ (t). We shall use a formula for %Fp(ys)\szo, obtained in [3] in the context of a C*-algebra



546 E. Andruchow et al. / ]. Math. Anal. Appl. 365 (2010) 541-558
with trace. As in classical differential geometry, we shall call the expression obtained the first variation formula. Let

Vs = d and W= d
ST @’ ST

With lower case types we denote the left translations vs = y*Vs and w; = yW;. Note that Vg, W € (TUn),, Whereas
Vs, Ws € Mg, Then

1

(-1P2 d -1 =1 d; p-1

T£Fp(ys):r(vﬁJ ws)|t:0—/r(a[v§J ]ws>dt‘
0

Suppose that y(t) € Uy is a C* minimal curve, and let ys(t) be a variation, with fixed endpoints y(0) and y (1), i.e.
¥s(0) =¥ (0) and ys(1) =y (1) for all s. Then %Fp(ys)\szo =0, and thus

1
_ = d _
0=rt(v) 1w0){§:3)—/t<woa(vg l))dt.
0

The fixed endpoints hypothesis implies that the first term vanishes. Then

1
d _
/T(WOE(Vg 1))dt:O

0

for any variation y;s with fixed endpoints. Let us denote by Z(t) = %(vg_1) and by A(t) = wq(t). Both A and Z are contin-
uous fields in Mgy,. The variation formula implies that

1
/r(A(t)Z(t))dt:O
0

for any continuous field A in Mg, such that A(0) = A(1) = 0. We claim that this condition implies that Z(t) =0 for all t.

First note that the requirement that the field A vanishes at 0 and 1 can be removed: let f.(t) be a real function which
is constant and equal to 1 in the interval [r, 1 —r] and such that f(0) = f(1) =0, with 0 < f;(t) <1 for all t. Let B(t) be
any continuous field in Mg, and consider A, (t) = f;(t)B(t). Then fol Ar(t)Z(t)dt =0, and if r — 0, fol B(t)Z(t)dt = 0. Also
it is clear that the integral will vanish if A is non-skew-hermitian. Indeed, it is clear if A is hermitian, and for general A,
decompose A as the sum of its hermitian and skew-hermitian parts.

Consider A(t) = —Z(t), then fol ||Z(t)||§dt =0, which implies Z(t) = 0. Therefore vgfl is constant, and since p is even
and vq is skew-hermitian, vo(t) = y(t)*%y(t) is constant, i.e. y (t) = e for some x € Myj,.

Fact 2. It is straightforward from the first item and Remark 3.2.

Fact 3. Any pair of unitaries ug, uy can be joined by a minimal curve of length less or equal than 7. Indeed, let x € Mg,
Il <7 and e* = u}uy. Then p(t) = upe™ have minimal length equals to ||x||, < ||x]] <. Then the diameter is exactly 7
since the unitaries 1 and —1 are joined by the minimal curve pu(t) = el which has length 7.

Fact 4. Both metrics are invariant by left translation with elements of Z/x4. Therefore it suffices to compare d,(u, 1) and
lu—1|lp, for u e Upq. Let x=x* € M with [|x| <7 and u = e'*. Then by item 1, dp(u, 1) = ||x||,. We follow Petz [14] for
the definition and properties of the spectral scale A;(x) of x. It is defined by

Ae(x) =inf{s € R: T(e(s,00 (X)) <t}

where t € (0,1) and e;(x) denotes the spectral projection of x corresponding to an interval I in R. If f is a real Borel

function on R, then by Proposition 1 in [14] we have 7(f(x)) = f()] f(¢(x))dt. On the other hand, for |s| < 7 it is easily
seen that

2\ 1/2
T .
Is|{1 - == <le® —1| < sl
12

Since ||x|| < 7, we have |A¢(x)| < 7, t € [0, 1]. Then we obtain the inequality

1 1
lu—11h=7(]e™—1|") :/|e”‘f(") - 1\"dt<f|xt(x)|pdt= IxI15.
0 0
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The other inequality follows in the same fashion,

! 5 ) 72\ P/? ! » 72\ P/2
IIU—1II§=/|e‘ 1> (1- = /IM(X)I dt=|ixlp=(1-=) Ixllp,
12 12
0 0

and our claim holds.

It is straightforward that (¢4, dp) is a complete metric space: let (us),>1 be a Cauchy sequence for dp, then it is
Cauchy in LP(M). Hence, it converges to an element ug € LP(M). Since (uy)n>1 is uniformly bounded in the operator
norm, it follows that ug € M, and then clearly ug € Un4.

Fact 5. It was proved in [3, Theorem 4.1] a similar result. With a slight modification of the proof, one obtains the
better convexity radius estimate stated here. We include the proof for the convenience of the reader. We may assume that
u =1 since the action of unitary elements is isometric. Note that |[v*w — 1|| = ||[v — w|| < +~/2 <2, so we can compute
z =log(v*w) € Mgy, where log indicates the principal branch of the logarithm. Let 8(s) = ve®?, which is a short geodesic
joining v to w in U x4 since ||z|| < ir. Then

[1T—ves| <t —vi+ [1—eZ| <M —vI+]|1—e*| =11 =vI+]v—w|<V2,
which implies that 8 has an analytic logarithm, ws = log(8(s)) = log(ve®?), with ||ws|l < Z.. Let ys(t) = e'Vs, then ys is a
short geodesic joining 1 and B(s), of length ||ws|l, =d, (1, B(s)). Then f,(s) = ||ws||g = r((—w?)%) = (—1)%T(Wf), hence

1. 1 .
Ws) = ——Hy (ws, wy),

/ _ g p—
fhs) = (=1 pr(w! o

where H is the bilinear form introduced in Remark 3.4. Since e"s = ve**, then e™" exp,,, (Ws) =z by Lemma 3.3, namely
1
z:/e‘twﬁwse“"’s dt. (1)
0
Thus 7(w?™ ) = fol T(wP e~ tWsyyetWs) dt = T (zwP ™). Hence

p—2
&) =0Ep Y (W awkz) = Hu, (W5, 2),
k=0

and again by Eq. (1) above, if we put 8;(t) = e *WswsetWs, then
1
f[/;/(s) = / Hy, (33(0)7 35(1.“)) dt.
0

Suppose that for this value of s € [0, 1], R? = Quw, (Ws) # 0, where Qy, is the quadratic form associated to Hy,. If Ks C Mg
is the null space of Hy,, consider the quotient space Mg,/K; equipped with the inner product Hw,(-,-). An elementary
computation shows that §s(t) lives in a sphere of radius R; of this pre-Hilbert space, hence H, (85(0), 8s(t)) = R? cos(as(t)),
where o (t) is the angle subtended by 8:(0) and §s(t). Then, reasoning in the sphere

t
1
Rsois(t) < LE)(SS) = / szvs (eith [ws, Ws]etWS) dt
0

t
1 1
=f Q_\f/S ([WSs Ws]) dt = thzvs([Ws» Ws])-
0

By property 1 of Remark 3.4, Rsors(t) < t2||ws||Rs < Rsmr. So cos(as(t)) > cos(2t||ws||) and then integrating with respect to
the t-variable,

sin(2|wsll)
fr() =R ————
P S 2wl

provided Rs # 0. On the other hand, the Cauchy-Schwarz inequality for Hy,, shows that if Ry =0, then

1 1
(p = D) fp(s) = Hw, (Ws, W) < Qi (Ws) Qi (Ws) = 0.
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Assume that R; is identically zero, s € [0, 1]. Then f} is constant with f(s) = f,(0) = ||log(v)||§ for any s € [0, 1]. Moreover,

by property 2 of the remark above, Ry = 0 implies wsgilz =0 and an elementary computation involving the functional
calculus of skew-hermitian operators shows that wsz = 0. Put y =log(v); in particular we have yz =0 which implies, since
w; = log(e”e%?), that ws = y + sz by the Baker-Campbell-Hausdorff formula. But since the p-norm of My, is strictly convex,
ws =y + sz cannot have constant norm unless y is a multiple of z, and in that case, u and j are aligned contradicting the
assumption of the theorem. So there is at least one point so € [0, 1] where Ry, # 0, so f), is non-constant. There exists a

positive constant C such that % > C, hence fl’,’(s) > RfC = Qw(W)C. On the other hand Q. (w)=p(p — 1)||Ws||,’§ <

p(p = DlwsllP < p(p — D(F)P, so

p(p—1

p
(P = D f(9) = Hyy (s, W) < Qus (W) Quig (Ws) < == C)” £y,

and by Lemma 3.1, f; is strictly convex. O

The following remark justifies in part the election of the uniform topology to differentiate curves in i/54. We show that
in order to produce minimal curves, the velocity vectors of the exponential should have uniform length less or equal than 7.

Remark 3.6. Let z € LP (M)}, such that 7 < ||z|| < co. By the Stone theorem the curve §(t) = eiZ is C! if we differentiate it
in the strong topology of the standard representation of M. We claim that § is not of minimal length joining its endpoints
in U, when we measure with the p-norm.
In order to prove this consider the function f:R — [—m, ] given by
t+2k+1Dm, 2k+3)m<t<—-C2k+Dm,
foOo=3t¢, —r<t<m,
t—2k+Dmr, Rk+1Dmr <t<2k+3)m.

Clearly it is a Borel measurable function. Then we use the Borel functional calculus of z= [ @ Ade()) to obtain

0 (2) 0(2)

Therefore, we have ef @ = eiZ. Moreover, note that f(z) € M}, with || f(2)|| <. Now we assert that the curve §; (t) = e!tf@
is shorter than the curve §. Recall that for a T-measurable operator z the t-th generalized s-number w(z) is defined by

W (z) = inf{||ze||: e is a projection in M, (1 —e) <t}.
We shall use the following facts (see [9]):
e Since the map t — ji¢(2) is non-increasing, continuous from the right and satisfies lim o ¢ (z) = |1z||, there exists € > 0
such that p(z) > & for all t € (0, €).
e It is apparent that u:(f(2)) <7, t >0, since || f(2)|| < 7.
e Note that |f(t)| < |t], for all t € R. Then, we have |f(z)| < |z|, which implies w(f(2)) < ¢ (2).
Therefore,
1 € 1
Ly6n? = f@]; = / we(f@)"de < / 1e(f @)P dt + / 1e(2)P de

0 0 €
€ 1

</ur(2)"dt+fut(2)"dt= IzIlh = Lp(8)P,
0 €

and our claim follows.

Remark 3.7. The previous remark in fact shows that, for a one-parameter group e to be minimizing, the symbol z has to
be bounded (and | z|| < 7). This is due to the fact that the Borel functional calculus can be computed also for elements
z € LP(M),, and one obtains a shorter path by trimming the unessential parts of z, obtaining a shorter curve joining 1
and e’z
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4. Rectifiable distance in O

Let x € O, let G, G indicate the isotropy group and algebra of x, respectively. Let y C O such that y(0) =x. Let I, A
be smooth lifts of y € O. Then & = I'*A € G, thus & € g, namely I'*A + I'*A = I'* Az for some z € G. Then, since
I'* = —r*rr* multiplying by A*I" to the right yields

—I*I+ T*AA*T =Adp-pz=%€g. (2)
Since || I*I" — Q(F*f)||p |\ Ir*r +5s|lp for any s e G, if we put s = —I*I" + T*AA*T" — Adps 4 Q (A* A) we obtain
| =Q(rr)f, <[447 - aQ(a74)a*[, =474 — (4" 4)[ .

Since the reversed inequality also holds in the above remark, we have a natural definition of quotient metric for smooth
curves y € O:

Definition 4.1. Let y € O be a piecewise smooth curve. The p-length of y is defined as follows:

1
LO,p()/):f||))||y,pdts where ||J'/||y.p: ‘|F*ﬁ— Q(F*F)Hp
0

for any smooth lift I" € U4 such that I"(0) = 1. The rectifiable distance in O is defined accordingly,

dop-x,v-x)=inf{Lo p(¥): y CO, y(O) =u-x, y(1)=v-x},

where the curves y considered are piecewise smooth.

Remark 4.2. All but one of the properties of a distance function are satisfied by do , trivially. The point is to establish if
do p(u-x,v-x) =0 implies that u-x = v -x. This cannot be solved as in Riemannian or Finsler geometry where the existence
of normal neighborhoods is guaranteed. See Corollary 4.8 below for the proof.

Remark 4.3. The previous definition can be adapted for any norm quotient norm. For instance, for the uniform norm, let
y 110, 1] = Up4 be piecewise smooth, and I": [0, 1] — U4 is a piecewise smooth lift of y with I"(0) =1, then put

171,00 = jnf | O F 0 + 2]
The computation in (2) shows that if A is any other smooth lift of y, then

for any s € Gy. Thus, the quotient speed is well defined in this case also. The rectifiable length Lo o and distance dp o are
defined accordingly.

inf [7*@O () +z|| < |A*©OAQ) +5
zeGx

4.1. Almost isometric liftings

We begin this section with an elementary observation, which will be used to obtain liftings of curves in O. We assume
that p > 1.

Lemma 4.4. Let x € O and Q = Qg, be the best approximant projection in LP(M)g,. Let I' C Upq be a piecewise smooth
curve pgrametrized in the interval [0, 1], and let € > 0. Then there exists a polygonal curve we : [0, 1] — Gy such that ||[we(t) +
QUI* )|y <e foranyte0,1].

Proof. Let o(t) = —Q (I'*(t)I"(t)). Then, since I" is smooth for the uniform topology in M, both I and I" are continuous
for the p-norm, hence « : [0, 1] — L, (M) is continuous (since Q is continuous). The curve « has its image contained in GP.
Then one can find a polygonal curve we C Gy as claimed since Gy is dense in G, as follows: split the interval [0, 1] in n
pieces {I;}x=1.n in order to obtain

|a® —a©)|, <e/5=8
if |s —t| € I, the partition given by 0 =t; <t; < --- <ty =1, and put oy = a(ty). Let {wylk=1..n C Gx such that

llox — willp < 8, and let we(t) stand for the polygonal in Gy joining the points wy in their given order. Now, if t € I,
then
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” Wi — We(t) ”p < Wi — Wiqallp
< [Iwie —ouellp + Nl — s llp + Nt — Wi ll]
<[§+6+6]1=36,

and hence
loe(t) = we @) || ) < o) — one]|, + llotg — wiellp + [we —w(®)| , <8+8+38=56=€. O
p p p

We collect in the following theorem some facts; some of them are elementary while others are adaptations and im-
provements of results in [2].

Theorem 4.5.

1 Letk>1,we Mwith |wl| < Z.Then T =1+ @%0 is invertible in B(M) and || T~ < (1 — 1WI5)~1,
2. Consider g(r) = rsin(r)~! with g(0) = 1. Then g : [0, ) — R is positive and increasing, and from the Weierstrass expansion of

sin(z) we obtain

2\
g(z)zl_[(l - m) )
k>1
for any z such that |z| < 7. Let F(z) = (62 — 1)z~1, w € M with ||w| < % Then ||Fadw)~1|| < g(lw])).
3. Let x € O, w C Gy a piecewise smooth curve parametrized in the interval [0, 1]. If G(z) = z~1(1 — e~?), then there exists a
piecewise smooth curve z : [0, 1] — Gy with z(0) = 0 such that G(adz)z = w. If u = €%, then u : [0, 1] — Gx C U obeys the
differential equation iu* = w.

Proof. 1. Since ||adw|| < 2||w| < 7, the map T is invertible and its inverse can be computed with the Neumann series.

2. The Weierstrass expansion of F is given by F(z) = ]_[,<>1(1 + #) where the product converges uniformly on com-

pact sets to F. Then F(ad w) is invertible since ||ad(w)|| < and

-1
1 (ad(w))?
k>1
Hence

2\ —1
lFaaw ' < [T(1- 52 ) =&(iwi)

k2?2
k>1

by the previous item.
3. Assume first that w is smooth in the whole [0, 1]. Let Ry = max..j [w(O)], where J is an open set containing [0, 1]
where w is differentiable. Let 0 < R < % Then if x € GyN B(0, R), the operator G(adx) is invertible, and its inverse is analytic

and can be written as a power series in ad x, hence G(adx)~! : Gy — Gy because Gy is a Banach-Lie algebra. Moreover, since
g is increasing,

|Gadx) ™" < g(llxll) < g(R).

Let f: J x B(0,R) NGy — Gx be given by f(t,x) = G(adx)~'w(t). Then f is continuous since w and G~! are continuous,
moreover

[fe. 0] <|cadoy™"[Iwl < gRRo=1
by the previous item. Now since H(adx) = G(adx)~! is analytic in the ball ||x| < % we have
|H(dx) — H(ad y)|| < C(R)[ladx — ad y|| <2C(R)[|Ix — y ||

where C(R) is a bound for H’ in |z| < R. Then

| &, = f(t, y)| <AC(R)Rollx — yll = Kllx — y|.
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Then f satisfies a Lipschitz condition, uniformly respect to t € J, hence by the standard theorem of existence for ordinary
differential equations [12, Proposition 1.1, Chapter IV], there exists a continuous solution zg : (—b,b) x B(0,R/4) — Gx N
B(0, R) of the integral equation

t
z(t) = / f(s.z(s))ds
0

sin(R)
32C(R)RZ”
both sides and multiplying by F(adz(t)) gives the equation stated. We have proved so far that the equation

with z¢(0) = 0. Here b is any real number such that 0 < b < ﬁ = Note that zg is in fact smooth. Differentiating
Gadz)z=w

has a local solution defined around zero. By a standard argument, it follows that one can find a piecewise smooth solution
defined on the whole interval [0, 1]: let N € N such that % <b and let t;, = ’N‘ Then [ty, tk+1] (k=0,1,..., N) is a partition
of [0, 1] such that the integral equation

L1
z(t) = / f(s,z(s)) ds
tk

with the initial conditions zp(0) = 0, z(ty) = zx—1(ty) for k > 1, has a solution zj : [ty, tk+1] — G. Then the curve
z1tizaf - - - fzn is a piecewise smooth solution of the equation stated in the whole [0, 1]. If w is piecewise smooth instead of
smooth, one might replace the argument above for a similar argument in each of the intervals where w is smooth, and use
the continuity of w to state the boundary conditions for z. If u(t) = e?®, then

U(t) = eXp, (2(0)) = eV F(ad z(0)) 2(t)
by Lemma 3.3. Then

uu* =e*F(ad2)ze *=Gad2)z=w. O

Note that the general theory ensures the existence of piecewise smooth liftings in Z/x4 of smooth curves in O, due to
the fact that for any fixed x € O, the map

Ty :Upm — O, mx(u)=u-Xx,

is a submersion.

Theorem 4.6. Let Yy C O be a smooth curve defined in an interval containing [0, 1] such that y (0) = x. Then, for any € > 0, y admits
a smooth lift B CUpq (thatis Be - x =7y ) such that Ly (Be) < Lo p(y) + €. We shall call such B¢ an e-isometric lift of y.

Proof. Let I" € U, be any piecewise smooth lift of y, defined in an interval containing [0, 1], and let we : [0, 1] — Gy be
as in Lemma 4.4. Note that w,, being a polygonal, is continuous for the uniform topology of M. By item 3 of Theorem 4.5,
there exists a piecewise smooth curve u : [0, 1] — Gy with u(0) =1 such that tu* = w.. Now consider 8¢ = I'u. Then B¢ is
clearly a lift of y with

Be=Tu+Ti= F(F*f“ + we)u.
Hence Ly(Be) < Lo,p(y) + € because

1Bellp = | T*T + we|, < | T*F = Q(I*F)|, + [Q(F*F) + we|, <lIylly +e. O

With the last theorem at hand, we can prove the fundamental result that the rectifiable distance in O can be computed
as the infima of lengths of rectifiable curves in U/y, joining the corresponding fibers.

Corollary 4.7. Let u, v e Unq, x € O. Then

dopu-x,v-x)= inf{Lp(F): rcupm, 'O)-x=u-xand I'(1) -x=v -x},

where the curves I" considered are piecewise smooth.



552 E. Andruchow et al. / ]. Math. Anal. Appl. 365 (2010) 541-558

Proof. It suffices to check the assertion for u =1. Let d =dp p(X,v -x) and D =inf{L,(I"): I' CUpnp, I'(0)-x=
u-xand I'(1) -x=v-x}. Let I’ CUnq such that I'(0) -x=x, '(1)-x=v -x. Then, if y =" - x C O, we have y(0) = x and
y(1)=v-x and also

IPlly = | =Q(r )|, <[ r|, =111,

I

thus d < Lo p(y) < Lp(I). It follows that d < D. On the other hand, let y C O joining x to v - x such that Lo ,(y) <d +e€.
By the previous theorem, there exists an e-isometric lift B¢ of y; note that Bc(0) -x=1-x=xand (1) -x=y (1) =v - x.
Thus

D<Ly(Be) <Lop(y)+e€ <d+2e. O
Corollary 4.8. Let x € O. Then the quantity do_,, defines a distance in O whenever Gy is a closed subgroup of U a4 in the p-norm.

Proof. As mentioned earlier, it remained to check that do p(x, y) =0 implies x=y. Let y = v - x for some v €U/, assume
that do p(x, y) = 0. Then by the previous corollary for any € > 0 there exists a curve I" € Upq such that I'(0) =1, I'(1)-x =
v -x and the assumption implies L,(I") < €. Since I'(1) € vGy, then dp(1,vGy) < Lp(I') < €. Since € is arbitrary, then
1 € vGy, or equivalently v* € Gy, and then v € Gy, showing that y =x. O

Remark 4.9. We point out that when Gy is the unitary group of a von Neumann subalgebra of M, then Gy is p-norm closed
in Upg.

4.2. Two metrics in the space O

For homogeneous spaces G/H of metrizable topological groups G, there is one distinguished metric that can be intro-
duced. It is the quotient metric induced by the distance among classes gH in the original group. We recall the following
result (see for instance [15, p. 109]):

Lemma 4.10. Let G be a metrizable topological group, and H be a closed subgroup. If d is a complete distance function on G inducing
the topology of G, and if d is invariant under right translation by H, i.e. d(xh, yh) =d(x, y) forany x, y € G and h € H, then the left
coset space G/H = {xH: x € G} is a complete metric space under the metric d given by

d(xH, yH) = inf{d(xh, yk): h,k € H}.

Moreover, the distance d metrizes the quotient topology of groups. Let us observe how Lemma 4.10 applies to our
situation. We take G =U 4, and for fixed x € O, we take H = Gx. A minor modification of the argument in Theorem 3.5
shows that the groups (L4, dp) are complete for any p > 1.

Theorem 4.11. Let x € O, u, v € U4, and let

dp(u -x,v-x) =inf{dp(uwy, vwz): wi € Gx}.

Thenifp > 1, dp =dop. In particular, if G is a closed subgroup of U in the p-norm, then (O, d ;) is complete, and the induced
topology matches the quotient topology of O ~ (Un,dp)/Gx.

Proof. First we show that dp <dp,p. By Corollary 4.7, for each € > 0, there exists a curve I' C U4 satisfying I"(0) = uwy,
I'M)=vwy, wieGyand Ly,(I') <dp p(u - X, v -x) + €. Therefore,

dp(u X, v-x) <dp(uwo,vwy) < Lp(I') <do p(u-x,v-X) +€.
Since € is arbitrary, our claim follows. Conversely, given € > 0, there exist w; € Gx, i = 1,2, such that d,(uwq, vwy) <
dp(u-x,v-x)+¢€, and there exists I C Upq such that I'(0) =uwq, I'(1) =uwp, and L,(I") <dp(uwq,uwy) + €. Then
dop-xv-x)<Lop(I'-X) <Lp(I') <dp(uwy, vwy) +€ < dp(u X, V- X) + 2,

showing that the reversed inequality also holds. Finally, since (i, dp) is complete, the last claim follows from the previous
lemma. O
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4.3. The path metric space O

The space O is a path metric space for any p > 1, or in the terminology introduced in [10] by M. Gromov, O is a space de
longeur. That is, the distance do , (=dp if p > 1) among pairs of points in the space © matches the infimum of the length
of the rectifiable paths joining the points. The rectifiable lenght of paths y :[0,1] — O is defined as

n—1

bp(y) = sup > dop(¥ ). ¥ (tisn)),
il =0

where {t;} is any finite partition of the interval [0, 1] € R. The rectifiable distance dy , among x, u - x € O is the infimum of

the length of the rectifiable paths y joining them, when the length is measured as above. It is straightforward to see that
dg,p > doﬁp.

Indeed, for given y joining fixed endpoints x, y € O, consider the trivial partition to =0, t; = 1. Thus £,(y) > do (X, ),

and taking the infimum over rectifiable paths y gives the result. It is well known, at least in the finite dimensional setting,

that both metrics do agree. Since the proof is elementary and we could not find a suitable reference, we include it.

Proposition 4.12. If y is a piecewise C! curve in O, then Lopy(y) = ep(y). If x,u-xe O, thendy p(x,u-x) =do p(x,u - X).

Proof. Let {tj}i—o.n—1 be a partition of [0, 1]. Then

n—1 n—1
Lop(y)= ZLO.,P(V“ti,tiH]) 2 Zdo,p(y(ti)’ y(ti+1))~
i=0 i=0

If we pick a partition such that £,(y) < Z?;Ol do p(y (), y (tiy1)) + €, the first claim follows. Now let € > 0, and let
I' : [0,1] — Upq be piecewise smooth such joining x,u - x such that L,(I") < do p(x,u -x) 4+ €. Then by the previous
assertion

dep(Xu-X) <Lp(I'-X) <Lop(I"-X) < Lp(I') <dop(X,u-x)+e.

Thus dg,p(x,u-x) <dp p(x,u-x) and since the other inequality always holds, we have the second claim. O
5. Minimality of geodesics in O

Recall that the induced norm in the tangent spaces is not complete. Therefore in the case of p =2 the classical theory
of Riemann-Hilbert manifolds is not available, so it makes sense to ask about the local minimality of the geodesics of the
Levi-Civita connection. In [6] was given an abstract sufficient condition in order that these geodesics are locally minimal.
In this section we shall prove a partial result toward the minimality of geodesics for p even, under the hypothesis specified
below.

Our argument on minimality will consist in comparing the lengths of the liftings of curves in O to the unitary group U .
For the case p =2 this technique is based on the following result. Let sy : (TO)x — Fx C L2(M)g, stand for the isometric
orthogonal projection to Fy, the orthogonal supplement of Gy in L2(M)g;. Let ¥ (t), t € [0, 1] be a smooth curve in O, with
y(0) =x, and let I" be its horizontal lifting, i.e. the unique solution of the differential equation

r'=s,(»r,
ro=1.

Then Ly(I') = La(y). Indeed, ||y]l, = lIsy (P)l2 = IT*I|l2 = |7 ||2, and the claim follows. This result shall not be needed,
we include it here to mark the breach between the case p =2 and the case p > 2. Let us state the following definition.

Definition 5.1. Let O =U 4 - x (x € O) be an homogeneous space, let Gx C U/p4 stand for the isotropy subgroup. We say
that Gy is locally exponential in U4, if there exist €p, §o > 0 such that |ju — 1|| < €» and u € Gy implies that there exists
z € Gy with ||z|| < 8o and e* = u. This is equivalent to ask for Gy to be a (topological) submanifold of U/, in the uniform
norm.

If u € Gy implies that there exists z € Gy with e* = u, we say that Gy is an exponential subgroup of U .

Throughout this section we assume that the isotropy group Gy is an exponential subgroup. Apparently, if this holds for
a given x € O, then it holds for any u - x € O (since the groups G,.x and Gy are conjugate by an inner automorphism). This
property implies in particular, that Gy is geodesically convex: given any pair of elements v1, vy € Gx with ||[vi — v3| < €0,
then there exists a geodesic of U/, which lies inside Gy, and joins v; and v;. The results in this section can be extended
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to locally exponential groups in the obvious fashion, but we prefer to state them assuming that Gy is exponential since the
arguments become more clear this way.

Assume that x and y are connected by the geodesic Y (t) =e' - x in O, with z € Mg, a minimal lifting, i.e. Q (z) =0.
It is unclear if this curve is short for the p-metric in O. We state next a partial result in that direction.

One requirement of the proof is that Q maps bounded operators into bounded operators, and moreover, that it is
uniformly bounded. There are a collection of examples in the following section with these properties. We have shown in
Theorem 4.6 that for p > 2 we can obtain almost isometric lifts of curves in O. In case Q is uniformly bounded, one can
sharpen this result to obtain isometric lifts.

Now we state our result on minimality of curves. It is assumed that G, is an exponential subgroup of /4, and that Q
maps bounded elements of M into bounded elements of M.

Theorem 5.2. Let p be a positive even number, x € O, and assume that there exists a constant Ko p such that |Q (¥)|I < Ko plly|l
forany y € Mg If z€ Mg, ||z < % and Q (z) =0, then the curve
8(t) =e'? - x,

which verifies §(0) = x and §(0) = X = m,.(z) € TxO, and has length Lo,p = lzllp, is shorter for the p-metric than any other smooth
curve y C O joining x to e* - x, provided Lp (y) < €, where

V2-1
Co(1+Ko,p)

and Co is a constant given by the smooth structure as in Remark 2.1.
Moreover, the curve § is unique in the sense that if y C O is another curve joining x to e - x of length ||z|| p, such that Lo o (y) <&,
then y (t) = e - x.

e=¢(0,p)=

Proof. Let y be a smooth curve in O with y(0) =x and y (1) =e” - x, and assume that Lp - (y) < €. Since ||z|| < % we

have |le? — 1|| <1 < /2. On the other hand, if I" is a smooth lift of  with I"(0) =1, by the assumption on Q we can
consider the differential equation in M given by
G@dx)x=-Q(Ir*r)

as in Theorem 4.5. It has a unique sqlution x(t) € Gy such that x(0) = 0, and if u =e*, then u: [0, 1] > Gx C Up4 obeys the
differential equation tiu* = —Q (I"*I"). Thus in this case, ||it|| < Ko||I'||. Hence, if 8 = I'u, then B is an isometric lift of y
and moreover

1 1 1
b =1 < |ray=1]+ fuw - 1] < [|rei ]+ [nan<a+ ko [
0 0 0

Thus, if Cp is a constant such that ||sy (V)| < Co||V ||y for any y € O as in Remark 2.1, then
1
1B —1] <Co(1+ I<@)/ 171y, =Co(l+Ko)lLow(y) <vV2—1<v2—|e*—1].
0

Let w € Mg, such that |w| <7 and e" = B(1). Then Theorem 3.5 applies. Note that the curve u(t) =e? is an isometric
lift for 8. Let v(t) = e?e"Y be the minimal geodesic of U/, lying inside e*Gy (i.e. y € Gx), connecting e? to e", which exists
due to the fact that Gy is an exponential subgroup. Then by item 5 of Theorem 3.5, the map f(s) = dg(l, v(s)) is convex.
Note that f/(0) = (—=1)P/2Tr(zP~y), which vanishes by Lemma 2.5, because z is a minimal lift. Then

Ly(w)P =dp(1,v(0)) = £(0) < fF(1) =dh(1,v(D) = |wlh <Lp(B)P.

Hence

Izllp =Lo.p8) < Lp(B) =Lo p(¥).
If Lo p(y) = lzllp (i.e. if y is also short), then

fO=lzlp < fFM) =lIwlp <Lp(B) =Lo,p(¥) = lzlp = f(0),

so f(1) = f(0), which forces z= w because f is strictly convex. In particular (1) =e* and Ly(8) = Lp(1t) = ||z||p. Since
|zl < w/2 < m, the curve p is the unique short geodesic joining 1 to e? in Uxq, and then B = u, or in other words,
y=46 0
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Remark 5.3. The restriction on the quotient uniform length of the curves y can be removed for p =2 due to the existence
of the supplement F given by the smooth structure of O satisfying Mg, >~ G & F. The key is that the exponential map is a
local diffeomorphism between F and O. In the general case p > 2 we do not know if the exponential map is local bijection
between G1» and O (or even if G» N M = {0}).

However, assuming that Q maps bounded elements of M into bounded elements of M, it is interesting to note that
the map

¢=01-Qg)lr:F— G

is a bijection. In fact, Q (¢(f)) = Q o (1 — Q)(f) =0 for any f € F showing that ¢ maps into G17. Secondly ¢(f1) = ¢(f2)
implies fi — f> = Q (f1)— Q (f2) € Gy thus f; = f; if f; € F, showing that ¢ is injective. In third place, if ze G1», z= Zg+zy
with zg € G and zy € F, hence 0= Q (2) = zg + Q (zy). Thus taking f =zy € F, one obtains ¢(f) =zy—-Q(zf) =z5+2zg =2
showing that ¢ is surjective. The inverse is given by the linear projection onto F, that is

¢ ' =Prlg, :GP > F.

Note that, while ¢ is continuous for the p-norm, ¢!

smooth structure and the metric structure.

It is also worthwile noting that, if Q is continuous for the uniform topology of M, then the above maps are homeomor-
phisms. Moreover, it must be uniformly bounded since, if it were not, there would exist a sequence (x,)n>1 of elements of
M such that ||x,]| =1 and ||Q (x;)|| > n. But this contradicts the fact that Q (0) =0, since || Q(’;—“)H > 1, and the assumption
on the continuity of Q gives Q(";") — 0 in M.

is continuous for the uniform norm, showing the breach between the

Remark 5.4. Assume that Q is uniformly bounded (||Q (2)|l < Ko pllzll for any z € Mg,). Let Bg(0) C F with R small
enough to ensure 7 o exp is a diffeomorphism with its image in O. Consider VR = ¢(B(0)), which is open in G1» with
the relative (uniform) topology, since ¢! = P is continuous. Then, if z € Vf, we have z = ¢(y) for some y € Bg(0), hence

lzll=|ly = Q)| < A+ Koplyl <1+ Ko p)R.
Let

US =moexp(VE)={e"" 2™ .x: we F, |w|| <R}

Note that it is not clear whether this is an open neighborhood of x € O or not, even if we assume that Q is continuous for
the uniform topology.

Now we can state our theorem on minimal curves joining given endpoints in O. Let p be a positive even number, x € O,
and assume that there exists a constant Ko , such that [Q (¥)|| < Ko pllyll for any y € Mg,. Let

. & T
r=min{R, ———, —
{ 2(1+Ko,p) 3]

where R is as in the previous remark, and ¢ = &(O, p) as in the previous theorem. Let V', U, C O be the sets defined in
the previous remark.

Theorem 5.5. For any y € Uy, there exists z € V', such thate® - x =y and

5(t) =€ - x

is shorter for the p-metric than any other piecewise smooth curve y C O joining x to y, provided y C Ug,.
( I)Vlore?zver, the curve § is unique in the sense that if y C Uy, is another piecewise smooth curve joining x to y of length ||z| , then
y(t) =e%-x.

Proof. The existence of such z is guaranteed by Remark 5.4. Let y C Uy, be piecewise smooth, we can assume that y is
defined in [0, 1]. Consider a partition {[t;, t;+1]} of [0, 1] in N equal pieces such that Lo (¥ |[t;,¢:,,1) < T- By the previous
theorem, ¥ |j¢,,¢;] is longer than the curve 8;(t) =e*' -y (to), where z; € V', is such that e*' - y(tg) = y (t1). Let i denote
the path o followed by the path 8. Then

Lo,co 318V |1t1,621) = LO,00(81) + LO,co (Y I[ty,12]) < 1211l +T < €.

Let z; € V', such that e”2 - x =y (t). Then by the previous theorem, the path 8, (t) = et? . x is shorter than 818y |(¢, ¢, thus
818 |it,.17 is shorter that y. Iterating this argument, one ends with a curve §y = e®N . x, joining x to y in U{,, which is
shorter that y. Since ||zy| <, it must be zy = z.

The uniqueness follows observing that in each step, if the length of y is equal to ||z||p, its restriction must have length
lzillp, and by the previous lemma it should match §;. O
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5.1. Examples

We give examples of homogeneous spaces where Theorems 5.2 and 5.5 apply. The fundamental step is to prove that
the metric projection Q is uniformly bounded. Up to now we do not know if it is general fact, even in the case when the
Lie algebra where Q projects consists of skew-hermitian operators of a von Neumann subalgebra. Therefore each example
needs an ad-hoc proof of this fact. We give sketches of proofs here, full proofs can be found in [7]. Finally, let us observe
that the examples below serve obviously as other examples for Theorem 4.11.

5.1.1. Finite dimensional Lie algebras
The first immediate example takes place when the Lie algebra G is a finite dimensional vector space. Therefore the ||.p
completion of G is equal to G. Hence it is trivial that the projection Q : LP(M)s, — GP = G preserves bounded elements.

Lemma 5.6. Let 1 < p < oo and G a finite dimensional Lie algebra. Then the projection Q is continuous and in particular, uniformly
bounded.

Proof. Since G is a finite dimensional real vector space, all the norms are equivalent. Therefore, there exists a constant
cp > 0 such that cpz|| < l|zllp < lz]|, for all z e G. Now, given € > 0, there exists §(x, &, p) such that ||x — y|l, < implies
1Q(x) — Q(¥Ilp <&. Hence, if ||x — y|| <4, then ||x — y||, <§ and

[ew—-ew|<'e@w—-aw], <c'e

The argument at the end of Remark 5.3 establishes the uniform boundness of Q. O
We describe an example where this situation arises.

Example 5.7. Let vy € M be a partial isometry of finite co-rank. Consider the set
Ty, = {ve M: vivo=v*v}

of partial isometries in M with initial space p. There is a transitive action of {4 on Z,, given by u-v =uv, u e Upy,
v € Zy,. The set Z,, is a C* submanifold of M in the norm topology and a homogeneous space of L/x. The isotropy group
at v e Z, of the action is

{uelp: uv=v}
Therefore the Lie algebra of the above group is given by
Gy = {x e Mg: xv =0},
and the unitaries in the isotropy group can be described as
U <1 0)
0 d)’

with d a unitary operator, the group is exponential. Then Theorem 5.2 applies to this situation, and the curves §(t) = e*?v
with minimal symbol z are short among sufficiently short curves y € O. This example was studied in [1].

5.1.2. Subalgebra of the center

This example is concerned with a subalgebra N C Z(M), where Z(M) is the center of M. In order to show that Q
preserves bounded elements we have the following lemma, see [7] for a proof and a counterexample for p > 2, if we remove
the hypothesis that x and y commute.

Lemma 5.8. Let p > 2 an even number. Let x, y € LP (M) satisfying x > 0, y = y* and xy = yx. Then
[x=y*], <lx=ylp.
where y = y* — y~ is the Jordan decomposition.
Applying the previous lemma to a positive element x € M and Q (x) € LP(N) we obtain

[x= e, <lx- ],

Hence by the uniqueness of Q (x) it follows that Q (x) = Q (x)™. In particular, it follows that the projection Q maps positive
elements of LP (M) into positive elements of LP (\).
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Corollary 5.9. If N' C Z(M), then for any p > 1 the projection Q maps bounded elements into bounded elements, moreover
lQ@ | <3lzll forany z e M.

Proof. Let x € M a positive element. Note that ||x|| — Q (x) = Q (J|x]| —x) >0, then 0 < Q (x) < ||x||, i.e. Q (x) is bounded. Let
X € My, then there exists a real number ¢ > 0 such that x 4 ¢ is positive. Since Q (x) +c = Q (x+ ¢) is bounded, it follows
that Q (x) is bounded, and moreover, if x € M}, then

lQ@ | =@+ uxl = Ixi) | = Q(x+ lxt) — x| < Qe+ x| + 1x < |x + x| + N1l < 3]

Replacing x by ix yields the result for z€ My,. O

Remark 5.10. In case that the Lie algebra is given by antihermitic operators of a von Neumann subalgebra of M we have
the bound Cp < 2. This follows because the projection Pz, coincides with I — E, where E is the unique normal conditional
expectation preserving the trace onto the subalgebra.

Remark 5.11. Let U}, C O as in Theorem 5.5. If O is the quotient space obtained as U /U7, and N C Z(M), then Uy, is
an open neighborhood of x in O. In fact,

Up=1{e"" ™ . x:weF, |w|<r}={e" -x weF, |w|<r},

and the last set is clearly open in O by our choice of r.

5.1.3. Diagonal algebra in M ® M»
Let M, denote the 2 x 2 matrix algebra. We define a finite trace T on M ® M, by

A X11  X12 1 X11 X12
T ==-1(x X22), e M, @ M.
<(X21 Xzz)) 2 (*11 + X22) <X21 X22> 2@
It is straightforward to show that LP(M ® M3, T) = LP (M) ® M>.
We take the subalgebra A consisting of diagonal operator matrices, i.e.

X 0
N = {( (1)1 X22>: xn,xzze/\/l}.

In this example we can explicitly compute the projection Q. Actually, this is a consequence of the following inequality,
see [7] for a proof.

Lemma 5.12. Let p > 2 a positive even number and b € M. Then,
0 b a b
<

foralla,b € My,
It is plain that Q : (LP(M) ® Ma), — LP(N)y, is given by

X111 X12 _(xn1 O
Q<<X21 Xzz))_<0 Xzz)'

In particular, Q preserves bounded elements and is uniformly bounded. Moreover, it is continuous in the uniform topology
since it matches the unique tracial invariant conditional expectation E from the algebra to the subalgebra.

bl

p

Example 5.13. Consider the projection in M ® M3 given by e = (58). Let O, denote the unitary orbit, i.e. O = {ueu™:
u € Unmgm, - This example was studied in detail in [4]. It was proved that it is a homogeneous space of the unitary group
Uprem, of M ® M,. Moreover, it was shown that the initial values problem has solution and any pair of points in this
homogeneous space can be joined by a minimal curve. Despite our results are more restrictive in this particular example,
we shall show how they apply, since the techniques involved are quite different.

The isotropy group at e of the natural action of U aqgm, is given by

Ge ={u €eUnmgm,: ue=eu}.
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The Lie algebra of this group is

Ge = {x € (M ® M)y xe:ex}:{(?) 2) a,de/\/tsh}.

Therefore by our preceding discussion the projection Q onto the Lie algebra preserves bounded elements, so our results
about minimality of curves holds.

5.14. Special diagonal algebra in M ® M
Consider the following subalgebra of M ® M, given by

o[ e

Let E denote the unique trace-invariant (with respect to the trace ) conditional expectation onto N, i.e.

X1 X12 1 x11+x22 0
E:M®M; —> N, E = .
® M2 <<X21 X22 >> 2( 0 X11 +X22>

We denote by E, the extension of the above expectation to the corresponding noncommutative LP spaces.

Lemma 5.14. Let 2 < p < oo, p even. Then:

(a—c)/2 b a b d o
H( b <c—a>/2)HfH<b c)*(o d)

foranyd e M.

p

Proof. See [7]. O

If £ stands for the following real subspace of My ® M, given by

a b\,
[Z:{(b C).a,b,ce/\/lh}

and LP is the respective completion with the p-norm, then it is easy to check, using the previous lemma, that E : £ — A
and E, : £LP — LP(N) for p even, are contractive maps.
Analogous statements hold for the subspace

o=(2 8 bend)

invoking Lemma 5.12. If p is even or p = oo, then Qar,p = Ep, namely the best approximant can be obtained via the
conditional expectation in £. In particular Q is uniformly bounded L. A similar argument shows that Q is uniformly
bounded in D.

It is not clear, and we would like to know, if Q is uniformly bounded in M ® M.
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