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The sum f(m, n)=3"_! (|sin(xan/m)|/sin(xa/m)) arises in bounding incomplete
exponential sums. In this article we show that for positive integers m, n with m> 1,
Sim, n)y< (d4mjn?)(log m +7y + } —log(n/2)) + (2/n)(2— 1/x), where 7 is Euler’s
constant. This improves earlier bounds for f(m, n).  © 1994 Academic Press, Inc.

1. INTRODUCTION

Let m and n be positive integers with m > 1. The sum

m—1 s
flmm)=Y ———'Ssli“rf(’:’:/f;"))'- (1)

=1

Vinogradov [1, Chap. 3, Example 11] obtained the estimate for f(m, n),

mlogm—%log(Z[%:l+l) for m>=6

S(m,n)< mlogm—m for m=12 (2)

mlogm—m for m=60.

In 1987 Cochrane [2] proved that

2

4
f(m, n)< ;’; log m+ 0.38m + 0.608 + 0.116 where d=(m, n). (3)

P
He also proved that
1 Z 4m 1
~ Y f(m,n)=—7—z—2— logm+y—log§ + O(logmloglogm).  (4)
n=1
In this paper we prove the following.
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THEOREM 1.

For any positive integers m, n with m > 1 we have

1 2 1
f(m n)<——2—<logm-i—y+——logE +—<2——— . (5)
T 8 2 i i1
THEOREM 2. For any positive integer m> 1 we have
1z 4m 2 1 i 1
— — | 1 -1 2——)|——{1——}.
mg f(m, n)y< (ogm+y og2> n( n) 6m< m) (6)
2. SoME LEMMAS
LEMMA 1

For any integer m> 1 we have

m—1

3 1

n 1
— —log-|+2—- 7
2z Sin(m/m)< - <logm+y log2>+ (7)
Proof. We have
X x & Ce 5
log tan > —logi Z 2kx (0<x<m), (8)
where C, are positive constants such that for 0<x<n
1/sin x = Z Cpx*! (9)
k=1
and Cy=1. Hence

'"il 1 <2[”’/2] 1 ) i C, (n/m) 'i %1

— K .———-—= m
L Sntmarm <2 & Snimam 2 &, S .

o2m 21 [m/2]
__nﬁ Z ;+2 Z C n/m 2k—l Z a2k—x (10)
a=1 k=1 a=1
If m=2p (even), then
2m 1 _4p 12
n 2[m2] = 2p w’
and if m=2p+ 1 (odd), then
2m 1 4p+2 1 2 1 3
n 2[mP2] =

Npti2] nl prs

\_-
m pn W
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Using (2.1) in [2] we have
2m 21

=y - 2m(log [mf2]+7 +

a=1

(10gm+"—log2)+—
(11)

2t 1/2]>

Hence, by (8), (9), and (12) we have
g\ 21 [mi2] "t 2m = C./n 2k x g\2k-1
25 <) DAL =0 ”E.C"@
2m
= (log (tan ) log )

n

1 2

) _=

(sin(n/Z) n>

2 4
=——r£lo G B (13)
4 4

Combining (10), (11), and (13) yields the result of the lemma.

LEMMA 2. For any positive integers m, n, k with m >3 we have

cos(2knax/m) m

3 : 14
; sin(ax/m) 4n (14
Proof. (1) Define
2 1
. — T 3 r=09
sin(n/m) sin(2n/m)
1
a={ — =1,2,.,m—1 (15)
sin(rn/m)’ r=hoe el
2a,_,—a,_,, r=mm+1, .., 2m.
Now we show
+2 +1
map=—2 i (p=0,1, .., m). (16)

sin(n/m) sin(2n/m)
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In fact, if p=0, by (15)

a,=2a, |—a,_,

B 2 1

“sin((m—1)n/m)  sin((m—2) n/m)
2 1

~sin(n/m)  sin2n/m)’

Formula (16) is true for p=0. Assume that Eq. (16) is true for p=s; i.e

542 B s+ 1
sin(n/m) sin(2n/m)’

am +s5 =

Thus, by (15), we have

am+s+l:20m+s_am+s71

< s+2 s+ 1 s+ 1 s
sin(m/m) sin(2n/m)> B <Sin(1r/m) - sin(2n/m)>
s+ 3 s+2

“sin(n/m)  sin(2m/m)’

Hence, (16) is true for p=s+ 1. So (16) follows.
(2) Suppose first that 0 < 2knn/m < 2n. By (15) we have

~1cos(2knanjm) 2knrn " 2knr7t
};] P —z:la cos - Z a, cos s, =5, (17)
We infer by partial summation
2k 2m—{
a20+ Z a, cos nrn: Z (ar_ar+l)Dr+a2mD2m
r=1 r=90
2m—2
= (a,—-za,+1+a,+2)B,
r=90
+(a2m —l-a2m)BZm——l+02mD2m’ (18)
Here 6 = 2knn/m, so that 0 <8 <2,
1 1 R sin(R+1/2) 6
Dy=+, =<+ ————.——',
°72 Dr=3 E 2 sin(8/2) (19)
1 R sin(R + 1)(6/2)
By==, —_— ] .
072 E ( sin(6/2) ) (20)
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From (16), (19), and (20),

B _{ m+l1 m m+2 m+1
Gam 17 Gom = (sin(n/m) B sin(27t/m)> B (sin(n/m) h sin(2n/m)>
—1 1
= +— s
sin(n/m)  sin(2n/m)

(21)
D _sin(2m + 1/2)(2knn/m) 1
e 2sin(knn/m) S’
B _ 1 /sin(2m—1 + 1)(knn/m) o 0
T ( sin(knn/m) ) o

Let ¢(x)= (1/sin(nx/m)) for 0 < x <m. We have

©"(x) =g%f(/n-—’%;—1) (sin?(nx/m) + 2 cos®(nx/m)) > 0.
Hence
- : - 2 + — : >0 r=12,..m—3)
sin(rn/m) sin((r + 1) n/m) sin((r + 2) n/m)
(22)
By (15) and (22), we get
a,—2a,, ,+a,,.=20 (r=0,1,2,.. 2m-2) (23)
Hence, by (18), (21), and (23), we have
512 Masm —ay)=3lay + ay, — 2ay). (24)
Similarly,
.‘fﬁiz:_l + rifm a, cos 2knrm = a,,,z,, Ly I'anzo a,, ., ,COS %ﬂ%r)f
= &"5—1 + riio d,, ., Cos 2k:1m

m—2
= 2 (am+r_2am+r+l+am+r+2)Br
r=—1

+(a:’.m frl_a2n1)Bm—l+a2mDm' (25)
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By (15), (19), and (20), we get
Ay =284 v 1+ Qi i2=0 (r=-1,0,1,..,m=-2) (26)

. Sin(m+1/2)2knnjm) _1
"7 2sin(kan/m) 27
_ L/sin(m — 1+ 1)(knn/m)\*
B —y= < sin(knn/m) ) =0.

(27)

)
Thus, by (25), (26), and (27), we have
§3= o — Ap_1 ). (28)
From (9), (17}, (24), and (28), we get

~ ! cos(2knna/m) _ 1
__—.....__> - ' — —
gl sin(an/m) 2 (@1 +a,—2a,)

— o

1 2
<sm ((m—1)7n/m) sm(2n/m)— sin(n/m))

1

sm(2n/m sm(n/m))
o n 2k —1
Z Ck <_~_> (22k——l_ 1)
=0

x 2k—1 .
- - - 2k -1 _
= 4n+ Y Ck(m) (2 1)
> ——, (29)

Again, if 2knn/m = 2x, then

! cos(2knan/m)

. sin(an/m) (30)

P

H 2knn/m>2n, then there exist positive integers &', n' such that
0<2k’n'n/m < 2n. We have

cos(2knan/m) "' cos(2k'n'an/m) m

g = . >~ (31)

. sin(an/m) o sin(an/m)

Obviously, our lemma follows from (29), (30), and (31).
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3. ProOOF OF THEOREM 1

Using the Fourier series

. 2 4 % cos2kf
sin0)=2-2 L Gy
we have
m—1 :
_ [sin{zan/m)|
S (m, n) El sin(wa/m)
2m! 1 4 = 1 ™=!cos(2knan/m)
== - - 32
n /=, sin(na/m) 1':,(%l 4k —1 El sin{am/m) (32)
By Lemma 1,
2m-! 1 4m 2
2 L St < logm+r—log(m/2)) + 22~ 1/m. (33)
By Lemma 2,
4 = 1 " 'cos(Rknan/m)  m (34)

"7 LT X sintraim) 20

=1

Combining (32), (33), and (34), we have
4 1 2 1
f(m,n)<—';(logm+y+——log(1r/2))+—(2——) (m>3).
T 8 s i

Suppose now that m =2, 3; then we have
s, my =Ll
<1 <%<10g2+)}+%—10gg>+%<2—%>s
-t
2 4

S =
sin(m/3) \/5
12 1 n\ 2 1

<;r—2(log3+}'+§—log§>+;<2—;>,

completing the proof of the theorem.
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4. PROOF OF THEOREM 2

LemMma 3 [2]. For any integers m, n with m> 1, we have

2m nd?

no| . man
Y smm

a=1

where d=(m, n).

Proof of Theorem 2. By Lemma 1, (35), and (a, m)?/sin(na/m) =1, we
have

m m l m .
’Z:lf(m, n) _a§1 W 'El |sin(man/m))
<_2Ln-mil . 1 ‘———n_mvl .(a,m)2
n T, sin(na/m) 6m /T sin(na/m)
2m m—- 1 1 P m—1
< - -
T El sin(ra/m) 6m El

2

dm 2m 1 T
— (1 — 2 —2—=)=——(m—1).
< og -+ 7 log(w/2)+ 2 (2~ )~ m— 1)

So the theorem follows.
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