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Abstract—In this paper, initial value problems for Sylvester differential equations X'(t) = A(t)
X(t)+X(t)B(t)+ F(t), with analytic matrix coefficients are considered. First, an exact series solution
of the problem is obtained. Given a bounded domain 2 and an admissible error ¢, a finite analytic-
numerical series solution is constructed, so that the error with respect to the exact series solution is
uniformly upper bounded by € in 2. An iterative procedure for the construction of the approximate
solutions is included.
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1. INTRODUCTION

Sylvester matrix differential equations of the form
X'(t) = A(t)X (t) + X (¢)B(t) + F(t), X(0)y=2C, (1)

where the coefficient A(t), B(t), and F(t), as well as the unknown X (¢) are matrices in C™" are
frequent in large-space flexible structures [1], jump linear systems [2], control of linear systems
with non-Markovian modal changes {3], or when one uses semidiscretization techniques to solve
scalar partial differential equations [4]. For the particular case where the coefficients are real
matrices and B(t) is the transposed matrix of A(t), equation (1) becomes the Lyapunov differen-
tial equation. An account of examples, properties, and applications of the Lyapunov differential
equation may be found in [5].

Several numerical integration methods of solving problem (1) for the case where A(t), B(t),
and F(t) are constant matrices, have been given in [6-10]. A modification of the Runge-Kutta
method for problem (1) has been proposed in [11]. A method for constructing continuous numer-
ical solutions of (1) has recently been given in [12] using linear unilateral associated problems and
one-step matrix methods. However, the method proposed in [9] is expensive from a computational
point of view.

Here we consider problem (1), where the coefficients A(¢), B(t), and F(t) are C™" valued
analytic functions in |t| < ¢, say

At)=)_Ant",  B(t)=) But", F(t)=)> Fu", |t<c (2)

n>0 n>0 n>0
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The aim of this paper is to construct analytic-numerical solutions of problem (1) with a prefixed
accuracy in a domain [t| < A < ¢, and its organization is as follows. Section 2 deals with the
convergence proof of a series solution of problem (1) in |t| < ¢, under the hypothesis (2). Some
important technical lemmas that will be used in the further error analysis are proved in Section 3.
In Section 4, we address the following question. How to construct an analytic-numerical finite
series solution in |t| < A, whose error with respect to the exact infinite series solution is uniformly
upper bounded by a prefixed admissible error € > 0. An iterative procedure for the construction
of such an approximate solution is also included.

Throughout this paper, the norm || D|| of a matrix D in C™", is the 2-norm of D, defined by
13, p. 53]
| Dl

ll=ll

where for a vector y in C, |lyll denotes the usual Euclidean norm of y. If z is a real number, we
denote by [z] its entire part.

I D]l = supz # 0

2. CONVERGENCE OF THE SERIES SOLUTION

In this section, we seek an analytic series solution X(t) of problem (1) of the form

X(t) =Y Xut", Jt|<e, (3)

n>0

where X, are matrices in C"*" to be determined. Taking formal derivatives in (3), one gets

X'(t) =) (n+1)Xpt". (4)

n>0

Assuming for the moment that a solution of the form (3) exists, by Merten’s theorem for the
product of matrix series, by (1) and (3), it follows that

AWX(H) = (Z Antﬂ) (Z X,.t") -y (z An-kxk) e, ®)

n>0 n>0 n>0 \k=0
X()B(t) = (E X,.t") (Z B,.t") =) (i X,,_kBk> t. (6)
n>0 n2>0 n>0 \k=0

By imposing that X (t) given by (3) satisfies (1), and taking into account (4)—(6), one gets

d (n+1)Xut =) (zn: A,,_,,Xk) "y (zn: X,,_,ch) "+ Y Fot”

n>0 n>0 \k=0 n2>0 \k=0 n>0

n (M)
=Y {F,, D (An-k Xk + X _kB,,)} t".
n>0 k=0
Equating the coefficients of t” in (7), it follows that
n
M+ 1)Xnp1 =Fn Y (An-kXk + XnkBi), n20, Xo=C. ®)
k=0
Taking norms in (8), one gets
n

(n+ 1) 1 Xnal S 1Fal Y (1An-ell 1 Xkl + 1 Xl [ Bi]]) - (9)

k=0
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By Cauchy inequalities [14, p. 222}, there exists a positive constant M > 0 such that

M M M
lAnll < = e IBall < =,  lIFall < v 0<p<e n20 (10)
From (9) and (10), it follows that
M
(n+1) || Xns1ll < > 1+2Z||Xk||p n>0, 0<p<ec (11)
Hence,
Kol < =M (14231l 4),  n20, 0<p<e (12)
" (n+1)pn = ’ 7 '
Let us introduce the sequence of positive numbers {6, }»>0 defined by 8y = || Xo|| = ||C||, and &,
for n > 0 is the solution of the equation
b1 = D) n(1+226kp> n>0. (13)

By the definition of {6,}n>0 and (12), using the induction principle, it is easy to prove that
1 Xl £ 6n, n>0. (14)

By (14), in order to prove the convergence of the series (3) where X, is given by (8), it is sufficient
to guarantee the convergence of the numerical series

D bat™,  O<|t|<c (15)

n>0
By the definition of &, see (13), one gets
(n+1)6p41 — p 'nép, =2M6,, n>0. (16)
Hence,

(Sn+1 _ 2Mp+n

6o (n+1)p’
bnprftI™ 2| :
limn - co—=t - DN if |t| < p.
bnlt™ p th<p

Thus, (15) converges in |t| < p, where p is any positive number with 0 < p < ¢, i.e., the series (5)
converges in |t| < ¢. This means that the series (3),(8) is not only a formal solution, but the
rigorous solution of problem (1).

REMARK 1. Given a point ¢t with 0 < |¢4| < ¢, by the properties of the analytic functions, the
functions A(t), B(t), and F(t) admit a power series development of the form

At) = Aq(to) (t—t0)",  B(t)=)_ Balto)(t —to)",

n>0 n>0
F(t)=) Fn(to)(t—to)",  |t—tol <c—lto|.

n>0
If we consider the initial value problem

X'(t) = A)X(t) + X(¢)B(t) + F(t), X (to)=C(to), to<t<g (17)
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by the previous arguments, it is easy to prove that the exact series solution of problem (17) is
given by
X(t)=)_ Xn(to)(t—to)", to<t<ec,

n>0

Xo (to) = C (to),

Xns1 = —= 4 Fulto) + 3 (An-r (t0) X (fo) + X (t0) Br (ta) §, 1 >0.
n+1 =

Also, by Cauchy’s inequalities [14, p. 222] applied in the disk |z ~ tp} < ¢ — |to], one gets

M
|An (to)ll < | Br (to)|l < =™

(c—lto])™’
M
[ >
"Fn(tO)" = (c_ltol)na TL_O,

where M > sup{||A@®)|l, || B(t) | F(t) |t — to] < ¢ — |to]}. For the sake of clarity in the notation,
in the following the coefficients of the power series expansions of A(t), B(t), and F(t) about
t = (j—1)by, j > 1, will be denoted by A,(j — 1), B,(j — 1), and F,(j — 1), respectively.

3. TECHNICAL LEMMAS

We begin this section with a result that provides an a priori error bound of the theoretical
solution of problem (1).

LEMMA 1. Let A(t), B(t), and F(t) be continuous C™*" valued functions in [0, A], and let X(t)
be the solution of problem (1) in [0, A]. Then

I X @ < (IICII + /OA IF () dS) exp (/OA (LA + I B(s)) dS) ,  0<t<A  (18)
PRrOOF. By integrating in (1), one gets that the solution X (t) verifies
X(t)-C = /0 " (A(5)X(5) + X(s)B(s) + F(s)} ds. (19)
Let f(£) = | X(t)|| and g(t) = [ A(£)]| + || B(t)|. Taking norms in (18), it follows that

ﬂﬂsﬂ®+Ag®ﬂ@®, 0<t<A (20)

By application of Gronwall’s inequality [15, p. 95] to (20), one gets (18).

LEMMA 2. Let A(t), B(t), and F(t) be continuous C™*" valued functions, and let X,(t) be the
solution of

X1(t) = A@®)X1(t) + X1(t)B(t) + F(¢t), Xi(a)=P, a<t<f, (21)
and let X2(t) be the solution of
Xa(t) = A()Xa(t) + X2(t)B(t) + F(t), X2(a)=Q, a<t<p. (22)

Then
I X1(8) — X2()|| < |1P - Qllexp (8 — a)(|ADI + I B®)I)), a<t<B. (23)
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PROOF. Let G(t) = X;(t) — X2(t). By integrating (21) and (22}, one gets

X,(t)=P+ /t {A(8)X1(8) + X1(s)B(s) + F(s)} ds, a<t<g,

a

Xa(t) = Q + / {AG)Xa(s) + Xals)B(s) + F()} ds,  a<t<p, (24)
t
Gt)=P-Q+ / {A(s) (X1(s) — Xa(s)) + (X (s) — Xa(s)) B(s)} ds.

Taking norms in (24) and denoting g(t) = ||G(t)]|, it follows that

@) <|P-Ql +/ (AN +1B(s)l) g(s)ds, a<t<p. (25)

By application of Gronwall’s inequality to (25), see [15, p. 95], one gets (23). For the sake of
clarity in the presentation, we state the following resuit about the summation of double series,
whose proof may be found in [4, p. 173].

LEMMA 3. Given a double sequence {a;;}, i > 1, j > 1, let us suppose that

Zlaijl =b;, 121, (26)

Jj21

and that ), b; converges. Then

Z Zaﬁ = Z Za,—j. (27)

i>1 j>1 §>1 i>1

4. CONSTRUCTION OF ACCURATE APPROXIMATIONS

In this section, we address the following question under the hypothesis (2). Given a bounded
domain [0, A], with A < ¢, and an admissible error ¢ > 0, how do we construct a finite approximate
solution X (t, ) defined in [0, A] so that the error with respect to the infinite series solution given
in Section 2, be uniformly upper bounded by ¢ in [0, A].

Given € > 0 and A > 1, let h = [A] + 1, and note that

A
by = —— <1, bhh=A, h=[Al+1. 28
1 [A]+1< 1 (4] + (28)

Let b and a be positive numbers such that
0<b<b<1l, A<a<eg, b< b+ (a—A4), (29)

where b is defined by (28) and ¢ by (2). Note that, in this way, the interval [0, A] has been divided
in h subintervals [0, b1], [b1,2b1],...,{(h — 1)b1, A].

By the development of Section 2, we know that the exact solution of problem (1) in [0, b,] is
given by

Xi(t) =) Xat", 0<t<by,
n>0
(30)

1 n
X() = C, Xn+1 = ’I’l_+1 {Fn + ;(An_ka + Xn—kBk)} y n Z 0.
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Now let us consider the truncated series of order m of X;(t):

Yi(t,m) =) Xat", 0<t<b. (31)

n=0

For |t| < by, it follows that

IXi(8) - Yit,m)l = || D Xat™|[< D [1XallbF. (32)
n>m+1 n<m+1
Let || Xn|| = ¥n, and let M > 0 such that
sup0 < ¢ < a{lA@®)I, IBOI IFGI 1X®I} < M, (33)

and recall that by Lemma 1, such a value of M is easy to obtain in terms of the data. By Cauchy’s
inequalities and Section 2, one gets (see (12))

M n
‘Pn+15m(1+2zwkbk), n>0,
k=0

M n—1 .
on S —3 1+2) onb* ), n>1.
k=0

(34)

From (32) and (34), one gets

1X:) - Yattm)l € 3 {% (1+2z-:<pkb’°)}b';

n>m+1 k=0

n n—1
=Mb 3, %(%) + 2 (n—izMzgwkb") b (35)

n>m+1 n>m+1

n n-1
<Mb Y (Pb—‘) + > (nii\{lkz‘%bk) -3

n2m+l n>m+1

By the convergence of the series 3, -, ,; ¢ and Lemma 3, we can write
oM =2 k) " 1 (b \™
S (s pot) =2 T 2 ()
n>2m+1 (nb" k=0 izl m+J b
1 /b\™" 1 (bl) m+
+2Mb? — | 2Mb? — == e
m;m-w (b) + ¢2Zm+1 b +

2Mb™+1 _1 ()™
+ Om Y —

j21

i>2

)
+2Mb'"+2<pm+12—1— b
i\ b
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Hence,
1 /b \™"
= wkb") 2Mb —-——(—) (o + b1 + -+ + b™ o)

ramp o, Y L ()™
" Lam i\ b

i22

4 (36)
+ bm+2(p +2Z _1_ (ﬁ)""'“ + .-
m . "
sam +j7\b
+ Z 1 (b \™
e ()
i m+7\ b
As for [ > 1, one gets
ORIOPORORT
i~ b b e~ b 1~b,/b
< by ™ b /b _ by by m
—\b 1-b/b b—by \ b ’
m+j m+j
(i) <z(3)
=t i3l
from (36), it follows that
< 2Mb(by/0)" b\
k 1 () 1
Z ( bn—lz b) = 1—-b1/b [an(Pn“F Z enb ( )
n>m+1 n>m+1
(37)
2Mb(b1/b) Z
< b"on
1- b /b n>0
By Cauchy’s inequality [14, p. 222] and (33), it follows that
M
leal < 200 m20, (38)
where M is given by (33). Since
bi\" _ (b1/b)™+!
Z (-b_> T 1-by/b’ (39)
n>2m+1

by (35),(37)-(39), it follows that
| X1(¢) — Yi(t, m)]|
Mb . 2M(by )™ Mb oM\ (bi\™
ST"t/b {(b‘/b) T e }5 T= 6,76 (” 1—b/a> (?1) - (40)

Let us suppose for a moment that we choose the first positive integer m, such that

€ )’"* e(1-by/b)
b 3Mb (1 + (2M/1 - (b/a))) [h + (h — 1)eko]’

(41)
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where
L = max {||A(s)l + [ B(s)ll; 0 < s < A}. (42)
Then from (40),(41), it follows that

"XI(t) - },l(t) ml)

€
IS sprememy M<he (43)

Note that m; can be determined taking the first positive integer m, verifying

In € (1 - 2b].)
3Mb (1 n f_ﬂf) [h+ (h - 1)elts]

> 44
™ In %1 (44)

Now let us consider the initial value problem in [b;, 2b;]:
X'(t) = AX () + X(OBE) + F(H),  X(b1) = Yi(bs, ma). (45)

By application of the method developed in Section 2, and taking into account Remark 1, the
solution of (48) can be written in the form

Xo(t) =Y Xa()(t—b1)", b1 <t< 2,

n>0
XO(]-) = Yl(blvml)a (46)
Xns1(1) = ﬁi {Fn(l) + > (An-k(1)Xk(1) + X, -k(l)Bk(l))} ,
k=0

where Fy,(1), Bn(1), and A,(1) are the Taylor coefficients of the power series expansions of F(t),
B(t), and A(t), respectively, about t = b;. Note that from (33), and Cauchy’s inequalities applied
to F(t), B(t), and A(t) in the disk |z — b)| < a — by = a3, it follows that

M M M
4l < 0 IEMIS 5, IBI< 3, n20 (47
1 1 1
If we truncate the series (46) by its m* partial sum
my
Ya(t,m) = ZX,,(I) (t —b)", by <t <2b, (48)
n=0

then by Remark 1, (47) and (44) replacing a by a; = a ~ b, if my is the first positive integer
verifying

- c(1-%)
3Mb (1 + 1%"1—) [h+ (h — 1)eldy]
ma > n gbl s (49)
it follows that
1Xa(t) — Ya(t, ma)|| < : bi<t<2t, (50)

h+ (h —1)elb:’
where L is given by (42). Inductively, going on from [by, 2] to [2b1, 3b,], and so on, if we denote
by Y;_1(t,m;_1) the approximation of

Xi(t) =Y Xa(G—1) (t—(G-1)b)",  (j-1)b1 <t < jby,

n2>0
Xo(j — 1) = Y1 (b1, mj-1), (51)

Xowa(G—1) = —— {Fno' S0+ 3 (Anokl ~ DXe(G 1) + Xnok(G - 1)BeG — 1))} :
k=0
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where m; is the first positive integer verifying

b
. ((1-4)
3Mb (1 + T_—ZMI) [h + (h— 1)6”’1]
mg > ’l;:gbl ) (52)
and
aj_1=a—(j—1)b, 1<j<h, (53)
by the previous arguments, the truncation series of order m; of X;(t), defined by
m;
Yi(t,ms) =Y Xa(i=1) (¢ = G~ 1)br)" (54)
n=0
satisfies ;
15 (t) = Y;(¢,my)ll < At (h_1)elh (—1b <t <jbr. (55)

Note that in order to select m;, we have used that the matrix coefficients A,(j — 1), B,(j — 1),
F,(j — 1) of the power series expansions of A(t), B(t), and F(t), respectively, verify

. M . M .
AnG—DI € 5 IBaG-DI < 5— IFRG-DIL 55—, n>0. (56)
a;_y a;_1 j-1
Thus, the approximate solution X (¢, ¢) defined by
X(t,€) =Y (t,m;), (j—1)by <t < jby, 1<j<h, (57)

where Yi(t,m1) by (30),(31), with m = my, and for 1 < j < h, Yj(t,m;) is defined by (51),
being m; the first positive integer verifying (52).

Note that in the interval [0, b,], the approximation error between the exact series solution X (t)
given by (30) and X(¢,¢€) defined by (31), is the truncation error bounded by (43). However,
in each subinterval [(j — 1)by, jb1] for 2 < j < h, we have two contributions to the error; the
one coming from the consideration of an approximate initial condition at the (j — 1)b;, and the
truncation error when one considers the mjth partial sum instead the infinite series. Hence, for
any t € [0, hb1] = [0, A}, by the previous comments and Lemma. 2, one gets

¢ h-1 € eelb
1X®) - Xt < g m e * ; [h+ -1l  hy(he l)eu’l]
he (h—1)e (58)

S REG-1eh TRy (ho1)etn

- ¢ —1elt] —
= AT o) [A+ (h—1)e""] =

Note that if A < 1, then taking b; = A, the approximate solution X (t,¢) = Y;(t,m) defined
by (31), satisfies also
I|1X(t) - X(t,€)| <e, 0<t<b =A. (59)

Note that by the selection of b given by (29), even in the last subinterval of the construction
procedure [(h — 1)by, hb; = A), the distance a — (h — 1)by = ap—y = by + (a — A) > b. Thus, the

series .
z( ) < +o0,

n>0
and (40) holds, replacing a by a;_1, for 2< j < h.

ah—1
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Summarizing, the following result has been established.

THEOREM 1. Let us consider the initial value problem (1) in the interval [0, A], where0 < A< ¢
and the matrix coefficients A(t), B(t), and F(t), are C™*" valued analytic functions in |t| < c. Let
X(t) be the exact series solution given by (3),(8). Given an admissible error € > 0, the following

procedure provides the construction of an approximate solution X (t, €), whose error with respect
to X (t) is uniformly bounded by ¢ in [0, A]:

X)) - Xt el <e (60)

CAsEl. A<1,e>0 Letby=A, h=1,b=1,a>1 Compute M satisfying (33) using (18).
Let m; be the first positive integer verifying (44). Let Xo and X4+ for 0 < n < m; —1 be defined
by (30). Then X(t,e) = Y1(¢,m) defined by (31) is the approximate solution of problem (1) in
[0, A] verifying (54).

CASE 2. A>1,€e>0. Let h=[A]+1, b = A/([A]+1), A=bh,A<a<c,b<b +a-A
Compute M satisfying (33) using (18). Let m; be the first positive integer verifying (44). Let
us compute A, = A,(0), B, = B,(0), and F,, = F,(0) for 0 < n < my, given by (2). Let
Y:(t,m,1) be defined by (30),(31). Let j = 2 and a; = a — b;. Let mg be the first positive integer
verifying (49) and Y5(t, m2) be defined by (54) with j = 2 and X,,(1) given by (51). Inductively,
for each j > 2, given Y;_,(t,m;_,) defined by (51)—(54), for j — 1 instead of j, let m; be the
first positive integer verifying (52), where a;_; is defined by (53). Let Y;(¢,m;) be defined by
(51)—(54) in (j — 1)by <t < jby. For j = h, construct Yj(t,ms) by (51)—(54), where my, is the
first positive integer verifying (52) with ap_; defined by (53). Then X(t, €) defined by (57) is the
required approximate solution of problem (1) in [0, A] verifying (59).
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