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Abstract

We consider here pseudo-differential operators whose symbol a(x, &) is not infinitely smooth
with respect to x. Decomposing such symbols into four—sometimes five—components and
using tools of paradifferential calculus, we derive sharp estimates on the action of such pseudo-
differential operators on Sobolev spaces and give explicit expressions for their operator norm
in terms of the symbol o(x, £). We also study commutator estimates involving such operators,
and generalize or improve the so-called Kato—Ponce and Calderon—Coifman—Meyer estimates
in various ways.
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1. Introduction
1.1. General setting and description of the results

Among the widely known properties of pseudo-differential operators with symbol in
Hormander’s class S, two are discussed in this paper. The first one concerns their
action on Sobolev spaces, and the second one deals with the propertles of commutators.

It is a classical result that for all ¢! € Sl’o, the operator Op(c') maps H*T (R%)

into H(R?) for all s € R. Moreover, the proof shows that
Vu € HP"(RY),  10p(a)ulms <C (") |u| gsim . (1.1)

Concerning the study of commutators, Taylor (following works of Moser [16] and
Kato—Ponce [10]) proved in [17] that for all ol € Sm), with m; > 0, and all ¢% €

HOO(Rd), one has for all s >0,

[[Op(ah), a*1u

i1 SC(@) (167 e || roeemi 1 + 167 s [ oo); (1.2)

another well-known commutator estimate is the so-called Calderon—Coifman—Meyer
estimate: if m1 >0 then for all s >0 and ty > d/2 such that s +m <9+ 1, one has
(see [20, Proposition 4.2] for instance):

[lOp(c"), 02 u| s C(0)6?] fyigt |l sy 1. (1.3)

A drawback of (1.1)-(1.3) is that the dependence of the constant C () on a! is
not specified. This may cause these estimates to be inoperative in the study of some
nonlinear PDE; indeed, when solving such an equation by an iterative scheme, one is
led to study the pseudo-differential operator corresponding to the linearized equations
around some reference state. Generally, the symbol of this operator can be written
o(x, &) = Z(v(x), &), where Z(v, &) is smooth with respect to v and of order m with
respect to &, while v(-) belongs to some Sobolev space H“(IRd). For instance, in the
study of nonlinear water waves, one is led to study the operator associated to the
symbol (see [11])

a(x, &) =1+ |VaP)|é? — (Va - &)2, (1.4)

which is of the form described above, with Z(v, &) = /(1 + [v2)[E2 — (v - &)2 and
v(-) = Va. Such symbols a(x, ) are not infinitely smooth with respect to x, since
their regularity is limited by the regularity of the function v. One must therefore be
able to handle symbols of limited smoothness to deal with such situations; moreover,
one must be able to say which norms of v(-) are involved in the constant C(c') of
(1.1)—(1.3).

But even knowing precisely the way the constants C(c') depend on o', estimates
(1.1) and (1.2) may not be precise enough in some situations. Indeed, when one has to
use, say, a Nash—Moser iterative scheme, tame estimates are needed. For instance, in
such situations, the product estimate |uv|gs < |u|gs|v|gs (s > d/2) is inappropriate and
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must be replaced by Moser’s tame product estimate |uv|gs < |uloo|v]ms + |u]gs|V]so
(s =0). Obviously, (1.1) is not precise enough to contain this latter estimate. Part of
this paper is therefore devoted to the derivation of sharper versions of (1.1).

In the works dealing with pseudo-differential operators with nonregular symbols, the
focus is generally on the continuity of such operators on Sobolev or Zygmund spaces
(see for instance [17,18]) and not on the derivation of precise (and tame) estimates.
In [7], Grenier gave some description of the constants C(c') in (1.1)=(1.2) but his
results, though sufficient for his purposes, are far from optimal. In this article, we aim
at proving more precise versions of (1.1)—(1.3), and we also give some extensions of
these results. Let us describe roughly some of them:

Action of pseudo-differential operators on Sobolev spaces (see Corollary 30): Take
a symbol ¢ € S{’fo of the form o(x, &) = X(v(x), &), with X as described above and
v € H*. Then Moser’s tame product estimate can be generalized to pseudo-differential
operators of order m > 0: for all s > 0,

10p(@)ul s S C(Ivloo) ([0l grstm |t]oo + lul prstm).

Another estimate which does not assume any restriction on the order m and also holds
for negative values of s is the following: for all #y > d/2, one has

V—10<s<to, [0p(@ulps < CUvlcc)|vlprlulpsim,
Vig<s,  1Op(@)ulps S C(vloo) (vas [ul gmio + |ul ps+m).
Commutator estimates: In this paper, we give a precise description of the constant

C(c') which appears in (1.2) and (1.3), and generalize these estimates in three direc-
tions:

e We control the symbolic expansion of the commutator in terms of the Poisson brack-
ets. For instance, in the particular case when the symbol o!(x, &) = ¢!(¢) does not
depend on x, we derive the following estimate (see Theorem 5): if m; € R and
n € N are such that m; > n, then for all s >0, one has

[10p(a"). o2l = Op(t, o*hou|

<C(oh (|v"+loz|w|u|m+ml_n_1 162 o |u|oo> ,

and a precise description of C(c!) is given; if ¢'(-) is regular at the origin, we have
a more precise version involving only derivatives of o2,

10p(e"), 1 = Op(la", o})u|
§ C/(O'l) (|Vn+10'2|oolu|Hs+m1—n—l + |Vn+162|Hs+m|—n—l |M|OO> .
For a similar generalization of (1.3), see Theorem 6.

e We allow ¢ to be a pseudo-differential operator and not only a function (Theorems
3,4, 6,7 and 8, and Corollaries 39 and 43);
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e We give an alternative to (1.2) allowing the cases m; <0 and s < 0 (Theorems 3
and 7 and Corollaries 39 and 43); similarly, we show that negative values of s and
m1 are possible in (1.3) (see Theorems 6 and 8). For instance, if o! is a Fourier
multiplier of order m; € R and ¢ is of order my € R with ¢2(x, &) = 22 (v(x), &)
and v € H®(R?)? then for all s € R such that max{—fy, —fg — m1} < s (with
to > d/2 arbitrary),

[¢" (D), ¢*(x, D)]u — Op({a", o*})ul

<C(01 ) |U|W)H»l,oo)(|u|Hx+ml+m27n71 + |U|H(3+m1/\n)+ |M|Hm1+m2+tofml/\n).

The above results admit generalization to LP”-based Sobolev spaces and Besov
spaces, but we deliberately chose to work with classical L2-based Sobolev spaces
to ease the readability. We refer the reader interested by this kind of generalizations to
[21,22,12,17,18] for instance.

The methods used to prove the above results rely heavily on Bony’s paradifferential
calculus [3] as well as on the works of Coifman and Meyer [14,15].

In Section 2, we introduce the class of symbols adapted to our study; they consist
in all the symbols a(x, ¢) such that a(-, ) belongs to some Sobolev space for all &.
These symbols are decomposed into four components, one of them being the well-
known paradifferential symbol associated to ¢, and some basic properties are given.

In Section 3, we study the action on Sobolev (and Zygmund) spaces of the four
components into which each symbol is decomposed, and give precise estimate on the
operator norm. These results generalize classical results of paraproduct theory and are
in the spirit of [12] and especially [21] (but the estimate we give here are different
from the ones given in this latter reference). Gathering the estimates obtained on each
component, we obtain a tame estimate on the action of the operator associated to the
full symbol a(x, &).

Section 4 is devoted to the study of commutator estimates. We first give in Propo-
sition 31 precise estimates for Meyer’s well-known result on the symbolic calculus for
paradifferential operators. In Section 4.1, we address the case of commutators between
a Fourier multiplier ¢' (D) and a pseudo-differential operator ¢2(x, D); we study some
particular cases, including the case when o2(x, &) = ¢2(x) is a function. The case when
o!(x, D) is a pseudo-differential operator (and not only a Fourier multiplier) is then
addressed in Section 4.2.

Throughout this paper, we use the following notations.

Notations: (i) For all a, b € R, we write a A b := max{a, b};

(ii) For all a € R, we write a4+ := max{a, 0}, while [a] denotes the biggest integer
smaller than a;

(iii) If f € F and g € G, F and G being two Banach spaces, the notation | f|r <|g|c
means that |f|r <C| glg for some constant C which does not depend on f nor g.

(iv) Here, S(RY) denotes the Schwartz space of rapidly decaying functions, and for
any distribution f € &’ (RY), we write respectively f and f its Fourier and inverse
Fourier transform.
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(v) We use the classical notation f(D) to denote the Fourier multiplier, namely,

FDu() = fORC).
1.2. Brief reminder of Littlewood—Paley theory

We recall in this section basic facts in Littlewood—Paley theory.
Throughout this article, ¥ € C(‘)’O(Rd) denotes a smooth bump function such that

Y@ =1 if [¢[<1/2 and  Y(&) =0 if [{>1, (1.5)

and we define ¢ € CSO(R‘J) as

&) =Y(E/2) — (&) Vée R, (1.6)

so that ¢ is supported in the annulus 1/2< || <2, and one has

L=y + ) o779 VieR: (1.7)

p=0

For all p € Z, we introduce the functions ?ps supported in 2p-1 <|f|<2p+l, and
defined as

p,=0if p<—1, o_ 1=y, ¢,()=0Q27") if p>0. (1.8)
This allows us to give the classical definition of Zygmund spaces:

Definition 1. Let r € R. Then C:(Rd) is the set of all u € S’'(R%) such that

lulcr == sup 2P"|@,(D)uloo < 00.
p=z-1

Remark 2. We recall the continuous embeddings H*(R?) Ci_d/ 2([RR"), for all s € R,

and L>®(RY) ¢ CO(RY).

We now introduce admissible cut-off functions, which play an important role in
paradifferential theory ([3,14]; [13, Appendix B]).

Definition 3. A smooth function y(y, ¢) defined on R? x R? is an admissible cut-off
function if and only if:

e There are d; and J, such that 0 < §; < 02 < 1 and

VIEZ1/2, (O =1 for [nl<orlcl,
VIEIZ1/2, x(n, 9 =0 for [n]=0d2[<l;
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e For all o, ff Nd, there is a constant C,, B such that

Y, &) e R, ¢1=1/2,

ool & <Cyptey T, (1.9)
Example 1. A useful admissible cut-off function is given, for all N >2, by

1.8 = > @ P Ne,©):; (1.10)

p=-1

One can check that it satisfies indeed the conditions of Definition 3 with §; = 2~N—2
and 6, =21V,

An important property satisfied by admissible cut-off functions is that j(-, &) and its
derivatives with respect to ¢ enjoy good estimates in L!-norm. The next lemma is a
simple consequence of the estimates imposed in Definition 3; we refer for instance to
[13, Appendix B] for a proof.

Lemma 4. Ler (7, &) be an admissible cut-off function. Then for all f € N, there
exists a constant Cg such that

vee R |ohi, ) gy <Cpt&) .

Finally, we end this section with the classical characterization of Sobolev spaces (see
for instance [5, Theorem 2.2.1] or [18, Lemma 9.4]).

Lemma 5. Let (up),>-1 be a sequence of S’([R%d) such that for all p>0, @ is
supported in A2P~V <|E| < B2PTL, for some A, B > 0, and such that u_y is compactly
supported.

If, for some s € R, Z 22"”|up|% < o0, then
p=-1

Y up=ueH®RY) and |ulf<Cst Y 27 |u,l3.
p=-—1 p=-1

Conversely, if u € HS(RY) then

> 227, (D)ul3 <Cst |ulgys.
pz-—1
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2. Symbols

As said in the introduction, we are led to consider nonregular symbols a(x, &) such
that

o(x, &) =Z(v(x), O, 2.1)

where v € CO(RY)? for some p € N, while £ is a smooth function belonging to the
class C°(RP, M™) defined below.

Definition 6. Let p € N, m € R and let £ be a function defined over RY x Rg. We
say that ¥ € C°(RP, M™) if

, € CR(RP L=(IEI<1));
e Forall x e N?, S e N, there exists a nondecreasing function C, g(-) such that

* Ziar <

sup  (&FImm
EeRYjE1>1/4

Sz, o <Cypon.

Example 2. One can write the symbol a(x, &) given in (1.4) under the form o(x, ) =
(Va, &), with Z(v, &) = V(L + |[v)|E? — (v-&)2. One can check that ¥ € C®
(R4, MY).

Remark 7. (i) We do not assume in this article that the symbols are smooth at the
origin with respect to & (for instance, (1.4) has singular derivatives at the origin). This
is the reason why the estimate in Definition 6 is taken over frequencies away from the
origin, namely || >1/4.

(i) When p = 0, then C*°(RP, M™) coincides with the class M™ of symbols of
Fourier multipliers of order m.

Let us remark now that if o(x, &) is as in (2.1), then one can write

o(x, &) =[o(x, &) — Z(0, O] 4+ Z(0, &):

the interest of such a decomposition is that the second term is a simple Fourier mul-
tiplier while the first one is in HY(RY) if v e HS(RY)P, s > dj2:

Lemma 8. Let peN, meR, so > d/2 and take veH(RHP and TeC®(RP, M™);
set also o(x, &) == Z(v(x), &).

Defining t(x, &) = a(x, &) — 2(0, &), one has ©(-, &) € H%(RY) for all ¢ € R4,
moreover:

e One has 7y . € L®{|E1<1); HO(RY));

[ér<t
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e For all f e N? and 0<s <0,

sup (&= |obe, ¢
ceRYIE1>1/4 )

» <C; g(vlzDlvlas,

where C ; (+) is some nondecreasing function depending only on the Cy g(-), || <[s]
+ 2, introduced in Definition 6.

Proof. This is a simple consequence of Moser’s inequality (see e.g. [18, Proposition
3.9]) and the properties of X set forth in Definition 6. [J

The previous lemma motivates the introduction of the following class of symbols
(see also [21,12] for similar symbol classes).

Definition 9. Let m € R and 5o > d/2. A symbol a(x, ) belongs to the class I'{ if
and only if

o One has o, . €L{IE<1); H%(RY));

e For all § e N, one has

< Q.
H*0

sup (@ oloc, &)
CeR%[EI>1/4 )

We now set some terminology concerning the regularity of the symbols at the origin.

Definition 10. We say that £ € C*°(R”, M™) is k-regular at the origin if X, . _, €
C®(RP; WE2({|E[<1})).

Similarly, we say that o € I'{ is k-regular at the origin if Ol i<y € wkioe
(1< 1} HO(RD).

Notation 1. It is quite natural to introduce the seminorms N,:f’s(-) and M,’:[(~) defined
for all k,1 e N, s € R and m € R as

Niso) = sup sup (& |dlac
IBI<k [E]>1/4 ’

. 2.2)

and

MIZV,LI(G) ‘= sup sup (f)‘ﬂl*m
BI<k |E1>1/4

oo, 5)‘%% . 2.3)
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To get information on the low frequencies, we also define

ngs(o) == sup
IBI<k, €< 1

oo and mi@) = sup  13loC, Ol @)
" IBI<k.JE1<1

Note that M,’:fl(a) and my (o) still make sense when o is the symbol of a Fourier
multiplier (i.e. if o(x,&) = o(&)). When | = 0, we simply write M} (o) instead of
M,’C’fo(a).

Finally, the notation N,Z’?S(Via), I € N, stands for sup,_ N,;"S(ﬁza); we use the
same convention for the other seminorms defined above.

Associated to the class I'y' is the subclass of paradifferential symbols X' (in the
sense of [3,14], see also [15] and [13, Appendix B]). In the definition below, the
notation Sp is used to denote the spectrum of a function, that is, the support of its
Fourier transform.

Definition 11. Let m € R and 59 > d/2. A symbol a(x, &) belongs to the class Z;’(’) if
and only if

e One hasoel“g’(’),

e There exists 0 € (0, 1) such that
Vée R, Spa(, &) C{ne R InI<slEl (2.5)

Remark 12. If € Cgo([RRd) is as in (1.5), then the spectral condition (2.5) implies
that for all ¢ € XY, one has

VECR!, (.8 =0l O x| @HENEIE). 2.6)

It is classical (Bernstein’s lemma) to deduce that for all «, ff € Nd, one has

vee R (g>1/4, |%alac, é)‘m <Cst M (o) (&) P 2.7)
where M"’;ﬂ() is defined in (2.3).

It is well known that symbols of I'{’ can be smoothed into paradifferential symbols of
2. In order to give a precise description of the difference between these two symbols
(and of the operator associated to it), we split every ¢ € I')' into four components:

o(x,8) =o0;(x,O)+01(x, ) +0o1(x, 8 +orx, ), (2.8)
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with, for some N € N, N >4,

a1 (. &) = (&a(-, O, (2.9)

a1 = Y Y@ PN D), O~ Y(E)e, (O, (2.10)
p=—1

o1 =Y 9,(D)al, O — YW N, @11
p>—1

GRC.O= Y. Y 0D O =Y, ), 2.12)

p=-1|p—ql<N

where Y € Ci° (RY) is a bump function satisfying (1.5).
We also need sometimes a further decomposition of or as og = og,1 + og2, with

or1(, Q) =1 =¥(Dx))or(, &) and  or2(-, &) =Y (Dy)or(, 9); (2.13)

note that gg o is given by the finite sum

o2 D= YD WD), (DG O — (), ().

PSN+1 |p—q|<N

Remark 13. (i) The fact that the sum of the four terms given in (2.9)—(2.12) equals
a(x, &) follows directly from (1.7).

(i) When o(x, &) = o(x) does not depend on &, one has Op(oip)u = of(D)u,
Op(o))u = Tsu, Op(ci)u = T;0 and Op(og)u = R(c,u), with & := (1 — Yy(D))u
and where Ty denotes the usual paraproduct operator associated to f and R(f, g) =
fe—Trg —T,f (see [3,14,5]).

(iii) In [21], Yamazaki used a similar decomposition of symbols into three compo-
nents. We need a fourth one here, namely g;¢, in order to take into account symbols
which are not infinitely smooth with respect to & at the origin. A fifth component is
also introduced in (2.13); it is used in the proof of the second parts of Theorems 3—6.

In the next proposition, we check that o; belongs to the class of paradifferential
symbols X7

Proposition 14. Let m € R, so > d/2, and let ¢ € 1"?;.
Then, the symbol o; defined in (2.10) belongs to Zg’é and, for all k € N and s <s,

N,i’_fAY(JI)<Cst N,’(“fs(a) and M} (o1)<Cst M}" (o).
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Proof. One can write ¢;(-, &) = (1 — Yy (&), &) * a(-, &), where y(n, ) denotes the
admissible cut-off function constructed in (1.10). The spectral property (2.5) is thus
obviously satisfied by o; and the result follows therefore from simple convolution
estimates, together with the bounds on the L'-norm on the derivatives 8%5{(-, &) given
in Lemma 4. [

Together with the decomposition given in (2.8), we shall also need another kind of
decomposition, namely, Coifman and Meyer’s decomposition into elementary symbols.
The proof of the next proposition is a quite close adaptation of the proof of Proposition
IL5 of [6]; it is given in Appendix A.

Proposition 15. Let m € R and so > d/2, and let o € T'j. With { € Cgo(Rd) as given
by (1.5), one has

(ETENLENIEDY

kez?

RENTEEELAS "™,

with pr(x, &) = Z Chq(X)A(279E), and where:
q>-1
(i) The coefficients ci 4(-) are in HXO([RQ‘I) and for all s <so, one has

|ck,q| s <Cst N;’E (0);

%]+2,s

m

moreover, for all p> — 1, one has |qop(D)ck,q|Hs<Cst N2[§]+2,s

(6(py), where the
symbol &, is defined as o, (-, &) = ®,(Dx)a(, o).
(i1) For all k € 74, the Sfunctions /i (-) are smooth and supported in 2/5<|E|<12/5.

Moreover, ;lk‘Ll is bounded from above uniformly in k € 7¢.

3. Operators

To any symbol a(x, &) € CO(RY x Rd\{O}), one can associate an operator o(x, D) =
Op(o) acting on functions whose Fourier transform is smooth and compactly supported
in RY\{0}:

Vx € RY,  Op(o)u(x) = 2n)~¢ /R ) e Ca(x, Ou(E) dé.

The aim of this section is to study Op(s) when ¢ € I')'. In order to do so, we study
successively Op(ayr), Op(or), Op(ar;) and Op(og), where o;r, o7, 677 and og are
the four components of the decomposition (2.8).

The operator Op(g;y) is handled as follows:
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Proposition 16. Let m € R and so > d/2, and let o € T'y.

(i) The operator Op(ajr) extends as an operator mapping any Sobolev space into
HS (RY), for all s <sy. Moreover,

VieR, Vs<so, VYue H' R, |Oploipu|,, Snos(@)luly:,
where ng (o) is defined in (2.4).
@{i) If o is 2[%] + 2-regular at the origin, the following estimates also hold, for all

5 < 80,

|OP(Ulf)M|HS 5”2[%]4»2,5(0-)'“'@2 S nz[%]+2‘s (0)|u]oo-

Proof. By definition, one has
Op(e ) = m~? [ S atr, o) de
=@ / e Y(Ea(x, Hu(E) de.
1¢1<1
Since |x eix'éo'(x, E) s <Cst (EYSa(-, &)| s, one has

|Op (a1 )ul s <Cst no,s(0) |V|<1<6>'S'|ﬁ(é)| dé.
[SES

One can then obtain the first estimate by a simple Cauchy—Schwarz argument.
In order to prove the second estimate, remark that a simple expansion in Fourier
series shows that

o ! ik
SLENIES TER(S) kZZd TSI

where 1y <) is the characteristic function of the ball {|¢|<1} and

ck(x) = (1 + k|42 o)~ / TRy (Gax, &) dé.

[—m )

Using methods similar to those used in the proof of Proposition 15, one obtains that
|Ck(')|HS gnz[%]+2’s(6). Since

OP(Ck(X)eié'kl{m <1y (u = cx Ay <1y (D)) (- + k),

the result follows from the next lemma:
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Lemma 17. Let u, v € S(R?) and assume that U is supported in the ball {|| < A}, for
some A > 0. Then for all s € R, one has

luv|ps <Cst |ulms|vloo-

Proof. Write uv = Zq>_1 v(pq(D)u; except the first ones, each term of this sum has
its spectrum included in an annulus of size ~ 29. Thanks to Lemma 5, the H*-norm
of the product uv can therefore be controlled in terms of |vgoq (D)ul;2, g = — 1. Since
these quantities are easily bounded from above by [V]ool@y (D)uly2, the lemma follows
from another application of Lemma 5. [

We now turn to study Op(o;). As already said, o; is the paradifferential symbol
associated to ¢ so that it is well-known that Op(s;) maps H**™ into H* (RY) for all
s € R (see [3,14]; [13, Proposition B.9]). However, since we need a precise estimate
on the operator norm of Op(g;), we cannot omit the proof.

Proposition 18. Let m € R and so > d/2, and let ¢ € l"?(’)
If o is as defined in (2.10), then Op(oj) extends as a continuous mapping on
HS T (RY) with values in H®(RY), for all s € R. Moreover,

Vs € R, Yue H(RY), |0p(ap)ulys <M () ulgsin,

where M} (0) is defined in (2.3).

Proof. Let us first prove the following lemma, which deals with the action of operators
whose symbol satisfies the spectral property (2.5).

Lemma 19. Let m € R and a(x, &) € C®(R? x RI\{0}) be such that M"'(s) < oo,
where M} () is as defined in (2.3).
If moreover o(x, &) vanishes for |£|<1/2 and satisfies the spectral condition (2.5)

then Op (o) extends as a continuous mapping on H*t"™(RY) with values in H*(R?)
for all s € R and

Vu e HH"(RY), |0p(@)ulys < sup  sup (<5>‘ﬁ'—'"|a§a(-,5)|oo)|u|Hs+m.
1E1>1/2 1B1<d :

Proof. Using (1.7), we write o(x, &) = Z op(x, &), with a,(x, &) = ¢,(a(x, ).
p=—1

For all u € S(RY), (1.7) and (1.8) yield

Op(@u= Y Op(a,) Y. @, (Du. 3.1)

p=-1 lp—ql<1
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Let us now define a,(x, &) := ,(27Px, 27¢) for all p € N. One obviously has (see
e.g. [6, Lemma IL1]) |Op(c,) 12— 12 = Op(6,) 12, ;2. Moreover, Hwang proved in
[9] that

—~ A0 B"‘-’ .
0P @) 2 2 <Cst 30 [l
%, fef0, 1)

it follows therefore from (2.7) that
I0p(a )l 2 12 <Cst M (a)2P™, (3.2)
2L d

The result follows therefore from (3.1), (3.2) and Lemma 5 if we can prove that
for all p € N, Op(a)) Z ¢,(D)u has its spectrum supported in an annulus
lp—ql<t 74

A2P~1 | < B2P+! for some A, B > 0. Since this is an easy consequence of the
spectral property (2.5), the proof of the lemma is complete. [

The proof of the proposition is now very simple. One just has to apply Lemma 19
to o7, and to use Proposition 14.

The next proposition gives details on the action of Op(ayy).
Proposition 20. Let m € R and so > d/2, and let 6 € I'g.

If oq1 is defined as in (2.11) then Op(oyy) extends as an operator on any Sobolev
space and one has, for all s<sy and t > 0,

t+m < N
Vu e G, 10plornulys S Nygy 5 ((@lulcrom,
and
—t+m m
Yu e CZ,< , |Op(0'[[)M|Hs—t g 2[%]+21S(0')|M|C*7r+m,

where Nz[g]+2,s(a) is defined in (2.2).

. : m m k
Remark 21. (i) One can replace the quantity Nz[%]+2,s(a) by Nz[%]ﬂ’s_k(vxo), k e

N, in the estimates of the proposition. This follows from the fact that | f|gs <Cst |Vk
Slgs—«, k € N, whenever f vanishes in a neighborhood of the origin, and from the
observation that one can replace o by (1 — /(D,))o in the definition of o;;.

(i) As said previously, when a(x,&) = o(x) does not depend on &, one has
Op(or1)u = T(1—y(pyuo and thus |Op(o;)ulps < luleo|o|ys, that is, the endpoint case
t = 0 holds in Proposition 20 if one weakens the |u|CQ-control into a |u|so-control.
This is no longer true in general when dealing with general symbols.
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Proof. Proposition 15 allows us to reduce the study to the case m = 0 and to the
reduced symbols pg(x, &) given in that proposition.

By definition of o/, one has, for all u € S(RY), a77(x, D)u =Y, vp, with
v, = o (x, D)(1 — YD) PN D)y and o, &) = ¢, (Dx)a(:, £). Since the
spectrum of v, is supported in (1 — 21=Nyp=1 181 < (1 4+ 2727+ Lemma
5 reduces the control of |oj7(x, D)u|gs to finding an estimate on each |v,|z, and
hence on

I = Z [0, (D)ckq )@ D)WV D)1 — y(D)u
g=-1 5

< Y |op(Docrgl,

g=-1

kQTIDWQR PN Dyl .

Remarking that 1; (279E)W Q2 PTNE) =0 when ¢ >p — N + 2, and using Proposition
15, one deduces

p—N+1
m —q —p+N
1 <Cst Nz[%]ﬂ,o(a(p)) Zl ‘,lk(z D2 Dyu| . (3.3)
q=—

where we recall that o) (-, &) = @,(Dx)a(:, &).
We now need the following lemma:

Lemma 22. Let A,B > 0 and 1 € Cgo([R%d) supported in A<|E|<B. Then, for all
teRand g> — 1, one has,

VueCl, 227Dyl <CilAlp2 ul e

Proof. Since / is supported in A <|&|< B, there exists ng € N such that for all ¢ € RY

and ¢ > — 1, one has A(279¢) = 1(271¢) Z ¢, (&). Therefore, one can write

Ir—ql<no

227Dyl = [427ID) Y (D] _
[r—gql<no

<Wp Y. e (D)l

lr—q| <no

so that the lemma follows from the very definition of Zygmund spaces. [J
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In order to prove the first part of Proposition 20, take any ¢ > 0 and use the lemma
to remark that (3.3) yields

N
<CStNpy L o0) D 2 ‘(//(2 PN Dy

T
*

g=>—1
< Gt N;E 4142, O(O-(P)) |M|Ci s 3.4
since Zq271 279" < oco. From Lemma 5 and the definition of N’" +20( -), it is
obvious that
2ps aym 2 m 2
D PPN (@) SOt NG (0, (3.5)

p=-1

so that (3.4) and Lemma 5 give the result.
To prove the second part of the proposition, proceed as above to obtain

p—N+1
t
< Cst Nz[ 120@) >0 29 |l
g=—1
pt .
< Cst N2[ 120027 lul s

the end of the proof is done as for the first part of the proposition. [
We finally turn to study Op(or):

Proposition 23. Let m € R and so > d/2, and let o € I'y.
If og is as given in (2.12) and if s +t > 0 and s<s0 then Op(oR) extends as a

continuous operator on H’”'H(Rd) with values in Hs+’_’([R{d) Moreover,

Yu € H" (R,  |Op(or)ulys+i-ar <N’" o @l g

and

Yu € C"(RY),  |0p(ag)ul s SNy ]+2Y(0)|u|cgl+r.

Remark 24. For the same reasons as in Remark 21, one can replace the quantity

Nm Yy (o) by N;’E 142 xik(V)’C‘a), k € N, in the estimates of the proposition, provided
9142,

that one replaces o by og,1, where og, 1 is defined in (2.13).

Proof. We only prove the first of the two estimates given in the proposition. The second
one is both easier and contained in Theorem B of [21]. The proof we present below
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is an adaptation of the corresponding result which gives control of the residual term
in paraproduct theory (e.g. [5, Theorem 2.4.1]).

Using the expression of op given in (2.12) and a Littlewood—Paley decomposition,
one can write

Op(op)u= Y ¢,(D)Op(er)u= »_ ¢, (D) Y  Ry(ou,

r=>-—1 r=>-—1 p=>-—1

where R,(o)u = Z o, D)1 — l//(D))(pp(D)u, and with oy)(-, &) = ¢4(D)
[p—ql <N
a(-, §).
Since Sp R,(o)u is included in [E]<(1 4 2Ny 2P+ there exists ng € N such that
¢, (D)Ry,(0)u = 0 whenever r > p + ng. Thus, one has in fact

Oper)u= Y ¢,(D) Y Ry(ou,

r=-—1 p=r—ng
and the proposition follows from Lemma 5 and the estimate
1/2

2
2r(s+t—d/2) m
> 2 0, D) 3 Ry | SNy, @l G6)

r>-1 p=r—nog

The end of the proof is thus devoted to establishing (3.6).

Using Proposition 15—and with the same notations—one can see that it suffices to
prove (3.6) with R, (o) replaced by R,(pi(&)™), provided that the estimate is uniform
in k € 7¢. Without loss of generality, we can also assume that m = 0.

Now, remark that

2D NG (D) Y Rplpou| <Cst 2700 Ry (pou 37
p=r—ng 2 p=r—ng Ll
and that
[Ry(poul, =] Y. @ (D)pi(x. D)1 = Y(D))g,(D)u| . (3.8)
[p—ql<N Ll

Now, using the expression of pi(x, ) given in Proposition 15, one can write

9, (D) pi(x, DY(1 = Y(D)) o, (D)u

= Y 0, (D) ()7 D)1 = Yy(D)) g, (D)u,
1>-1
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and since ik(Z’lf)(pp(f) =0 if |p — 1] > ny, for some n; € N, one deduces that the

summation in the r.h.s. of the above inequality is over a finite number of integers [;
therefore, by Cauchy—Schwartz’s inequality and Proposition 15,

|94 (D) pr(x, D)(1 = Y(D))g,(D)ul | < ;@HZ,O(%))|<pp<D)u|L2. (3.9)

From (3.8) and (3.9) one obtains

—p(s+t) t
|R,,(pk)u|L1 <27PW | X|:<N quNgE%Hz,O(G(‘I))ZP |§01,(D)u
P—4lx

2

and the Lh.s. of (3.7) is therefore bounded from above by

(r—p)(s+1) qs pym pt
> 2 > o2 Nz[%mo(a(q))z |, (Dyul, .
p=r—nop [p—qI<N

Since s + ¢t > 0, Holder’s inequality yields that the lLh.s. of (3.6) is bounded from

above by
2),;2-1 ‘ll.

By Cauchy—Schwartz’s inequality, Lemma 5 and an argument similar to the one used
in (3.5), one obtains (3.6), which concludes the proof. [

’ <2ps Nia120@)2" ‘ ¢p (D)

A first important consequence of Propositions 20 and 23 is that one can control the
action of the operator associated to the ‘remainder’ symbol ¢ — 6;¢ — o7, which is more
regular than the full operator if o(x, &) is smooth enough in the space variables.

Proposition 25. Let m € R, 5o > d/2 and d/2 < to<sq. If for some r >0, one has
cel’ 2’(’) 4, then,
(1) For all —ty < s <50, the following estimate holds:

Yu e H"07 (R, |Op(o — o1 — aip)ulns S Ny

[%]+2 S+r(6)|l/l|Hm+10—r .

(i) For all ¥' € R (such that tg +r' <so +r) and —ty < s<ty+7r’, one has

Vu e HHTRY, (0p(e — o1 = oipulis SNytyy o (@)l gy

2[5]+2,t0+r
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(iii) For symbols of nonnegative order, i.e. when m > 0, then for all s > 0 such that
s +m<sq, one also has

Yu e C*_V(Rd), |Op(0 — o1 — ayp)ulys SN;ECJ (0')|u|C*—r;

5142, s+m+r

this estimate still holds for slightly negative values of r, namely, if —m < r.

Proof. One has ¢ — o; — 0;f = oy; + o, and we are therefore led to control
|Op(arp)ulgs and |Op(or)u|ys. We first prove point (i).

The estimate on |Op(o;y)u|ps is given by the first part of Proposition 20 when r = 0.
When r > 0, taking s = s +r and ¢ = r in the second part of this proposition gives
the result. The estimate on |Op(gg)u|ys is given by taking s =s+r and t =1y — r
in the first part of Proposition 23.

To establish (ii), take s = 1o + 7' and t = #) — s + r’ in the second estimate of

. . "
Proposition 20 to obtain that |Op(o;;)u|ys §N2[%]+2’to+r,(o)|u|Hs+,,,_,/ for all s <

to+r'. Taking t =5 —r’ and s = fo + r’ in the first estimate of Proposition 23 shows

< ) B cey
that |Op(oRr)u|p: NN2[%]+2,zo+r’(G)|M|HS+'"_’ for all s > —#y and the proof of (ii) is

complete (the endpoint s = 7y + r’ being given by (i)).
To prove (iii), take s = s+m+r and t = m+r > 0 in the second part of Proposition
20 and s =s+m +r and t = —m — r in the second estimate of Proposition 23. [

The first two points of the following proposition are a close variant of Proposition
25 which uses the decomposition (2.13) of the component og, while the last point
addresses the case when a(x, £) = o(x) does not depend on ¢.

Proposition 26. Let m € R, k € N, s > d/2 and d/2 < ty<sg. If for some r >0, one
has ¢ € l"f(') 4, then,

(1) For all —ty < s <o, the following estimate holds:

Yu € H"07" |Op(6 — a7 — o1p — og2)ulps SN

k
= 2[%]+2“Y+r_k(VXG)|M|Hm+r()fr.

(1) For all ¥' € R (such that ty +r' <so+r) and —ty < s <ty +r', one has

Yu € HH""_’J, |Op(c — o1 —o1f — or2u|gs SN

k
2[%]+2,t0+r’—k (Vx O-) |u |Hs+m—r’ .

(iii) For symbols of nonnegative order, i.e. when m > 0, then for all s > 0 such that
s +m<sq, one also has

Vue C;'(RY,  |0p(c — o — op — or Dulms SN

k
[%]+2,S+m+r7k(vx O—)|M|C*_r ’
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(iv) When o is a function, 6 € H 0(RY), one has
V 0<s<so, [0Op(e—ar—oair —aro)ulps SIVEG|ysluloo
and, if ¢ € Ht(RY), with r > 0,
vV 0<s<so, |Op(c—o7—o0ip—0orulps S |VkO_|Hs+r7k|u|C*—r;

when s = 0, the above two estimates still hold if one adds |Vn+10'|LOO|M|H—n—l to
the right-hand-side, for any n € N.

Remark 27. When k = 0, the estimates of (iv) still hold if one replaces Op(c — a; —
oy — 0Rr,2) by Op(o — o7 — of) (and |V*™*lg| o by |o|yn+1.00 in the additional term
when s = 0). This is a consequence of the definition of g and of Lemma 17.

Proof. One has ¢ — 6; — 0;y — og 2 = 07 + 0g 1, so that the first three points of the
proposition are proved as in Proposition 25, using Remarks 21 and 24.

We now prove the fourth point of the proposition. Since ¢ is a function, we can
write, as in Remark 13, Op(o;; + og.1)u = Ty0 + R(G, u), with u := (1 —y(D))u and
o := (1 —y(D))o. The estimate for s > O thus follows from the classical properties
(e.g. [5, Theorem 2.4.1], and [17, Proposition 3.5.D] for the last one):

o forall s € R, [Trglus S1floolglrss

o forall s e Rand r >0, [Trg|ns §|f|c*—r|g|H.r+r;

e forall s >0, r € R, [R(f.O)us SISfms+r18lcrs

o for all n € N, |R(f, @2 S| flwntiocolglpg—n—1s

(we also use the fact that | f|gys <Cst |ka|H37k and | f|wn.oo <Cst |V" f|L for all f
such that f vanishes in a neighborhood of the origin). O

Gathering the results of the previous propositions, one obtains the following theorem,
which describes the action of the full operator Op(as), which is of course of order m.

Theorem 1. Let m € R, d/2 < ty<sp and o € Fg’(’). Then for all u < S(RY), the
following estimates hold:

— s < m s+m
Voto<s <t [Op@uln < (0@ + Nyy (@) lulpen,

and

Vip<s<so, |Op(o)ulps S (no,s(a) + N;'[' (0))|u|Hm+r0 + MJ (o) |u|pgstm.

%]+2,s

Proof. Recall that ¢ = g;¢ + 07 + (6 — gy — o1); we use the first two estimates of
Proposition 25 (with r = 0 and " = 0) to control ¢ — g;y —o; while |Op(o;s)u|ps and
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|Op(or)ulys are easily controlled using Propositions 16 and 18 and the observation

. . N
that by a classical Sobolev embedding, M (o) < N2[ 4120 (0).

Remark 28. (i) If o(x, &) = o(x) € H*(R?), then the results on the microlocal
regularity of products (e.g. [8, p.240]) say that if u € H*(R?), then ou € H*(R?) if
s+ 5o >0, s<so and so > d/2. This result can be deduced from Theorem 1 (note
that the limiting case s + s9 = 0 is also true, but the proof requires different tools [8,
Theorem 8.3.1]).

(i) We refer to Proposition 8.1 of [19] for another kind of estimate on the action of
pseudo-differential operators; see also estimate (25) of [12].

One of the interests of Theorem 1 is that it gives control of Op(o)u in Sobolev spaces
of negative order. The price to pay is that for nonnegative values of the Sobolev index
s, and when o(-, &) = a(-) € H*(R?) does not depend on &, we do not recover the
classical tame estimate |oulgs < (Julgs|0loo + |0|ms|u]oo) but a weaker one, namely
loulgs < |ulgs|oleo + |O-|HSIM|H%+8’ for all ¢ > 0. The difference is slight because the

embedding H %+8(Rd) C L“(Rd) is critical, but can be cumbersome. The next theorem
can therefore be a useful alternative to Theorem 1.

Theorem 2. Let m € R, d/2 < ty<so and 7 € F?Z)er- Assume that m > 0 and o is

2[%] + 2-regular at the origin. Then for all u € S(Rd) and 0 < s <59, one has

OP(@)ul1: 5 (Mg gy, (@) + N;'[’%]H’Hm(a))IMIcg + M (o)l o

Proof. We just have to control the H*-norm of the four components of Op(o)u by the
r.h.s. of the estimate given in the theorem.

For Op(g;r)u and Op(o;)u, this is a simple consequence of the second part of
Propositions 16 and 18 respectively. The other components are controlled with the help
of Proposition 25(iii). [

Remark 29. Using the fact that slightly negative values of r are allowed in Proposition
25(iii), one can check that the estimate given by Theorem 2 can be extended to s =0
provided that the quantity |u|co which appears in the r.h.s. of the estimate is replaced
by |u|c:, for any & > 0.

The following corollary deals with the case when the symbol ¢ is of the form

a(x, &) = Z(v(x), 9.

Corollary 30. Let m € R, p € N and so>ty > d/2. Consider v € H(RH? and
assume that o(x, &) = Z(v(x), &), with £ € C®(RP, M™). Then:

® V—tg<s<to, |o(x, Dulps < Cx(lvloo)lvlgmolulgsom
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and
V1o <5 <50, lo(x, D)ulgs S Cx(|vloo) (I0]gs |ul gmio + |ulgsim) .

@ii) If moreover m > 0, v € H‘Y°+m(Rd), and X is 2[%] + 2-regular at the origin, then,
for 0 < s<sp,

lo(x, Dyul s S Cx([vloo) (10| prsm lutl co + |u] gysom ).

In the above, Cx(-) denotes a smooth nondecreasing function depending only on a
finite number of derivatives of Z.

Proof. We write a(x, &) = [a(x, &) — Z(0, £)] + 2(0, &). Owing to Lemma 8, the first
component of this decomposition is in I'{) and we can use Theorem 1 to study the
associated pseudo-differential operator. The estimates of the theorem transform into the
estimates stated in the corollary thanks to Lemma 8.

Since the action of the Fourier multiplier (0, D) satisfies obviously these estimates,
the first point of the corollary is proved. Using Theorem 2, one proves the second
estimate in the same way. [J

4. Composition and commutator estimates

The composition of two pseudo-differential operators is well-known for classical
symbols, and one has Op(c') 0 Op(c?) ~ Op(c'tia?), where the symbol ¢!4c? is given
by an infinite expansion of ¢! and 2. When dealing with symbols of limited regularity,
one has to stop this expansion. Therefore, for all n € N, we define o', 6> as

—l
o' ot (x, &) = Y %ﬁgol(x,f)é’:az(x,f). (4.1)

|
lel <n '

Similarly, we introduce the Poisson brackets:

{o!, 0?u(x, &) i= a8, 0% (x, &) — P ol (x, &). (4.2)

In this section, we describe the composition or commutator of pseudo-differential op-
erators of limited regularity with Fourier multipliers, or with another pseudo-differential
operator. A key point in this analysis is the following proposition; the first two points
are precise estimates for Meyer’s classical result on the composition of paradifferential
operators (e.g. [15, Theorem XVI.4]).

Proposition 31. Let mi,my € R, so > d/2, n € N and 6> € Ty, . Then

() If o' (x, &) = 6 (&) € M™, there exists a symbol p, (x, &) such that

a'(D) o Op(s7) = Op(c't0?) + Op(p,);
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moreover p, (x, ) vanishes for |£|<1/2 and satisfies the spectral condition (2.5)
and the estimate

sup sup (@l (ol ) SMM L, (@M ),
812172 Ifl<d (4]

(i) If o' € F’"‘ then there exists a symbol p, (x, &) such that

Op(a}) o Op(a7) = Op(cit,a7) + Op(p,),

and which satisfies the same properties as in case (i).
(ii) If ¢! is a function, ¢' € Cl for some r >0, then the symbol p,(x, &) defined in
(ii) is of order my —n — 1 —r and

—n—1—
My “(py) St lerM,

m2 (Vn+l 2)

Remark 32. For the sake of simplicity, we stated the above proposition for paradif-
ferential symbols 01 (and ‘71 in (ii) and (iii)) associated to symbols o' and ¢2; the
proof below shows that the only specific properties of a, and a, actually used are
the spectral property (2.5) and the cancellation for frequencies |£|<1/2. Thus, one can
extend the result to all symbols satisfying these conditions.

Proof. We omit the proof of the first point of the proposition, which can be deduced
from the proof below with only minor changes. The method we propose here is inspired
by the proof of ([13, Theorem B.2.16]) rather than Meyer’s classical one ([15, Theorem
XVI1.4]) which would lead to less precise estimates here.

First remark that since o} satisfies the spectral condition (2.5) and vanishes for
frequencies |&]<1/2, there exists an admissible cut-off function y (in the sense of
Definition 3) such that a%(n, Eyn, & = o%(n, £); it is then both classical and easy to
see that

pr o= Y /G(xx ¥, @D, O dv,

Iyl=n-+1

with

Gyx, 3, &) = (@ [ e} o 01,

(1 -

and o, /(x n, &) _/ 0/0 (x, &+ sn) ds. Therefore, for all 0<|f|<d,

laﬁp”(x &l < Cst ‘af Gy(x, -\ &
ﬁ’—i—ﬁ”:ﬁ

Jaelaic. 0|

<ot Y |le,n 0| Mty @y
B+B"=p

where we used Proposition 14 to obtain the last equality.
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The proposition follows therefore from (4.3) and the estimate, for all | B <d,

‘a"’G (x, - ,5)’ <Cst M™ (6")(&ym—1B1-n=1, (4.4)

+2+I 1+d

and, when ¢! is a function (case (iii) of the lemma),

LGy 0] | <Cstlalepg 1 4.5)
Both (4.4) and (4.5) follow from the next two lemmas.
Lemma 33. For all o, } € N such that lo| <[d/2] + 1 and |p|<d, one has

00l . o, OI<Cst My, (ah@m =it

2

If moreover the symbol is a function, ¢' € Cl for some r € R, then

070} (. ) 1. O Cst [y (&) A==

Proof. It suffices to prove estimate of the lemma for 6:0? o}’“/az”ag y for all o/ +o =
o and ' + B’ = B. By definition of a;’v, one has

of 1— ool
a;aéf oy aﬂ 2, &) = f ( ag*f”f b, smystlas & o yn. ©).

Since on the support of 62//65 x one has (&4 sn) ~ (&), the first estimate of the lemma
follows from the definition of the seminorms My (-) and (1.9).

When ¢! is a function, and since |o/| + |f'| + |y|>1, we can use Proposition A.5 of
[1] which asserts that |0% B+ 1(x &)|<Cst |o! lcr (&) —r=1o/I=IF'1=17! from which one
easily obtains the second estimate of the lemma. [J

Lemma 34. Let F(-,-) be a function defined on [Rd X [R‘é and such that
o There exists 0 < 0 < 1 such that F(n, &) = 0 for all \n|>=0|¢&|;
e For all o € N4, || <[d/2] 4 1, there exists a constant Cy such that

v, & e RY, LC (&P,

Then, one has

VE e RY, ‘F(-,g)’ <Gt ( sup Ca>(£)“.
L o [d/2]+1
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Proof. This result can be proved with the techniques used to prove estimate (2.21) of
Appendix B in [13]. Briefly, and for the sake of completeness, we sketch the proof.

Define F°(q, &) := F((&)n, &) and remark that |F(, &)| 1 = [F°(-, )| 1 <Cst [F°(-, &)
| gta/21+1. The first assumption made in the statement of the lemma shows that F b, &)
is supported in the ball {|n|<1} so that it is easy to conclude using the second
assumption. [J
4.1. Commutators with Fourier multipliers

We give in this section some commutator estimates between a Fourier multiplier and

a pseudo-differential operator of limited regularity. We first set some notations:
Notations: For all m € R, so > d/2, and all symbols ¢ € r;’;, we define

s ol =5 (m0.@+ Ny L @) 46)
and, when ¢ is also 2[%] + 2-regular at the origin,
Vs<so. ol = ! ( (@) + Ny (0)) : 4.7)
reg, (m) 2 425 S142.s
Finally, if ¢ is d-regular at the origin, we set

(ma(o) + M} (0)). (4.8)

||0||oo,(n1) =

N =

When no confusion is possible, we omit the subscript m in the above definitions.
Remark that when ¢ does not depend on ¢ (i.e. when it is a function), then one has
lollgs = llollag, = lolas, and [ollc = |0]co.

The first commutator estimates we state are of Kato—Ponce type:

Theorem 3. Let my,m> € R, n € N and d/2 < to<so. Let ¢' (&) € M™ be n-regular

.. m
at the origin and o2(x, &) € Fsoimmn“. Then:

(1) For all s € R such that max{—tg, —to —m1} < s<so + 1, one has

|[¢' (D). Op(6*)]u — Op({a", o*})u] s

S C‘(Ul)(l‘lgn2 (V;l+162)|u|H.v+m1+n12—n—] —+ ||O'2||H.Y+m1/\n |M|Hml+m2+10—mlAn),

where C(c!) := ":H[ (0 ) + myu(ah).
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(i) If moreover ¢' is (n+2+ [%] +d)-regular and o* is d-regular at the origin, then
the above estimate can be replaced by

|[¢" (D), Op(6*)]u — Op({a", 6> })ul s
S C/(Ul)(”v;l—i_lgz ”oo |M |Hs+n1|+m27n71 +||V;L+102 ||Hs+m]An7n71 |M |Hm1+m2+t07m1/\n),

ol o g™ 1 1
where C'(c') := Mn+2+[%]+d(0 )My 41100

Proof. (i) Remark that {¢', 6%}, = ¢'l,6°>—0'¢? and that Op(¢?)oOp(c') = Op(a'c?)
since Op(al) is a Fourier multiplier. Therefore, one has

[0p(e"). Op(e)] = Op((6", 6}) = Op(a") 0 Op(*) — Op(c"2,02).

Write now ¢! (D) o Op(¢?) — Op(c't,6?) = Z?:l v/ (x, D), with
tl(x, D)= ! (D)o Op(a2 — o% — alzf),
©*(x, D) = ' (D) o Op(ajy),
T (x, D) =¢' (D) 0 Op(a7) — Op(c'507).
w(x, D)= Op(a'tno] — (1 — (&)o' t,07),
5 _ la 2
v (x, D) =—=0pW({)o tna”).
We now turn to control the operator norms of i (x, D), j=1,...,5.

e Control of i (x, D): Since (D) is a Fourier multiplier, one obtains easily that
for all s € R and u € S(RY),

7 (v, Dyulzs < (mo(ah) + My (1)) |Op(o® — o] —ofpu| .

Using Proposition 25(i) (with r = m; A n — mp) gives therefore, for all —tg —m| <
s<so+ 1,

[ (x, Dyulps < (mo(a') + My (al))N;’[“%mﬁmm(az)|u|Hm1+mz+rofmmn- (4.9)

e Control of 72(x, D): One has

72 (x, DYul s < (mo(a") + Mg (61))|Op(a7,ul s .
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so that it is a direct consequence of Proposition 16 that one has, for all s<sp + 1,
10p(H)ul s S (mo (") + MY (61110 54m, (02 |ut] gy -4ma+tg-my . (4.10)

e Control of ©°(x, D): We have Op(t) = Op(p,) with p, as given in the first part

of Proposition 31. This lemma asserts that the symbol p, (x, &) satisfies the condi-

tions of application of Lemma 19, which states that |Op(p, )u|gs §M;"1+m2_"_l(pn)

. . —n—1
|ut] gys+my 4my—n—1. Using the estimate of M/} *"27"

therefore that for all s € R,

(p,,) given in Proposition 31 shows

|0p(e®)u|prs < M™

n+2+[4]+d(al)MZ” (VG2 | gysmy 4my—n-1. (4.11)
2

e Control of 1 (x, D): By definition of the product law {,, one has

==Y (_;,) 0% (OIU(0* — 0F — a7 (x, &)
lof <n '

=— > (_a’,) 111/2.00) (D320 ()03 (6° — 07 — 07p) (x, ),
o <n ’

where 11,2 00)(-) denotes the characteristic function of the interval [1/2, 00). It follows
that

[, Dyl S D |0p(@%e” = (270%) 1 — (0707 ip)v] e

lal<n

with v = op(1[1/2,oo)a§a‘)u; we now use the first estimate of Proposition 25 (with
r = m; A n — |o]) to obtain that the terms of the above sum are bounded from

my o 2 .
_ — < .
above by NZ[%]+2,s+m1An—|a\(axa MVl gmyttg—mi s+, for all —tg < s <sp+ 1. It is now

straightforward to conclude that for all —#p < s <sp + 1,

4 < Agmi (L my 2 .
<t x, Dyul e S M (o LU TN o AR res (4.12)

e Control of T°(x, D): One has Op(/(&)a't,0%)u = Op((alﬁnaz)lf)u, so that Propo-
sition 16 can be used to obtain for all s <sg + 1,

Op( (&)o' 8™ (00,50 () Nut] gy sma-gm v (4.13)

Recalling that llo2|| s is defined in (4.6), the estimate given in (i) of the theorem now
follows directly from (4.9)—(4.13).
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(ii) We use here another decomposition, namely o' (D) 0 Op(?) — Op(c'tpo?) =
Z?:] v/ (x, D), with

t'(x, D) = ¢ (D) 0 Op(6® — 67 — 07y — 7% ).
T (x, D) =" (D) 0 Op(¥(Dy)aj; + 0% 5) — Op(a' 4a (Y(D2)}; + 05 1)),
o (x, D) =" (D) 0 Op(a7) — Op(c' #,07).

t*(x, D) =—O0p(c't,(6* — 6] — 07 — 0% 1)),
2 (x, D)=0'(D) o Op((1 — Y(Dx)a7y)),

(x, D) ==0p(a' £, (1 = Y(D,) o).

We now turn to control the operator norms of ©/(x, D), j=1,...,6.
e Control of gl(x, D): Proceeding as for the control of i (x, D) in (i) above, but
. .o . . .. mp 2
using Proposition 26 instead of Proposition 25, one can replace N, 24 142,541 A (6°) by
my n+1_2y :
N2[%]+2,s+m1/\n—n—l(vx 0%) in (4.9).
e Control of 1*(x, D): We need here two lemmas:

Lemma 35. Let mj € R, n € N and ' (&) € M™ be (n + 2+ [4] + d)-regular at

the origin. Let ¢*(x, &) be a symbol d-regular at the origin and such that o*(n, &) is
supported in the ball |n| + |E|< A, for some A > 0.

Then, ¢'(D) o Op(¢?) = Op(c't,0?) + Op(p,,), where the symbol p,(x, &) is such
that p,(n, &) vanishes outside the ball |n| + |£|< A and satisfies the estimate

sup  sup 104, Ol
IEI<A 1pI<d

<Cst  sup sup |6§01(§)| sup sup |V)’Cl+16§az(.,§)|oo.
IS1<24 Jof < nt2+[41+d [EI<A ol <d

Proof. The proof is a close adaptation of the proof of Proposition 31. First replace the
admissible cut-off function y(1, £) used there by a smooth function %(x, &) supported
in the ball || + |£| < A. Inequality (4.3) must then be replaced by

6,00, | s swp VIR Ol
E1<A l2l<d

0o, O1<Cst | Y
Ip1<d

for all || <d and |{|<A.
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Finally, one concludes the proof as in Proposition 31 after remarking that (4.4) can
be replaced here by

006G, ol <Cst sp sup (o%l@L O
ISI<24 o < nt2+[414+d

The proof of the following lemma is a straightforward adaptation of the proof of
Lemma 19.

Lemma 36. Let p(x, &) be a symbol such that p(n, &) is supported in the ball |n| +
|E| < A, for some A > 0. Then Op(p) extends as a continuous operator on every Sobolev
space, with values in HOO(Rd). Moreover,

Vs,t € R,Vu € H'(R"), [Op(p)ulps <Cst sup sup [0Zp(, E)loolulpr,
lEI<A lof<d

where the constant depends only on A, s and t.

From these two lemmas, one easily gets
122 (x, DYulps S C @OV G2 o |t gysmy my—n-1,

where C’(c!) is as given in the statement of the theorem.
e Control of T3(x, D): One has ©°> = 73, so that ©>(x, D) is controlled via (4.11).
e Control of ©*(x, D): To control this term, proceed exactly as for the control of
74(x, D) above, but use Proposition 26 instead of Proposition 25. This yields

[£* . Dyul e M N

n+l 2
HY~ 5142 s—&-m1/\n—n—l(V O |ut] gmitm-tig—my v
2 £)

X

e Control of ©°(x, D) and t°(x, D): The difference between 7> (x, D) and 7%(x, D)
is that the operator (1 —y/(Dy)) is applied to alzf(-, £) in the former. This allows us to
replace 70 54m, (62) by no.s4m;—n—1(V*1?) in (4.10).

A similar adaptation of (4.13) gives

1 1.2
0Py S (00,51 (V2T G2 ] gy big -y an

Point (ii) of the theorem thus follows from the estimates on Ij x,D), j=1,...,6,
proved above. [

Remark 37. When m; >0, an easy adaptation of the above proof shows that the quan-
tity o2l gs+myan|U| gmy+my+ig-my an Which appears in the r.h.s. of the first estimate of the
theorem can be replaced by a2l sty antmy [U| prigmy—my An .
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In the spirit of Theorem 2, the following two theorems can be a useful alternative
to Theorem 3. Theorem 4 deals with the case of pseudo-differential operators 2 (x, D)
of nonnegative order, while Theorem 5 addresses the case o2(x, &) = a2(x).

Theorem 4. Let m; € R, my > 0, n € N and so > d/2. Let ¢'(¢) € M™ be n-regular
at the origin and let ¢2(x, &) € Fso+m1An+l be 2[%] + 2-regular at the origin. Then:

(1) For all s such that 0 <s+mp, 0 <s and s + my<so + 1, one has

|[e" (D). Op(a*)|u — Op({a'. o*})ul s
SO (M (VI ) Ul gosmytmy-n1 + ||c;2||Hrgwn+m2 lut] ).

where C(c!) = m—;2+[ (0 ) + my(al).

(ii) If moreover olis m+2+ [2] + d)-regular at the origin, then the above estimate
can be replaced by

[¢' (D), Op(a™)|u — Op({a", *}n)ul s
S @IV P oo ul grsmy +my-—n—1 + ||v;g+‘a2||H;$,,W+m27H lut] s ).

where C'(c') := i2+[ (0 )+m, o de(a )-

Proof. We only give a sketch of the proof of (i) which follows the same lines as the
proof of Theorem 3(ii) is obtained similarly. The modifications to be made are:

e Inequality (4.9) must be replaced by

It (x, Dyulps < (mo(a") + My (! DN (0%)[t]oo (4.14)

]+2 s+mq+my

which holds for all s € R such that s + m; > 0 and s + my<sg + 1. This is a
consequence of Proposition 25(iii), which can be used since we assumed mjy > 0.
e Similarly, the second estimate of Proposition 16 allows us to replace (4.10) by

0p(e)ul s S (mo (@) + Mg (@ Nnypays 4 (0D itloo,

e Inequality (4.11) is left unchanged.
e Estimate (4.12) must be replaced by

MM (g N, (%) |ut] 0o, (4.15)

4
|r x, D)M‘HV ~ 4142, 5+ma+my An
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which holds for all 0 < s and s + my <so + 1. One proves (4.15) in the same way
as (4.12), using the third point of Proposition 25 rather than the first one (this is
possible because my > 0 here).

e Finally, inequality (4.13) is replaced, using the second part of Proposition 16, by

0P (&) 02 u| g S (@ Inyay s g4 (@ itloo. O

An interesting particular case is obtained when the symbol o2 (x, £) does not depend
on ¢ (i.e., it is a function).

Theorem 5. Let m; € R, n € N and so > d/2. Let 6" () € M™ be n-regular at the
origin and let g* € HOTMAHI(Rd).

(1) If m1 > n then for all s such that 0<s<so + 1, one has

|[O’1(D), 0'2]u - Op({al, *Y)u

HS

gC(Ul)(|G2lwn+l‘oc|M|Hx+m1—n—] =+ |62|Hs+ml |M|OO)7

1N _ agmi 1 1
where C(c') = Mn+2+[%]+d(0 ) +my(c).

(i) If moreover ' is (n +2 + [%] + d)-regular at the origin, then the above estimate
can be replaced by

[¢' (D). ¢*Ju — Op({a'. o*}n)ul

<C (@Y (IV"T P ool sty —n1 + V" T 62 | yotm -t [ oo),

T N 1 1
where C'(a') := Mn+2+[%]+d(0 )y, o 4d1,q(00)

Proof. Here again, we only prove the first point of the theorem since the proof of the
second one can be deduced similarly from the proof of Theorem 3(ii).

Remark that for all k € N, s € R and v € S(R?), one has N,?’S(v) = |v|gs. Therefore,
we just have to adapt the points of the proof of Theorem 4 which use the assumption
my > 0, namely the obtention of (4.14) and (4.15).

One can check that (4.14) remains true here. This is a consequence of Proposition
26(iv) and Remark 27.

We now prove that (4.15) can be replaced by

1T, Dyulgs S MM (61|62 sty |1t oo

which holds for all 0 < s<syp + 1 and provided that m; > n, and which remains
true when s = 0 provided one adds |O'2|Wn+l_oo|u| ymi-n—1 to the right-hand side.
To obtain this, we need to control in H®-norm, and for all 0<|u|<n, the terms
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Op(ﬁfﬁa2 — (8;‘02)1 — (QZoz)lf)(ﬁzal(D))u, which is done using Proposition 26(iv)
(with r = m| — |a| > 0) and Remark 27. [

We finally give commutator estimates of Calderon—Coifman—Meyer type:

Theorem 6. Let my,m> € R, n € N and d/2 < to<so. Let ¢' (&) € M™ be n-regular

o . 1
at the origin and 2(x, &) € rsoz—i-mlAn+l' Then:

(1) For all s € R such that —tg < s<to+ 1 and —tg <s +m<tg+n-+1,
|[¢! (D). Op(®) Ju — Op({a", 6*})u| e S C@NG || yignst [l sty smy—n-t,

where C(c') := M™! (") + my,(ah).

n+2+[41+d
(i1) If moreover ol is (n+2+ [%] + d)-regular and o2 is d-regular at the origin, then
the above estimate can be replaced by

[¢" (D), Op(6®)]u — Op({a', 6} )| 1y < C"(@IIVEF G2 | yio Lt ggsomy smy—n1,

HS ~

resly — A 1 1
where C'(a") := Mn+2+[%]+d(6 ) +mn+2+[%]+d(a ).
Proof. The proof follows closely the proof of Theorem 3, so that we just mention the
adaptations that have to be made.

(i) Below is the list of changes one must perform in the control of the operators
i (x, D).

e Control of i (x, D): For all —t9 < s +m <fo+n+1 and using Proposition 25(ii)

with ¥’ = n + 1 instead of Proposition 25(i), one obtains instead of (4.9) a control

in terms of N2 o) |ul 1y N
2[%]+2,to+n+l( )| |Hs+ml+m2 n—1

e Control of 2 (x, D): For s+m<ty+n+1, one just has to remark that Proposition
16 gives a control in terms of l’l()’to+n+1(0'2)|M|Hs+m1+m27n71.
e Control of ™(x, D) If —t9 < s<fy + 1, one can replace (4.12) by a control

in terms of N2 o? . —n-1 Provi hat on Proposition
terms o N2[%]+2,zo+n+1( )|u| gs+mi+my—n—1 provided that one uses Propositio

25(ii) with ' =n + 1 — |&| instead of Proposition 25(i).
e Control of ©(x, D). When s <fo+1 one gets easily a control in terms of ||62||Ht0+l
|I/L|Hs+m1+mz—n—l .
(i) One deduces the second point of the theorem from Theorem 3(ii) exactly as we
adapted the proof of the first point from the proof of Theorem 3(i). [

Remark 38. (i) Extending results of Moser [16] and Kato—Ponce [10], Taylor proved
in [17] the following generalized Kato—Ponce estimates (which also hold in L?”-
based Sobolev spaces): for all Fourier multiplier o' (D) of order m; > 0, and all
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e HOO(R"), one has for all s >0,
[0p(a"), 6*1u| ;s C (e (IV P ool gysmi—1 + 167 gstmy [t o). (4.16)

where C(c') is some constant depending on ¢! (in [17], Taylor also deals with classical
pseudo-differential operators ¢! (x, D)—and not only Fourier multipliers—we address
this problem in Section 4.2).

The estimate of Theorem 5 coincides with (4.16) when n = 0 (it is in fact more
precise since it allows one to replace the term |62 ygs+m; by Va2 ps+m—1 1y the
general case n € N gives an extension of this result involving the Poisson bracket
of ¢! and ¢%. Theorem 4 extends (4.16) in another way, allowing 62(x, D) to be
a pseudo-differential operator of nonnegative order instead of a function. Finally, the
most general extension of (4.16) is given by Theorem 3, since it contains the two
improvements just mentioned, allows estimates in Sobolev spaces of negative order,
and does not assume cumbersome restrictions on the order of ¢'(¢) and ¢2(x, £). For
instance, (4.16) does not hold when s < 0 or m; <0 but can be replaced by: for all
Fourier multiplier ol (D) of order m; € R regular at the origin, and all o2e H oo(IR”’),
one has for all 79 > d/2 and s > max{—1tg, —t9 — m1},

|lOp(a"), 0*1u

HS <C(O'1)(|VO'2|OQ|M|Hs+m171 + |V02|Hs+(»11)+*1 |M|Hr0+(m1),),

with (m1)4+ = max{m1,0} and (m;)— = min{my, O0}.

(i) The Calderon—Coifman—Meyer commutator estimate of Theorem 6 coincides with
(1.3) when n = 0 and ¢! is a Fourier multiplier (the general case is addressed in Section
4.2) but its range of validity is wider since it allows negative values of s and m. We
also have the same kind of generalization as for the Kato—Ponce estimates.

In the particular case when the symbol o2 is of the form ¢2(x, &) = Z(v(x), &), one
can now obtain easily, proceeding as in the proof of Corollary 30:

Corollary 39. Let mi,m> € R, p € N and d/2 < tg<sg. Let ' (&) € M™ be
n-regular at the origin and *(x,&) = Z*(v(x), &) with £* € C®(RP, M™) and
v € HOmATL(RAP  Then,

(i) For all s € R such that max{—ty, —tg —m1} < s<s9+ 1

[¢' (D), ¢*(x, D)]u — Op({a", 6*}n)ul

< C(Gl)CZZ(|U|Wn+1,OO)(|u|H5+7711+m277171 + |U|H(s+m]/\n)+ |M|Hm1+»12+t07m1/\)1).

I'Such an improvement has been proved recently in [2] for n = 0 or n = 1, in the case where
al (&) = (&)™1 and o2 does not depend on ¢.
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(ii) For all s € R such that —ty <s <to+1 and —ty < s +m|<ty+n—+ 1, one also
has

|[¢" (D), *(x, D)]u — Op({c", 6*},)u

HS

< C(UI)C22(|U|OO)|U|Ht0+n+I |M|Hs+ml+m2—n—1 .

(iii) If moreover my > 0 and X* is 2[%] + 2-regular at the origin, one has, for all
s € R such that 0 <s+m1, 0 <s, and s +mor<sg+ 1,

|[¢" (D), o*(x, D)]u — Op({c", 6*},)u

HS

< C(O’l)czz(|U|Wn+],oo)(lule+ml+m2—n—l + |U|Hs+m2+mlAn |u|00)

In the above, Cs2(-) denotes a smooth nondecreasing function depending only on

. N 2 1y _ M 1 1
a finite number of derivatives of ¥~ and C(c') = Mn+2+[%]+d(a )+ my,(ah).

Example 3. Let o(x, &) be the symbol given by (1.4), with a € H ©(RY), and let
m>0. Then for all ) > d/2 and s > —ty, one has

(D)™, a(x, D)) u| e SC(Valyoo) (Il gsin + 1Val gisemy |l v )
and, writing m := max{m, 1}

|[(D)™, Op(a)] u — Op(2)u

e SC(UValyeo) (Jul gsima + 1Val gesin [ul gie)
where the symbol t(x, &) is given by

2 |E12d*a(Va, &) — (Va - &)d*a(é, 3]

1(x, &) = m(E) P

For s > 0, we also have

|[(D)™, a(x, D)]u

HS gc(lva|wloo) (|M|Hx+m + |Va|H1+s+m |u|oo) .
Finally, if s and #¢ are such that —f9) < s and s +m <ty + 1, then

\[(DY", o(x, D)] u|,;; SC(IValyi)|Val et lu] goim.



D. Lannes/Journal of Functional Analysis 232 (2006) 495-539 529

4.2. Composition and commutators between two pseudo-differential operators of
limited regularity

This section is devoted to the proof of composition and commutator estimates in-
volving two pseudo-differential operators of limited regularity. We first introduce the
following notations:

Notations: For all so > d/2, n € N, and all symbols ¢ € l";'f) n-regular at the origin,
we define

Vs<so,  lollgs

n, (m)

1
=5 (nn s(@)+N" n214] (0)) (4.17)
and
1 m
Vke N, 0<k<n, ol =3 (mn(a) +M ]+dk(°')> (4.18)

When no confusion is possible, we omit the subscript m. Remark that when ¢ does not
depend on ¢ (i.e. when it is a function), then one has ||o|gs = |o|ps and lollyxe =
n

|0lwk,oo.
We first give commutator estimates of Kato—Ponce type:

Theorem 7. Let mi,my € R, n € N and d/2 < ty<so. Define m := my Amy and let

= Fv0+m/\n+1 (j = 1,2) be two symbols n-regular at the origin.

(i) For all s such that max{—ty, —tg —m} < s<to+ 1, one has
Op(!) 0 Op(a2)u — Op(a't o2
p(a’) o Op(67)u — Op(a 8n 0 )u| s
g ||O'1 || n+1,00 ||0'2||Wn+l,oo|M|Hs+ml+m27nfl
W71

1 2 1 2
+(||U ||Ht0+l ”O' ||Hs++m1/\n + ”0 ”H’j++mlAn ”O' ||Ht0)|M|Hml+m2+t0—mlAn s
n

where s+ = max{s, 0} and with notations (4.6)—(4.7) and (4.17)-(4.18).
(i.bis) Under the same assumptions, one also has

1 2 1 2
0p(c") 0 Op(a*)u — Op(a' tno?)u s
< ”O'l” to+mqAn+1 (”62” s+m An|M| my+mo+to—miAn + ||02|| n+1 oolul s+mq+m —n—l)
~ Hno 1 HS M HM Mo wn+l HSTmTme .

(i.ter) For s € R such that max{ty + 1, —tg —m1}<s<so + 1, the estimate of

(1) still holds if one adds ||O'l||HS||02||Hm]/\n+t0+l|M|Hm1+n12+t07m1/\n to the right-hand
side.
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(i1) For all s € R such that max{—ty, —tg — my, —tg — my} < s <ty + 1, one has

[Op(a"). Op(a®) Ju — Op({a’, o }w)ul ;s SI(a', > mi, ma) + 1(a*, 0", ma, my),

where I(c', 6%, mi, my) denotes the r.h.s. or the estimate of (i), (i.bis) or (i.ter)

In this latter case, the range of application of the estimate is bounded from above
by so + 1 instead ofto + 1.

(i) If m; > 0, ol is 2[%] + 2 regular at the origin, and o%(x, &) = o%(x) does not
depend on ¢ then, for all 0<s <ty + 1,

I[Op(@"). Op(@*)]ul s S U g1 (107 s ltlo + 107 10 ] g 1)

Proof. One has
[0p(c"). Op(*)] — Op({a'. 6*}) = Op(c") o Op(c*) — Op(c't,0°)
— (0p(e?) 0 Op(s") — Op(et,ah)
=11(x, D) — 12(x, D).

Controlling the operator norm of t;(x, D) gives the composition estimates of the the-
orem. To obtain the commutators estimates, we need also a control on 7(x, D); since
this latter is obtained by a simple permutation of ¢! and ¢?, we just have to treat

71(x, D). We decompose this operator into 7{(x, D) = Z;zl r{ (x, D) with
t}(x, D) :=Op(c") 0 Op(d® — a7 — 07)
ti(x, D) := Op(c") o Op(a7,)
3 ._ 1 2 1, 2
7i(x, D) i=[Op(@}) 0 Op(e}) — Op(atinc) |
4 o 1y 2 1. 2
elx, D) = [Op(o}a07) — Op((1 = Y(@)o"500?)]
7 (x, D) := Op((c' 8,07)s)
t}(x, D) :=Op(a};) o Op(a7)
t{(x, D) :=0p(c' — 0/, — 6}) 0 Op(a7).
The proof reduces therefore to the control of |v:{ (x, D)u|gs forall j =1,...,7.

e Control of r}(x, D) and r%(x, D): Using the first estimate of Theorem 1, one gets
that for all —f9 < s<19p+ 1,

] e, Dyulps Sl gosa [vjlgsem, (G =1,2) (4.19)

with vj := Op(a® — 6}y — o7)u and v := Op(a},)u.
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Proceeding as for the estimates of 7! and 72 in the proof of Theorem 3, one obtains,
for all max{—zty, —tg —m1} < s<to+1,

|’L’{ (x, D)“'H“ SJ ||()’l ||H10+1 ||O'2||Hs+m1An |M|Hm1+n12+10—m1/\n . (420)

e Control of r? (x, D): A direct use of Proposition 31 and Lemma 19 yields, for all
s € R,
1 1.2

|73 (x, D)ulps <M"¢2+[%Hd(a YM2 (VT ™) ul sy tmy -t . (4.21)
e Control of 7:‘11 (x, D): Obviously, it suffices to control the operator norm of A,(x, D) :=
Op(aga} “Zal) —Op((1 —l//(é))@%‘a%iﬁ) for all 0 < |a|<n. Let us introduce here N :=
N +3; we can assume that the paradifferential decomposition (2.8) used in this proof is
done using the integer N instead of N. To enhance this fact, we write momentaneously
o7 the paradifferential symbol associated to any symbol ¢ using (2. 9) with N replaced

by N. We denote o7 when N is used. We can write A,(x, D) = Al «x, D)+ Az(x D)
with

Al(x, D):=Op (056}6)6 0% (agalafja%,), (4.22)

A2(x, D) :=—Op (0 o' 8ot — (@' oty - (ta' BN ).  (@423)

The operator norm of A;(x, D) is controlled using the next lemma, whose proof is
postponed to Appendix B to ease the readability of the present proof. Note that this
result is in the spirit of the main result of [22], but that the estimate given in this latter
reference is not useful here.

Lemma 40. Let o' (x, &) and 6% (x, &) be as in the statement of the theorem, and let
a € N? be such that 0< || <n. Then,

vue SR, Ay, D)u(m MM (@M (0Pt s oy

n
where A;(x, D) is defined in (4.22).

To control Ai(x, D), we use Proposition 25(i). with r = n Am — |a| to obtain, for all
—to<s<sp+ 1,

2 mi+mo—|ol 15752
AZ(x, D u‘ <N %o u
‘ g(( ) ) Hs ~ 2[%]+2’S+m1/\n_|1|( )| |Hml+m2+t0 miyAn .

Using classical tame product estimates, one gets easily

my+my—|o| (aof 1A% 2)
2[4 14+2.54m1 An—|o]

1 2 1 2
SN Hlyo.ce o™l s tminn 1071 st n 67 ypo.00.- (4.24)
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We have thus proved the following estimate on Op(r‘f), for all —19 < s<so+ 1:

4 m 1 m 2
|Op(TI)M|HS § M}’lﬁl'd,ﬂ+1 (G )Mde»] (O' )|M|Hs+m]+m2—n—l

1 2 1 2
g § g s g . g R - .
+(|| ” Wf(z) 0 ” ||H€++m1/\n + || ||H"v++ml/\n ” || W(()),oo)|1/l|1_1ml+m2+10 myAn

(4.25)

e Control of r? (x, D): Using again classical tame product estimates, one gets

10,50 8002)17) Smn (@0 5, 40(0%) + 15, 40 (0 )mo 0(0%)

so that by Proposition 16, one obtains, for all s<sg + 1,
1Op(t)ul s S (mn (0 no,5, 40 (0%) + Mgy 10 (@ )m0,0(6%)) ] gy +masig-minn.  (4.26)

e Control of ‘E?(x, D): Using successively Propositions 16 and 18 one obtains, for all
s<so+n-+1,

0Pl s S 0,5 (@) M2 (6%) ] gy +ma-s1g-my 4.27)

e Control of ‘cZ(x, D): Using successively Propositions 25(i) (with r = m| An) and 18
one obtains, for all —fy < s<sg+n+1,

1Op(t)utl s SNG4 pm (G YM? (%) u] gy +maig-my an (4.28)
e Proof of (i). Gathering estimates (4.20)—(4.21) and (4.25)—(4.28), and using standard
Sobolev embeddings yields the result.

e Proof of (i.bis): When —tfy < s<ty + 1 one can replace the rh.s. of (4.24) by
ot plo+miAnt] o2l gs+mian and modify subsequently (4.25). Similarly, one can modify

(4.26) remarking that no,s((alttnoi)n)f, ||01||Hr€0+1 o2 gys-n- Remarking also that in

(4.27) on can replace |u|gymi+my+ig-mian DY |u|gs+m;+my—n—1 and that (4.28) can be
replaced by

7 m 1 m 2
|Op(TI)M|HS S NO.tlo+n+l(O- )Md 2(0' )|M|Hs+m]+m27nfl

if one uses Proposition 25(ii) (with ' = n + 1) rather than Proposition 25(i), one gets
(i.bis).

e Proof of (i.ter): In the proof of (i), the only estimate which is not valid when
to+ 1 < s<so+ 1 is (4.20). To give control of r% and r% one now has to use the
second estimate of Theorem 1 instead of the first one, whence the additional term in
the final estimate.
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e Proof of (ii): As said above, the control of 7, is deduced from the control of 7 by
a simple permutation of ¢! and ¢, whence the result.

e Proof of (iii): When n = 0, one has ‘L"ll = 1‘2‘, so that the control of both term is not
needed to estimate the commutator. We keep the same control of r? as in the proof of
(i) and explain the modifications that must be performed to control r{ ,j=1,2,5,6,7
(of course, the components of 7, are treated the same way).

e Control of ‘c}(x, D) and ‘E%(x, D): Since ¢ is a function, one can invoke
Proposition 26(iv) (see also Remark 27) and Lemma 17 to deduce from (4.19) that for
all 0<s<rn + 1,

1] (, Dyulps Slo llgost |02 | s lulos (G = 1,2). (4.29)

e Control of r?(x, D): Since alttoaz = ¢l62, and because o is 2[%] + 2-regular at

the origin, we can use Propositions 16 to get |r?(x, D)u|ys §N2[%]+zs(gla2)|u|oo.
It follows easily that for all 0<s <79 + 1,

5 1 2
ITy(x, Dyulps S llo lpprgrtlo” s [uloo- (4.30)

e Control of f?(x, D): Using successively Propositions 16 and 18 as in (i) one can
also obtain, for all s <79+ 1,

10p(c)ut| s S 10,5 (0107 oo |t gysmy -1+ (4.31)

e Control of rz (x, D): Using successively Propositions 25(ii) (with ' = 1) and 18 one
obtains, for all 0<s<#y + 1,

IOp(eDulus S Ngk 41 (@67 ool gssm 1. (4.32)

Point (iii) of the theorem follows from (4.21) and (4.29)—(4.32). O

Remark 41. Taylor proved in [17] that for all classical pseudo-differential operator
ol (x, D) of order m; > 0 and e HOO([R{d), one has, for all s >0,

[Op(a'), 6% ]u

. <Ch <|a2|w.,w|u|m+ml_1 162 s |u|o<,).

This is exactly the estimate of Theorem 7(iii), which also gives a description of the
constant C(c¢'). The commutator estimate corresponding to (i.bis) generalizes this result
taking into account the smoothing effect of the Poisson bracket. It turns out that this
estimate is not tame with respect to m, while the commutator estimate corresponding
to (i), which is not stricto sensu of Kato—Ponce type, is tame.

We also give commutator estimates of Calderon—Coifman—Meyer type:
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mp

Theorem 8. Let mi,mr € R, n € N and d/2 < tg<so. Let ¢/(x, &) € T nt1

(j = 1,2) be n-regular at the origin.
For all s € R such that —ty <s+m;<to+n+1(j=1,2) and —ty < s<to+1,
one has

1 2 1 2 1 2
[Op(a"), Op(a™)Ju — Op({a', a?})u s ST Il igsnst 1671 ot |ut] yssomy syt
n

Proof. The proof follows closely the proof of Theorem 7, so that we just mention the
adaptations that have to be made.

e Control of r{ (x, D), j=1,2,4,5: One just has to do as in the proof of Theorem 6.

e Control of r?(x, D): When gets easily from Propositions 16 and 18 that for all
s<to+ 1, one has [t0(x, Dyulps S lla" | o+ 1107 oo luel gysmysmyn-r.

e Control of rz(x, D): By Propositions 25(ii) (with ' = n + 1) and Proposition
18, one obtains |t](x, D)ulps <! || yigtnt 162 oo |t] gssmy4my—n—1, for all —tp <
s<to+1. O

Remark 42. When n = 0 and 2 is a function, the estimate of Theorem 8 is exactly the
Calderon—Coifman—Meyer estimate (1.3), with extended range of validity. Theorem 8
is also more general in the sense that it allows n > 0 and ¢” to be a pseudo-differential
operator.

When the symbols ¢' and ¢ are of form (2.1), one gets the following corollary:

quo!lary 43. Let my,my € R, m:=m1 Amy, and d/2 < to<so. Let also ol (x, &) =
/(v (x), &) with p; € N, =/ e C®(RPI, M™)) and vj € HOT" L (RP (j =
1,2). Assume moreover that X' and £* are n-regular at the origin.

(1) For all s € R such that min{—ty, —ty — my, —tg — ma}<s<so + 1 the following
estimate holds (writing v 1= !, v?)):

[Op(a'), Op(a®)]u — Op({a', °},) B

5
SJ C(|U|Wn+l,oo)|M|Hs+m1+mz—n—l

+C(|U|Wn+l,oo)(|vl |Hro+l |U2|Hs++m/\n + |U2|Hr0+l |U1 |Hs++mml)|1/t|Hm+r0 N

(ii) For all s € R such that —tg <s+m;j<to+n+1(j=1,2) and -ty < s<tp+1,
one has

[Op(c"), Op(c?)]u — Op({a', *},)u

HJ‘

S C(vloo) |0 gt 10% | gt |t pysmy+my—n—1.
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Proof. Writing o/ (x, &) = [0/ (x, &) — Z/(0, )] + Z/(0, &), the result follows from
Lemma 8, Theorems 3 and 7 (for (i)) and Theorems 6 and 8 (for (ii)). [

Appendix A. Proof of Proposition 15

Owing to (1.7)—(1.8), we can write (1 —/(&))a(x, &) = Z ., % (x, E)(EY™, with
qz—

o,(x,8) =10 —=y(&))a(x, f)(pq(f)(f)_m. Obviously, for all g=> — 1, o4(x, &) =0 if
€| =297 or €] <2971 it follows that the function A, (x, &) := Zkezd g (x, 2071 (¢~
2km)) is 2m-periodic with respect to ¢ and coincides with o, (x, 29F1¢) in the box
C = {¢ e R4, —n<¢;<n, j = 1,...,d}. Therefore, we can write aq(x,Zq“f) =
Ay(x, &A(E), where 4 € C(‘)’O(Rd) is supported in 1/5<|&[<6/5 and A(¢) = 1 in
1/4<[EI< 1.

Expending A, (x, &) into Fourier series, one obtains

_ 1 ik
Ag(x, 8 = Zd ch,q(x)e ,
keZ
with
g () = (1 + k)12 @y~ /C K, (x, 2971 8) i,
so that

0 (x, &) = Ag(x, 27771 HA27171Y)

1 -
> W%qmﬂk(z a8y,

kez?
where 4 (&) 1= el<k/ 2)(£/2) and satisfies therefore the properties announced in the
statement of the proposition.

The last step is therefore to obtain the desired estimates on the Fourier coefficients
Ck,q- By integration by parts, one obtains first

g (¥) = @)~ /C eIk [(1 = 22T AY g | (, 29418 de,

which we can rewrite as

ck,q(x)z(zn)—d/e—'f'k Yo w20Vt ) (x, 2971 e, (A.1)
¢ o] <2+2[d /2]
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where, here and in the following, %, denotes some numerical coefficient depending on
o and whose precise value is not important.

Recalling that for ¢ >0 (we omit the case ¢ = —1 which does not raise any diffi-
culty), o4(x, &) =0 (x, H)p(279¢) with 5(x, &) := (1 —yY(&))a(x, )(E)™™, one obtains,
for all o € Nd,

ogx. &)= Y wy 02, O271NE ) (270

o 4o =0o
it follows that

2(q+1)|06|a%‘aq (x, 2q+1§)

2@+ D] +1 2y |o | A% ~ +1 2y, 2"
= Y *o g (2 O 2O 920 (A2)
of +o" =0
g+ o
Since Wngt on the support of 65 @(2-), it follows from (A.1) and (A.2)

that

gl <@ Y e [ ofEe 2 ac

lod < 242[d /2] of +a"=ar ¢

from which the estimate on ¢, follows. The estimate on (pp(D)ck,q is proved in a
similar way.

Appendix B. Proof of Lemma 40

Throughout this proof, we write, lpp(-) =Y ((27P.), for all p € Z. By definition of
1

o7

and a%, one has
Ort(, HLoH(, )

= > (Vi D9, O — (&)

qg=-—1

x> Y, 5D O, — (&)

p=—1

= 3 Y (Y 5D D0,k — ()

p>—1 h=0,+1

X, 7 (D)0, O, (O = Y(&)),
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the last equality being a consequence of the fact that for all p> —1, one has ¢,¢, =0
forall ¢ #p,p 1.

Remarking that for all p> —1, the pth term of the above summation has a spectrum
included in the ball {|5|<2P*>~N}, and recalling that N=N+ 3, one deduces that

D2op(, O0H O = Y Y,y (DO, OO = Y() (B.1)

pz-—1

with

0p(, O ==V, y_3(D) (-, )

< 3 0 (Uprna (D0 D0,y (D1 = (D).

h=0,%1

We now turn to study the term (5%0’15?:0'2) 1. By definition, one has

@ 0O = 3 by (D) (026 86%) (. 90, (1 = (&)

p=—1

= > Y, N(D)OL(. O, ()1 — (),

p>-1

with

O, 0= Y (0. O0pn®) (. &,

h=0,%£1

where we used (1.7) and the fact that ¢,¢, =0 if |p —q|>2.
Decomposing ¢! into ¢! = 1//1]+h7,\,73(Dx)61 +(1 —lﬁp+h,N73(Dx))al, one obtains

Oy 0= Y & (Vprnns(DOG (D04 (D) TP, O

h=0,%1

+ 2 (A= V3 (P D04 (D) B O,

h=0,£1

Remark that in the first term of the r.h.s. of the above identity, one can replace 6;‘?62
by lpp_NH(Dx)@i‘az, so that one finally gets

©p( &) = 0,0 0)
+ 3 (Yprnn—3(DIT . D9 ()

h=0,%1
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X (W p_n1(Dx) =¥, _n_3(D))3r07 (-, &)

D D (R RV 0209 L G 9 VN (9) i al O S

h=0,%1

=0,(.O)+OL(.H+O(. 9. (B.2)
It follows therefore from (B.1) and (B.2) that

Op((9%0'050%) — 0to}dio3) = Op(©' (x, &) + Op(©*(x, 9)),

where ®/ () = Y ¥, n(D)OH(, D, O —Y(©), j=1.2.

p>—1
Quite obviously, the symbols O (x, &) and @%(x, &) satisfy the assumptions of Lemma
19. The result follows therefore from this lemma and the estimates

Myl @ <ost M (e MY L (67 (B.3)

and

+ma—n—1,2 1 2
M (O7) < Cst Mfid7n+l(a )M:Zfl(o ).

We only prove the first of these two estimates, the second one being obtained in a
similar way. One easily obtains that

©'(, Oloo <Cst sup [0,(, ), (E)loo
p=—1

<Cst sup 050! (-, O, (O))]oo
p=z-—1

x sup |y (D) - Wy y—3(Dx))050° (. Oy (O)loo.
bt

Since for all r € N, p> —1, and f € S(R?), one has [ 2(D) =, (D)) floo < Cst
27P"| flwr.ee, it follows that (taking r =n + 1 — |a)),

01, Oloo <Cst (&)™~ 1MM (a1 M) (Via?).

The derivatives of ®' with respect to ¢ can be handled in the same way, thus proving
(B.3).
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